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Key points:

• A video of a river surface shows evidence of water waves;

• The characteristics of these waves can be quantified and predicted;

• Water waves have a clear, predictable effect on the space-time image 
correlation;

• Correlation-based surface velocimetry (e.g., LSPIV) can be very 
inaccurate if applied without tracers and in the presence of waves;

• A more robust estimate of the velocity can be obtained from a 
knowledge of the characteristic surface length scales.



Methodology:

• Measurement of a 5-minutes long video of a small river (River Sheaf, 
Sheffield, UK) with a fixed low-cost camera;

• Fourier analysis to identify gravity waves and their characteristic 
spatial and temporal scales;

• Analytical model of the spatio-temporal correlation function based on 
a simplified Fourier spectrum;

• Comparison with measured average cross-correlation between video 
frames;

• Application of simplified PIV algorithm to measured and modelled 
correlations, to estimate surface velocity.



Main results:

• The surface deformations that can be seen in the video are mostly 
gravity-waves with a characteristic wavelength 𝜆0 ≈ 2𝜋𝐹2𝑑;

• These waves are stationary (standing) waves when they propagate 
against the flow, but can travel in all directions;

• Because of these waves, the spatio-temporal image correlation 
fluctuates in time (frequency 𝑓0 ≈ 𝑈/𝜆0) and in space (period 𝜆0);

• If the velocity is estimated from a peak of the space-time correlation, 
the error is large and depends strongly on the time-separation 
between images (frame rate).



Measurement of a 5-minutes long video of a small 
river (River Sheaf, Sheffield, UK) with a fixed low-
cost camera

• River is approximately straight with a trapezoidal cross-section, 9.2 m width.

• Sharp-crested measurement weir 25 m downstream of section.

• Resolution 1920 x 1080 pixels, frame rate 20 fps. Pixel size of the rectified image 20 cm.

Orthorectified



Fourier analysis to identify gravity waves and their 
characteristic spatial and temporal scales

• The Fourier analysis identifies different types of waves based on their…
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• For gravity waves in a flow with depth 𝑑 and speed 𝑈:

𝜔(𝒌) = 𝒌 ∙ 𝑼 ± 𝑔𝑘 +
𝛾𝑘3

𝜌
tanh(𝑘𝑑)

A stationary (standing) wave has wavelength 𝜆0 = 2𝜋/𝑘0 ≈ 2𝜋𝐹2𝑑, and 𝜔(𝒌0) = 0



Fourier analysis to identify gravity waves and their 
characteristic spatial and temporal scales 

• The surface is dominated by gravity waves with wavelength 𝜆0 ≈ 2𝜋𝐹2𝑑;

• If these waves are directed against the current, they are stationary (standing), however the 
waves seen here can also move in all directions relative to the mean flow;

• Some additional patterns (turbulence-induced surface deformations, floating debris, etc.) 
actually move at the speed of the flow. These are much weaker than the gravity waves.

Constant-frequency sections 
through the 3D frequency-
wavenumber spectrum of the 
video.

• Dashed: gravity waves theory

• Dashed-dotted: rigidly advected 
surface patterns

• Circle: waves with characteristic 
wavelength 𝜆0

3D dispersion relation



Analytical model of the spatio-temporal correlation 
function based on a simplified Fourier spectrum

• We can build a model of the space-time correlation of the water surface based on a cosine 
transform of the surface spectrum (Wiener Khinchin’s theorem).

• Considering a distribution of waves with wavelength 𝜆0 that propagate in all directions,
𝑊 𝑟, 𝜏
= 𝜋𝑎0 J0 𝑘0 𝑟 − 𝑈𝜏 cos 𝜔𝑖 𝑘0 𝜏

+ 𝜋෍
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∞

𝑎𝑛 −1 𝑛/2 cos(𝑛𝛽) J𝑛 𝑘0 𝑟 − 𝑈𝜏 𝑒−i𝜔𝑖 𝑘0 𝜏 + J𝑛 −𝑘0 𝑟 − 𝑈𝜏 𝑒i𝜔𝑖 𝑘0 𝜏

• 𝑎𝑛: coefficients of a cosine series that describes the variation of wave 
amplitude with direction of propagation

