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Foreword

These Lesson Plans and the accompanying Pupils’ Handbooks are essential
educational resources for the promotion of quality education in senior secondary
schools in Sierra Leone. As Minister of Basic and Senior Secondary Education, |
am pleased with the professional competencies demonstrated by the writers of
these educational materials in English Language and Mathematics.

The Lesson Plans give teachers the support they need to cover each element of
the national curriculum, as well as prepare pupils for the West African
Examinations Council's (WAEC) examinations. The practice activities in the
Pupils’ Handbooks are designed to support self-study by pupils, and to give them
additional opportunities to learn independently. In total, we have produced 516
lesson plans and 516 practice activities — one for each lesson, in each term, in
each year, for each class. The production of these materials in a matter of months
is a remarkable achievement.

These plans have been written by experienced Sierra Leoneans together with
international educators. They have been reviewed by officials of my Ministry to
ensure that they meet the specific needs of the Sierra Leonean population. They
provide step-by-step guidance for each learning outcome, using a range of
recognized techniques to deliver the best teaching.

| call on all teachers and heads of schools across the country to make the best
use of these materials. We are supporting our teachers through a detailed training
programme designed specifically for these new lesson plans. It is really important
that the Lesson Plans and Pupils’ Handbooks are used, together with any other
materials they may have.

This is just the start of educational transformation in Sierra Leone as pronounced
by His Excellency, the President of the Republic of Sierra Leone, Brigadier Rtd
Julius Maada Bio. | am committed to continue to strive for the changes that will
make our country stronger and better.

| do thank our partners for their continued support. Finally, | also thank the
teachers of our country for their hard work in securing our future.

i\

\T(V\‘O (e

Mr. Alpha Osman Timbo

Minister of Basic and Senior Secondary Education



The policy of the Ministry of Basic and Senior Secondary Education, Sierra

Leone, on textbooks stipulates that every printed book should have a
lifespan of three years.

To achieve thus, DO NOT WRITE IN THE BOOKS.
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Introduction
to the Lesson Plans

These lesson plans are based on the National Curriculum and the West Africa
Examination Council syllabus guidelines, and meet the requirements established
by the Ministry of Basic and Senior Secondary Education.

) The lesson plans will not take the whole term, so
1 ::'® use spare time to review material or prepare for
examinations.

Teachers can use other textbooks alongside or

2 instead of these lesson plans.
Read the lesson plan before you start the lesson. Learnin
3 Look ahead to the next lesson, and see if you need @ g
i ) ) : outcomes
to tell pupils to bring materials for next time.
Make sure you understand the learning outcomes,
and have teaching aids and other preparation ,
4 . Preparation
ready — each lesson plan shows these using the =4
symbols on the right.
5 If there is time, quickly review what you taught last
time before starting each lesson.
Follow the suggested time allocations
6 for each part of the lesson. If time permits, extend
practice with additional work.
" Lesson plans have a mix of activities for the whole
class and for individuals or in pairs.
8 Use the board and other visual aids as you teach.
9 Interact with all pupils in the class — including the
quiet ones.
Congratulate pupils when they get questions right!
10 Offer solutions when they don’t, and thank them for

trying.



KEY TAKEAWAYS FROM SIERRA LEONE’S PERFORMANCE IN WEST AFRICAN
SENIOR SCHOOL CERTIFICATE EXAMINATION — GENERAL MATHEMATICS!

This section, seeks to outline key takeaways from assessing Sierra Leonean pupils’
responses on the West African Senior School Certificate Examination. The common
errors pupils make are highlighted below with the intention of giving teachers an insight
into areas to focus on, to improve pupil performance on the examination. Suggestions
are provided for addressing these issues.

Common errors

=

Errors in applying principles of BODMAS

2. Mistakes in simplifying fractions

3. Errors in application of Maths learned in class to real-life situations, and vis-a-
versa.

Errors in solving geometric constructions.

Mistakes in solving problems on circle theorems.

Proofs are often left out from solutions, derivations are often missing from
guadratic equations.

o gk

Suggested solutions

1. Practice answering questions to the detail requested

2. Practice re-reading questions to make sure all the components are answered.

3. If possible, procure as many geometry sets to practice geometry construction.

4. Check that depth and level of the lesson taught is appropriate for the grade
level.

This information is derived from an evaluation of WAEC Examiners’ Reports, as well as
input from their examiners and Sierra Leonean teachers.

2



FACILITATION STRATEGIES

This section includes a list of suggested strategies for facilitating specific classroom
and evaluation activities. These strategies were developed with input from national
experts and international consultants during the materials development process for the
Lesson Plans and Pupils’ Handbooks for Senior Secondary Schools in Sierra Leone.

Strategies for introducing a new concept

Unpack prior knowledge: Find out what pupils know about the topic before
introducing new concepts, through questions and discussion. This will activate
the relevant information in pupils’ minds and give the teacher a good starting
point for teaching, based on pupils’ knowledge of the topic.

Relate to real-life experiences: Ask questions or discuss real-life situations
where the topic of the lesson can be applied. This will make the lesson relevant
for pupils.

K-W-L: Briefly tell pupils about the topic of the lesson, and ask them to discuss
‘What | know’ and ‘What | want to know’ about the topic. At the end of the lesson
have pupils share ‘What | learned’ about the topic. This strategy activates prior
knowledge, gives the teacher a sense of what pupils already know and gets
pupils to think about how the lesson is relevant to what they want to learn.

Use teaching aids from the environment: Use everyday objects available in
the classroom or home as examples or tools to explain a concept. Being able to
relate concepts to tangible examples will aid pupils’ understanding and retention.
Brainstorming: Freestyle brainstorming, where the teacher writes the topic on
the board and pupils call out words or phrases related that topic, can be used to
activate prior knowledge and engage pupils in the content which is going to be
taught in the lesson.

Strategies for reviewing a concept in 3-5 minutes

Mind-mapping: Write the name of the topic on the board. Ask pupils to identify
words or phrases related to the topic. Draw lines from the topic to other related
words. This will create a ‘mind-map’, showing pupils how the topic of the lesson
can be mapped out to relate to other themes. Example below:



Shopping

Opposite of
subtraction

Addition

Ask questions: Ask short questions to review key concepts. Questions that ask
pupils to summarise the main idea or recall what was taught is an effective way
to review a concept quickly. Remember to pick volunteers from all parts of the
classroom to answer the questions.

Brainstorming: Freestyle brainstorming, where the teacher writes the topic on
the board and pupils call out words or phrases related that topic, is an effective
way to review concepts as a whole group.

Matching: Write the main concepts in one column and a word or a phrase
related to each concept in the second column, in a jumbled order. Ask pupils to
match the concept in the first column with the words or phrases that relate to in
the second column.

Strategies for assessing learning without writing

Raise your hand: Ask a question with multiple-choice answers. Give pupils time
to think about the answer and then go through the multiple-choice options one
by one, asking pupils to raise their hand if they agree with the option being
presented. Then give the correct answer and explain why the other answers are
incorrect.

Ask questions: Ask short questions about the core concepts. Questions which
require pupils to recall concepts and key information from the lesson are an
effective way to assess understanding. Remember to pick volunteers from all
parts of the classroom to answer the questions.

Think-pair-share: Give pupils a question or topic and ask them to turn to
seatmates to discuss it. Then, have pupils volunteer to share their ideas with the
rest of the class.

Oral evaluation: Invite volunteers to share their answers with the class to
assess their work.



Strategies for assessing learning with writing

Exit ticket: At the end of the lesson, assign a short 2-3 minute task to assess
how much pupils have understood from the lesson. Pupils must hand in their
answers on a sheet of paper before the end of the lesson.

Answer on the board: Ask pupils to volunteer to come up to the board and
answer a question. In order to keep all pupils engaged, the rest of the class can
also answer the question in their exercise books. Check the answers together. If
needed, correct the answer on the board and ask pupils to correct their own
work.

Continuous assessment of written work: Collect a set number of exercise
books per day/per week to review pupils’ written work in order to get a sense of
their level of understanding. This is a useful way to review all the exercise books
in a class which may have a large number of pupils.

Write and share: Have pupils answer a question in their exercise books and
then invite volunteers to read their answers aloud. Answer the question on the
board at the end for the benefit of all pupils.

Paired check: After pupils have completed a given activity, ask them to
exchange their exercise books with someone sitting near them. Provide the
answers, and ask pupils to check their partner's work.

Move around: If there is enough space, move around the classroom and check
pupils’ work as they are working on a given task or after they have completed a
given task and are working on a different activity.

Strategies for engaging different kinds of learners

For pupils who progress faster than others:

- Plan extension activities in the lesson.

- Plan a small writing project which they can work on independently.

- Plan more challenging tasks than the ones assigned to the rest of the class.
- Pair them with pupils who need more support.

For pupils who need more time or support:

- Pair them with pupils who are progressing faster, and have the latter support
the former.

- Set aside time to revise previously taught concepts while other pupils are
working independently.

- Organise extra lessons or private meetings to learn more about their
progress and provide support.

- Plan revision activities to be completed in the class or for homework.

- Pay special attention to them in class, to observe their participation and
engagement.



Lesson Title: Expression of Ratios Theme: Numbers and Numeration

1. Express ratios in their simplest terms.
2. Increase and decrease quantities in a

Lesson Number: M3-L049 Class: SSS 3 Time: 40 minutes
@ Learning Outcomes Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to: = of this lesson plan on the board.

given ratio.

Opening (2 minutes)

1.
2.

Ask pupils to discuss with seatmates everything they know about ratios.

After 1 minute, invite volunteers to tell the class what they know. (Example answers:
A ratio is used to compare 2 or more quantities. The quantities must be measured in
the same unit. We can write a ratio using a colon, :, or as a fraction).

. Tell pupils that after today’s lesson, they will be able to express ratios in their

simplest terms. They will also increase and decrease quantities in a given ratio.

Teaching and Learning (20 minutes)

1.

N o ok

Explain:
e We use ratios to compare quantities of the same type, e.g. length, weight,
people, money and much more.
e We describe ratios in 2 different ways.
e An example will help in explaining the 2 ways:
— Suppose in an SSS 3 class there are 24 girls and 36 boys.
Write on the board: 24 girls and 36 boys.
Invite volunteers to say how to write this as a ratio. (Answer: 24 : 36)
Explain: We read this ratio as “24 to 36”.
Ask pupils to write the second way this ratio can be written.

. : . .24
Invite a volunteer to give their answer. (Answer: as a fraction, g)

Explain:
e It does not matter which of the 2 ways we write a ratio, we should always
simplify it to its lowest terms.
e This is done by dividing by common factors.
Ask pupils to simplify the ratio on the board to its lowest terms.

. . . . 2
Invite a volunteer to give the answer and explain what it means. (Answer: 2 : 3, 3

This means that for every 2 girls there are 3 boys.)

10.Explain:

e The order in which ratios are written is very important.
¢ We must maintain the order as given in the problem

e A ratio written as 2 : 3 means g while a ratio written as 3 : 2 means % )




e The fractions are different and give different answers.
11.Ask pupils to work with seatmates to simplify the following ratios on the board to
their lowest terms.

a. 48:12 b. 9:27 c. 35:49
12.Invite volunteers to give their answers. (Answers:a. 4 :1;b.1:3;¢.5:7)

13.Explain:
e We can only simplify ratios when the quantities are in the same units.
¢ |f the quantities are not in the same unit, we must convert one to the other
before we simplify.
14.Write on the board: Simplify 5cmto5m
15. Invite volunteers to tell the class what to do to solve the problem. (Example answer:
convert the m to cm)
16.Ask pupils to work with seatmates to answer the question.
17.Invite a volunteer to give the answer. (Answer: 1 : 100, the simplified form of 5 :
500.)
18.Write on the board: Simplify to the lowest terms.

d. 900 gto 4.5kg e. 9 litres to 1800 ml f. 1hourto60s
19. Ask pupils to continue to work with seatmates to simplify the ratios.

