def basic_multivector_operations_3D ():
Print_Function ()
(ex,ey,ez) = MV.setup (’exx|y|z")

A= MV( ’A’ ‘mv’)

A.Fmt (1 )

A.Fmt(2,’A")

A.Fmt(3,’A")

A. even() Fmt (1, %A {+}")

Aodd() Fmt (1, %A {-}")
MV(’X’, ’vector )
MV(’Y’, ’vector’)

prlnt 'g_{ij} = > MV.metric

X.Fmt (1, 'X")
Y.Fmt(1,Y")
(X*Y) Fmt (2, ’X*Y")

(X"Y).Fmt(2,’XY")
(X|Y).Fmt (2, X|Y")
return

Code Output:

A=A+ A%, + AVey + A%c, + A™ey Ney + A% ey Ne, + AV ey Ne, + A™%ep Ney Ne,

A=A
+ A%y + AVey + Ae,
+ A%ey Ney + A%ez Ne, + A¥%ey Ne,

+ A%, Ney Ne,

A=A
+ A%e,
+ AV,
+ A%e,
+ A%e, Ney
+ A%%e, Ne,
+ A%e, Ne,

+ A" ex Ney Ne,
€r €y ey € €y €y
( ) (ex-ey) ( )

gij = |(ex-ey) (ey-ey) (ey-ez)
(eq ez) (ey “ez) (ez -e)

X =X% + XYy + X%,
Y =YY%, + Y%, + Y7,

def basic_multivector_operations_2D ():
Print_Function ()
(ex,ey) = MV.setup (’exx|y’)
print ’g_{ij} =’ MV.metric
X =MV(’X’, vector’)
A =MV(’A’, ’spinor’)
X.Fmt (1, 'X")
A Fmt(1,’A”)
(X|A) . Fmt(2, 'X|A”)
(X<A) .Fmt (2, X<A7)
(ASX) . Fmt (2, A>X")

return




Code Output:

gij =

(ex-€x) (ex-ey)
(€x - ey) (ey : ey)

X =X%; 4+ XY,y

A=

A+ A%e, Ney

def basic_multivector_operations_2D _orthogonal ():
Print_Function ()
(ex,ey) = MV.setup (’exx|y’,metric="[1,1]")
print ’g_{ii} =’ MV.metric

X =MV(’X’, vector’)
A =MV(’A’, ’spinor’)
X.Fmt(1,’X)

A Fmt(1,’A”)
(XxA).Fmt (2, 'X*A”)
(X|A).Fmt (2, X|A")
(X<A) . Fmt (2, X<A”)
(X>A) . Fmt (2, X>A7)
(A+X).Fmt (2, A%X")
(A|X).Fmt (2, ’A|X")
(AX) .Fmt (2, A<X")
(ASX) . Fmt (2, A>X")
return

Code Output:

110
9i =19 1

X =X%;+ X%,
A=A+ A"e, Ney

def check_generalized_ BAC_CAB _formulas ():
Print _Function ()
(a,b,c,d) :MV.setup(’a b cd’)
print ’g_{ij} =’ MV.metric

print ’\\bm{a|(bxc)} =7, \(b*c)

primi T e (b e)) =" al(lh e

print ’'\\bm{a|(b"c"d)} =’,a|(b"c"d)

print ’\\bm{a|(b" C)+<?|(a b)+b[(c a)} =’ (al(bAC))
print ’\\bm{ax(b"c)—bx(a"c)+cx(a"b)} =",ax(b c)
print ’\\bm{ax(b"c d) bx(a"c”d)+cx(a"b”

print "\\bm{(a"b)|(c"d)} =",(a"b)[(c"d)

print "\\bm{((a"b)[c)[d} =",((a"b)|c)[d

print '\\bm{(a"b)\\times (c¢"d)} =’,Com(a"b,c"d)

return

(Cl(a b))+

b)

(bI(CAa))

c¢"d)—bx(a"c"d)+cx(a"b"d)—d*x(a"b"c)

Code Output:

gij =

e

e

e

(a-a) (a-b) (a-c) (a-d)
(a-b) (b-b) (b-c) (b-d)
(a-c) (b-c) (c-¢) (c-d)
(a-d) (b-d) (c-d) (d-d)

