def main():
Print_Function ()
(x, y, z) = xyz = symbols(’x,y,z’ ,real=True)
(03d, ex, ey, ez) = Ga.build(’e-x e.y e.z’, g=[1, 1, 1], coords=xyz)
grad = o03d.grad
(u, v) = uv = symbols(’u,v’,real=True)
(g2d, eu, ev) = Ga.build(’e.u e_v’, coords=uv)
grad_uv = g2d.grad
v_xyz = 03d.mv(’v’, vector’)
A_xyz = 03d.mv(’A’, vector’ ,f=True)
A_uv = g2d .mv(’A’, ’vector’,f=True)
print '#3d orthogonal ($A$ is vector function)’

)

print ’A =’ A _xyz

print %A {2} =7, A xyz x A xyz

print ’grad |A =’, grad | A_xyz

print ’‘grad+A =", grad * A _xyz

print 'v|(grad«A) =’ ,v_xyz|(grad*A_xyz)
print '#2d general ($A$ is vector function)’
print A =’ A_uv

print '7A°{2} =’, A_uv * A_uv

print ’grad |A =’, grad_-uv | A_uv

print ’grad«A =’, grad_uv x A_uv

A= 03d.1t(’A")
print '#3d orthogonal ($A,\\;B$ are linear transformations)’

print A =", A

print r’\f{mat}{A} =", A.matrix()
print "\\f{\\det}{A} =, A.det ()
print ’'\\overline{A} =, A.adj()
print "\\f{\\Tr}{A} =’, A.tr ()
print \\f{A}{e x"e_y} =7, A(ex ey)
print "\\F{A}ex} \\F{A}{ey} =7, A(ex)"Aley)
B = 03d.1t(’'B’)

print 'g =’, 03d.g

print "%g"{—1} =’, 03d.g-inv

print '"A+ B =", A+ B

print 'AB =", A x B

print 'A — B =", A - B

print ’General Symmetric Linear Transformation’

Asym = 03d.1t (’A’ ;mode="s")

print 'A =’, Asym

print ’General Antisymmetric Linear Transformation’
Aasym = 03d.1t (’A’ ;mode="a’)

print 'A =’ Aasym

print '#2d general ($A,\\;B$ are linear transformations)
A2d = g2d. 1t (A7)

b

print 'g =’, g2d.g

print %g"{-1} =7, g2d.g_inv

print %gg"{-1} =’, simplify (g2d.g * g2d.g_inv)
print A =’ A2d

print r’\f{mat}{A} =’, A2d.matrix()

print ’\\f{\\det }{A} =, A2d.det ()

A2d_adj = A2d.adj()

print ’'\\overline{A} =, A2d_adj

print '\\f{mat}{\\overline{A}} =, simplify (A2d_adj.matrix())
print "\\f{\\Tr}{A} =", A2d.tr ()

print \\f{A}{e_.u"e v} =7, A2d(eu’ev)

print \\f{A}{e_u} " \\f{A}{e-v} =", A2d(eu) A2d(ev)

B2d = g2d.1t ('B’)




print 'B =’ B2d

print A + B =, A2d + B2d
print ’AB =’, A2d x B2d
print A — B =", A2d — B2d
a = g2d.mv(’a’,’vector’)

)

b = g2d .mv(’b’, vector
print r’al\f{\overline{A}}{b}—b|\ f{\underline{A}}{a} =’ ,((a]A2d.adj()(b))—(b|A2d(a))).simplify ()
m4d = Ga(’e_t ex ey ez’, g=[1, -1, —1, —1],coords=symbols(’t,x,y,z’ ,real=True))

T = mdd. 1t (*T")

print 'g =’ , mdd.g

print r’\underline{T} =" T

print r’\overline{T} =’ ,T.adj()

print r’\f{\det}{\underline{T}} =’ ,T.det ()

print r’\f{\mbox{tr}}{\underline{T}} =" ,T.tr ()

a = mdd.mv(’a’,’vector’)

b = md4d.mv(’b’,’ ’vector’)

print r’al\f{\overline{T}}{b}—b|\ f{\underline{T}}{a} =" ,((a|T.adj()(b))—(b|T(a))).simplify ()
coords = (r, th, phi) = symbols(’r,theta,phi’, real=True)