20. Invite volunteers to give their answers. (Answer :d. 1:5;e.5:1;f.60:1)

21.Explain: We may sometimes be asked to both simplify and also to solve for missing
parts of equivalent ratios.

22.Write on the board; Express 24 : 14 as a fraction in its lowest terms. If your result is
equal to x: 35, find x.
Solution:

g. Step 1. Assess and extract the given information from the problem.
given: 24 : 14; x : 35
Step 2. Change the ratio to its fraction form.

% = g Original ratio in lowest terms
Step 3. Make the ratios equal

12 x

7 35
Step 4. Make x the subject of the equality:

35x 12
= X
7
Step 5. Solve for x.
x = 60

23.Ask pupils to work with seatmates to answer the following: h. Solve for x in the
following ratio: 132 : x =20:5

24.Ask volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solution:

132 20

X
132X5
20




x = 33
25.Explain:
e Ratio problems have to be interpreted in different ways depending on what we
are required to find.
e For example, we are sometimes required to increase or decrease quantities
by a given ratio to find the new amounts.
e The calculation to increase or decrease a quantity Q by a ratio m : n is given
by: = x Q
26.Write on the board: i. Increase Le 60,000.00 in the ratio 8 : 5.
27.Explain:
e This means that every Le 5.00 is increased to Le8.00.
e We know it is an increase because the first part of the ratio is larger than the
second part of the ratio.
28.Show on the board the calculation to do the increase.

Solution:
i. Increase Le 60,000.00 intheratio8:5
New amount = gx 60,000 Change the ratios to their fraction forms.

This is a reasonable result as we know
= 96000 X
the amount increased from before.
The new amount is Le 96,000.00.
29.Ask pupils to work with seatmates to answer the following: j. Decrease

350 gintheratio2:7.
30.Ask volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:
j. Decrease 350 g inthe ratio 2 : 7.
New amount = éx 350 Every 7 gisreducedto 2 g

This is reasonable because it is less than

The new amountis 100 g the original amount of 350 g

Practice (17 minutes)

1. Ask pupils to work independently to answer the questions from the QUESTIONS
section on the board.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:

a.i. given: 12 :36 ii. given:52:13
2 = 2 divide by 12 2 - % divide by 13
% = 3 ivide by = = 3 ivide by
The simplified ratiois 1 : 3 The simplified ratio is 4 : 1
b.i. given: 40 kg : 500 g ii. given: 100 cm:3m
40kg = 40,0009 3m = 300cm



=222 = 2 divide by 500

500 1
The simplified ratio is 80 : 1
given: 30 seconds : 5 hours
5hours = 18,000 seconds

30 1 .o
= —  divide by 30

18,000 600
The simplified ratio is 1 : 600
given: x : 3=25:15

x 25
3. 1g

25%3
X 5

15
The value of x = 5
given: increase 150 g in the ratio
7:5
7
-x150 = 210g

The new amount is 210 g

given: decrease 6 weeks in the

ratio 2 : 3
2 X6 = 4weeks

The new time is 4 weeks

given: 28 stalls of vegetable and

7 stalls of fish
28 _ 4
7 1

The ratiois 4 : 1

Closing (1 minute)

1.

[QUESTIONS]
Express the following ratios in their simplest terms:

a.

b.

12 : 36 ii. 52:13

00 _ I divide by 100
3

300
The simplified ratio is 1 : 3

given:3:7=9:x
3

R l1o

7
x = 22 =21
The value of x = 21
given: increase 132 cm in the
ratio9 : 4
>x132 = 297 cm

The new amount is 297 cm
given: decrease 154 km in the
ratio3: 7

X154 = 66km
The new distance is 66 km

given: increase Le 35,000.00 in
theratio9 : 7

gx 35000 = Le 45,000.00
The new price is Le 45,000.00

For homework, have pupils do the practice activity PHM3-L049 in the Pupil
Handbook.

Express the following ratios in their simplest terms:

40kgto500g i

Solve for x in the following ratios

x:3=25:15

100cmto3m

iii. 30 seconds to 5 hours

3:7=9:x

Increase the following quantities in the ratios given:

150gintheratio7:5

132cmintheratio9 : 4

Decrease the following quantities in the ratios given:

6 weeks intheratio 2:3

154 kmin theratio3: 7

A market contains 28 stalls selling vegetables and 7 stalls selling fish.
Express the ratio of vegetable stalls to fish stalls in the lowest terms.

A fish monger increases the price of her fish in the ratio 9 : 7. What is the
new price of fish she used to sell at Le 35,000.007?



Lesson Title: Comparison of Ratios Theme: Numbers and Numeration

Lesson Number: M3-L050 Class: SSS 3 Time: 40 minutes

©

1. Write on the board: Solve for x
intheratio 2 :3 =x:12
2. Write the questions found at the end of
this lesson plan on the board.

Learning Outcome Preparation
By the end of the lesson, pupils

will be able to compare and simplify
ratios.

Opening (2 minutes)

1. Ask pupils to solve for x in the ratio on the board.
2. Invite a volunteer to show their solution on the board.
3. The rest of the class should check their solutions and correct any mistakes.

(Answer:§=%;2 X 12 = 3x;3x = 24;x = 8)

4. Tell pupils that after today’s lesson, they will be able to compare and simplify ratios.

Teaching and Learning (20 minutes)

1. Explain:

We are often asked to compare 2 or more ratios to find out which is biggest or
smallest relative to the others.

One way we can compare ratios is by writing them as unit ratios.

If we have a ratio in the form m : n, we can write it eitherasm: 1 or 1 : n.

To write as m : 1, we divide both ratios by n.

To write as 1 : n, we divide both ratios by m.

2. Ask pupils to work with seatmates to write the ratio 2: 10 asm:1and 1 : n.
3. Invite volunteers to give the answers. The rest should check and correct their

answers. (Answer: 2:10asm: 1 is é : 1 since we divide both numerator and

denominator by 10; 2:10as1:n is1: 5 since we divide both numerator and
denominator by 2.)
4. Explain:

Once we have converted the given ratios to unit fractions, we then determine
which ratio is greatest or smallest in relation to the others.

A second way to compare ratios is to use LCM to convert each ratio into an
equivalent fraction. Both fractions will then have the same denominator.

We then inspect the numerators and determine which ratio is greatest or
smallest in relation to the others.

5. We will look at both methods using an example.
6. Write on the board: Express the ratios 3 : 8 and 4 : 15 in the form m : 1. Which ratio
is greater? Use LCM to confirm your result.
Solution:
Step 1. Assess and extract the given information from the problem.
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7. Invite a volunteer to assess the problem and tell the class what information we are
given. (Answer: given: 2 ratios 3 : 8and 4 : 15)

8. Invite another volunteer to say what we have been asked to find. (Answer: To find
out which ratio is greater.)

9. Explain:
Step 2. Change the ratios to their fraction form.
Method 1
Simplify each ratio independently to a unit fraction.
% = —0'3175 divide the numerator and denominator by 8
14—5 = —0'2167 divide the numerator and denominator by 15
Now, compare the 2 ratios.
3:8 = 0375:1
4:15 = 0.267:1
3:8 > 4:15 since 0.375 > 0.267
Method 2
Find the LCM of the 2 fractions.
§ = ﬁ since the LCM of 8 and 15 is 120
8 120
4 32
15 120
Now, compare the 2 ratios.
3:8 = 45:120
4:15 = 32:120
3:8 > 4:15 since 45 > 32

Step 3. Write the answer.
3 : 8 is the greater ratio
10.Ask pupils to work with seatmates to answer the next question.

11.Write on the board: Express the 2 ratios 9 : 12 and 8 : 10 in the form 1 : n. Which is
greater?
12.Invite a volunteer to show the solution on the board.
The rest of the class should check their work and correct any mistakes.
Solution:
Given 2 ratios 9 : 12 and 8 : 10, find the greater ratio

9 1 - .
— = — divide the numerator and denominator by 9
182 1.3133
— = — divide the numerator and denominator by 8
10 1.375
Compare the 2 ratios.
9:12 = 1:1.333
8:10 = 1:1.25

since 1.333 > 1.25, it will give a smaller

8:10 > 9:12 result when divided into 1

8 : 10 is the greater ratio
13.Explain:
e We compare 2 ratios using 1 : n or m : 1 depending on the context of the
guestion and what we are required to find.

11



¢ In other cases, it may be best to use the LCM method.
14.Ask pupils to work with seatmates to verify the results above by comparing the 2
ratios using LCM.
15.Invite a volunteer to show their solution on the board. The rest of the class should
check and correct any mistakes.

Solution:
8 48 ) .
— = — since the LCM of 10 and 12 is 60
10 60
9 45
12 60
Compare the 2 ratios.

8:10 = 48:60

9:12 = 45:60

8:10 > 9:12 since 48 > 45

8 : 10 is the greater ratio

Practice (17 minutes)

1. Ask pupils to work independently to answer the questions from the QUESTIONS
section on the board.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Ask volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.

Solutions:
a.i. Given:12: 36 i. Given:52: 13
12 36 52 13
12 : 36 %" 36 52: 13 = =13
12:36=§:1 52: 13 = %:1
12:36intheformm1:§:1 52: 13intheformm:1=4:1
40:8intheformm: 1=5: 1
b.i. Given:5 : 45 ii. Given:20 : 35
5 45 20 35
5:45 = - — 20:35 = —: 2
5:45 = 1:° 20:35 = 1:2
1 4
5:45intheform1:n=1 :9 20:35intheform1:n=1 : -
C.i. Given:2 : 5and5 : 12 li. Given:6:2and15: 10
2 = 04 6 = 3
5 1 2 1
5 — 0417 15 _— 15
12 1 10 1
5:12 > 2:5 6:2 > 15 :10
5 : 12 is the greater ratio 6 : 2 isthe greater ratio
d.i. Given:10:3and40:8 ii. Given:8:32and4: 14
0 = 1 8 =1
3 0.3 32 4
0 - 1 4 = 1
8 0.2 14 3.5

12



10 : 3 < 40 : 8 8:32 < 4:14
10 : 3 is the smaller ratio 8 : 32 is the smaller ratio

e.i. Given: 2.5:100and 6 : 150

25 = 75 LCM of 100 and 150 is 300
100 300

6 _— 12

150 300

12:300 > 7.5:300
~6:150 > 2.5:100
6 : 150 is the greater ratio
i Given:13:6and12:8

13 = 52 LCM of 6 and 8 is 24
6 24
12— 36
8 24

52:24 > 36:24
~13:6 > 12:8
13 : 6 is the greater ratio

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L050 in the Pupil

Handbook.

[QUESTIONS]

a.

b.

Express the following ratios in the form m : 1.

ii. 12: 36 iv. 52:13

Express the following ratios in the form 1 : n.

iv. 5:45 v. 20:35

Use the form m : 1 to compare the given ratios. Which is greater?
i. 2:5and5:12 i. 6:2and15:10

Use the form 1 : n to compare the given ratios. Which is smaller?
i. 10:3and40:8 i. 8:32and4: 14

Use LCM to compare the given ratios. Which is greater?

i. 25:100and6:150 ii. 13:6and12:8

13



Lesson Title: Rate Theme: Numbers and Numeration

Lesson Number: M3-L051 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation
By the end of the lesson, pupils 1. Write the ratio 50 g to 1 kg in the
=
will be able to use rates to connect form 1:n.

