
def b a s i c m u l t i v e c t o r o p e r a t i o n s 3 D ( ) :
Pr int Funct ion ( )
g3d = Ga( ’ e∗x | y | z ’ )
( ex , ey , ez ) = g3d .mv( )
A = g3d .mv( ’A ’ , ’mv ’ )
print A. Fmt(1 , ’A ’ )
print A. Fmt(2 , ’A ’ )
print A. Fmt(3 , ’A ’ )
print A. even ( ) . Fmt(1 , ’%A {+} ’ )
print A. odd ( ) . Fmt(1 , ’%A { } ’ )
X = g3d .mv( ’X ’ , ’ vec to r ’ )
Y = g3d .mv( ’Y ’ , ’ vec to r ’ )
print ’ g { i j } = ’ , g3d . g
print X. Fmt(1 , ’X ’ )
print Y. Fmt(1 , ’Y ’ )
print (X∗Y) . Fmt(2 , ’X∗Y ’ )
print (XˆY) . Fmt(2 , ’XˆY ’ )
print (X |Y) . Fmt(2 , ’X |Y ’ )
print c r o s s (X,Y) . Fmt(1 , r ’X\ t imes Y ’ )
return

Code Output:

A = A+Axex +Ayey +Azez +Axyex ∧ ey +Axzex ∧ ez +Ayzey ∧ ez +Axyzex ∧ ey ∧ ez

A =A

+Axex +Ayey +Azez

+Axyex ∧ ey +Axzex ∧ ez +Ayzey ∧ ez

+Axyzex ∧ ey ∧ ez

A =A

+Axex

+Ayey

+Azez

+Axyex ∧ ey

+Axzex ∧ ez

+Ayzey ∧ ez

+Axyzex ∧ ey ∧ ez

A+ = A+Axyex ∧ ey +Axzex ∧ ez +Ayzey ∧ ez

A− = Axex +Ayey +Azez +Axyzex ∧ ey ∧ ez

gij =

 (ex · ex) (ex · ey) (ex · ez)
(ex · ey) (ey · ey) (ey · ez)
(ex · ez) (ey · ez) (ez · ez)


X = Xxex +Xyey +Xzez

Y = Y xex + Y yey + Y zez

XY = ((ex · ex)XxY x + (ex · ey)XxY y + (ex · ey)XyY x + (ex · ez)XxY z + (ex · ez)XzY x + (ey · ey)XyY y + (ey · ez)XyY z + (ey · ez)XzY y + (ez · ez)XzY z)

+ (XxY y −XyY x) ex ∧ ey + (XxY z −XzY x) ex ∧ ez + (XyY z −XzY y) ey ∧ ez

X ∧ Y = (XxY y −XyY x) ex ∧ ey + (XxY z −XzY x) ex ∧ ez + (XyY z −XzY y) ey ∧ ez

X · Y = (ex · ex)XxY x + (ex · ey)XxY y + (ex · ey)XyY x + (ex · ez)XxY z + (ex · ez)XzY x + (ey · ey)XyY y + (ey · ez)XyY z + (ey · ez)XzY y + (ez · ez)XzY z

X×Y =
1√

(ex · ex) (ey · ey) (ez · ez)− (ex · ex) (ey · ez)2 − (ex · ey)
2

(ez · ez) + 2 (ex · ey) (ex · ez) (ey · ez)− (ex · ez)2 (ey · ey)

(
(ex · ey) (ey · ez)XxY y − (ex · ey) (ey · ez)XyY x + (ex · ey) (ez · ez)XxY z − (ex · ey) (ez · ez)XzY x − (ex · ez) (ey · ey)XxY y + (ex · ez) (ey · ey)XyY x − (ex · ez) (ey · ez)XxY z + (ex · ez) (ey · ez)XzY x + (ey · ey) (ez · ez)XyY z − (ey · ey) (ez · ez)XzY y − (ey · ez)2XyY z + (ey · ez)2XzY y

)
ex+

1√
(ex · ex) (ey · ey) (ez · ez)− (ex · ex) (ey · ez)2 − (ex · ey)

2
(ez · ez) + 2 (ex · ey) (ex · ez) (ey · ez)− (ex · ez)2 (ey · ey)

(
− (ex · ex) (ey · ez)XxY y + (ex · ex) (ey · ez)XyY x − (ex · ex) (ez · ez)XxY z + (ex · ex) (ez · ez)XzY x + (ex · ey) (ex · ez)XxY y − (ex · ey) (ex · ez)XyY x − (ex · ey) (ez · ez)XyY z + (ex · ey) (ez · ez)XzY y + (ex · ez)2XxY z − (ex · ez)2XzY x + (ex · ez) (ey · ez)XyY z − (ex · ez) (ey · ez)XzY y

)
ey+

1√
(ex · ex) (ey · ey) (ez · ez)− (ex · ex) (ey · ez)2 − (ex · ey)

2
(ez · ez) + 2 (ex · ey) (ex · ez) (ey · ez)− (ex · ez)2 (ey · ey)

(
(ex · ex) (ey · ey)XxY y − (ex · ex) (ey · ey)XyY x + (ex · ex) (ey · ez)XxY z − (ex · ex) (ey · ez)XzY x − (ex · ey)

2
XxY y + (ex · ey)

2
XyY x − (ex · ey) (ex · ez)XxY z + (ex · ey) (ex · ez)XzY x + (ex · ey) (ey · ez)XyY z − (ex · ey) (ey · ez)XzY y − (ex · ez) (ey · ey)XyY z + (ex · ez) (ey · ey)XzY y