-(be)=—(a-c)b+(a-b)c
-(bAce)y=—(a-c)b+(a-b)c
c(bAeAnd)=(a-d)bAc—(a-c)bAd+ (a-b)cAd
c(bAc)+c-(anb)+b-(cAha)=0




a(bAc)—blaNnc)+c(aAb)=3aAbAc
a(bhend)—blancAd)+c(anbAd)—d(aAbAc)=4daAbAcAd
(anb)-(end)=—(a-c)(b-d)+ (a-d)(b-c)
((aAb)-c)-d=—(a-c)(b-d)+ (a-d)(b-c)

(anb) X (ecANd)y=—(b-d)anc+(b-c)and+(a-d)bAc—(a-c)bAd

def rounding numerical_components ():
Print_Function ()
(ex,ey,ez) = MV.setup(’e_x e.y e_z’ ,metric="[1,1,1]")
X = 1.2%ex+2.34%xey+0.555%ez
Y = 0.333*ex+4xey+5.3xez
print 'X =" X
print ’'Nga(X,2) =’,Nga(X,2)
print 'XxY =’ XxY
print ’Nga(XxY,2) =’ ,Nga(X«Y,2)
return

Code Output:
X =1-2¢e;+2-34e, + 0-555¢,

Nga(X,2) =1-2e, +2-3e, +0- 55,
XY =12-701144-02078e, A ey + 6 - 175185¢e, A e, + 10 -182¢, A e,
Nga(XY,2) =13-0+4-0e; Aey +6-2e; Ne, +10-0ey Ae,

def derivatives_in_rectangular_coordinates ():
Print _Function ()
X = (x,y,z) = symbols(’'x y z7)
(ex,ey,ez,grad) = MV.setup(’e_-x e.y e_z’ ,metric="[1,1,1]’,coords=X)
f =MV(’f’,’scalar’, fct=True)

A =MV( A’ | ’vector’, fct=True)
B =MV(’'B’, ’grade2’ , fct=True)
C=MV('C’,’'mv’)

print 'f =’ f

print A =" A

print 'B =’ B

print 'C =’ .C

print ’‘gradxf =’ gradxf
print ’grad |A =’ grad|A
print ’gradxA =’ grad*A
print —MV.I

print '—Ix(grad”"A) =’,—-MV.Ix(grad"A)
print ’'grad«B =’ 6 grad*B
print ’'grad "B =’ grad "B
print ’grad|B =’ grad|B
return

Code Output:
f=7
A= A%, + AVe, + A%e,
B =B"e, Ney + B™ey Ne, + BYey Ne,
C=CH+C%z+CY%y+C%, + Cey Ney + C%ey Ne, + Cey Ne, + C™%ey Ney Ne,
V= 8ufeqt 0, fe, + 0. fe.
V.-A=0,A"+ 0,AY + 0. A%




VA= (0,A" +0,AY + 0,A%) + (=0, A" + 0, AY) ex Ney + (=0, A" + 0, A%) eg Ne, + (—0.AY + 0,A%) e, Ne,

—ez Ney Ney

—I(VANA)=(—0,AY + 0,A%) ey + (0, A% — 0, A%) ey + (0, A" + 0, AY) e,

VB = (—0y,B*" — 0,B%) e,y + (0, B*Y — 0,BY*) ey + (0, B** + 0,BY*) e, + (0.B*Y — 0,B** + 0, BY*) e N ey, Ne,
VAB=(0,B"™ — 0yB*" 4+ 0,BY*) ez Ney Ne,

V-B=(-0,B*"™ — 9,B%) e, + (0, B*Y —9,BY*) e, + (0, B** + 0,BY*) e,

def derivatives_in_spherical_coordinates ():
Print_Function ()
X = (r,th,phi) = symbols(’r theta phi’)
curv = [[r*cos(phi)*sin(th),r*sin(phi)*sin(th),rxcos(th)],[1,r,r*sin(th)]]
(er ,eth ,ephi,grad) = MV.setup(’e_r e_theta e_phi’,metric="[1,1,1]’,coords=X, curv=curv)
f =MV(’f’, scalar’,fct=True)
A =MV(’A’,’vector’, fct=True)
B =MV(’'B’, ’grade2’ , fct=True)
print 'f =’ f
print A =" A
print 'B =’ B
print ’gradxf =’ gradx*f
print ’grad|A =’ ,grad|A
print '—Ix(grad"A) =",(-MV.Ix(grad"A)).simplify ()
print ’grad "B =’ grad "B

