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ABSTRACT

The objective of the paper is a critical review within the context of aeronautical applications of the Ana-
logue Transformation Acoustics (ATA) approach for the modelling of acoustic metamaterials. The ATA
approach has been introduced to overcome the limitation of the metamaterials design methods based on
the Standard Transformation Acoustics (STA) imposed by the requirement of a strict formal invariance
of the governing equations. Indeed, in case of acoustic perturbations propagating within moving media,
the convective terms are responsible of the failure of formal invariance under the action of conformal
mappings as a consequence of the combination of space and time derivatives. The ATA is based on the
concept of analogue spacetimes and fully relies on the analytical tools of Lorentzian differential geome-
try. The great advantages of the method is the possibility to handle a background flow, conversely to the
STA which fails in presence of convection. Despite the undoubted appeal of this feature in the eyes of
an aeroacoustician, its potential has not been completely disclosed yet. The class of transformations that
yield a physically meaningful aerodynamics in the virtual analogue spacetime has not been explored in
details, preventing the application of the method in aeronautics. The present paper analyses the relation-
ship between the the analogue velocity field with a realistic potential flow. The analytical comparison is
validated through numerical simulations of two classic benchmarks: the irrotational flow of an inviscid,
incompressible fluid around a circular cylinder and the flow through a bumped wall. The target acoustic
behaviour is the cancellation of the scattering (cloaking) induced by the cylinder and the bump.
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1 INTRODUCTION

Since the achievement of electromagnetic invisibility of objects by Pendry et al.(1) and the
subsequent porting by Cummer and Schurig (2) of the concept and methodology to acoustics,
based on the observation about the formal analogy between mass and momentum equations for
an inviscid fluid at rest under small pressure perturbation and the single polarization Maxwell’s
equations introducing a suitable variables exchange, an extensive literature has been produced
on the topic. Most of the research activity has focused on the achievement of acoustic in-
visibility, or cloaking, i.e. the total abatement of the scattering effects induced by an obstacle
impinged by an acoustic perturbation. The standard approach (Standard Transformation Acous-
tics) imported from electromagnetism involves the exploitation of governing equations formal
invariance under coordinates transformations and the reinterpretation of the arising coefficients
as mechanical properties of an ideal material, or metamaterial, suitable to obtain the desired
modification of the scattered field. The concept of acoustic metamaterial has disclosed an in-
credible potential of development for breakthrough technologies. Unfortunately, the extension
of the same concepts to aeroacoustics has turned out to be not a trivial task, because of the
different structure of the governing equations, characterized by the presence of the background
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aerodynamic convection. The latter introduces transport terms in the governing equations which
yield, under suitable assumptions, the convective forms of the wave operator. The arising mixed
space—time derivatives make the formal invariance of the governing equations under coordinate
transformations to be lost.

Recently, Garcia—Meca et al. (3—-7), aiming to overcome this main limitation of the STA,
proposed an innovative approach called Analogue Transformation Acoustic. Starting from the
observation, first published by Visser (8), that the convective form of the wave equation has a
relativistic structure, this new technique uses the existence of such an auxiliary abstract rela-
tivistic system to build an analogue spacetime on which operates and searches for relativistic
analogues of laboratory phenomena. The appealing feature of the method for aeroacoustic ap-
plications lies in the possibility to handle a background aerodynamic flow (on which the acoustic
perturbation travels) transforming it together with the spacetime. However its potential in this
field has just sketched in the work of the group (5, 6) and not explored in details.

Till now, in fact, the applications of ATA in the aeroacoustic field are limited to the cloaking
of a small geometric irregularity on a flat wall, the so called carpet cloaking, using a numeri-
cally obtained quasi-conformal transformation as described in (9, 10). After a brief review of
the ATA, addressed in Section 2, and its application on the cited case in Section 3.1, the method-
ology is extended in Section 3.2 to consider the cloaking of a cylinder immersed in a moving
hosting fluid. Efficiency of the proposed design methodology is investigated in Section 4. The
present paper tries then, in Section 5, to shed light on the physical meaning of the velocity fields
resulting from the application of the ATA methodology in combination with quasi—conformal
transformations and their relationship with potential flows.