)
ez



def b a s i c m u l t i v e c t o r o p e r a t i o n s 2 D ( ) :
Pr int Funct ion ( )
g2d = Ga( ’ e∗x | y ’ )
( ex , ey ) = g2d .mv( )
print ’ g { i j } =’ , g2d . g
X = g2d .mv( ’X ’ , ’ vec to r ’ )
A = g2d .mv( ’A ’ , ’ sp ino r ’ )
print X. Fmt(1 , ’X ’ )
print A. Fmt(1 , ’A ’ )
print (X |A) . Fmt(2 , ’X |A ’ )
print (X<A) . Fmt(2 , ’X<A ’ )
print (A>X) . Fmt(2 , ’A>X ’ )
return

Code Output:

gij =

[
(ex · ex) (ex · ey)
(ex · ey) (ey · ey)

]
X = Xxex +Xyey

A = A+Axyex ∧ ey

X ·A = −Axy ((ex · ey)Xx + (ey · ey)Xy) ex +Axy ((ex · ex)Xx + (ex · ey)Xy) ey

XcA = −Axy ((ex · ey)Xx + (ey · ey)Xy) ex +Axy ((ex · ex)Xx + (ex · ey)Xy) ey

AbX = Axy ((ex · ey)Xx + (ey · ey)Xy) ex −Axy ((ex · ex)Xx + (ex · ey)Xy) ey

def b a s i c m u l t i v e c t o r o p e r a t i o n s 2 D o r t h o g o n a l ( ) :
Pr int Funct ion ( )
o2d = Ga( ’ e∗x | y ’ , g = [1 , 1 ] )
( ex , ey ) = o2d .mv( )
print ’ g { i i } =’ , o2d . g
X = o2d .mv( ’X ’ , ’ vec to r ’ )
A = o2d .mv( ’A ’ , ’ sp ino r ’ )
print X. Fmt(1 , ’X ’ )
print A. Fmt(1 , ’A ’ )
print (X∗A) . Fmt(2 , ’X∗A ’ )
print (X |A) . Fmt(2 , ’X |A ’ )
print (X<A) . Fmt(2 , ’X<A ’ )
print (X>A) . Fmt(2 , ’X>A ’ )
print (A∗X) . Fmt(2 , ’A∗X ’ )
print (A |X) . Fmt(2 , ’A |X ’ )
print (A<X) . Fmt(2 , ’A<X ’ )
print (A>X) . Fmt(2 , ’A>X ’ )
return

Code Output:

gii =

[
1 0
0 1

]
X = Xxex +Xyey

A = A+Axyex ∧ ey

XA = (AXx −AxyXy) ex + (AXy +AxyXx) ey

X ·A = −AxyXyex +AxyXxey

XcA = −AxyXyex +AxyXxey

XbA = AXxex +AXyey

AX = (AXx +AxyXy) ex + (AXy −AxyXx) ey



A ·X = AxyXyex −AxyXxey

AcX = AXxex +AXyey

AbX = AxyXyex −AxyXxey

def check general ized BAC CAB formulas ( ) :
Pr int Funct ion ( )
g4d = Ga( ’ a b c d e ’ )
( a , b , c , d , e ) = g4d .mv( )
print ’ g { i j } =’ , g4d . g
print ’ \\bm{a | ( b∗c )} =’ , a | ( b∗c )
print ’ \\bm{a | ( bˆc )} =’ , a | ( bˆc )
print ’ \\bm{a | ( bˆcˆd)} =’ , a | ( bˆcˆd)
print ’ \\bm{a | ( bˆc)+c | ( aˆb)+b | ( cˆa )} =’ , ( a | ( bˆc ))+( c | ( aˆb))+(b | ( cˆa ) )
print ’ \\bm{a ∗(bˆc ) b∗( aˆc)+c ∗( aˆb)} =’ , a ∗(bˆc ) b∗( aˆc)+c ∗( aˆb)
print ’ \\bm{a ∗(bˆcˆd ) b∗( aˆcˆd)+c ∗( aˆbˆd ) d∗( aˆbˆc )} =’ , a ∗(bˆcˆd ) b∗( aˆcˆd)+c ∗( aˆbˆd ) d∗( aˆbˆc )
print ’ \\bm{( aˆb ) | ( cˆd)} =’ , ( aˆb ) | ( cˆd)
print ’ \\bm{ ( ( aˆb ) | c ) | d} =’ , ( ( aˆb ) | c ) | d
print ’ \\bm{( aˆb)\\ t imes ( cˆd)} =’ ,com( aˆb , cˆd)
print ’ \\bm{( aˆbˆc ) ( dˆe )} =’ , ( ( aˆbˆc )∗ ( dˆe ) ) . Fmt(2 )
return

Code Output:

gij =


(a · a) (a · b) (a · c) (a · d) (a · e)
(a · b) (b · b) (b · c) (b · d) (b · e)
(a · c) (b · c) (c · c) (c · d) (c · e)
(a · d) (b · d) (c · d) (d · d) (d · e)
(a · e) (b · e) (c · e) (d · e) (e · e)


a · (bc) = − (a · c) b + (a · b) c

a · (b∧ c) = − (a · c) b + (a · b) c

a · (b∧ c∧ d) = (a · d) b ∧ c− (a · c) b ∧ d + (a · b) c ∧ d

a · (b∧ c) + c · (a∧ b) + b · (c∧ a) =

a(b∧ c)− b(a∧ c) + c(a∧ b) = 3a ∧ b ∧ c

a(b∧ c∧ d)− b(a∧ c∧ d) + c(a∧ b∧ d)− d(a∧ b∧ c) = 4a ∧ b ∧ c ∧ d

(a∧ b) · (c∧ d) = − (a · c) (b · d) + (a · d) (b · c)