2. Write the questions found at the end of
this lesson plan in the QUESTIONS
section on the board.

quantities of different kinds.

Opening (4 minutes)

1. Ask pupils to answer the question on the board.

2. Invite a volunteer to give their answer. (Answer: change quantities to g; 50 : 1,000; 1
: 20)

3. Tell pupils that after today’s lesson, they will be able to use rates to connect
guantities of different kinds.

Teaching and Learning (20 minutes)

1. Invite a volunteer to give the first step they did before expressing the quantities as a
ratio. (Example answer: converted the quantity in kg to g; changed quantities to the
same unit)

2. Explain:

¢ We use ratios to compare two or more “like” quantities.
Like quantities means they are of the same kind, e.g. height, temperature,
mass, or weight as in our example.

e The quantities must be expressed in the same unit for them to be compared.
In the example, both quantities were written as grams.

¢ We use rates when we want to compare quantities of different kinds e.g. how
far a motorbike travels in kilometres for a particular length of time in hours or
how much money someone is paid per month at their job.

3. Ask pupils to work with seatmates to decide which of the following is a ratio and
which is a rate.

4. Ask them to give examples of the units of measurement of the quantities.

5. Invite a volunteer to answer after each question.

Write each answer on the board.
e The length of a rectangle compared to its width. (Answer: Ratio, both are
measured in units of length, e.g. m, cm)
e The number of kilometres a bike travels in one hour. (Answer: Rate (speed);
units are kilometres and hour (kilometres per hour))
e The area of a square compared to the area of a triangle. (Answer: Ratio, both
are measured in units of an area, e.g. cm?, m?)
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e The amount of money someone is paid every month. (Answer: rate called a
“pay rate” or “rate of pay”, units are Leones and month (Leones per month))

e The percentage of interest a lender pays in one year. (Answer: rate called
“‘interest rate”, units are percentage and year (percentage per annum))

6. Ask pupils to look at the units of measurements given in each example.

7. Invite a volunteer to say what they notice about the units. (Example answer: The
guantities in the ratio are measured with one unit, the quantities in the rate are
measured with 2 units.)

8. Explain:

e When we write the ratio as a fraction, the units in the ratio cancel each other
area of square _ ﬁ

out because they are the same, e.g. : =
area of triangle ~ cm?

e The units in a rate take on the unit from the numerator and the unit from the
distance _ km
time hr
9. Demonstrate a typical problem on rates on the board using question a.
Solution:
a.i. Step 1. Assess and extract the given information from the problem.
Given: A car travels 240 km for every 3 hours.

Step 2. Convert to a ratio and simplify.

denominator, e.g.

240km : 3hrs Write as a ratio
rate = 220k Write as a fraction
3 hrs
_ 80km Write in the form m : 1 by dividing
~ 1hr numerator and denominator by 3

= 80 km/hr  Write as a rate in km/hr
Step 3. Write the answer.
The average speed is 80 km/hr.

. speed = 80km/hr

— 80km 80 kmin 1 hr
1hr
Distance travelled in 80 km Multiply by 5 for distance
= X 5 hrs ;
5 hours 1hr travelled in 5 hours
= 400 km The hours cancel each other
The distance in 5 hours is 400 km.

10.Explain:

e The above method is called the unitary method.

e We first find the unit rate at which the car is travelling. This is the distance
travelled for every 1 hour.

e In our example, this is “80” kilometres for every “1” hour, i.e. 80 km/hr.

e We then use the unit rate to find all other distances given the time taken.

e A unit rate is a ratio that tells us how many units of one quantity there are for
every one unit of the second quantity.

e Rates use words and symbols such as “per” (/), “each” (ea) and “at” (@).
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11.Invite a volunteer to assess question b. on the board and extract the given
information. (Example answer: A water tank empties 500,000 litres of water In 2
days)

12.Invite a volunteer to say what we have been asked to find in part i. (Answer: the rate
at which the tank empties)

13.Ask pupils to work with seatmates to answer question b.

14.Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.

Solution:
b.i. Given: A 500,000 litre water tank empties in 2 days.
500,000 litres : 2days Write as a ratio
500,000 litres : 48 hrs. Convert days to hours
rate = 222000UMeS \vrite as a fraction
48 hrs
10,416.667 litres  Write in the form m : 1 by dividing
- 1hr numerator and denominator by 48

10,417 litres/hr = Write as a rate in litres/hr

The tank empties at a rate of 10,417 litres/hr to the nearest litre.
10,416.667 litres

II. rate = —
Since both tanks empty at the same rate:
10,416.667 litres 750,000 litres Where x is the number of hours it
1hr - x takes the second tank to empty
750,000 litres
X 1 hr

= 71.999 hrs The litres cancel each other
= 72 hrs or 3 days
The 750,000 litre tank empties in 3 days.

Practice (15 minutes)

1. Write question c., d. and e. on the board.

Ask pupils to work independently to answer questions c., d. and e.

3. Walk around, if possible, to check the answers and clear up any misconceptions.
Ask volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:

no

c. Given: Le720,000.00 for 3 workers
Le 720,000.00 : 3 workers
720,000
rate =

3
240,000

1
The men worked at a rate of Le 240,000.00/worker.

d. Given: 6 litres for 150 km
150 km : 6 litres
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150

6
25

rate =

1
The car travels at the rate of 25 kml/litre.

e.i. Given: 142 beats in 2 minutes

142 beats : 2 minutes

142
rate = —
2
71

1
The man’s heart beats at a rate of 71 beats/minutes.

ii. Given: 852 beats

rate = T
71 852
1 x
_ 852
X = 57
x = 12 minutes

The man’s heart beats 852 times in 12 minutes.

Closing (1 minute)

1. Invite volunteers to say one new thing they learned this lesson. (Example answer:
How to calculate rates from information given.)

2. For homework, have pupils do the practice activity PHM3-L051 in the Pupil
Handbook.

[QUESTIONS]

Give your answer to the nearest whole number unless otherwise stated.

a. A car travels a distance of 240 km in 3 hours.
i. What is the average speed in kilometres per hour (km/hr.)?
ii. How far will it travel in 5 hours?

b. A water tank contains 500,000 litres of water. It takes 2 days to empty the tank. If
the tank empties at a constant rate
i. Calculate the rate the tank empties in litres per hour.
ii. How long will it take to empty another tank with 750,000 litres of water if it

empties at the same rate?

c. Ateam of 3 workers charged a house owner Le 720,000.00 to paint her house.
How much is it costing her per worker for the job?

d. A car uses 6 litres of fuel for a journey of 150 km. What is the average rate of fuel
use in km per litre?

e. A man’s heart rate was tested at 142 beats in 2 minutes.
i. What is the rate of heart beats per minute?
il. How many minutes will it take his heart to beat 852 times?
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Lesson Title: Proportional Division Theme: Numbers and Numeration
Lesson Number: M3-L052 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to divide quantities into given of this lesson plan on the board.
proportions.

Opening (2 minutes)

1. Ask pupils to answer question a. i. on the board.

750,000

2. Invite a volunteer to give the answer. (Answer: = Le 375,000.00 each)

3. Tell pupils that after today’s lesson, they will be able to divide quantities into given
proportions.

Teaching and Learning (20 minutes)

1. Explain:
e We are used to doing calculations where we share quantities equally as we
did just now in question a. i.
e Suppose we are asked instead to share the same amount of money according
to the ages of the children as in question a. ii.
e We perform a proportional division according to the given ratio.
2. Show the procedure for proportional division. Explain each step carefully.
Solution:

a.ii. Step 1. Assess and extract the given information from the problem.
3. Invite a volunteer to assess the problem and tell the class what information we are
given. (Answer: Given: Le 750,000.00 to be shared in the ratio 8 : 7.)
4. Invite another volunteer to say what we have been asked to find. (Answer: How
much each child will receive.)

Step 2. Find the total number of parts to the ratio.
Total numberofparts = 8+7 = 15

This ratio means that for every Le 15.00 of the amount to be
shared, Le 8.00 will go to Child 1 and Le 7.00 will go to Child 2.
Step 3: Find what proportion (fraction) of the total is given to each part
Child 1 receives: —x 750,000 = 400,000

Child 2 receives: % X 750,000 = 350,000

Step 4: Write the answer.
Child 1 receives Le 400,000.00
Child 2 receives Le 350,000.00
Step 5: Check whether the answer is reasonable.
This answer is reasonable as it adds up to Le 750,000.00.
5. Explain:
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e A quantity shared equally will result in the same amount per share as in
guestion a. i.
e A gquantity shared in different proportions will result in different amounts per
share as in question a. ii.
e Sharing according to a given ratio is called proportional division.
6. Ask pupils to work with seatmates to answer question b.
7. Invite volunteers to show their solution on the board.
The rest of the class should check their solution and correct any mistakes.
Solution:
b.i. Given: Divide 500 g in the ratio 2 : 3

total number of parts = 243
= 5
2 parts give: %x 500 = 200¢g
3 parts give: %x 500 = 300¢g

This answer is reasonable as it adds up to 500 g.

ii. Given: Divide Le 520,000.00 inthe ratio 10:9:7

total numberof parts = 10+9+7
— 26
10 parts give: ~ —2x 520,000 = Le 200,000.00
. 9
9 parts give: T x 520,000 = Le 180,000.00
7parts give:  -x 520,000 = Le 140,000.00

This answer is reasonable as it adds up to Le 520,000.00

Practice (17 minutes)

1. Write questions c., d. and e. on the board.
Ask pupils to work independently to answer questions c., d. and e.
Walk around, if possible, to check the answers and clear any misconceptions.
Invite volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:

c. Given: Le 900,000.00 contributed in the ratio 7:6:5

Hwn

total numberof parts = 7+6+5
= 18
Femi's share = 118 % 900,000
Le 350,000.00
Kemi’'s share = 1% %X 900,000
Le 300,000.00
Yemi's share = % % 900,000
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Femi’s share
Kemi’s share
Yemi’'s share

Le 250,000.00
Le 350,000.00
Le 300,000.00
Le 250,000.00

The answer is reasonable as it adds up to Le 900,000.00.

Given: An acid and water mixture inthe ratio1 : 5

total number of parts
acid

water

amount of acid
amount of water

1+5
6

1% 216
6

36 mi
gx 216
180 ml

36 ml
180 ml

The answer is reasonable as it adds up to 216 ml.

Given: Le 200,000.00 shared between 3 partners for the first year,
Le 500,000.00 in the second year in the same ratio.

1st year:
Ramatu
Mohamed
Isatu

Ramatu’s share

Mohamed’s share

Isatu’s share

2" year:

Ramatu’s share

Mohamed’s share

Ramatu’s share
Isatu’s share

Le 40,000.00

Le 120,000.00

200,000 — (40,000 + 120,000)
Le 40,000.00

40,000

200,000
1

5
120,000

200,000
3

5
40,000
200,000

1

s same as Ramatu’s share

% X 500,000
Le 100,000.00
g X 500,000
Le 300,000.00

= |Isatu’s share

Le 100,000.00
Le 100,000.00
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Mohamed’s share = Le 300,000.00
The answer is reasonable as it adds up to Le 500,000.00.