2 ANALOGUE TRANSFORMATION ACOUSTICS SUMMARY

The Analogue Transformation Acoustics was first presented in 2012 by Garcia-Meca and
his research group (3), as a new framework for acoustic metamaterials design, alternative to
the standard transformation acoustics, and successively developed in (4-7). In this paper just a
brief review of the methodology and its application is presented, whereas for exhaustive details
the reader is referred to the previously mentioned works addressed in the bibliography.

The ATA methodology starts considering the equation for the acoustic potential in a barotropic
inviscid and irrotational fluid to model the sound propagation inside such media
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This equation can be written in a very elegant way for arbitrary spatial coordinates, showing, as
noted by Visser (8), a Lorentzian metric
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Equation 2 can be written as a D’ Alambertian of a scalar field in a curved Lorentzian (or pseudo-
Riemannian) manifold:
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provided that the contravariant metric tensor is given by

V—gg" = " )
g = det(g,)

The ATA exploits the relativistic structure and symmetries of Eq. 4, which is related to the
classical sound propagation equations that are, instead, non-relativistic, hence enabling the use
of generic coordinate transformations mixing space and time

frar — o = Ao (6)

to deform the space-time in any chosen way. It is evident how the considered metric depends
on the medium parameter.

The procedure, described in the cited papers, to obtain ATA-designed metamaterials can be
summarized as follows:

e Eq 2 is written in a physical and simple coordinate system, and a virtual (inverse) metric
is defined.
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e A desired general coordinate transformation z# = f(x*) can be applied to Eq. 2, to
write it into a new virtual space-time with a new metric g obtained by standard tensorial
transformation rule
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e A second real medium with its parameter pg, cg, vg, is considered with its metric g*”,

and finally the formal invariance of Eq. 4 is exploited, which implies
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From Eq. 9 one can obtain the relation between the material parameters of the virtual and
the new real media, able to reproduce the effect of the coordinate change, equalling each
element of the two matrices.

Since Eq. 1 is not able to take into account anisotropy, the coordinate transformation that can
be used within the ATA framework are limited to spatially conformal transformations, known to
produce isotropic material parameters (provided that the starting medium is also isotropic as in
the usual cases). In (5) is specified that, in presence of a background velocity field, this should
be modified following the transformation imposed, satisfying Eq. 9

U = By = Ajuy (11)
However, the same result can be obtained just equalling each term of Eq. 10, following the
described procedure.



3 NUMERICAL SIMULATIONS

Two test cases are presented in the following: the carpet cloaking of a bumped wall and the
cloaking of a cylinder. In both cases a background uniform velocity field is present and ATA
methodology is applied to design a proper cloaking device. All simulations are performed using
a commercial finite element software (COMSOL Multiphysics).

3.1 Carpet cloaking
In (5) is presented an application of the method, described in Section 2, to the case of the
carpet cloaking of a bump on a flat wall, in presence of a uniform mean flow parallel to the wall
having velocity vy = 120 (m/s), i.e. Mach number My = 0.35. The shape of the bumped wall is
defined by (18) (all dimensions expressed in meters)
_ 2
{y—O.Q cos®(mx/2) 1§x§3, (12)
y=20 otherwise

The metamaterial is positioned in a rectangular area D,, surrounding the bump, 1.5 m high and
4 m long. Applying the method described in (9), a quasi—conformal transformation is obtained
numerically, so that the bumped-space is mapped in a flat—space, where the first corresponds to
the deformed virtual space of the ATA approach, whereas the latter is the starting physical space.
This method consists in solving the Laplace’s equation imposing suitable boundary conditions
that specify the behaviour required by the transformation. Specifically, the equation solved are