(sp3d, er, eth, ephi) = Ga.build(’e_.r e_th eph’, g=[1, r*%2, r*+2xsin(th)*x2], coords=coords)
grad = sp3d.grad

sm_coords = (u, v) = symbols(’u,v’, real=True)
smap = [1, u, v] # Coordinate map for sphere of r =1
sph2d = sp3d.sm(smap,sm_coords ,norm=True)

(eu, ev) = sph2d.mv()

grad_uv = sph2d.grad

F = sph2d .mv(’F’,’vector’, f=True)

f = sph2d .mv(’f’, ’scalar’,f=True)

print 'f =’ f

print ’gradxf =’ grad_uv x f

print 'F =’ F

print ’'grad«F =’ ,grad_uv x F

tp = (th,phi) = symbols(’theta ,phi’,real=True)
smap = [sin(th)*cos(phi),sin(th)*sin(phi),cos(th)]
sph2dr = 03d.sm(smap,tp ,norm=True)

(eth, ephi) = sph2dr.mv()

grad_tp = sph2dr.grad

F = sph2dr .mv(’F’, ’vector’ , f=True)

f = sph2dr.mv(’f’, scalar’, f=True)

print 'f =’ f

print ’gradxf =’ ,grad_tp x f

print 'F =’ F

print ’'grad«F =’ ,grad_tp x F

return

Code Output: 3d orthogonal (A is vector function)

A= A%, + AVey + A%e,

AP = (A7) + (AY)" 4 (A7)

V-A=0,A% +90,AY + 0, A7

VA= (0,A" +0,AY + 0.A%) + (-0, A" + 0, AY) ex N ey + (—0.A" + 0, A%) e, Ne. + (—0,AY + 0,A%) e, Ne.

v-(VA) = (00, A" —vY0, AY + v°0, A" —v°0,A%) ey + (—v 0, A" + v* 0, AY + v°0,AY —v*0,A%) ey + (—v70, A" + v 0, A" —vY0,AY + W0, A%) e,
2d general (A is vector function)

A= A%, + A%,

A? = (ey - ey) (AY)? +2(ey - ) AAY + (e, - €,) (AY)?
V-A=09,A" +8,A"




—(ey - ey) O A™ + (

€y * €y) Oy AY —

(en - €y) OuAY + (€4 - €) Oy A

A= (0,A" 4+ 0,A”) +

(eu : eu) (ev : ev)

3d orthogonal (A, B are linear transformations)

e, N\e,
— (e - ev)Q

L(ey) = A" e, + A™ey, + A%e,
A=< L(ey) = AYe,+ AVe, + AV%e
L(e.)= A*"e,+ A*e, + A*e,
mat (A) = | AY® AYY  AV?
AFT ARV ARE
- L(ey) = A" e, + AV%ey, + A*7e,
A=< L(ey)= A"e,+ AVe, + A*Ve,
L(e,)= A"%e, + AV%e, + A*e,
Tr (A) = A™ + AYY + A**
A (em A ey) (ATPAY — A™AY ) ey Ney + (ATTAY? — AT AY" ) e, Ne, + (A™AY? — AT A%W) e, Ne,
Ale Aley) = (APAY — A% AY ) e, Ney + (A™AY* — A% AV ) e, Ne, + (ATVAY — A% A%) e, Ne,
100
g=10 1 0
0 0 1
1 0 0
gt=10 10
0 01
L(ey) = (A" +B™)e, + (A" + B")e, + (A" + B™)e,
A+B=4( L(ey)= (AY + BY)e,+ (AY + B%W)e, + (AY* + B¥*)e,
L(e.)= (A** +B**)e, + (A*Y + B*)e, + (A** + B*)e.
L (ez) — (A;cacB;wc 1+ AVT BTy 1 Aszacz) e, + (A;zyBa:ac + AYYBTY 1 Azysz> e, 4
AB=«( L(e,) = (A"™BY® + AY"BYY + A**BY*)e, + (A" BY® + AYWBYY + A*Y BY*)e, +
L (ez) — (Azszm 4 AYT B?Y 4 Aszzz) €, 4 (Azszm 4 AYY B?Y 4 Azszz) ey 4
L(ey)= (A™ —B"")e, + (A" — B")e, + (A" — B**)e,
A—-B=4( L(ey)= (AY —DBY")e,+ (AYY — B%W)e, + (AY* — B¥*)e,
L(e.)= (A** —B**)e, + (A*Y — B*)e, + (A** — B*)e.