Closing (1 minute)

1. Invite volunteers to say one new thing they learned during the lesson. (Example
answer: How to share a quantity in a given ratio.)

2. For homework, have pupils do the practice activity PHM3-L052 in the Pupll
Handbook.

[QUESTIONS]
a. Compare the results of the 2 calculations below
I. Share Le 750,000.00 equally between 2 children. How much will each child
receive?
ii. Share Le 750,000.00 between 2 children in the ratio 8 : 7. How much will
each child receive?

b. Divide the quantities below in the given ratio.
i. 500 gintheratio2:3 ii. Le520,000.00intheratio10:9:7

c. To start a small business, Femi, Kemi and Yemi contributed money in the ratio
7 : 6 : 5 respectively. If the total amount contributed is Le 900,000.00, how much
did each person contribute? Check that your answer is reasonable.

d. In achemistry laboratory, acid and water were mixed together in a ratio 1:5 to give
216 ml of a mixture. How much acid and how much water was mixed together?
Check that your answer is reasonable.

e. After the first year in business, Le 200,000.00 profit was shared between 3
partners. Ramatu received Le 40,000.00, Mohammed received Le 120,000.00 and
Isata received the rest. After the second year they shared out a profit of Le
500,000.00 in the same ratio. How much did each person receive in the second
year? Check that your answer is reasonable.
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Lesson Title: Scales — Part 1 Theme: Number and Numeration

Lesson Number: M3-L053 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to interpret scales used in of this lesson plan on the board.

drawing plans and maps.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to interpret scales used in
drawing plans and maps.

Teaching and Learning (20 minutes)

1. Explain:

Plans and maps are diagrams of real-life objects and places.

Scales are used to reduce the size of the objects in the plans and maps in
order to make them fit on to a piece of paper.

Scales allow the diagrams to be drawn in proportion to their original size. They
are examples of a ratio and are usually written in the form 1 : n.

For example, a scale of 1 : 50 on a plan, means that 1 cm on the plan is 50 cm
in real-life.

On a map, scales are usually of the order 1 : 50,000. This means 1 cm on the
map represents an actual distance of 50,000 cm (500 m or 0.5 km) on the
ground.

We can read a plan or map and be able to deduce the actual sizes or
distances of the objects or places they show.

2. Invite a volunteer to read question a. What are we required to do? (Answer: copy
and complete table; draw accurate plan of room)
Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: table to copy and complete, sketch the plan of a bedroom
Step 2. Complete the table following the given procedure.
e Using the unitary method, the measurement is given by:
— sizeinplan  Take care to match the ratio of

o 50 actual size size in plan : actual size
sizeinplan = 0 Use the same units for both sizes
¢ Invite volunteers to give the answer to each measurement.
Actual size Size in plan
m cm cm
3 300 | 300+50 |=| 6
25 | 250 | 250+50 |=| 5
35 | 350 | 350+50 |=| 7
28 | 280 | 280+50 |=| 5.6
0.7 70 7050 |=| 14
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Step 3. Draw the plan.
See the plan (drawn to scale).

Step 4. Measure the unmarked length and calculate its actual size.
Depending on the accuracy of the drawing the unmarked length
measures between 2.2 and 2.4 cm.

sizeinplan = 2.2cm for example
1 sizeinplan
50 actual size
actual size = sizeinplan x 50
= 2.2x50=110cm
= 11m

The actual size of the unmarked length is 1.1 m
(accept lengths between 1.1 and 1.2 m)
3. Invite a volunteer to assess

guestion b. on the board and
extract the given information.
(Example answer: Given: line on
the map 18 cm long, actual
measurement is 90 km)

4. Invite a volunteer to say what we
have been asked to find. (Answer: Plan of bedroom
the scale of the map)

5. Ask pupils to work with seatmates
to answer the question.

The rest of the class should check
their solution and correct any /
mistakes.
Solution:

b. i. Given: line on map 18 cm long, actual distance 90 km
90 km = 90,000 m convert 90 km to cm
= 9,000,000 cm
18 : 9,000,000 length on map : actual distance
= 1:500,000 write in the form 1 : n
The scale of the map is 1 : 500,000.

scale

i. lengthonmap = 11cm
1 __ lengthonmap
500,000 actual distance
= % where x is the actual distance
1xx = 11x500,000
x = 5,500,000 cm
55,000 m
x = 55km

The actual distance between 2 towns represented by 11 cm is 55 km.
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Practice (17 minutes)

Ask pupils to work independently to answer questions c., d. and e.
Walk around, if possible, to check the answers and clear any misconceptions.

Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.

scale

size in plan

width: 1,000 cm
length: 1,500 cm

Solutions:
c. Given: hall measuring 10 m wide by 15 m long
width: 10m = 1,000cm
length: 15m = 1,500cm
scale = 1:n
1 size in plan
n actuall size
sizein plan = acmjl =
i scale 1:100
Size in Ian _ actual size
S
width:  1,000cm = Too
10 cm
) 1,500
length: 1,500 cm Too
= 15cm

On 1: 100 scale:
width = 10 cm, length = 15 cm

On 1: 200 scale:

1:200

actual size

200
1,000

200

5cm
1,500

200
7.5 cm

width = 5 cm, length = 7.5 cm

1:20
actual size

20
1,000

20

50 cm
1,500

20
75 cm

iii. scale = 1:50 iv. scale
. . actual size . .
sizeinplan = ” size in plan
width: 1,000 cm = == width: 1,000 cm
20 cm
1,500
length: 1,500 cm o length: 1,500 cm
= 30cm
On 1: 50 scale: On 1: 20 scale:
width = 20 cm, length = 30 cm width = 50 cm, length = 75 cm
d. Given: 5 mis represented by 25 cm
5m = 500cm
25 500 Divide throughout by 25
1 : 20

The scale of the planis 1: 20
€. Given: Bo to Freetown is 174 km

174 km = 17,400,000 cm
scale = 1:n
1 distance on the map
n actual distance
. actual distance
distance onthemap = ———
n
I. scale = 1:500,000 i scale = 1:1,000,000
. 17,400,000 . 17,400,000
distance on the map = T500.000 distance on the map 000,000
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= 34.8cm = 17.4cm

iii. scale = 1:300,000 V. scale = 1:87,000
. 17,400,000 . 17,400,000
distance onthe map = —-—-— distance onthe map = ————
= 58cm = 200cm

Closing (2 minutes)

1. Ask pupils to write down 2 jobs they think would find using scales on plans and
maps useful.

2. Invite volunteers to share their views. (Example answers: architects (draw plans for
building houses and other construction), builders, surveyors (measures land and
represents it on a site plan), civil engineers (build roads, dams))

3. For homework, have pupils do the practice activity PHM3-L053 in the Pupil
Handbook.

[QUESTIONS]
a. The diagram shows the sketch of a bedroom (not to scale).
I. Copy the table below. Use a scale of 1 : 50 to complete the table.
The doorway is 0.7 m wide. T m

Actual size Size in plan
m cm cm
3 300 30050 | = 6

2Em
2.5 =

35 = 25

2.8 =
0.7 = /
ii. Draw an accurate plan of the bedroom 35m
using the measurements from your table.
iii.  What is the actual measurement in m of the unmarked side?
b. i. Aline on a map joining two towns is 18 cm long. If the towns are actually 90 km
apart, what is the scale of the map?
ii. What is the actual distance between 2 towns 11 cm apart on the map?
c. A hall measures 10 m wide by 15 m long. Give the dimensions of the hall on plans
with the scales below.

i. 1:100 i. 1:200
. 1:50 iv. 1:20
d. On a plan the actual distance of 5 m is represented by 25 cm. What is the scale of
the plan?

e. The distance from Bo to Freetown is 174 km. What would be the distance between
these 2 cities on a map with a scale of:
i. 1:500,000 i. 1:1,000,000
iii. 1:300,000 iv. 1:87,000
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Lesson Title: Scales — Part 2 Theme: Numbers and Numeration
Lesson Number: M3-L054 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to use scales to calculate of this lesson plan on the board.
distance between two points.

Opening (3 minutes)

1. Ask pupils to answer question a. on the board.

2. After 1 minute, invite a volunteer to show the calculation on the board. (Answer:
1 length on plan i'x __900x1
100~ actuallength ~ 900’ = 100

3. Invite a volunteer to say what must happen if quantities are to be compared in a
ratio. (Answer: The quantities must have (or be in) the same units.)

4. Tell pupils that after today’s lesson, they will be able to use scales to calculate the
distance between two points.

=9.cm)

Teaching and Learning (20 minutes)

1. Invite a volunteer to read question b. on the board.
2. Work through the solution. Invite volunteers to give answers at every step.
Solution:
b. Step 1. Assess and extract the given information from the problem.
Given: distance between 2 towns = 15 km, scale 1 : 300,000
Step 2. Use the unitary method to find the missing distance

1 __ distance on map
300,000 ~  actual distance

actual distance
300,000
1,500,000 _ 15

300,000 3

distance on map =

= 5cm
Step 3. Write the answer.

The distance on the map between the 2 towns is 5 cm.

3. Invite a volunteer to assess question c. on the board and extract the given
information. (Example answer: 32 cm represents 40 km, 14 cm represents unknown
distance)

4. Invite a volunteer to say what we have been asked to find. (Answer: actual distance
represented by 14 cm.)

5. Work through the solution. Invite volunteers to give answers at every step.
Solution:

c. Given: 32 cm represents 40 km, 14 cm represents unknown distance (x)
40 km = 40,000 m Change all measurements to cm
= 4,000,000 cm
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6. Explain:
e Since we are reading the same map, the scale is the same for both distances.
e We can therefore put the 2 ratios equal to each other.

32 __ distance on map .
000,000 = Soaldistance Ratio and scale for map
14

7000000 Make the ratios equal

X
14 X 4,000,000

X = 32
= 1,750,000 cm
= 17,500 m
x = 17.5km
The actual distance on the map represented by 14 cm is 17.5 km.

7. Explain:
e The solution shows we do not need to find the scale first.
e We can make the ratios equal to each other, then solve to find the unknown
quantity.

8. Invite a volunteer to assess question d. on the board and extract the given
information. (Example answer: distance between 2 towns is 0.6 cm on a map with a
scale of 1 : 3,000,000)

9. Invite a volunteer to say what we have been asked to find in part i. (Answer:
distance between the 2 towns in km)

10.Ask pupils to work with seatmates to answer the question.

11.Invite a volunteer to answer each part of the question.

The rest of the class should check their solution and correct any mistakes.
Solution:
d.i. Given: distance between 2 towns = 0.6 cm, scale 1 : 3,000,000

1 _ distance on map
3,000,000 actual distance
actual distance = distance on map X 3,000,000
= 0.6 x3,000,000
= 1,800,000 cm
= 18 km
ii. given: distance between 2 towns = 18 km, scale 1 : 60,000
1 _ distance on map
60,000 actual distance

actual distance

60,000
1,800,000

60,000
= 30cm

distance onmap =

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e. through g.
2. Walk around, if possible, to check the answers and clear any misconceptions.
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3. Ask volunteers to come to the board to show their solutions.

The rest of the class should check their solutions and correct any mistakes.

