
Program:
import sys
from sympy import symbols , exp , I , Matrix , so lve , s imp l i f y
from p r i n t e r import Format , xpdf , Get Program , Pr int Funct ion
from ga import Ga
from metr ic import l i n ea r expand

Format ( )
X = ( t , x , y , z ) = symbols ( ’ t x y z ’ , r e a l=True )
( st4d , g0 , g1 , g2 , g3 ) = Ga . bu i ld ( ’gamma∗ t | x | y | z ’ , g=[1 ,−1 ,−1 ,−1] , coords=X)

i = st4d . i

B = st4d .mv( ’B ’ , ’ vec to r ’ )
E = st4d .mv( ’E ’ , ’ vec to r ’ )
B. s e t c o e f ( 1 , 0 , 0 )
E. s e t c o e f ( 1 , 0 , 0 )
B ∗= g0
E ∗= g0
F = E+i ∗B

kx , ky , kz , w = symbols ( ’ k x k y k z omega ’ , r e a l=True )
kv = kx∗g1+ky∗g2+kz∗g3
xv = x∗g1+y∗g2+z∗g3
KX = ((w∗g0+kv ) | ( t ∗g0+xv ) ) . s c a l a r ( )

Ixyz = g1∗g2∗g3

F = F∗exp ( I ∗KX)

print r ’ \ t ex t {Pseudo Sca l a r \ ; \ ; } I =’ , i
print r ’%I {xyz} =’ , Ixyz
F .Fmt(3 , ’ \\ t ex t {Electromagnet i c F i e ld Bi−Vector \\ ;\\ ;} F ’ )
gradF = st4d . grad∗F

print ’#Geom Der iva t i ve o f Electomagnet ic F i e ld Bi−Vector ’
gradF .Fmt(3 , ’ grad∗F = 0 ’ )

gradF = gradF / ( I ∗ exp ( I ∗KX))
gradF .Fmt(3 , r ’%\lp \bm{\ nabla }F\ rp /\ lp i e ˆ{ iK\ cdot X}\ rp = 0 ’ )

g = ’ 1 # 0 0,# 1 0 0 ,0 0 1 0 ,0 0 0 −1 ’
X = (xE , xB , xk , t ) = symbols ( ’ x E x B x k t ’ , r e a l=True )
(EBkst , eE , eB , ek , e t ) = Ga . bu i ld ( ’ e E e B e k t ’ , g=g , coords=X)



i = EBkst . i

E,B, k ,w = symbols ( ’E B k omega ’ , r e a l=True )

F = E∗eE∗ et+i ∗B∗eB∗ et
kv = k∗ek+w∗ et
xv = xE∗eE+xB∗eB+xk∗ek+t ∗ et
KX = (kv | xv ) . s c a l a r ( )
F = F∗exp ( I ∗KX)

print r ’%\mbox{ s e t } e {E}\ cdot e {k} = e {B}\ cdot e {k} = 0 ’+\
r ’ \mbox{ and } e {E}\ cdot e {E} = e {B}\ cdot e {B} = ’+\
r ’ e {k}\ cdot e {k} = −e { t }\ cdot e { t } = 1 ’

print ’ g =’ , EBkst . g

print ’K|X =’ ,KX
print ’F =’ ,F
(EBkst . grad∗F) . Fmt(3 , ’ grad∗F = 0 ’ )

gradF reduced = (EBkst . grad∗F)/( I ∗exp ( I ∗KX))

gradF reduced .Fmt(3 , r ’%\lp \bm{\ nabla }F\ rp /\ lp i e ˆ{ iK\ cdot X} \ rp = 0 ’ )

print r ’%\mbox{Previous equat ion r e qu i r e s that : } e {E}\ cdot e {B} = 0 ’+\
r ’ \mbox{ i f }B\ne 0\mbox{ and }k\ne 0 ’

gradF reduced = gradF reduced . subs ({EBkst . g [ 0 , 1 ] : 0 } )
gradF reduced .Fmt(3 , r ’%\lp \bm{\ nabla }F\ rp /\ lp i e ˆ{ iK\ cdot X} \ rp = 0 ’ )

( coe f s , bases ) = l inea r expand ( gradF reduced . obj )

eq1 = co e f s [ 0 ]
eq2 = co e f s [ 1 ]