Viy =0, y € D, (13)
with b.c.

y(a) =0, y(b) =b="b

D=0, =0

and
Vi =0, z €D, (14)
with b.c.
z(¢) =c=rc, v(d)=d=d
g—z(a) =0, 2—2(6) =0

where the V? denotes the differentiation in the virtual space, i.e. the bumped—space, and a, b,
¢ and d are defined in Figure 1. Solving Eqs. 13 and 14 one numerically obtains x = f,(Z, )
and y = f>(Z,y) inside D, as shown in Fig. 1. From this solution is possible to derive
the design parameters of the desired metamaterial. The coordinate transformation results to
be quasi—conformal and it is able to minimize the anisotropy required from the metamaterial,
as demonstrated in (9), so that it can be neglected, jelding to an isotropic device. Using the
properties of conformal transformation, in fact, we have that % = g—g and g—g = —%, and the
inverse transformation matrix can be written as
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Figure 1 — Carpet cloaking: bumped wall geometry and boundary definitions and coordinate
transformation: = = f1(Z,y) and y = f5(Z,y)
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Following the procedure described in Section 2, real medium parameters can be obtained
from Eq. 9 as

Cv
CRr = ﬁ PR = Pv
z -
+
9y
Ox ox
- UVCC 83: — WWygas oy 'UV:L‘ oy -z + VVvyaz
VRz = oz oz VRpy = oz oz (17)
1z 2 1z 2 1z 2 1z 2
oz + 8y oz + By

The distribution of cg /cy is depicted in Fig. 2.
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Figure 2 — Field distribution of cg /cy

It is interesting to note how in a static case, i.e. 7, = 0, using the theoretical approach
proposed by Norris (13) one obtains the same results that can be found applying the ATA
method: in fact, it emerges that the bulk modulus of the metamaterial is K = J Ky, with
J = det(A) = \/%, and the density is just a scalar matrix g = J(AAT) ' py = Ipy,

oz oy

confirming the equivalence of two approaches.



Fig. 3 shows the cloaking effect of the designed device in presence of a background: the
acoustic fields associated to a Gaussian beam impinging from the left the flat wall, and the
cloaked bump and the naked bump are compared; when the cloak is present, a small spatial shift
of the reflected wave seems to appear compared to the free field simulation, but the wavefronts
shape are indistinguishable from the flat wall.
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Figure 3 — Gaussian beam at 655 Hz impinging on a bumped wall (a), on a flat wall (b) and on
a cloaked bump (c), field visualization of Real part of acoustic potential Re(¢).

3.2 Acoustic cloaking of a cylinder

To the best of the authors knowledge, a conformal or quasi—conformal transformation has
never been applied to obtain the abatement of the scattering from a body completely immersed
in a moving fluid. The method described in the above Section for the determination of the
coordinate mapping, and hence of the metamaterial parameters, introduces an approximation
when neglects the anisotropy of the metamaterial: this means that we are assuming a quasi—
conformal mapping to be a conformal mapping. This approximation holds clearly just by virtue
of the small size of the obstacle introduced on the flat wall. Anisotropy, evidently, is going
to increase with the height of the bump, the length being equal. Applying the method to a
cylindrical object inside the fluid domain, this would no longer produce a conformal coordinate
transformation, as can be seen from Fig. 4, hence the anisotropy of the metamaterial would no
longer be negligible.
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Figure 4 — Non—conformal mapping arising from application of method in (9)

The problem can be overtaken, slightly modifying the methodology used for the carpet cloak-
ing case, at the price of losing the omnidirectionality of the cloaking. This should not be a critic
issue as it would not affect the efficiency of the method in all those aeroacoustic applications
where the relative position between source and scatterers is known a priori and invariant. We
will examine the case presented in Fig. 5, the acoustic cloaking of a cylinder of radius r = 0.2 m,
from the sound emitted by a point source in a moving fluid with background velocity v, = 120
(m/s) (M, = 0.35) parallel to x—axis, the cloaking device occupying a square region which side



length is /; = 4 m. The mapping is obtained solving just one Laplace’s equation, corresponding
to Eq. 13