Solutions:

e. Given:3.5cm:875m,4.2cm: x

875 m
3.5

87,500
X

X

87,500 cm

4.2 .
— same map means ratios are equal

X
4.2%X87,500

3.5
105,000 cm

1,050 m

Given: library to gates = 600 m, gates to staffroom = 900 m,
library to staffroom = 750 m , scale: 1:10,000
1

10,000
distance on map

library to gates

distance on map
gates to
staffroom

distance on map
library to
staffroom

distance on map

distance on map

actual distance

actual distance L 600 m G
10,000

600 m /

60,000 cm /

60,000 /

10,000
6cm

750 m 900 m

900 m

90,000 cm

90,000

10,000 yd

9cm /
Scale 1:10 000

750 m s HEEN

75,000 cm
75,000

10,000
7.5cm

ii. measured: distance on map = 5.1 cm, scale: 1 : 10,000

10,000
actual distance

1

distance on map
actual distance
= distance on map X 10,000

5.1 X 10,000
510 m

ii. The angle is measured on map at 55°
g. Given:1.5cm, 1.2 cm, scale: 1 : 25,000

1
25,000
actual distance

length

width

distance on map
actual distance
distance on map X 25,000

1.5 x 25,000
37,500
375m
1.2 x 25,000
30,000

28



300 m
area = Iw
= 375 %300
112,500 m?

Closing (2 minutes)

1. Ask pupils to write down 2 new things they learned today.

2. Invite volunteers to answer. (Example answers: How to calculate distances
between towns or places; how to draw a scaled map.)

3. For homework, have pupils do the practice activity PHM3-L054 in the Pupil
Handbook.

[QUESTIONS]
a. A classroom wall measures 9 m. How much will it measure in a plan with a scale of

1:100 (cm)?

b. Two towns are 15 km apart. What would be the distance between the 2 towns on a
map with a scale of 1 : 300,000?

c. On a map a distance of 40 km is represented by 32 cm. What actual distance
would be represented by 14 cm on the map?

d. On a map with a scale of 1 : 3,000,000, the distance between 2 towns is 0.6 cm.

i. Find the distance between the 2 towns in km.

ii. How far apart will the towns be on a map with a scale of 1 : 60,000?

e. A sports field is shown on a map as a rectangle. One side of length 875 m is
represented on the map by 3.5 cm. If the other side is represented by 4.2 cm, what
is its actual length?

f. A pupil measures the distance between various points in her school compound.
The various points are shown in the LIBRARY

. o 600 m

diagram which is not drawn to scale. | S »® GATES

i. Draw a map to show this information,
using a scale of 1 : 10,000.

ii. A pupil is exactly halfway between
the gates and the staffroom. How far
are they from the library?

iii. Another pupil stands at the gates
looking towards the library.

They turn counter-clockwise so that
they are looking at the staffroom.
What angle does the pupil turn
through?

g. On a map with a scale of 1 : 25,000 a plot of land is represented by a rectangle 1.5
cm by 1.2 cm. Find the area of the plot of land.

750 m 900 m

STAFFROOM
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Lesson Title: Speed — Part 1 Theme: Numbers and Numeration
Lesson Number: M3-L055 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to solve problems involving of this lesson plan on the board.
speed.

Opening (4 minutes)

1. Ask pupils to write down 2 things they know about speed.
2. Invite volunteers to give one answer each. (Example answers: Speed compares

distance with time; Speed is the ratio of distance to time. Speed is measured in units

distance
fW e.g. km/hr or m/s.)

3. Tell pupils that after today’s lesson, they will be able to solve problems involving
speed.

Teaching and Learning (20 minutes)

1. Explain: This lesson reviews work done on speed from previous years.

2. Invite a volunteer to tell the class a formula connecting speed, distance and time.
(Example answer: d = st where d is the distance travelled, s is the speed and t is
the time taken to cover the distance.)

[NOTE: It does not matter which form of the formula is given as the other 2 will be
asked for next]

3. Ask pupils to write the formulas for finding the other 2 variables in their exercise
books.

. . d
Invite volunteers to give the formulas. (Answers: s = t= -)

Write all 3 formulas on the board.

6. Explain:

e Use these formulas whenever a problem asks “how fast”, “how far”, or “how
long”.

e The speed s can be defined either as a constant speed over a particular
distance or the average speed for a journey.

o

total distance travelled

e Ifitis average speed it is given by: average speed = o altimetaken
7. Invite a volunteer to read question a. on the board.
Solution:
a. Step 1. Assess and extract the given information from the problem.
8. Invite a volunteer to assess the problem and tell the class what information we are
given. (Answer: Given: total time taken = 3% hours, total distance travelled =

126 km)
9. Invite another volunteer to say what we have been asked to find. (Answer: average
speed)
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Step 2. Substitute into the appropriate formula.
total distance travelled
average speed =

total time taken

= Zkmihr change 31 t035
3.5 2

= 36 km/hr
Step 3. Write the answer.

The average speed of the lorry is 36 km/hr.
10.Invite a volunteer to assess question b. on the board and extract the given

information. (Answer: Given: average speed = 40 km/hr, total distance travelled =
300 km)

11.Invite a volunteer to say what we have been asked to find. (Answer: time taken for
journey)

12.Ask pupils to work with seatmates to find the time taken for the journey.

13.Invite a volunteer to show the answer on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:

b. Given: average speed = 40 km/hr, total distance travelled = 300 km

total distance travelled

time =
average speed
300
40
time = 7.5hrs

The time taken to travel 300 km is 7.5 hrs.
14.Ask pupils to continue to work with seatmates to answer question c.
15.Invite a volunteer to show the answer on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:

c.i. Given: 2 part journey, 1%t part: 3 hours at 48 km/hr
2"d part: 2 hours at 53 km/hr

distance = speed x time
18t part: distance = 48 x 3 =144 km
2" part: distance = 53 x2 =106 km
total distance travelled = 144 + 106
= 250 km

The total distance travelled = 250 km
. total distance travelled
il. average speed =

total time taken

= ? km/hr since total time =3 + 2 hrs

= 50 km/hr
The average speed for the journey is 50 km/hr.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. and e.
2. Walk around, if possible, to check the answers and clear any misconceptions.
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3.

Invite volunteers to come to the board to show their solutions. The rest of the class

should check their solutions and correct any mistakes.

Solutions:
d.i.

Given: 2 part journey, 15t part: 2 km at speed of 6 km/hr

2"d part: 2 km at speed of 4 km/hr
total distance travelled = 4 km

time =
1%t part: time =
2"d part: time =

total time taken ~

distance

speed

1
==hr
3

1
==hr
2

+

1
2

NI ENGINENN

>0
=

The total time taken = %hr or 50 minutes.

total distance travelled

. average Speed = total time taken

since total distance = 4 km

4
= = km/hr
% and total time = % hr
= 4.8 km/hr

The average speed for the journey is 4.8 km/hr.

Given: 2 part journey: 15 part: 2 hr 30 min at speed x km/hr
2"d part: 2 hr 20 min at speed x + 2 km/hr
total distance travelled = 2y km
where x is the initial speed and y is half the distance between the towns

distance = speed x time
1tpart: y = xX 2% since 2 hr 30 min = 2% hr
= Ex
2 1 1
2"dpart: y = (x+2)x 2z since 2 hr 20 min = 22 hr
= Z(x+2)
since the distances are equal:
5 7
T ge?
= -x+—
5 7 O
(E B E) x =73
1 14
_x o —
6 134-><6
x = = 28 km/hr

The initial speed of the driver = 28 km/hr.

. distancey =



The distance between the 2 towns is 70 — km.

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L055 in the Pupil
Handbook.

[QUESTIONS]
a. Alorry takes 3% hours to travel a distance of 126 km. What is its average speed?

b. How long does the lorry take to travel 300 km at an average speed of 40 km/hr?
c. Avan travels for 3 hours at 48 km/hr. It then travels for 2 hours at 53 km/hr.

i. What is the total distance travelled by the van?

ii. What is the average speed for the whole journey?

d. Adama lives 2 km away from her grandmother. Her speed on the way to visit her is
6 km/hr and her speed on the way back is 4 km/hr. Find:

I. The total time she took to get to her grandmother’s house and back.
ii. The average speed for the whole journey.

e. An Okada driver covered half the distance between two towns in 2 hr 30 mins.
After that he increased his speed by 2 km/hr. He covered the second half of the
distance in 2 hr 20 mins. Find:

i. The initial speed of the driver.
ii. The distance between the two towns.
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Lesson Title: Speed — Part 2 Theme: Numbers and Numeration
Lesson Number: M3-L056 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to solve more complex of this lesson plan on the board.
problems involving speed.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.
2. After 2 minutes, invite a volunteer to show the answer on the board.

The rest of the class should check their solution and correct any mistakes. (Answer:

Aruna’s average speed = % = 20 km/hr; Sia’s average speed = % = 21 km/hr. Sia

had the higher average speed.)
3. Tell pupils that after today’s lesson, they will be able to solve more complex
problems involving speed.

Teaching and Learning (20 minutes)

1. Explain:
e There are times when the connection between distance, speed and time leads
to more complex equations.
e We will look at 2 instances of these types of situations.
¢ One leads to solving simultaneous linear equations. The other leads to solving
a quadratic equation.
2. Invite a volunteer to read question b. on the board.
Solution:

b.i. Step 1. Assess and extract the given information from the problem.
3. Invite a volunteer to assess the problem and tell the class the information we are

given. (Answer: Given: average speed of poda-poda is 30 km/hr slower than twice
the speed of the bus; after 2 hours, the poda-poda is 20 miles ahead of the bus.)
4. Invite another volunteer to say what we have been asked to find in b. i. (Answer:
speed of the bus)
Step 2. Assign variables to the unknown quantities.

distance of bus = d distance of poda-poda = d + 20
speed of bus = s speed of poda-poda = 2s— 30
Step 3. Set up the equations.
distance = speed x time
d = 2s Q) t = 2 hours
d+20 = 2(2s-30) (2) same time

We now have 2 linear equations ind and s
Solve simultaneously by substitution
Step 4. Substitute equation (1) into equation (2) and simplify.
2s+20 = 2(2s—-30)
= 4s5—-60
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80 = 2s
s = 40 km/hr
Step 5. Write the speed of the bus.
The speed of the bus is 40 km/hr.
ii. Step 6. Find the speed of the poda-poda.
speed of poda-poda = 2s-—30
= (2x40)-30
= 80 —30=50km/hr
The speed of the poda-poda is 50 km/hr.
. Invite a volunteer to assess question c. on the board and say the total distance and
total time travelled. (Answer: total distance travelled = 200 km, total time taken = 4
hours)
. Invite a volunteer to say what we have been asked to find. (Answer: Sam’s 2
speeds.)

. Explain:
e |f average speed was required, we would have been able to use the usual
total dist t lled 200
formula, average speed = ———— "2 — 2 — 50 km/hr.
total time taken 4

e However, we are asked to find Sam’s 2 speeds so we need to set up equations

for the situation described in the question.
. Explain the solution, step by step, ensuring that pupils understand the procedure.
Solution:

c. Given: 2 part journey, 1%t part: 120 km at speed of x km/hr.

2d part: 80 km at speed of x + 15 km/hr
total distance travelled = 200 km, total time taken = 4 hrs
distance = speed x time
15t part 120 = x Xty where t; and t, are the times for

the 1t and 2" parts of the
d —
2 part 80 = (x+15)X&  joumey respectively

tt+t, = 4 given
20,8 -y since t; = 22 and t, = 89
120(§+15)1gé§ . * s
i) 4 convert using LCM
120(x + 15) + 80x = 4x(x + 15) multiply throughout by LCM
30x + 450 + 20x = «x?+ 15x expand brackets
30x + 20x — 15x + 450 = x2 collect like terms
35x + 450 = x? simplify
x?—35x—450 = 0
We now have a quadratic equation in x, the speed in the first part
(x—45)(x+10) = 0 factorise
x—45=0o0rx =145 solve for both factors

x+10=00rx=-10
However, as we cannot have a negative speed we disregard x = —10
~ The speed in the first part of the journey is x = 45 km/hr.
The speed in the second part of the journey is x + 15 = 60 km/hr.