Code Output:
f=17
A= A"e, + A%y + A%e,
B=DB", Neg+ B, Ney+ B?eq N ey
V=0 fe, + Oofeq + 0pfeq
V- A=0,A% + 0, A" + 0p A’
—I(V ANA) = (00A% — 0,A%) e, + (=0, A% + 04A7) eg + (—0p A" + 0, A%) e
V AB = (—0B"" +0,B" + 0,B%) e, Neg A ey

def conformal representations_of_circles_lines_spheres_and_planes ():
Print_Function ()
global n,nbar
metric = ’1 0 00 0,0 1 0 0 0,0 01 0 0,0 0
(el,e2,e3 ,n,nbar) = MV.setup(’e_.1 e.2 e¢.3 n
print ’g_{ij} =’ MV.metric
e = n+nbar
#conformal representation of points
= make_vector (el) # point a = (1,0,0) A = F(a)
= make_vector (e2) # point b = (0,1,0) B = F(b)
= make_vector(—el) # point ¢ (—1,0,0) C = F(c)
= make_vector ) # point d = (0,0,1) D = F(d)
= make_vector ,3)
print 'F(a ’
print 'F(
print 'F(
print 'F(
print
print '#a = el, b =e2, ¢ = —el, and d = e3’
print '#A = F(a) = 1/2«(axaxn+2xa—nbar), etc.’
print ’'#Circle through a, b, and c¢’
print ’Circle: A"B°"C'X =0 =’ ,(A"B"C"X)
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print ’'#Line through a and b’

print 'Line : A'B'n"X =0 =’ ,(A"B"'n"X)

print ’'#Sphere through a, b, ¢, and d’

print ’Sphere: A'B°"C'D'X =0 =" ,(((A'B)"C)"D)"X
print ’#Plane through a, b, and d’

print ’'Plane : A'B'n"D'X = 0 =’ ,(A"B"n"D"X)

L = (A"B"e)X

L.Fmt(3, ’Hyperbolic\\;\\; Circle: (A"B"e)"X =0")
return

Code Output:

10 0 00
01 000
gi; =10 0 1 0 O
00 0 0 2
00 0 2 0
Fla)=e1 + = _1;
1 2’/7, 27’L
1 1_
F(b)—eg+§n—§n
1 1_
F(c) —el+§n—§n
1 1
F(d) = n—=n
(d) eg+2n 57
1 1 1 1
F(x) = w1e1 + x2e2 + x3€3 + (2(951)2 + 5(332)2 + 2(303)2) n— 51’1

a=cel,b=e2, ¢c=-el,and d = e3 A = F(a) = 1/2*(a*a*n+2*a-nbar), etc. Circle through a, b, and ¢
) _ 1 2 1 2 1 2 1 _
Circle: ANBANCANX =0=—x3e1 ANea Nes An+x3e1 ANea Aes A+ 5(1’1) +§(IQ) Jri(:cg) ~3 et Nea AnAR

Line through a and b

1

Line : A/\B/\’ﬂ/\Xo$361/\62/\€3/\’ﬂ+(x21+x222)61/\62/\n/\ﬁ+1;61/\63/\n/\ﬁ:172362/\63/\71/\7_1

Sphere through a, b, ¢, and d
1 9 1 9 1 5 1 _

Sphere : ANBANCADANX =0= —5(331) —5(1:2) —§(x3) —|—§ etNeag Nes AnAR

Plane through a, b, and d
1
Plane:A/\B/\n/\D/\XZOZ(—l;—22—23+2)€1/\62/\€3/\n/\n

def properties_of_geometric_objects ():
global n,nbar

Print_ Functlon()

metric = ## # 0 0,+ \
B #0 0,0+ \
WA 0 0,0+
0000 2,4+ \
00020’

(pl,p2,p3,n,nbar) = MV.setup(’pl p2 p3 n \\bar{n}’ metric)

print ’g_{ij} =’ MV.metric
P1 = F(pl)
P2 = F(p2)
P3 = F(p3)




print '#%\\text{Extracting direction of line from }L = PI1\\W P2\\W n’
L =P1°P2°n

delta = (L|n)|nbar

print ’(L|n)|\\bar{n} =’ delta

print '#%\\text{Extracting plane of circle from }C = P1\\W P2\\W P3”’
C = P1°P2°P3

delta = ((C'n)|n)|nbar

print ' ((C'n)|n)|\\bar{n}=",delta

print ’(p2-pl) " (p3-pl)=",(p2-pl) (p3-pl)

return

Code Output:

