
Discretization of 2D FEM modelGeorg UmgiesserDecember 10, 1999The EquationsWe start with the momentum equations and the continuity equation:@U@t + gH @�@x +RU +X = 0 (1)@V@t + gH @�@y +RV + Y = 0 (2)@�@t + @U@x + @V@y = 0 (3)where x; y; t are the space coordinates and time, U; V the transports in x; y di-rection, � the water level, R the friction parameter, X;Y extra terms that cna betreated explicitly in the following discretization, g the gravitational accelerationand H the total water depth.The transports U; V can be obtained from the velocities byU = Z udz V = Z vdz (4)where u; v are the current velocities.The terms contained in X;Y are the non-linear advective terms, the Coriolisterms, the wind stress and the lateral eddy friction. They may be written asX = U @u@x + V @u@y � fV � � x�0 �AH(@2U@x2 + @2U@y2 ) (5)Y = U @v@x + V @v@y + fU � � y�0 �AH(@2V@x2 + @2V@y2 ) (6)where f is the Coriolis parameter, �x; � y the wind stress, �0 the reference densityof water and AH the horizontal eddy viscosity.1



Discretization of the Momentum EquationWe now chose weighting parameters for the discretization. These parametersare az for the transports in the continuity equation, am for the pressure termin the momentum equations and ar for the friction term. Associated to theseparameters are the parameters ~�z; ~�m; ~�r that are de�ned as~�z = 1� az ~�m = 1� am ~�r = 1� ar: (7)All above parameters can take the values from 0 to 1 where 0 means an explicittreatment and 1 a complete implicit treatment.Discretizing the x momentum equation one obtainsU (1) � U (0)�t + gH[�m@�(1)@x + ~�m@�(0)@x ] +R[�rU (1) + ~�rU (0)] +X = 0 (8)where the total depth H and the extra terms X are always taken at the old timestep.Solving for U (1) and introducing the new parameter� = 11 +�tR�r (9)we obtainU (1) = �(1��tR ~�r)U ��t�gH[�m@�(1)@x + ~�m@�(0)@x ]��t�X: (10)Introducing two more auxiliary parameters
 = �[1��tR ~�r] � = �t�gH (11)we �nally have for both momentum equationsU (1) = 
U � ��m@�(1)@x � � ~�m@�(0)@x ��t�X (12)V (1) = 
V � ��m@�(1)@y � � ~�m@�(0)@y ��t�Y (13)where the equation in y direction has been obtained in a similar way obtained ina similar way as the one in x direction.Spatial Integration of the Momentum EquationWe integrate the momentum equations over one element. For this we multiplyevery term with the constant weighting function 	 and integrate. Remember2



that U; V are constant over an element, and � is varying linearly. The singleterms give Z 	U (1)d
 = A
U (1) (14)Z 	Xd
 = Z Xd
 (15)Z @�(1)@x d
 = Z bM�(1)M d
 = A
bM�(1)M (16)Z @�(1)@y d
 = Z cM�(1)M d
 = A
cM�(1)M (17)where 
 is the integration domain, A
 the area of the triangle and bM ; cM arethe constant derivatives of the linear form functions �bM = @�@x cM = @�@y : (18)We therefore obtainU (1) = 
U � ��mbM�(1)M � � ~�mbM�(0)M ��t�X̂ (19)V (1) = 
V � ��mcM�(1)M � � ~�mcM�(0)M ��t�Ŷ (20)with X̂ = 1A
 Z Xd
 Ŷ = 1A
 Z Y d
: (21)Integration of the Continuity EquationsWe �rst integrate the continuity equation over one element and obtainZ �@�(1)@x d
 = Z bM�(1)M d
 = A
bM�(1)M (22)
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