9. Explain:
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no

e Itis not clear when reading the question what type of equations we will get.

e Use the information given to set up the equations and examine the result.

e This will guide you towards the correct method for finding the requested
information.

Practice (15 minutes)

Ask pupils to work independently to answer questions d. and e. on the board.
Walk around, if possible, to check the answers and clear any misconceptions.
Invite volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:
d. Given: 2 part journey, 15 part: x hours at 5 km/hr.
2"d part: y hours at 10 km/hr
average speed = 7 km/h, total distance 35 km
distance = speed X time
1stpart distance = 5xx = 5x
2" part  distance 10xy = 10y
5x + 10y = total distance travelled

5 +10y = 35 (1)
average speed = total distance travelled
9 P - 35total time taken
7 = Tty
7x+y) = 35 divide throughout by 7
x+y =5 (2)

We now have 2 linear equations in x and y
5x+10y = 35

x+y =5
Solve the two equations simultaneously by elimination
5x +10y = 35 (1)
5 +5y = 25 (3) Multiply equation (2) by 5
5y =10 subtract (3) from (1)

y =2

x+y =5 (2)

x+2 =5 substitute y = 2 in equation (2)
x =5-2
x =3 solve for x

Amadu walks for x = 3 hours, and runs for y = 2 hours.

e. Given: 2 part journey, 1t part: 100 km, speed x km/hr, time t,
2"d part: 200 km, speed x + 30 km/hr, time t — 1
total distance travelled = 300 km

distance = speed x time
15t part 100 = xxt (1)
2" part 200 = (x+30)x (t—1) (2)
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100

200 = (x+30)x(2-1) from (1)t =""
= 100—-x+ 3(;& - 30 expand brackets
= 70 —x + 22 collect like terms
20070 = —x -+
130 = —x+>2>
130x = —x2?+ 3,000 multiply throughout by x
x% + 130x — 3,000 0 simplify

We now have a quadratic equation in x
(x—=20)(x+150) = 0
x—20=0o0rx =20
x+ 150 =0 orx = —-150
However, as we cannot have a negative speed we disregard x = —150
=~ The speed in the first part of the journey is x = 20 km/hr.

t = =N _s5kmhr  from (1)

X 20
t+t—1=2t—-1
2X10—1=9hrs
total distance travelled

total time taken

= 2 =331 km/hr
The average speed is 33; km/hr or 33.33 km/hr to 2 d.p.

factorise
solve for both factors

total time taken =

average speed =

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L056 in the Pupil
Handbook.

[QUESTIONS]

a. Arunatravelled 30 km in 1.5 hours. Sia travelled 42 km in 2 hours. Who had the
higher average speed?

b. A bus and a poda-poda both left the bus terminal at the same time heading in the
same direction. The average speed of the poda-poda is 30 km/hr slower than twice
the speed of the bus. In two hours, the poda-poda is 20 miles ahead of the bus.
Find: i. the speed of the bus ii. the speed of the poda-poda.

c. On ajourney of 200 km, Sam travels at a constant speed for the first 120km. He
then increases his speed by 15km/h for the remainder. If the whole journey takes 4
hours, find his two speeds.

d. Amadu walks for x hours at 5 km/hr and runs for y hours at 10 km/hr. He travels a
total of 35 km and his average speed is 7 km/hr. Find the values of x and y.

e. On ajourney of 300 km, Mariama drives the first 100 km at a constant speed. She
then increases her speed by 30 km/hr for the remainder of her journey. If the
second part took 1 hour less than the first part, find the average speed of her
journey.
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Lesson Title: Travel Graphs Theme: Numbers and Numeration

Lesson Number: M3-L057 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to draw and interpret travel of this lesson plan on the board.
graphs.

Opening (1 minute)

1. Invite a volunteer to say what formula we have been using to calculate average

speed. (Answer: average speed =

total distance travelled )

total time taken

2. Tell pupils that after today’s lesson, they will be able to draw and interpret travel
graphs.

Teaching and Learning (20 minutes)

1. Refer to the graph in question a. on the board.
2. Explain:

A travel graph shows the relationship between distance and time of a moving
object for a journey.

Travel graphs are also referred to as distance-time graphs.

The vertical scale shows the distance from the starting or reference point.
The horizontal graph shows the time taken.

Travel graphs can have 1, 2, 3 or more parts, which represent different parts
of the journey.

The example on the board has 3 parts.

3. Invite a volunteer to say what the first part of the journey shows. (Example answer:
A straight line sloping upwards shows travelling away from the starting point at a
constant speed.) Note that the pupil may not use the words “at a constant speed”.
You will explain this later in the lesson.

4. Invite a volunteer to say how the graph represents when the object is not moving.
(Answer: by a horizontal line.)

5. Explain:

The horizontal line shows that for a period of time, there was no increase or
decrease of distance from the starting point.

The straight line sloping downwards shows the object coming back towards its
starting point at a constant speed.

The steeper the slope of the line, the faster the object is travelling for a given
time.

6. Invite a volunteer to say what measures distance travelled in a given time. (Answer:
speed)

7. Write on the board: speed =

distance

time

8. Explain:
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e Because each part of the graph is a straight line, it shows that the object is
travelling either at a constant or zero speed.
e The slope or gradient of the travel graph gives the speed of the object.
e A positive gradient means the object is moving away from the starting point.
e A negative gradient means the object is moving towards the starting point.
e The average speed can also be calculated for the whole journey.
9. Work through the solution on the board inviting volunteers to answer at each step.
Solution:
a. Step 1. Assess and extract the given information from the problem.
Given: travel graph showing Fatu’s journey
Step 2. Describe each part of her journey.
I. 15t part: Fatu moves away from the house at a constant speed.
2"d part: Fatu remains at the same place for 180 seconds.
3" part: Fatu returns home at a constant speed.
Step 3. Substitute into the appropriate formula

distance

il. speed = —
15t part: Fatu travels 450 m in 150 seconds.
speed 450 m
P 150s
= 3m/s

Fatu’s speed in the first part of her journey is 3 m/s.
2" part: Fatu’s speed is 0 (horizontal line has 0 gradient).
3" part: Fatu travels 450 m in 120 seconds.

450 m
speed
120s

= 3.75m/s
Fatu’s speed in the second part of her journey is 3.75 m/s.

total distance travelled
iii. average speed

total time taken
900 m

450 s
= 2m/s

Fatu’s average speed is 2 m/s.
10.Invite a volunteer to assess question b. on the board and extract the given

information. (Example answer: distance walked by Malay to shop = 420 m, time to
walk to shop = 7 minutes, time at shop = 5 minutes time to walk home = 6 minutes)
11.Invite a volunteer to say what we have been asked to find. (Answer: the distance-
time graph for Malay’s shopping trip and the speed at which he walks on each part
of the journey.)
12.Ask pupils to work with seatmates to find the solution. The rest of the class should
check their solutions and correct any mistakes.
Solution:

b. Given: distance walked by Malay to shop = 420 m, time to walk to shop =
7 minutes, time at shop = 5 minutes time to walk home = 6 minutes

I. distance-time graph: see next page

distance

il. speed = —
15t part: Malay travels 420 m in 7 minutes
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420 m

Speed = 7 min
speed = 60 m/minute
_ 60m
T 60s
= 1m/s

Malay’s speed in the first
part of his journey is 60
m/minute or 1 m/s.

Malay’s speed in the 2"
part of his journey is

0 m/s.
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3" part: Malay travels 420 m in 6 minutes

Malay’s speed in th

Practice (17 minutes)

speed =

420 m

6 min

= 70 m/minute

70 m
60s

1.1666 m/s
e 3" part of his journey is 1.17 m/s to 2 d.p.

Ask pupils to work independently to answer question c.
Walk around, if possible, to check the answers and clear any misconceptions.

Invite volunteers to come to the board to show their solutions. The rest of the class

should check their solutions and correct any mistakes.

Solutions:

c.i. Given: 10,000 m race, 2,000 min 5 m/s, 7,400 m in 4 m/s, 600 m in 6 m/s

To draw the graph, we need to find the time taken for each part of the

race.

speed
time

15 part: time

2"d part: time

3" part: time

distance

time
distance

speed
2,000

5

= 400 s = 6.7 minutes
The time for the first part of the race was 6.7 minutes.

7,400

4

= 1,850 s = 30.8 minutes
The time for the second part of the race was 30.8 minutes.

600

6

= 100 s = 1.7 minutes
The time for the third part of the race was 1.7 minutes.
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ii. totaltimetaken = 6.7+30.8+ 1.7

= 39.2 minutes -
= 39 mins e A
The total time taken for _J"*’*’I
the race was 39 —ﬁi%" 7
minutes to the nearest —-7{&“ //
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Closing (2 minutes)

1. Invite a volunteer to say how to find the speed of an object from a travel graph.
(Answer: The slope or gradient of the graph gives the speed.)

2. For homework, have pupils do the practice activity PHM3-L057 in the Pupil
Handbook.

[QUESTIONS]

a. The graph shows Fatu’s [plahee
journey from home. m
I. Describe how Fatu b8
moves on each part 00
of her journey. // \\
i. Calculate her % yd AN
V N
speed on each part. o yd N
ii.  Whatis her doo A N,
average speed for /] N
the whole journey? % 130 [ 60 | 9 | 130 140 | 180 | 210 | 240 | 270 | 300 | 350 | 360
b. Malay walks 420 m from | [ [7oe fsedontls

his house to a shop in 7 minutes. He spends 5 minutes at the shop and then walks
home in 6 minutes.
i. Draw a distance-time graph for Malay’s shopping trip.
ii. Calculate the speed at which Malay walks on each part of the journey.
c. Khadija completes a 10,000 m race. She runs the first 2,000 m at 5 m/s, the next
7,400 m at 4m/s and the last 600 m at 6m/s.
i. Draw a travel graph for Khadija’s race.
ii. How long does she take to complete the race?
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Lesson Title: Density Theme: Numbers and Numeration
Lesson Number: M3-L058 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to calculate the density of a of this lesson plan on the board.
population or an object using ratio and
proportion.

Opening (2 minutes)

1. Ask pupils to work with seatmates to write down their understanding of the word
“density”.
2. After 1 minute, invite a volunteer to give their answer. (Example answers: density is

the ratio of the mass of an object to its volume; density = V—Eisr':e)

3. Tell pupils that after today’s lesson, they will be able to able to calculate the density
of a population or an object using ratio and proportion.