((a∧ b) · c) · d = − (a · c) (b · d) + (a · d) (b · c)

(a∧ b)× (c∧ d) = − (b · d)a ∧ c + (b · c)a ∧ d + (a · d) b ∧ c− (a · c) b ∧ d

(a∧ b∧ c)(d∧ e) = (− (b · d) (c · e) + (b · e) (c · d))a + ((a · d) (c · e)− (a · e) (c · d)) b + (− (a · d) (b · e) + (a · e) (b · d)) c

− (c · e)a ∧ b ∧ d + (c · d)a ∧ b ∧ e + (b · e)a ∧ c ∧ d− (b · d)a ∧ c ∧ e− (a · e) b ∧ c ∧ d + (a · d) b ∧ c ∧ e

+ a ∧ b ∧ c ∧ d ∧ e

def rounding numerica l components ( ) :
Pr int Funct ion ( )
o3d = Ga( ’ e x e y e z ’ , g = [1 , 1 , 1 ] )
( ex , ey , ez ) = o3d .mv( )
X = 1.2∗ ex +2.34∗ ey +0.555∗ ez
Y = 0.333∗ ex+4∗ey +5.3∗ ez
print ’X =’ ,X
print ’Nga(X, 2 ) =’ ,Nga(X, 2 )
print ’X∗Y =’ ,X∗Y
print ’Nga(X∗Y, 2 ) =’ ,Nga(X∗Y, 2 )
return



Code Output:

X = 1 · 2ex + 2 · 34ey + 0 · 555ez

Nga(X, 2) = 1 · 2ex + 2 · 3ey + 0 · 55ez

XY =12 · 7011

+ 4 · 02078ex ∧ ey + 6 · 175185ex ∧ ez + 10 · 182ey ∧ ez

Nga(XY, 2) =13 · 0
+ 4 · 0ex ∧ ey + 6 · 2ex ∧ ez + 10 · 0ey ∧ ez

def d e r i v a t i v e s i n r e c t a n g u l a r c o o r d i n a t e s ( ) :
Pr int Funct ion ( )
X = (x , y , z ) = symbols ( ’ x y z ’ )
o3d = Ga( ’ e x e y e z ’ , g = [1 , 1 , 1 ] , coords=X)
( ex , ey , ez ) = o3d .mv( )
grad = o3d . grad
f = o3d .mv( ’ f ’ , ’ s c a l a r ’ , f=True )
A = o3d .mv( ’A ’ , ’ vec to r ’ , f=True )
B = o3d .mv( ’B ’ , ’ b i v e c t o r ’ , f=True )
C = o3d .mv( ’C ’ , ’mv ’ )
print ’ f = ’ , f
print ’A =’ ,A
print ’B =’ ,B
print ’C =’ ,C
print ’ grad∗ f = ’ , grad∗ f
print ’ grad |A =’ , grad |A
print ’ grad∗A =’ , grad∗A
print ’ I ∗( grad ˆA) =’ , o3d . I ( )∗ ( grad ˆA)
print ’ grad∗B =’ , grad∗B
print ’ grad ˆB =’ , grad ˆB
print ’ grad |B =’ , grad |B
return

Code Output:

f = f

A = Axex +Ayey +Azez

B = Bxyex ∧ ey +Bxzex ∧ ez +Byzey ∧ ez

C =C

+ Cxex + Cyey + Czez

+ Cxyex ∧ ey + Cxzex ∧ ez + Cyzey ∧ ez

+ Cxyzex ∧ ey ∧ ez

∇f = ∂xfex + ∂yfey + ∂zfez

∇ ·A = ∂xA
x + ∂yA

y + ∂zA
z

∇A = (∂xA
x + ∂yA

y + ∂zA
z)

+ (−∂yAx + ∂xA
y) ex ∧ ey + (−∂zAx + ∂xA

z) ex ∧ ez + (−∂zAy + ∂yA
z) ey ∧ ez

−I(∇ ∧A) = (−∂zAy + ∂yA
z) ex + (∂zA

x − ∂xAz) ey + (−∂yAx + ∂xA
y) ez

∇B = (−∂yBxy − ∂zBxz) ex + (∂xB
xy − ∂zByz) ey + (∂xB

xz + ∂yB
yz) ez

+ (∂zB
xy − ∂yBxz + ∂xB

yz) ex ∧ ey ∧ ez

∇ ∧B = (∂zB
xy − ∂yBxz + ∂xB

yz) ex ∧ ey ∧ ez

∇ ·B = (−∂yBxy − ∂zBxz) ex + (∂xB
xy − ∂zByz) ey + (∂xB

xz + ∂yB
yz) ez



def d e r i v a t i v e s i n s p h e r i c a l c o o r d i n a t e s ( ) :
Pr int Funct ion ( )
X = ( r , th , phi ) = symbols ( ’ r theta phi ’ )
s3d = Ga( ’ e r e t h e t a e ph i ’ , g =[1 , r ∗∗2 , r ∗∗2∗ s i n ( th )∗∗2 ] , coords=X, norm=True )
( er , eth , ephi ) = s3d .mv( )
grad = s3d . grad
f = s3d .mv( ’ f ’ , ’ s c a l a r ’ , f=True )
A = s3d .mv( ’A ’ , ’ vec to r ’ , f=True )
B = s3d .mv( ’B ’ , ’ b i v e c t o r ’ , f=True )
print ’ f = ’ , f
print ’A =’ ,A
print ’B =’ ,B
print ’ grad∗ f = ’ , grad∗ f
print ’ grad |A =’ , grad |A
print ’ I ∗( grad ˆA) =’ , ( s3d .E( )∗ ( grad ˆA) ) . s i m p l i f y ( )
print ’ grad ˆB =’ , grad ˆB