• J0 𝑘0 𝑟 − 𝑈𝜏 : spatially fluctuating function, wavelength 𝜆0
• cos 𝜔𝑖 𝑘0 𝜏 : temporally fluctuating function, frequency 𝜔𝑖 𝑘0 /2𝜋 ≈ 𝑈/𝜆0



Comparison with measured average cross-
correlation between video frames - Measured

• If the surface moved at the flow velocity, there should be a correlation maximum 
at 𝒓 = 𝑼𝜏

• Instead, the correlation at 𝒓 = 𝑼𝜏 oscillates in time

• The correlation also fluctuates in space, like a `ring wave’ with centre at 𝒓 = 𝑼𝜏

Measured Average 
spatial correlation 
between 2 images with 
time-separation 𝜏

• Asterisk: expected 
location of the peak of 
correlation, 𝒓 = 𝑼𝜏

Correlation at 𝒓 = 𝑼𝜏Correlation at 𝒓 = 𝑼𝜏



Comparison with measured average cross-
correlation between video frames - Model

• The model indicates the signature of gravity waves with characteristic wavelength 𝜆0;

• The model correlation oscillates in time and in space, like the measurements, but 
does not decay (no noise and/or dissipation);

• The oscillations can be predicted, and are to be attributed to gravity waves.

Correlation at 𝒓 = 𝑼𝜏

Modelled Average 
spatial correlation 
between 2 images with 
time-separation 𝜏

• Asterisk: expected 
location of the peak of 
correlation, 𝒓 = 𝑼𝜏



Application of simplified PIV algorithm to measured 
and modelled correlations to estimate surface velocity

• The maximum of the correlation is calculated for different time separations between frames;

• If the surface was moving at the flow velocity, the peak would be at 𝜌 = 𝑈𝜏;

• The measured correlation oscillates with period 𝜆0 = 0.77 m.

• Because of wave-related oscillations of the correlation function, the peak of the correlation 
does not coincide with its expected location, except for very short 𝜏.

Spatio-temporal correlation on 
the plane parallel to the flow 
velocity

• (dashed): expected location of 
the correlation peak, 𝜌 = 𝑈𝜏

• (crosses): actual location of the 
correlation peak



• If the flow velocity is calculated from a peak of the correlation between frames, errors are 
large and the estimates vary greatly with the time-separation;

• These variations are due to the presence of water waves.

Surface velocity, calculated from the 
peak of the correlation, i.e., 𝑈𝑊 = 𝜌𝑊/𝜏
as a function of time separation 𝜏

• Measured: calculated from videos

• Modelled: calculated from model of the 
surface correlation

Application of simplified PIV algorithm to measured 
and modelled correlations to estimate surface velocity



• An alternative is to find the period of the correlation, 𝜆0, using Fourier analysis

• Flow velocity  can be estimated as 𝑈 ≈ 𝑔𝜆0/2𝜋 (deep water gravity waves assumption)

• Alternative method is more robust, but requires well-defined waves 

• Surface velocity calculated from 
proposed Fourier-based analysis, 

𝑈 ≈ 𝑔𝜆0/2𝜋 , from the 
fluctuation wavelength 𝜆0

Application of simplified PIV algorithm to measured 
and modelled correlations to estimate surface velocity



Comments and Final Remarks

• The observed behaviour of surface waves agrees with laboratory experiments (Dolcetti et al. 
2016, Dolcetti & García Nava 2019) carried out for relatively shallow and fast flows (Froude 
numbers 0.3 - 0.7);

• Waves may be less visible, or secondary compared to other surface deformations in different 
types of flows (very low or high Froude numbers, smooth beds);

• In all cases, application of standard correlation-based surface velocimetry techniques is not 
advised without easily identifiable tracers and/or in the presence of waves, because the 
velocity of waves differs from that of the flow;

• The Fourier analysis described here can act as a useful tool to identify conditions where 
standard correlation-based surface velocimetry techniques are not viable;

• The surface model described here could help quantify the uncertainties of video-based 
velocimetry for different surface appearances.
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