Teaching and Learning (20 minutes)

1. Write on the board:

mass

denSity - volume

. . number of people in area
population density = peop

area

2. Explain:
1. The more familiar formula for the density of an object is a measure of the
mass of the object per cm? of volume.
2. Mass is how much matter an object has, and volume is the amount of space
that the object takes up.
3. Population density is a measure of how close people or organisms live to each
other.
4. Itis the ratio of the number of people or organisms per unit area of available
space.
5. We are going to look at both the density of an object and population density
problems.
3. Invite a volunteer to read question a. on the board. What information are we given?
(Answer: Given: piece of silver with mass of 84 g and a volume of 8 cm?)
4. Invite another volunteer to say what are we asked to find? (Answer: density).
5. Go through the solution below, making sure that pupils understand the procedure to
find the density of an object.
Solution:
a. Step 1. Assess and extract the given information from the problem.
Given: piece of silver with mass of 84 g and a volume of 8 cm?3
Step 2. Substitute into the appropriate formula.
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mass

density =

volume
density = %
= 10.5 g/cm?3
Step 3. Write the answer. The piece of silver has a density of 10.5 g/cm?3
6. Invite a volunteer to assess question b. on the board and extract the given
information. (Example answer: village with an area of 70 km? and population of
6,200 people)
7. Invite a volunteer to say what we have been asked to find. (Answer: population
density of the village in people/km?)
Solution:

b. Given: village with an area of 70 km? and population of 6,200 people
number of people in area
area

population density =
6,200

70
= 88.571

= 88.6
The population density of the village is 88.6 people/km?.
8. Ask pupils to work with seatmates to answer question c.
9. Invite a volunteer to show their working out on the board. The rest of the class
should check their solution and correct any mistakes.
Solution:
C. given: mass = 3 kg

mass

density = p—
volume = I[XwXh
= 50Xx2x2
= 200 cm?d
i density = - i, 3kg = 3,000g
= 0.015 kg/cm?3 density = 2099

200

= 15g/cm?

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d., e. and f.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
d. Given: density = 7700 kg/m?3

mass

density =

volume

I. volume = 25m?3 ii. mass = 1,540 kg
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mass

mass = density X volume volume = density
1,540
= 7,700 x 2.5 volume = 7700
= 19,250 kg = 02m3

population density =

population density for Ghana ~—
population density for Guinea ~
population density for Liberia —

population density for Nigeria —

population density for Sierra =
Leone

number of people in area

area
27,499,924

227,533
120.9 people/km?

12,413,867

245,717
50.5 people/km?
4,689,021

96,320
48.7 people/km?

190,632,261

910,768
209.3 people/km?

6,163,195
71,620

86.1 people/km?

Use the information to complete the table

Population Area Populqtlon
Country ) density
(people) (km?) (people/km?)
Ghana 27,499,924 227,533 120.9
Guinea 12,413,867 245,717 50.5
Liberia 4,689,021 96,320 48.7
Nigeria 190,632,261 910,768 209.3
Sierra Leone 6,163,195 71,620 86.1

Nigeria has the highest population density (209.3 people/km?).
Liberia has the lowest population density (48.7 people/km?).

p.d. Nigeria : p.d. Liberia =

209.3

48.7
4.3

There are 4.3 as many people per km?2in Nigeria as in Liberia.

The ratio is 4.3 : 1.

population density of Western Sahara = 2.3 people/km?,
population density of Mauritius = 668.2 people/km?

Western Sahara

Mauritius

2.3 people/km? 668.2 people/km?
In Western Sahara, there are 2.3 people for every 1 km?, while in
Mauritius, there are 668.2 people for every 1 km?2.
2.3 668.2 divide throughout by 2.3
1 : 2905
The amount of land available to 1 person in Western Sahara is the same
as for 290.5 people in Mauritius.
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Closing (3 minutes)

1. Ask pupils to write down 2 new things they learned today.

2.

Invite volunteers to share their views. (Example answers: Various but could include
that population density measures ratio of the number of people to area of available
space; population density is measured in people per unit of area; density measures
the amount of mass contained per a unit of volume))

For homework, have pupils do the practice activity PHM3-L058 in the Pupil
Handbook.

[QUESTIONS]

a.

b.

A piece of silver has a mass of 84 g and a volume of 8 cm3. Work out the density of
the silver.

A village has an area of 70 km?. It has a population of 6,200 people. Calculate the
population density in people/ km?. Give your answer to 3 significant figures.

The mass of the metal block shown is 3 kg.

What is the density of the block in: 2cm
i. kg/cm? ;
i. grams/cm?3 50 cm em

The density of steel is 7,700 kg/m?3.

i. A steel bar has a volume of 2.5 m3. What is the mass of the bar?

ii. A block of steel has a mass of 1,540 kg. What is the volume of the block?
The table below gives the 2017 population data and area for 5 West African
countries.

Population Population densit
Country (ppeople) Area (km?) szeople/kmz) y
Ghana 27,499,924 227,533
Guinea 12,413,867 245,717
Liberia 4,689,021 96,320
Nigeria 190,632,261 910,768
Sierra Leone 6,163,195 71,620

Source: United States Census Bureau
I. Calculate the population density for each country to 1 decimal place.
ii. Which country has the highest population density?
iii. Which country has the lowest population density?
iv. How many more people per km?live in the highest compared to the lowest
population density?
The country with the lowest population density in Africa is Western Sahara with 2.3
people/km?. The country with the highest population density is Mauritius with 668.2
people/km?.

I. What is the ratio of the population density of Western Sahara to that of
Mauritius? Interpret your result in terms of how many people live in 1 km? of
land in both countries.

ii. Give your ratio in the form 1 : n. Interpret your answer.
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Lesson Title: Rates of Pay Theme: Numbers and Numeration

Lesson Number: M3-L059 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation
By the end of the lesson, pupils Write the questions found at the end
will be able to calculate rates of pay of this lesson plan on the board.

using percentages, ratio and
proportion and data given.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.
2. Invite a volunteer to answer. (Answer: 5% of Le 120,000.00 = % x 120,000 =

5x120000 _ 1,0 6,000.00)

100
3. Tell pupils that after today’s lesson, they will be able to calculate rates of pay using
percentages, ratio and proportion, and data given.

Teaching and Learning (20 minutes)

1. Explain:
e To calculate pay, we are usually given the pay rate for a period of time and
asked to calculate how much was earned by a worker.
e We are also sometimes asked to find the new pay after a percentage increase
or decrease in salary.
e Calculations on pay rates are best done by working through examples which
show the different types of problems and methods.
2. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: given: Sia’s hours of work and pay rate)
3. Invite another volunteer to say what we have been asked to find. (Answer: Sia’s total
weekly wage.)
Solution:
b. Step 1. Assess and extract the given information from the problem.
Given: Sia works from 8:30 am to 1:00 pm for 5 days and from 2:00
pm to 5:30 pm for 3 days; rate of pay is Le 5,000.00 per hour.
Step 2. Use Sia’s daily wage to calculate how much she earns

hours worked per day from 8:30 am to 1:00 pm = 4.5 hrs
hours worked for 5 days = 5x45 = 225hrs
hours worked per day from 2:00 pm to 5:30 pm = 3.5 hrs
hours worked for 3 days = 3x35 = 105hrs
total hours worked = 2254105 = 33hrs
weekly wage = 33x 5,000 = Le165,000.00

Step 3. Write the answer.
Sia’s total weekly wage is Le 165,000.00.
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4. Invite a volunteer to assess question c. and tell the class what information we are
given. (Answer: Fatu’s salary = Le 720,000.00; Mohammed’s salary = Le
960,000.00)

5. Invite another volunteer to say what we have been asked to find. (Answer: new
salaries after 4.2% pay rise)

6. Show 2 different methods of finding the new salaries.

Solution:
c. Given: Fatu’s salary = Le 720,000.00; Mohammed’s salary = Le 960,000.00

Method 1: (Fatu’s new salary)
Step 1. Find increase in pay.

increase in pay = % %X 720,000 Le 30,240.00

Step 2. Add increase in pay to original amount.
Fatu's new salary = 720,000 + 30,240
Method 2: (Mohammed’s new salary)
Step 1. Find the multiplier for the increase in pay
multiplier = 100% +4.2% = 104.2%
[NOTE]: 100% refers to the original salary before the increase.

Step 2. Use multiplier to calculate new salary
104.2

Mohammed’s new salary = —— X 960,000 = Le1,000,032.00

100
Explain: We can use either method as appropriate, to increase or decrease a

guantity by a given percentage.

Ask pupils to work with seatmates to answer question d.

Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Le 750,240.00

Solution:
d. Given: Ibrahim’s pay cut = 3%, new salary= 727,500
Let Ibrahim’s initial salary = «x
multiplier = 100% — 3% = 97%
7 ofx = 727,500
100
97x = 727,500
100
097x = 727,500
x = 2% = 750,000

0.97

Ibrahim’s initial salary = Le 750,000.00

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e., f., g. and h.
2. Walk around, if possible, to check the answers and clear up any misconceptions.
3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
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e.

Given: Momoh worked for 32 hours Monday to Thursday @ Le 4,000.00 per
hour, also 8 hours on Sunday for 25% extra

hours worked from Monday to Thursday = 32 hrs
hours worked on Sunday. = 8hrs
For Monday to Thursday, wage = 32 % 4,000 = Le128,000.00
For Sunday, 25% extra, wage = 1.25x8x%x 6,000 = Le 60,000.00
this week’s total wage = 128,000 + 60,000 = Le188,000.00

Momoh'’s total wage this week is Le 188,000.

Given: A: 4% increase this year followed by 5% increase next year.
B: 4¥%2% increase this year followed by 4¥2% increase next year.
current salary is Le 6,000,000 per year

A: salary thisyear = 1.04 x 6,000,000 = Le 6,240,000.00
salary nextyear = 1.05 X 6,240,000 = Le6,552,000.00

total % increase after 2years = 1.04 x 1.05 = 1.092

B: salary thisyear = 1.045x% 6,000,000 = Le6,270,000.00
salary nextyear = 1.045x% 6,270,000 = Le6,552,150.00

total % increase after 2 years = 1.045 x 1.045 = 1.092025

She should accept B. It gives a higher salary each year as well as a higher total
percentage increase after 2 years.
Given: Ratio of Agnes and Aruna salaries = 2: 3. Aruna’s salary = Le 675,000.00

Agnes : Aruna = 2:3
Total number of parts = 2+3=5
Letx = combined salaries
Aruna’s salary: % Xx = 675,000
3x = 5x675,000
x = 5X675,000

3
= Le1,125,000.00

Agnes’ salary = 1,125,000 — 675,000 (or % % 1,125,000)
= Le 450,000.00

Given: Manager’s salary = Le 3,000,000, Finance Director’s salary = 80% of
Manager’s salary, Assistant Manager’s salary = 65% of Manager’s

salary
Method 1.
Finance Director’s salary = % %X 3,000,000 = Le 2,400,000.00
Assistant Manager’s salary = 1%50 % 3,000,000 = Le 1,950,000.00
difference in salary = 2,400,000 — 1,950,000 = Le450,000.00
Method 2.
difference in salary = 8965 3400000

= E %X 3,000,000 = Le450,000.00
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Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L059 in the Pupil

Handbook.

[QUESTIONS]

a. Find 5% of Le 120,000.00.

b. Each week Sia works from 8:30 am to 1:00 pm for 5 days and from 2:00 pm to 5:30
pm for 3 days. Her rate of pay is Le 5,000.00 per hour. What is her total weekly
wage?

c. The table shows thg salaries of two workers. Fatu Le 720,000.00
_If each worker r_ecelves a 4.2% salary Mohammed Le 960,000.00
increase, what is the new salary of each
worker?

d. Ibrahim received a 3% cut to his pay. If his new salary is Le 727,500.00, what was
his old salary?

e. Momoh earns Le 4,000.00 per hour for working Mondays to Fridays. He earns 25%
extra if he works on Saturdays and Sundays.

This week, Momoh worked for 32 hours from Monday to Thursday and a further 8
hours on Sunday. How much did he earn in total?

f. Saphie is offered the following pay deals:

A: 4% increase this year followed by 5% increase next year.