Code Output:

f = f

A = Arer +Aθeθ +Aφeφ

B = Brθer ∧ eθ +Brφer ∧ eφ +Bθφeθ ∧ eφ

∇f = ∂rfer +
1

r
∂θfeθ +

∂φf

r sin (θ)
eφ

∇ ·A =
1

r

(
r∂rA

r + 2Ar +
Aθ

tan (θ)
+ ∂θA

θ +
∂φA

φ

sin (θ)

)
−I(∇ ∧A) =

1

r

(
Aφ

tan (θ)
+ ∂θA

φ − ∂φA
θ

sin (θ)

)
er +

1

r

(
−r∂rAφ −Aφ +

∂φA
r

sin (θ)

)
eθ +

1

r

(
r∂rA

θ +Aθ − ∂θAr
)
eφ

∇ ∧B =
1

r

(
r∂rB

θφ − Brφ

tan (θ)
+ 2Bθφ − ∂θBrφ +

∂φB
rθ

sin (θ)

)
er ∧ eθ ∧ eφ

def n o n e u c l i d i a n d i s t a n c e c a l c u l a t i o n ( ) :
Pr int Funct ion ( )
from sympy import so lve , s q r t
Fmt(1)
g = ’ 0 # #,# 0 #,# # 1 ’
ne l = Ga( ’X Y e ’ , g=g )
(X,Y, e ) = ne l .mv( )
print ’ g { i j } =’ , ne l . g
print ’%(X\\W Y)ˆ{2} =’ , (XˆY)∗ (XˆY)
L = XˆYˆe
B = L∗e # D&L 10.152
Bsq = (B∗B) . s c a l a r ( )
print ’#%L = X\\W Y\\W e \\ t ex t { i s a non e u c l i d i a n l i n e } ’
print ’B = L∗e =’ ,B
BeBr =B∗e∗B. rev ( )
print ’%BeBˆ{\\ dagger } =’ ,BeBr
print ’%Bˆ{2} =’ ,B∗B
print ’%Lˆ{2} =’ ,L∗L # D&L 10.153
( s , c , Binv ,M, S ,C, alpha ) = symbols ( ’ s c (1/B) M S C alpha ’ )
XdotY = ne l . g [ 0 , 1 ]
Xdote = ne l . g [ 0 , 2 ]
Ydote = ne l . g [ 1 , 2 ]
Bhat = Binv∗B # D&L 10.154
R = c+s ∗Bhat # Rotor R = exp ( a lpha ∗Bhat /2)
print ’#%s = \\ f {\\ s inh }{\\ alpha /2} \\ t ex t { and } c = \\ f {\\ cosh }{\\ alpha /2} ’
print ’%e ˆ{\\ alpha B/{2\\ abs{B}}} =’ ,R



Z = R∗X∗R. rev ( ) # D&L 10.155
Z . obj = expand (Z . obj )
Z . obj = Z . obj . c o l l e c t ( [ Binv , s , c , XdotY ] )
Z . Fmt(3 , ’%RXRˆ{\\ dagger } ’ )
W = Z |Y # Extrac t s c a l a r par t o f mu l t i v e c t o r
# From t h i s po in t forward a l l c a l c u l a t i o n s are wi th sympy s c a l a r s
#pr in t ’#Ob j e c t i v e i s to determine va lue o f C = cosh ( a lpha ) such t ha t W = 0 ’
W = W. s c a l a r ( )
print ’%W = Z\\ cdot Y =’ ,W

W = expand (W)
W = s i m p l i f y (W)
W = W. c o l l e c t ( [ s ∗Binv ] )
M = 1/Bsq
W = W. subs ( Binv ∗∗2 ,M)
W = s i m p l i f y (W)
Bmag = s q r t (XdotY∗∗2 2∗XdotY∗Xdote∗Ydote )
W = W. c o l l e c t ( [ Binv∗c∗ s , XdotY ] )
#Double ang l e s u b s t i t u t i o n s
W = W. subs (2∗XdotY∗∗2 4∗XdotY∗Xdote∗Ydote , 2 / ( Binv ∗∗2))
W = W. subs (2∗ c∗ s , S )
W = W. subs ( c ∗∗2 , (C+1)/2)
W = W. subs ( s ∗∗2 , (C 1 ) / 2 )
W = s i m p l i f y (W)
W = W. subs (1/ Binv ,Bmag)
W = expand (W)
print ’#%S = \\ f {\\ s inh }{\\ alpha } \\ t ex t { and } C = \\ f {\\ cosh }{\\ alpha } ’
print ’W =’ ,W
Wd = c o l l e c t (W, [ C, S ] , exact=True , eva luate=False )
Wd 1 = Wd[ one ]
Wd C = Wd[C]
Wd S = Wd[ S ]
print ’%\\ t ex t { Sca la r C o e f f i c i e n t } =’ ,Wd 1
print ’%\\ t ex t {Cosh C o e f f i c i e n t } =’ ,Wd C
print ’%\\ t ex t {Sinh C o e f f i c i e n t } =’ ,Wd S
print ’%\\abs{B} =’ ,Bmag
Wd 1 = Wd 1 . subs (Bmag,1/ Binv )
Wd C = Wd C. subs (Bmag,1/ Binv )
Wd S = Wd S . subs (Bmag,1/ Binv )
l h s = Wd 1+Wd C∗C
rhs = Wd S∗S
l h s = l h s ∗∗2
rhs = rhs ∗∗2