B1 = so l v e ( eq1 ,B) [ 0 ]
B2 = so l v e ( eq2 ,B) [ 0 ]

print r ’ \mbox{eq1 : }B =’ ,B1
print r ’ \mbox{eq2 : }B =’ ,B2

eq3 = B1−B2

print r ’ \mbox{eq3 = eq1−eq2 : }0 =’ , eq3
eq3 = s imp l i f y ( eq3 / E)



print r ’ \mbox{eq3 = ( eq1−eq2 )/E: }0 =’ , eq3
print ’#So lu t i on s f o r $k$ and $B$ in terms o f $\omega$ and $E$ : ’
print ’ k =’ , Matrix ( s o l v e ( eq3 , k ) )
print ’B =’ , Matrix ( [ B1 . subs (w, k ) ,B1 . subs(−w, k ) ] )
xpdf ( paper=’ landscape ’ , prog=True )

Code Output:

Pseudo Scalar I = γt ∧ γx ∧ γy ∧ γz

Ixyz = γx ∧ γy ∧ γz

Electromagnetic Field Bi-Vector F =− Exe−i(−ωt+kxx+kyy+kzz)γt ∧ γx
− Eye−i(−ωt+kxx+kyy+kzz)γt ∧ γy
− Eze−i(−ωt+kxx+kyy+kzz)γt ∧ γz
−Bze−i(−ωt+kxx+kyy+kzz)γx ∧ γy
+Byei(ωt−kxx−kyy−kzz)γx ∧ γz
−Bxe−i(−ωt+kxx+kyy+kzz)γy ∧ γz

Geom Derivative of Electomagnetic Field Bi-Vector

∇F = 0 =− i (Exkx + Eyky + Ezkz) e
−i(−ωt+kxx+kyy+kzz)γt

+ i (Bykz −Bzky − Exω) ei(ωt−kxx−kyy−kzz)γx

+ i (−Bxkz +Bzkx − Eyω) ei(ωt−kxx−kyy−kzz)γy

+ i (Bxky −Bykx − Ezω) ei(ωt−kxx−kyy−kzz)γz

+ i (−Bzω − Exky + Eykx) e
i(ωt−kxx−kyy−kzz)γt ∧ γx ∧ γy

+ i (Byω − Exkz + Ezkx) e
i(ωt−kxx−kyy−kzz)γt ∧ γx ∧ γz

+ i (−Bxω − Eykz + Ezky) e
i(ωt−kxx−kyy−kzz)γt ∧ γy ∧ γz

− i (Bxkx +Byky +Bzkz) e
−i(−ωt+kxx+kyy+kzz)γx ∧ γy ∧ γz

(∇F ) /
(
ieiK·X) = 0 = (−Exkx − Eyky − Ezkz)γt

+ (Bykz −Bzky − Exω)γx

+ (−Bxkz +Bzkx − Eyω)γy

+ (Bxky −Bykx − Ezω)γz

+ (−Bzω − Exky + Eykx)γt ∧ γx ∧ γy
+ (Byω − Exkz + Ezkx)γt ∧ γx ∧ γz
+ (−Bxω − Eykz + Ezky)γt ∧ γy ∧ γz
+ (−Bxkx −Byky −Bzkz)γx ∧ γy ∧ γz



set eE · ek = eB · ek = 0 and eE · eE = eB · eB = ek · ek = −et · et = 1

g =


1 (eE · eB) 0 0

(eE · eB) 1 0 0
0 0 1 0
0 0 0 −1


K ·X = −ωt+ kxk

F = −Be−i(ωt−kxk)eE ∧ ek + Eei(−ωt+kxk)eE ∧ t+ (eE · eB)Bei(−ωt+kxk)eB ∧ ek

∇F = 0 =i (Bk + Eω) ei(−ωt+kxk)eE

− i (eE · eB)Bke−i(ωt−kxk)eB

− i (Bω + Ek) e−i(ωt−kxk)eE ∧ ek ∧ t
+ i (eE · eB)Bωei(−ωt+kxk)eB ∧ ek ∧ t

(∇F ) /
(
ieiK·X) = 0 = (Bk + Eω) eE

− (eE · eB)BkeB

+ (−Bω − Ek) eE ∧ ek ∧ t
+ (eE · eB)BωeB ∧ ek ∧ t

Previous equation requires that: eE · eB = 0 if B 6= 0 and k 6= 0

(∇F ) /
(
ieiK·X) = 0 = (Bk + Eω) eE

+ (−Bω − Ek) eE ∧ ek ∧ t

eq1: B = −Eω

k

eq2: B = −Ek

ω

eq3 = eq1-eq2: 0 = −Eω

k
+

Ek

ω

eq3 = (eq1-eq2)/E: 0 = −ω

k
+

k

ω

Solutions for k and B in terms of ω and E:

k =

[
−ω
ω

]

B =

[
−E
E

]