GeneralSymmetricLinearTrans formation

L(ey)= A"e,+ A™e, + A%%e,
A=< L(ey) = A"e,+ A%We, + AV%€,
L(e,)= A%%e, + AV%e, + A*e,

General AntisymmetricLinearTrans formation

L(e;) = A"e, + A%e,
A=< L(ey) = —A"e, + AV%€,
L(e,)= —A"%e, — AV%¢,

2d general (A, B are linear transformations)

(eu'eu)(ev'eu)Z_(eu'ev)z(ev'ev)

—(eu'eu)(eu~eu)(ev~ev)+(eu ey)?

(eu-eu)?(ev-ev)?—2(eu-eu)(eu-ev)?(ev-ey)+(eu-ey)?
—(eu-eu)(eu-ev)(ev-ey)t(eu-ey)”

(eu-ew)?(ev-ey)? ;2(% ew)(eu-ev)?(ey ey )+ (eu: ey)?
(eu-ew) (ev-ev)—(eu- eu)(eu ev)?

(ew-ew)i(ev-ev)i—2(cu-eu)(eu-ev)(ev-ey)t+(eu-ey)?t

1o

(ew-eu)?(ev-en)?—2(cu-ey)(eu-en)(ev-ey)t(ey-ey)?

(szBxx + AyzBa:y + Azszz> e,
(A**BY* 4 AV"BW 4 A**BY%) e,
(Azszm + AYZ B#Y + Azszz) e,



_ —(eyren) A"+ (eyey) A (ey-eu) A" —(eqy-ey)A™™
Ao L(e,) = (euen)(ener)—(cuen). €y, + (ueu)(eyen) —(Cusey)? e,
L(e ) _ —(ey-€ey)A +(ev<ev)A2 e, + (en-ey) A" —(ey-ey)A e
v (eu‘eu)(ev'ev)_(eu'ev) u (eur'eu)(ev'ev)_(eu'e“) v
mat (A) = [ ﬁ'l}u ﬁ'l}’l} }
det (A) = ! <_ ( (eu - eu)’ (€0 - €0) A™ _ (e - €u) (e - €0)” A™ _ (eu - eu) (ey - ey) (e - ey) A%
= 2 p) 1 2 2 2 1 2 2 2
\/(eu cey) (ey - ey) — (ey - 611)2 (eueu)” (v €)™ =2 (6w eu) (eu €)™ (ey - ey) + (en - ey) (eu-eu)” (v €)™ —2(eu-eu) (eu )™ (ey - ey) + (ey - ey) (eu-eu)” (ev-en)” —2(eu-eu)(eu-ey) (en-ey) +
_ —(ey-ey) A" +(ey-e,) A" (€yeu) A" —(eqy-ey) A"
A= { Liew) = (ewenegn) (ewes), Cut fewen)oyen)—(ewen), o }
L) = e —(enen® € T (eren)eren)—(er-en)? &
2 2 v 2 2
mat (A) = e (e e)” A = (euea) (eu ) A% = (w0 A7 4 (ewea) (ea - e0) A™) ey (e ea) (eume) A7 = (eue0)” A" = (eu o) e -e0) A% (e - e0) A7)
(eu'eu)(fiu'elu)f(eu;e,,)z ((eu : 6u)2 AV — (ey - eq) (ey - €y) A — (ey GU)Q A% + (ey - €y) (€4 + €3) Auu) (eu-eu)(ev-elu)*(eu'6u)2 ((eu “ey) (eu - ey) A% — (ey - ev)2 A — (e - €y) (€4 - €y) A + (e - ev)2 Auu)
(ey - ev)2 A (e, - eu)3 2 (ey - eu)2 (ey - ey)2 (ey - €y) AV
Tr(A) = - 3 3 2 2 2 1 g1 3 3 2 2 2 1 5T 3 3
—(ey-eun) (ey-ey)” +3(en-eu) (eu-er) (ey-ey) —3(en-eu)(en-€y) (er-ey)+ (en-ey) —(ey-ey) (e ey)” +3(ey-en) (en-€y) (e -ey) —3(ey-ey)(ey-ey) (ey-ey)+ (en-€p) —(en-eu) (ey-ey)
AUU.AU'U _ Au'UA'U’LL
Aley Ney) = s€u ey