W = expand ( lhs rhs )
W = expand (W. subs (1/ Binv ∗∗2 ,Bmag∗∗2))
W = expand (W. subs (S∗∗2 ,C∗ ∗ 2 1 ) )
W = W. c o l l e c t ( [C,C∗∗2 ] , eva luate=False )
a = s i m p l i f y (W[C∗∗2 ] )
b = s i m p l i f y (W[C] )
c = s i m p l i f y (W[ one ] )
print ’#%\\t ex t {Require } aCˆ{2}+bC+c = 0 ’
print ’ a =’ , a
print ’ b =’ ,b
print ’ c =’ , c
x = Symbol ( ’ x ’ )
C = s o l v e ( a∗x∗∗2+b∗x+c , x ) [ 0 ]
print ’%b ˆ{2} 4 ac =’ , s i m p l i f y (b ∗∗2 4∗ a∗c )
print ’%\\ f {\\ cosh }{\\ alpha } = C = b/(2 a ) =’ , expand ( s i m p l i f y ( expand (C) ) )
return



Code Output:

gij =

 0 (X · Y ) (X · e)
(X · Y ) 0 (Y · e)
(X · e) (Y · e) 1


(X ∧ Y )2 = (X · Y )

2

L = X ∧ Y ∧ e is a non-euclidian line

B = Le = X ∧ Y − (Y · e)X ∧ e + (X · e)Y ∧ e

BeB† = (X · Y ) (− (X · Y ) + 2 (X · e) (Y · e)) e

B2 = (X · Y ) ((X · Y )− 2 (X · e) (Y · e))

L2 = (X · Y ) ((X · Y )− 2 (X · e) (Y · e))

s = sinh (α/2) and c = cosh (α/2)

eαB/2|B| = c+ (1/B)sX ∧ Y − (1/B) (Y · e) sX ∧ e + (1/B) (X · e) sY ∧ e

W = Z · Y = (1/B)2 (X · Y )
3
s2 − 4(1/B)2 (X · Y )

2
(X · e) (Y · e) s2 + 4(1/B)2 (X · Y ) (X · e)2 (Y · e)2 s2 + 2(1/B) (X · Y )

2
cs− 4(1/B) (X · Y ) (X · e) (Y · e) cs+ (X · Y ) c2

S = sinh (α) and C = cosh (α)

W = (1/B) (X · Y )C

√
(X · Y )

2 − 2 (X · Y ) (X · e) (Y · e)−(1/B) (X · e) (Y · e)C
√

(X · Y )
2 − 2 (X · Y ) (X · e) (Y · e)+(1/B) (X · e) (Y · e)

√
(X · Y )

2 − 2 (X · Y ) (X · e) (Y · e)+S
√

(X · Y )
2 − 2 (X · Y ) (X · e) (Y · e)

Scalar Coefficient = (1/B) (X · e) (Y · e)
√

(X · Y )
2 − 2 (X · Y ) (X · e) (Y · e)

Cosh Coefficient = (1/B) (X · Y )

√
(X · Y )

2 − 2 (X · Y ) (X · e) (Y · e)− (1/B) (X · e) (Y · e)
√

(X · Y )
2 − 2 (X · Y ) (X · e) (Y · e)

Sinh Coefficient =

√
(X · Y )

2 − 2 (X · Y ) (X · e) (Y · e)

|B| =
√

(X · Y )
2 − 2 (X · Y ) (X · e) (Y · e)

Require aC2 + bC + c = 0

a = (X · e)2 (Y · e)2

b = 2 (X · e) (Y · e) ((X · Y )− (X · e) (Y · e))

c = (X · Y )
2 − 2 (X · Y ) (X · e) (Y · e) + (X · e)2 (Y · e)2

b2 − 4ac = 0

cosh (α) = C = −b/(2a) = − (X · Y )

(X · e) (Y · e)
+ 1

def c o n f o r m a l r e p r e s e n t a t i o n s o f c i r c l e s l i n e s s p h e r e s a n d p l a n e s ( ) :
Pr int Funct ion ( )
global n , nbar
Fmt(1)
g = ’ 1 0 0 0 0 ,0 1 0 0 0 ,0 0 1 0 0 ,0 0 0 0 2 ,0 0 0 2 0 ’
c3d = Ga( ’ e 1 e 2 e 3 n \\bar{n} ’ , g=g )
( e1 , e2 , e3 , n , nbar ) = c3d .mv( )
print ’ g { i j } =’ , c3d . g
e = n+nbar
#conformal r e p r e s en t a t i on o f po in t s
A = make vector ( e1 , ga=c3d ) # poin t a = (1 ,0 ,0) A = F(a )
B = make vector ( e2 , ga=c3d ) # poin t b = (0 ,1 ,0) B = F( b )
C = make vector ( e1 , ga=c3d ) # poin t c = ( 1 , 0 , 0 ) C = F( c )
D = make vector ( e3 , ga=c3d ) # poin t d = (0 ,0 ,1) D = F(d )
X = make vector ( ’ x ’ , 3 , ga=c3d )
print ’F( a ) =’ ,A
print ’F(b) =’ ,B
print ’F( c ) =’ ,C
print ’F(d) =’ ,D