(p1-p1) (P1-p2) (p1-p3) 0 O
(p1-p2) (P2-p2) (p2-p3) 0 0O

9ij = (p1-p3) (p2-p3) (p3-p3) 0 O
0 0 0 0 2

0 0 0 2 0

Extracting direction of line from L = P1A P2 An
(L-n)-n=2p—2p2

Extracting plane of circle from C'= P1 A P2 A P3
((CAn)-n)-n=2p1 Aps —2p1 Aps + 2p2 A p3
(p2 —pl) A (pP3 —pl) =p1 Ap2 — p1 Ap3 +p2 Aps

def extracting_vectors_from_conformal_2_blade ():

Print_Function ()
print r’'B = P1\W P2’
metric = '0 —1 #,’+ \

=10 #,'+ \

#* A
(P1,P2,a) = MV.setup(’P1 P2 a’ ,metric)
print ’'g_{ij} =’ MV.metric
B = P1°P2
Bsq = BxB
print '%B {2} =’,Bsq
ap = a—(a"B)xB
print ”a’ = a—(a"B)xB =7 ,ap
Ap = aptap*B
Am = ap—ap=B
print "A+ = a’+a’«xB =" JAp
print "A— = a’—a’«xB =" Am
print '%(A+) {2} =’ ,Ap*xAp
print '%(A-)"{2} =’ ,AmxAm
aB = a|B
print ’a|B =’ ,aB
return

Code Output:

B =P1ANP2
0 1 (P -a)
gij = | -1 0 (P> - a)
(Pr-a) (P2-a) (a-a)
B?>=1

a’:a—(a/\B)B:—(Pg-a)Pl—(Pl-a)PQ
A+:CL/+G,/B:—2(P2'CL)P1




a-B=—(Py-a)Py+ (P, -a) P,

def reciprocal_frame_test ():
Print_Function ()
metric = 1 # #,7+ \
# 1 # 0+
’# # 17
(el,e2,e3) = MV.setup(’el e2 e3’ ,metric)
print ’g_{ij} =’ MV.metric
E =-el"e2%e3
Esq = (E«E).scalar ()
print 'E =" E
print 'YE {2} =’ ,Esq
Esq_inv = 1/Esq
El = (e2"e3)*E
E2 = (—1)*x(el"e3)xE
E3 = (el"e2)*E
print 'El1 = (e2"e3)xE =’ |El
print 'E2 =—(el"e3)xE =’ |E2
print 'E3 = (el"e2)xE =’ E3
w = (El|e2)
w = w.expand ()
print 'El|e2 =" ,w
w = (El|e3)
w = w.expand ()
print 'El|e3 =’ ,w
w = (E2|el)
w = w.expand ()
print 'E2|el =" ,w
w = (E2|e3)
w = w.expand ()
print 'E2|e3 =’ ,w
w = (E3|el)
w = w.expand ()
print ’E3|el =" ,w
w = (E3|e2)
w = w.expand ()
print 'E3|e2 =’ ,w
w = (El|el)
w = (w.expand()).scalar ()
Esq = expand (Esq)
print '%(E1\\cdot el)/E"{2} =’,simplify (w/Esq)

w = (E2|e2)

w = (w.expand ()).scalar ()

print '%(E2\\cdot e2)/E"{2} =’,simplify (w/Esq)
w = (E3|e3)

w = (w.expand ()).scalar ()

print '%(E3\\cdot e3)/E"{2} =’,simplify (w/Esq)
return

Code Output:

1 (e1-e2) (e1-e3)
gij = |(e1-e2) 1 (e2 - €3)
(61 . 63) (62 . 63) 1

E=e1 NexsNeg




E? = (61 . 62)2 -2 (61 . 62) (61 . 63) (62 . 63) + (61 . 63)2 + (62 . 63)2 -1

El=(e2Ne3)E = ((62 ce3)? — 1) e1+ ((e1-e2) —(e1-e3)(ea-e3))ea + (—(e1-e2) (ea-e3) + (e1-e3))es
E2=—(elNe3)E = ((e1-e2) — (e1-e3)(ea-e3))er + ((61 . 63)2 - 1) ea+ (—(e1-e2)(e1-e3)+ (ea-e3))es

B3 = (1 Ae)E = (—(e1- e2) (€2 €) + (e1 - €3)) e1 + (= (e1 - €3) (e1 - e3) + (e2 - es)) ea + ((e1 - €2)" = 1) g
El-e2=0

El-e3=0
E2-el1=0
E2-e3=0
E3-el=0
E3-e2=0

(F1-el)/E? =1
(E2-e2)/E? =1
(E3-e3)/E* =1