(eu : eu) (ev : ev) - (eu : ev)
Auu vV . guv gou

(eu : eu) (ev . ev) - (eu . ev)2

Aey) NAl(e,) = e, N e,

_ _(eu,'e'u)Buv"F(eU'ev)Buu (eu'eu)Buv_(eu'ev)Buu
B — { L (eu) - ((eu‘eu)(%v'ev)(_(eu')e%)z €u + ((eu‘eu)éeu'erv()_(eu)'guJQ €v }
- _ —(eyey)B""+(ey-ey)B"™ ey eu) B —(ey-ey) B
L(e,) = (Cu-eu)(€o-eu)—(eu-es)? CU + (eu-u)(Cv-en)—(eu-eu)? EV
_ —(eyey)A"—(ey-ey)B" " +(ey-ey) A" +(ey-€,) B"™ (ey-eu) A" +(ey-ey)B"" —(ey-ey) A" —(ey-e,)B"™
avp] o= T CER O B o o )
L(e ) _ —(ey-ey)A"" —(ey-ey)B +(ev~ev)A2 +(ey-ey)B e, + (ew-€u) A +(ey-€y)B"  —(ey-€y)A 27(611,'61/)3 e
v (eu-eu)(ev-ev)f(eu-ev) u (eu'eu)(ev'ev)f(eu'ev) v

AB = L(ew) = (eu'eu)z(ev'51})272(611,'611.1)(614-Ev)Q(EU-EU)+(€u-Su)4 —(eu - eu) (eu - e0) A" B™ + (eu - eu) (ey - €,) A B"™ + (ey - ev)2 A"B"™ + (ey - ev)2 AP B — (ey - €y) (€y - ) A B — (ey - €y) (€ - €y) A™B"™ — (ey - €y)
L(ev) = (eu‘eu)z(ev‘ev)z_z(eu'eul)(eu‘erv)z(e'u'61,)+(€u'€,u)4 — (eu - eu) (€u - €0) A" B + (e - €y) (€y - €,) A" B + (ey - ev)2 A"B + (ey - ev)2 APYB — (ey - €y) (€4 - €y) AM B — (ey - €) (ey - €,) A™B™ — (ey - €y)
_ —(euey)A"+(eyey)B " +(ey-ey) A" —(ey-e,) B (ey-eu) A" —(ey-ey)B"" —(ey-ey) A" +(ey-ey)B™™
A — B = L (eu) a (eu'eu)(ev'ev)_(eu‘ev)z €u + (eu'eu)(eu'erv)_(eu'ev)z €v
o L (e ) — —(eu-ey) A" +(ey-ey) B +(ev-ey) A" —(ey-ey) B"™ e, + (eueu) A" —(eu-eu) B —(eu-ev) A" +(ey-€v) B™ e
v (ew-ew)(ev-ey)—(eu-ev)? u (eu-eu)(ev-ey)—(ey-ey)? v
a-AMb)—b-A(a)=0
1 0 0 0
10 -1 0 0
9710 0o -1 0
0 0 0 -1
L(e)= T'e —T'"e, —T"e, —T"e,
T — L (ex) = T%e, —T*e, — Twyey —T%?e,
=) L(ey) = TYe —TYe, —T"e, —TV?e,
L(e,) = T*e,—T*e, —Te, —T* e,
L(e)= T'"e —T"e, —T"e,—T"e,
T L(e,)= T"e, —T""e, —T""e, —T"e,
) L(ey) = TWe,—T"%e, —T"e, —T*e,
L(e,) = T%e;—T"e, —TV?e, — T e,
det (I) _ _th (_TthxyTyz + Tthszyy + TtyTxxTyz _ TtyszTyx _ thTacacTyy + thTacyTyx)_sz (TtthyTyz _ TttTgczTyy _ TtyTactTyz + TtyszTyt + thTactTyy _ thTxyTyt)+sz (TttTacacTyz _ TtthzTyac _ Ttacj

tr (I) — Ttt _ T _ VY _ TEE

of
n(u) "




F=F'e,+ F'e,

F 0, F" Fv O, F
VF_<+8UF“+ >+< + 0, F" — >euAeU

tan (u) sin (u) tan (u) sin (u)

f=7

V= 0yfes+ 22

sin (9) s
F=Fley+ Fe,

Fo ,  0yF? Fé ,  OpF°
VE = <tan(0) T E" + sin (9)> * <tan(9) T F" - sin (9)> co N e