print ’F( x ) =’ ,X
print ’#a = e1 , b = e2 , c = e1 , and d = e3 ’
print ’#A = F( a ) = 1/2∗( a∗a∗n+2∗a nbar ) , e t c . ’
print ’#C i r c l e through a , b , and c ’
print ’ C i r c l e : AˆBˆCˆX = 0 =’ , (AˆBˆCˆX)
print ’#Line through a and b ’
print ’ Line : AˆBˆnˆX = 0 =’ , (AˆBˆnˆX)
print ’#Sphere through a , b , c , and d ’
print ’ Sphere : AˆBˆCˆDˆX = 0 =’ , ( ( (AˆB)ˆC)ˆD)ˆX
print ’#Plane through a , b , and d ’
print ’ Plane : AˆBˆnˆDˆX = 0 =’ , (AˆBˆnˆDˆX)
L = (AˆBˆe )ˆX
L . Fmt(3 , ’ Hyperbol ic \\ ;\\ ; C i r c l e : (AˆBˆe )ˆX = 0 ’ )
return

Code Output:

gij =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 2
0 0 0 2 0


F (a) = e1 +

1

2
n− 1

2
n̄

F (b) = e2 +
1

2
n− 1

2
n̄

F (c) = −e1 +
1

2
n− 1

2
n̄

F (d) = e3 +
1

2
n− 1

2
n̄

F (x) = x1e1 + x2e2 + x3e3 +

(
1

2
(x1)

2
+

1

2
(x2)

2
+

1

2
(x3)

2

)
n− 1

2
n̄

a = e1, b = e2, c = -e1, and d = e3 A = F(a) = 1/2*(a*a*n+2*a-nbar), etc. Circle through a, b, and c

Circle : A ∧B ∧ C ∧X = 0 = −x3e1 ∧ e2 ∧ e3 ∧ n + x3e1 ∧ e2 ∧ e3 ∧ n̄ +

(
1

2
(x1)

2
+

1

2
(x2)

2
+

1

2
(x3)

2 − 1

2

)
e1 ∧ e2 ∧ n ∧ n̄

Line through a and b

Line : A ∧B ∧ n ∧X = 0 = −x3e1 ∧ e2 ∧ e3 ∧ n +

(
x1
2

+
x2
2
− 1

2

)
e1 ∧ e2 ∧ n ∧ n̄ +

x3
2
e1 ∧ e3 ∧ n ∧ n̄− x3

2
e2 ∧ e3 ∧ n ∧ n̄

Sphere through a, b, c, and d

Sphere : A ∧B ∧ C ∧D ∧X = 0 =

(
−1

2
(x1)

2 − 1

2
(x2)

2 − 1

2
(x3)

2
+

1

2

)
e1 ∧ e2 ∧ e3 ∧ n ∧ n̄

Plane through a, b, and d

Plane : A ∧B ∧ n ∧D ∧X = 0 =

(
−x1

2
− x2

2
− x3

2
+

1

2

)
e1 ∧ e2 ∧ e3 ∧ n ∧ n̄

def p r o p e r t i e s o f g e o m e t r i c o b j e c t s ( ) :
Pr int Funct ion ( )
global n , nbar
Fmt(1)
g = ’# # # 0 0 , ’+ \

’# # # 0 0 , ’+ \
’# # # 0 0 , ’+ \
’ 0 0 0 0 2 , ’+ \



’ 0 0 0 2 0 ’
c3d = Ga( ’ p1 p2 p3 n \\bar{n} ’ , g=g )
( p1 , p2 , p3 , n , nbar ) = c3d .mv( )
print ’ g { i j } =’ , c3d . g
P1 = F( p1 )
P2 = F( p2 )
P3 = F( p3 )
print ’ \\ t ex t {Extract ing d i r e c t i o n o f l i n e from }L = P1\\W P2\\W n ’
L = P1ˆP2ˆn
d e l t a = (L | n ) | nbar
print ’ (L | n ) | \ \ bar{n} =’ , d e l t a
print ’ \\ t ex t {Extract ing plane o f c i r c l e from }C = P1\\W P2\\W P3 ’
C = P1ˆP2ˆP3
d e l t a = ( (Cˆn ) | n ) | nbar
print ’ ( (Cˆn ) | n ) | \ \ bar{n}= ’ , d e l t a
print ’ ( p2 p1 )ˆ ( p3 p1)= ’ , ( p2 p1 )ˆ ( p3 p1 )
return

Code Output:

gij =


(p1 · p1) (p1 · p2) (p1 · p3) 0 0
(p1 · p2) (p2 · p2) (p2 · p3) 0 0
(p1 · p3) (p2 · p3) (p3 · p3) 0 0

0 0 0 0 2
0 0 0 2 0


Extracting direction of line from L = P1 ∧ P2 ∧ n

(L · n) · n̄ = 2p1 − 2p2

Extracting plane of circle from C = P1 ∧ P2 ∧ P3

((C ∧ n) · n) · n̄ = 2p1 ∧ p2 − 2p1 ∧ p3 + 2p2 ∧ p3

(p2− p1) ∧ (p3− p1) = p1 ∧ p2 − p1 ∧ p3 + p2 ∧ p3

def e x t r a c t i n g v e c t o r s f r o m c o n f o r m a l 2 b l a d e ( ) :
Pr int Funct ion ( )
Fmt(1)
print r ’B = P1\W P2 ’
g = ’ 0 1 #, ’+ \