Viy =0, y € D, (18)
with b.c
y(a) =0, y(b) =b=1b yle)=c=c
Ay = Ay .
%(d) : a_ﬁ<€> =

with the V2 denoting the differentiation in the virtual space, while a, b, ¢ and d are defined in
Figure 5.
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Figure 5 — Cloaking of a cylinder: geometry of D, and boundary definitions

Exploiting the properties of conformal transformations we get
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This transformation maps the cylinder in a flat surface, leading to the loss of omnidirectionality.
The compression of the cylinder cross—section into a point is obtainable with the solutions from
the two Laplace’s equations but, as previously said, coordinate lines would evidently no longer
be locally orthogonal as the starting Cartesian are, Fig. 4.

In Figure 6, the obtained distribution of cg/cy inside the cloak is presented, together with
the coordinate mapping used z = f1(Z,y) and y = f5(Z,y). The cloaking capability of the
designed device is evident in Figure 7, where the emitting point source is placed at y = 0. When
the source is moved to y # 0, and the transformation is not changed accordingly, some scattering
appears, Fig. 8: as said before, the cylinder is mapped into an horizontal line long as the original
diameter.

As seen for carpet cloaking, it can be noted also in this application that some shift of the
acoustic field is present. From a listener point of view, such a difference would not be noted,
however, being the cloaked pressure field not identical to the incident one, the rigorous defini-
tion of acoustic cloaking is not completely satisfied.
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Figure 6 — Cloaking of a cylinder: coordinate transformation: x = f1(Z,y) and y = fo(Z, 9)
(a), Field distribution of cg/cy inside D.(b)
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Figure 7 — Mass point source emitting at 655 Hz placed in y = 0 impinging on a naked cylinder
(a), free field (b), cloaked cylinder (c), field visualization of Real part of acoustic
potential Re(¢).
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Figure 8 — Mass point source emitting at 655 Hz placed in y = 2.5 impinging on a naked cylin-
der (a), free field (b), cloaked cylinder (c), field visualization of Real part of acoustic
potential Re(¢).

4 ON CLOAKING EFFICIENCY

Efficiency tests on the cloaking capability of the device are carried out for the application
presented in Section 3.2, varying the frequency of the incident acoustic field and the ratio be-
tween the surface occupied by the cylindrical object and the cloak surface.

It has been evidenced how the present metamaterial design method introduces a translation
of the acoustic field between the free field case and in presence of the cloaked object, even when
any reflection of the incident acoustic field by the object is suppressed. This consideration led to
define a figure of merit o that considers the sound pressure level to evaluate efficiency and detect



any reflection by the cloaked object; in particular the absolute value of the difference between
the pressure level in presence of the cloaked object and in free field conditions, integrated over
the fluid domain is used.

0= /1) |chloak - Lpfree ﬁeld| dS (20)
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In Figure 9, values of o are reported for two frequencies (300 and 655 Hz, respectively) and

different values of the surface ratio Scioax/Sobject- Analysing results, the efficacy of the device

where L, is, as usual, 20 log, <£) , With pyer = 20uPa.
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Figure 9 — Values of 0 = [ |Ly,,... — Lppesaa| dS for three test frequencies and two size of
cloaked cylinder at various surface ratio Scjoak/Sobject-

appears to be broadband, being the values of ¢ in the same range for all three tested frequencies;
however, it is also clear that a high value of the surface ratio Scjoak/Sobject 18 Needed in order to
obtain a significant scattering abatement effect, as can be seen by acoustic field visualizations
of some of tested cases in Figures 10 and 11.

The need for such a large cloaking surface limits drastically the applicability of this design
method in aeroacoustics especially in the aeronautical context, where size and weight constrains
are critical.

