
Base manifold (three dimensional)

Metric tensor (cartesian coordinates - norm = False)

g =

 1 0 0
0 1 0
0 0 1


Two dimensioanal submanifold - Unit sphere

Basis not normalised

(θ, φ)→ (r, θ, φ) = [1, θ, φ]

eθ · eθ = 1

eφ · eφ = sin (θ)
2

g =

[
1 0

0 sin (θ)
2

]
g inv =

[
1 0
0 1

sin2 (θ)

]
Christoffel symbols of the first kind:

Γ1,α,β =

[
0 0

0 − sin (2θ)
2

]
Γ2,α,β =

[
0 sin (2θ)

2
sin (2θ)

2 0

]
Christoffel symbols of the second kind:

Γ1
α,β =

[
0 0

0 − sin (2θ)
2

]
Γ2

α,β =

[
0 1

tan (θ)
1

tan (θ) 0

]

∇ = eθ
∂

∂θ
+ eφ

1

sin (θ)
2

∂

∂φ

∇f = ∂θfeθ +
∂φf

sin (θ)
2 eφ

F = F θeθ + Fφeφ

∇F =

(
F θ

tan (θ)
+ ∂θF

θ + ∂φF
φ

)
+

(
2Fφ

tan (θ)
+ ∂θF

φ − ∂φF
θ

sin (θ)
2

)
eθ ∧ eφ

One dimensioanal submanifold

Basis not normalised

(φ)→ (θ, φ) =
[π

8
, φ

]
eφ · eφ = −

√
2

4
+

1

2

g =
[
−

√
2
4 + 1

2

]
∇ = eφ

(
2
√

2 + 4
) ∂

∂φ

∇h =
(

2
√

2 + 4
)
∂φheφ

H = Hφeφ

∇H = ∂φH
φ