’ 1 0 #, ’+ \
’# # #’

c2b = Ga( ’P1 P2 a ’ , g=g )
(P1 , P2 , a ) = c2b .mv( )
print ’ g { i j } =’ , c2b . g
B = P1ˆP2
Bsq = B∗B
print ’%Bˆ{2} =’ , Bsq
ap = a ( aˆB)∗B
print ”a ’ = a ( aˆB)∗B =” , ap
Ap = ap+ap∗B
Am = ap ap∗B
print ”A+ = a’+a ’∗B =” ,Ap
print ”A = a ’ a ’∗B =” ,Am
print ’%(A+)ˆ{2} =’ ,Ap∗Ap
print ’%(A ) ˆ { 2 } =’ ,Am∗Am
aB = a |B
print ’ a |B =’ ,aB
return

Code Output:

B = P1 ∧ P2



gij =

 0 −1 (P1 · a)
−1 0 (P2 · a)

(P1 · a) (P2 · a) (a · a)


B2 = 1

a′ = a− (a ∧B)B = − (P2 · a)P1 − (P1 · a)P2

A+ = a′ + a′B = −2 (P2 · a)P1

A− = a′ − a′B = −2 (P1 · a)P2

(A+)2 = 0

(A−)2 = 0

a ·B = − (P2 · a)P1 + (P1 · a)P2

def r e c i p r o c a l f r a m e t e s t ( ) :
Pr int Funct ion ( )
Fmt(1)
g = ’ 1 # #, ’+ \

’# 1 #, ’+ \
’# # 1 ’

ng3d = Ga( ’ e1 e2 e3 ’ , g=g )
( e1 , e2 , e3 ) = ng3d .mv( )
print ’ g { i j } =’ , ng3d . g
E = e1ˆe2ˆe3
Esq = (E∗E) . s c a l a r ( )
print ’E =’ ,E
print ’%Eˆ{2} =’ , Esq
Esq inv = 1/Esq
E1 = ( e2ˆe3 )∗E
E2 = ( 1 ) ∗ ( e1ˆe3 )∗E
E3 = ( e1ˆe2 )∗E
print ’E1 = ( e2ˆe3 )∗E =’ ,E1
print ’E2 = ( e1ˆe3 )∗E =’ ,E2
print ’E3 = ( e1ˆe2 )∗E =’ ,E3
w = (E1 | e2 )
w = w. expand ( )
print ’E1 | e2 =’ ,w
w = (E1 | e3 )
w = w. expand ( )
print ’E1 | e3 =’ ,w
w = (E2 | e1 )
w = w. expand ( )
print ’E2 | e1 =’ ,w
w = (E2 | e3 )
w = w. expand ( )
print ’E2 | e3 =’ ,w
w = (E3 | e1 )
w = w. expand ( )
print ’E3 | e1 =’ ,w
w = (E3 | e2 )
w = w. expand ( )
print ’E3 | e2 =’ ,w
w = (E1 | e1 )
w = (w. expand ( ) ) . s c a l a r ( )
Esq = expand ( Esq )
print ’%(E1\\ cdot e1 )/Eˆ{2} =’ , s i m p l i f y (w/Esq )
w = (E2 | e2 )
w = (w. expand ( ) ) . s c a l a r ( )
print ’%(E2\\ cdot e2 )/Eˆ{2} =’ , s i m p l i f y (w/Esq )
w = (E3 | e3 )



w = (w. expand ( ) ) . s c a l a r ( )
print ’%(E3\\ cdot e3 )/Eˆ{2} =’ , s i m p l i f y (w/Esq )
return

Code Output:

gij =

 1 (e1 · e2) (e1 · e3)
(e1 · e2) 1 (e2 · e3)
(e1 · e3) (e2 · e3) 1


E = e1 ∧ e2 ∧ e3

E2 = (e1 · e2)
2 − 2 (e1 · e2) (e1 · e3) (e2 · e3) + (e1 · e3)

2
+ (e2 · e3)

2 − 1

E1 = (e2 ∧ e3)E =
(

(e2 · e3)
2 − 1

)
e1 + ((e1 · e2)− (e1 · e3) (e2 · e3)) e2 + (− (e1 · e2) (e2 · e3) + (e1 · e3)) e3

E2 = −(e1 ∧ e3)E = ((e1 · e2)− (e1 · e3) (e2 · e3)) e1 +
(

(e1 · e3)
2 − 1

)
e2 + (− (e1 · e2) (e1 · e3) + (e2 · e3)) e3

E3 = (e1 ∧ e2)E = (− (e1 · e2) (e2 · e3) + (e1 · e3)) e1 + (− (e1 · e2) (e1 · e3) + (e2 · e3)) e2 +
(