5 ON CLOAK’S PERMEABILITY

The design methodology proposed in (4, 5) and recalled in this paper, considers a non—null
velocity field inside the cloak domain D, to achieve the scattering cancellation in a moving
fluid. This leads to an aerodynamically permeable cloak, and in this one is helped by the
equality between the metamaterial and external fluid density.

However, analysing the velocity field arising from the (particular type of) quasi—conformal
coordinate transformation used for both the carpet cloaking and the cylinder, it can be observed
how this is different from the potential velocity field around the object to be cloaked; the latter
could be in principle obtained, at least for aerodynamic bodies, with an aerodynamically per-
meable metamaterial, but the first is not achievable by a passive cloak as the velocity field is not
physical.

In Figure 12 the two velocity fields are superimposed: in red the ATA—arising and in blue
the potential velocity. Even though directions of velocity vectors of the two fields are substan-
tially identical, the same can not be said for the modulus: the ATA velocity appears to have
its maximum where the potential has its minimum and vice versa. This is due to the fact that
the gradient of the solution of Eq. 13, from which the matrix A} is built, follows the shape of
the potential velocity, and the equivalence is exact when D, extends to infinity. However,
the transformation matrix is its inverse AZ, and this raises the question about how to obtain this
velocity field.
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Figure 10 — Acoustic potential ¢ field visualization at 300 Hz: free field (a) is compared with a
small (b and d) and a big (c, e and f) surface ratio configuration.

6 CONCLUSIONS

After a brief review of the Analogue Transformation Acoustics method, numerical simu-
lations of two aeroacoustic scenarios are performed: a review on an assessed carpet cloaking
application using ATA and quasi—conformal mapping and a new cloaking of a cylindrical ob-
ject using ATA and conformal mapping that transforms the cylinder into a flat surface. In both
cases ATA confirmed its ability to design a cloaking device operating in a moving fluid, i.e. in
presence of a background uniform flow.

The so designed acoustic cloak fully recovers the wavefronts shape. A small phase shift is
introduced in the acoustic field, especially in the zone behind the scattering object w.r.t. the
incoming stream. The designed device appears to have broadband effect, but, unfortunately,
needs an excessively large Sqjoak/Sobject ratio to properly cancel scattering, too large specially for
aeroacoustic applications where size and weight requirements are typically very stringent. To
overcome the limitation of applicability of the method only to very small objects, a modification
is needed in the way the coordinate transformation is obtained, for example extending the ATA
approach to deal with anisotropy (using homogenization techniques or alternative analogue
models) and hence removing the limitation to conformal transformations.

A deeper investigation on the velocity field requested inside the cloak domain evidences
its non physical behaviour: this appears to be significantly different from a potential velocity
field, having the first its maximum velocity magnitude where the latter has its minimum and
vice—versa. A possible approach to overcome the difficulties that can arise from this can be to
make use of the acoustic analogy to interpret the convective terms inside the cloak as equivalent
acoustic sources, supposing a static fluid in this domain. Clearly, the criticality is moved to
the practical realization of the acoustic analogy in this aerodynamically impermeable device,
that is a non trivial task implying to achieve the pointwise control of the generation of acoustic
sources and hence of the acoustic field, though in a small domain. A promising approach for
its high spatial resolution could be the use of laser—generated sound source, as described in
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Figure 11 — Acoustic potential ¢ field visualization at 655 Hz: free field (a) is compared with a
small (b and d) and a big (c, e and f) surface ratio configuration.
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(a) Carpet cloaking (b) Cloaking of a cylinder

Figure 12 — Comparison between the corrected ATA velocity field (red arrows) and the po-
tential velocity field (blue arrows) around the bump (a) and the cylinder (b) inside
D,

(19): focusing a high energy laser beam is possible to locally heat a very small volume of fluid
creating a small plasma zone that, rapidly expanding, generates an omni-directional pressure
wave that propagates at the isentropic speed of sound, i.e. a monopole point source.
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