(e1 · e2)
2 − 1

)
e3

E1 · e2 = 0

E1 · e3 = 0

E2 · e1 = 0

E2 · e3 = 0

E3 · e1 = 0

E3 · e2 = 0

(E1 · e1)/E2 = 1

(E2 · e2)/E2 = 1

(E3 · e3)/E2 = 1

def s i g n a t u r e t e s t ( ) :
Pr int Funct ion ( )
e3d = Ga( ’ e1 e2 e3 ’ , g = [1 , 1 , 1 ] )
print ’ g =’ , e3d . g
print r ’%Signature = ( 3 , 0 ) \ : I = ’ , e3d . I ( ) , ’ \ : I ˆ{2} =’ , e3d . I ( )∗ e3d . I ( )
e3d = Ga( ’ e1 e2 e3 ’ , g = [2 , 2 , 2 ] )
print ’ g =’ , e3d . g
print r ’%Signature = ( 3 , 0 ) \ : I = ’ , e3d . I ( ) , ’ | ; I ˆ{2} =’ , e3d . I ( )∗ e3d . I ( )
sp4d = Ga( ’ e1 e2 e3 e4 ’ , g = [ 1 , 1 , 1 , 1 ] )
print ’ g =’ , sp4d . g
print r ’%Signature = ( 1 , 3 ) \ : I = ’ , sp4d . I ( ) , ’ \ : I ˆ{2} =’ , sp4d . I ( )∗ sp4d . I ( )
sp4d = Ga( ’ e1 e2 e3 e4 ’ , g = [ 2 , 2 , 2 , 2 ] )
print ’ g =’ , sp4d . g
print r ’%Signature = ( 1 , 3 ) \ : I = ’ , sp4d . I ( ) , ’ \ : I ˆ{2} =’ , sp4d . I ( )∗ sp4d . I ( )
e4d = Ga( ’ e1 e2 e3 e4 ’ , g = [1 , 1 , 1 , 1 ] )
print ’ g =’ , e4d . g
print r ’%Signature = ( 4 , 0 ) \ : I = ’ , e4d . I ( ) , ’ \ : I ˆ{2} =’ , e4d . I ( )∗ e4d . I ( )
c f3d = Ga( ’ e1 e2 e3 e4 e5 ’ , g = [ 1 , 1 , 1 , 1 , 1 ] )
print ’ g =’ , c f3d . g
print r ’%Signature = ( 4 , 1 ) \ : I = ’ , c f3d . I ( ) , ’ \ : I ˆ{2} =’ , c f3d . I ( )∗ c f3d . I ( )
c f3d = Ga( ’ e1 e2 e3 e4 e5 ’ , g = [ 2 , 2 , 2 , 2 , 2 ] )
print ’ g =’ , c f3d . g
print r ’%Signature = ( 4 , 1 ) \ : I = ’ , c f3d . I ( ) , ’ \ : I ˆ{2} =’ , c f3d . I ( )∗ c f3d . I ( )
return



Code Output:

g =

 1 0 0
0 1 0
0 0 1


Signature = (3, 0) I = e1 ∧ e2 ∧ e3 I

2 = −1

g =

 2 0 0
0 2 0
0 0 2


Signature = (3, 0) I =

√
2

4
e1 ∧ e2 ∧ e3|; I2 = −1

g =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


Signature = (1, 3) I = e1 ∧ e2 ∧ e3 ∧ e4 I

2 = −1

g =


2 0 0 0
0 −2 0 0
0 0 −2 0
0 0 0 −2


Signature = (1, 3) I =

1

4
e1 ∧ e2 ∧ e3 ∧ e4 I

2 = −1

g =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


Signature = (4, 0) I = e1 ∧ e2 ∧ e3 ∧ e4 I

2 = 1

g =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 −1


Signature = (4, 1) I = e1 ∧ e2 ∧ e3 ∧ e4 ∧ e5 I

2 = −1

g =


2 0 0 0 0
0 2 0 0 0
0 0 2 0 0
0 0 0 2 0
0 0 0 0 −2


Signature = (4, 1) I =

√
2

8
e1 ∧ e2 ∧ e3 ∧ e4 ∧ e5 I

2 = −1

def Fmt test ( ) :
Pr int Funct ion ( )
e3d = Ga( ’ e1 e2 e3 ’ , g = [1 , 1 , 1 ] )
v = e3d .mv( ’ v ’ , ’ v ec to r ’ )
B = e3d .mv( ’B ’ , ’ b i v e c t o r ’ )
M = e3d .mv( ’M’ , ’mv ’ )
Fmt(2)
print ’#Global $Fmt = 2$ ’
print ’ v =’ , v
print ’B =’ ,B
print ’M =’ ,M
print ’#Using $ . Fmt( ) $ Function ’
print ’ v . Fmt(3) =’ , v . Fmt(3 )



print ’B. Fmt(3 ) =’ ,B. Fmt(3 )
print ’M. Fmt(2 ) =’ ,M. Fmt(2 )
print ’M. Fmt(1 ) =’ ,M. Fmt(1 )
print ’#Global $Fmt = 1$ ’
Fmt(1)
print ’ v =’ , v
print ’B =’ ,B
print ’M =’ ,M
return

Code Output: Global Fmt = 2

v = v1e1 + v2e2 + v3e3

B = B12e1 ∧ e2 +B13e1 ∧ e3 +B23e2 ∧ e3

M =M

+M1e1 +M2e2 +M3e3

+M12e1 ∧ e2 +M13e1 ∧ e3 +M23e2 ∧ e3

+M123e1 ∧ e2 ∧ e3

Using .Fmt() Function

v · Fmt(3) =v1e1

+ v2e2

+ v3e3

B · Fmt(3) =B12e1 ∧ e2

+B13e1 ∧ e3

+B23e2 ∧ e3

M · Fmt(2) =M

+M1e1 +M2e2 +M3e3

+M12e1 ∧ e2 +M13e1 ∧ e3 +M23e2 ∧ e3

+M123e1 ∧ e2 ∧ e3

M · Fmt(1) = M +M1e1 +M2e2 +M3e3 +M12e1 ∧ e2 +M13e1 ∧ e3 +M23e2 ∧ e3 +M123e1 ∧ e2 ∧ e3

Global Fmt = 1

v = v1e1 + v2e2 + v3e3

B = B12e1 ∧ e2 +B13e1 ∧ e3 +B23e2 ∧ e3

M = M +M1e1 +M2e2 +M3e3 +M12e1 ∧ e2 +M13e1 ∧ e3 +M23e2 ∧ e3 +M123e1 ∧ e2 ∧ e3