B: 4¥%2% increase this year followed by 4¥2% increase next year.

If Saphie’s current salary is Le 6,000,000.00 per year, which pay deal should she
accept?

g. The salaries of Agnes and Aruna are in the ratio 2:3. If Aruna’s salary is Le
675,000.00, what is Agnes’ salary?

h. Company ABC has a sliding scale they use to pay their senior staff as follows:

Manager Le 3,000,000.00

Finance Director 80% of the Manager’s pay
Assistant Manager 65% of the Manager’s pay
What is the difference in pay between the Finance Director and the Assistant
Manage?
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Lesson Title: Commission Theme: Numbers and Numeration

Lesson Number: M3-L060 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation
By the end of the lesson, pupils Write the questions found at the end
will be able to calculate commission of this lesson plan on the board.

on a transaction by applying
percentages.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate commission on a
transaction by applying percentage.

Teaching and Learning (20 minutes)

1. Explain:

e Some employees, particularly sales people, are given commission on top of (or
instead of) their wages or salaries.

e The value of the commission is usually worked out as a percentage of the
amount they sold during the month or year.

e The value of the amount sold is taken as 100%.

e To calculate x commission on a particular sales amount, use the formula:

commission = 1% x sales amount

2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: given: commission received by sales vendor = 10% of sales)
3. Invite another volunteer to say what we have been asked to find. (Answer: find
commission for various sale amounts)
4. Write the calculation for the commission on the board and invite volunteers to work
out the answer for each.
Solution:
a. Step 1. Assess and extract the given information from the problem.
Given: commission received by sales vendor = 10% of sales
Step 2. Calculate commission for each sales amount.

commission = % x sales amount = 0.12 x sales amount
I. Le 2,000.00 sales: commission = 0.12 x 2,000 = Le 240.00
il. Le 6,000.00 sales: commission = 0.12 x 5,000 = Le 600.00
ili. Le 340,000.00 sales: commission = 0.12 X 340,000 = Le40,800.00
iv. Le 18,000.00 sales: commission = 0.12x 18,000 = Le2,160.00

5. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: 10% commission on bread sold; Jenneh’s commission was
Le 45,000.00)
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6. Invite another volunteer to say what we have been asked to find. (Answer: how
much bread Jenneh sold)

Solution:
b. Given: 10% commission on bread sold; Jenneh’s commission was Le 45,000.00
Let amount of sales = «x
. . _ 10 _
commission = - Xx = 0.1x

45,000 = 0.1x

45,000
x =

0.1

x = Le450,000.00
Jenneh sold Le 450,000.00 worth of bread.
Ask pupils to work with seatmates to answer question c.
Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
c. Given: total sales = Le 500,000.00, commission = Le 25,000.00
Let percentage commission = «x
commission = %x 500,000 = 5,000x
25,000 = 5,000x
_ 25,000 _ 5
X = 500,000 ~ 100
= 5%

The percentage commission received by the agent = 5%.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d., e., f., g. and h.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.

Solution:
d. Given: Le 60,000.00 commission on Le 800,000.00 worth of goods received
Let percentage commission = «x
commission = % %x 800,000
60,000 = 8,000x
x = 220 = 759

8,000
Abu pays 7.5% commission on goods received.
e. Given: total sales Le600 million, commission of 5.2%

. commission = %xwo,ooo,ooo

= 31,200,000
The sales manager received commission of Le 31,200,000.00 for the year.

51



“ ] — 31,200,000
average monthly income 12

= Le2,600,000.00
The sales manager’s average monthly income was Le 2,600,000.00.
f. Given: Dahlina’salary = Le 700,000.00 with 2% commission on all sales,
monthly income is Le 1,000,000.00

commission = 1,000,000 — 700,000 = Le 300,000.00
Let amount of sales = «x
T = 2 = 0.02x
commission g XX
300,000 = 0.02x
x = 20999 = |615,000,000.00

0.02
Dahlina made sales of Le15,000,000.00 for the month.
g. Given: sale price of house Le500,000,000.00 2% commission on the first
Le200,000,000.00 and 3% on the remainder

commission on the first 2 Le
Le 200,000,000.00 100 % 200,000,000 B 4,000,000.00
remainder = 500,000,000 — 200,000,000
= Le 300,000,000
COMMISSION 0N~ 3_, 30,000,000 = Le9,000000
remainder 100
total commission = 4,000,000 + 9,000,000 = Le 13,000,000

The estate agency made Le 13,000,000 commission on the house sale.
h. Given: 3% commission on the first Le 2 million sales, 4% commission on the
next Le 3 million and 5% on any sales above Le 5 million;
sales in December = Le 16 million
commission on the first
Le 200,000,000.00
commission on the
next Le 300,000,000.00
remainder = 16,000,000 — 5,000,000
= Le11,000,000.00

= %XZ,OO0,000 = Le60,000.00

_ ﬁ x 3,000,000 Le120,000.00

commission on

i = 2 11,000,000 = Le 550,000.00
remainder 100
total commission = 60,000 + 120,000 + 550,000 = Le 730,000.00

Total commission of sales agent = Le 730,000.00

Closing (4 minutes)

1. Ask pupils to discuss with seatmates one new thing they learned during the lesson.
2. Invite volunteers to share their discussion with the class. (Answer: Various)
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3. For homework, have pupils do the practice activity PHM3-L060 in the Pupil
Handbook.

[QUESTIONS]

a. A newspaper vendor makes a commission of 12% on his sales. Calculate his
commission on the following sales:

i Le 2,000.00 ii. Le6,000.00
iii. Le 340,000.00 \Y2 Le 18,000.00
b. Jenneh gets a commission of 10% on bread sold. In one week, Jenneh’s

commission was Le 45,000.00. How much bread did she sell during that week?

c. Aninsurance agent received Le25,000.00 as his commission on a total sales of
Le 500,000.00. Calculate the percentage of his commission.

d. Abu pays Le 60,000.00 commission on items received in his second-hand shop. If
he received Le 800,000.00 worth of goods, at what percentage commission does he
pay?

e. A sales manager sold goods worth Le 600 million in her shop in one year. If she
was paid a commission of 5.2% on her sales,

i. How much money was she paid that year?
ii. What was her average monthly income?

f. Dahlina receives a salary of Le 700,000.00 and a 2% commission on all sales for
the month. If her total income in a particular month was Le 1,000,000.00, what was
the amount of her sales for the month?

g. An estate agency sold a house for Le 500 million. The agreed commission was 2%
of the first 200,000,000 of the sales price and 3% on the remainder. How much
commission did the agency make on the sale?

h. Every month, a sales agent selling electrical goods makes commission of 3% on
the first Le 2 million of sales, 4% on the next Le 3 million of sales and 5% on any
sales over Le 5 million. How much commission does he make on sales of Le 16
million in December?
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Lesson Title: Income taxes Theme: Numbers and Numeration

Lesson Number: M3-L061 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation
By the end of the lesson, pupils will 1. Draw the PAYE table shown in
be able to calculate the amount of income Teaching and Learning on the board.

tax to be paid using percentages. 2. Write the questions found at the end of
this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate the amount of
income tax to be paid using percentages.

Teaching and Learning (20 minutes)

1. Explain:

e Tax is deducted every month by the government from the money people earn.

e This tax is called Income Tax and is used to provide services to the country
such as education, health, police, military and social welfare.

e Employee taxes are deducted from their salaries by their employers using a
method called PAYE.

e PAYE stands for Pay As You Earn and the 2017 rates are shown on the table on
the board.

e Every employee has a tax-free income. This is a certain amount of income on
which you do not have to pay any income tax.

e The net income an employee earns is the income after tax has been deducted.

2. Ask pupils to examine the table and Sierra Leone PAYE Tax Rate
write down what the tax-free income Not over Le 500,000.00 per month | Nil
is. Next Le 500,000.00 per month 15%

3. Invite a volunteer to give the answer. Next Le 500,000.00 per month 20%
(Answer: Le 590’000-00) Next Le 500,000.00 per month 30%

4. Explain: We will now look at examples  "Apove Le 2 million per month 35%

of how to use the modified PAYE
Income tax table.

5. Invite a volunteer to assess question a. and say what we have been asked to find.
(Answer: Income tax for salaries of Le 850,000.00 and Le 1,700,000.00)
Solution:

a. Step 1. Assess and extract the given information from the problem.

Given: Income tax for salaries of Le 850,000.00 and Le 1,700,000.00.
Le 500,000.00 is tax- free.

I. Step 2. Calculate the income tax paid per month on Le 850,000.00 salary
taxable income = 850,000 — 500,000 = Le 350,000.00

income tax = %xsso,ooo = Le52,500.00
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Step 3. Write the answer.
The income tax is Le 52,500.00 per month
ii. Step 4. Calculate the income tax paid per month on Le 1,700,000.00 salary
taxable income = 1,700,000 — 500,000 = Le 1,200,000.00

Use a table to aid the calculation. Explain each line.
The remaining income is the income left after the taxation at each stage.

Rate of

Remaining income (Le) Amount to be tax Income Tax
taxed (Le) (Rate x Amount)
(%)
1,200,000 500,000 15 %50 X 500,000 = 75,000
1,200,000 — 500,000 = 700,000 500,000 20 % X 500,000 = 100,000
700,000 — 500,000 = 200,000 200,000 30 % x 200,000 = 60,000
income tax = 75,000+ 100,000 + 60,000 = Le 235,000.00

Step 5. Write the answer.
The income tax is Le 235,000.00 per month.
6. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: Sama’s income tax of Le 187,000.00 each month)
7. Invite another volunteer to say what we have been asked to find. (Answer: find
Sama’s taxable income)
Solution:

b. Given: income tax of Le 187,000.00 each month
We do a reverse calculation to question a.

- Amount to be Rate of
Remaining tax (Le) tax Income Tax
taxed (Le)
(%)
187,000 500,000 15 %50 X 500,000 = 75,000
187,000 — 75,000 = 112,000 500,000 20 % %X 500,000 = 100,000
112,000 — 100,000 = 12,000 x 30 % X x =0.3x

From the amount of tax remaining in the last line, we know that the amount to
be paid is less than Le 500,000.00. Let the amount = x, such that:

0.3x = 12,000 income tax = remaining tax
x = 12(;0300 — Le40,000.00
taxable income = 500,000 + 500,000 + x from the table
= 500,000 + 500,000 + 40,000 = 1,040,000
income = tax-free income + taxable income
= 500,000 + 1,040,000 = 1,540,000

Sama’s earns Le 1,540,000.00.
8. Ask pupils to work with seatmates to answer question c.
9. Invite volunteers to show their solution on the board. The rest of the class should

check their solution and correct any mistakes.
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Solution:

C. Given: Adama earns Le 1,200,000.00 per month, has 3 children for whom she
can claim Le 50,000.00 per child.

I.  total tax-free income = 500,000 + (3 x 50,000) = Le 650,000.00
i taxable income = 1,200,000 — 650,000 = Le 550,000.00
" Remaining income (Le) Amount to be Rat?aif Income Tax
9 taxed (Le) (%) (Rate x Amount)
550,000 500,000 15 % x 500,000 = 75,000
550,000 — 500,000 = 50,000 50,000 20 % x 50,000 = 10,000
total income tax = 75,000 + 10,000 = 85,000
iv. netincome = 1,200,000 — 85,000 = 1,115,000

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d., e. and f.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.

Solution:
d. Given: Mariama earns Le 6,600,000.00 per year
monthly pay = 6'60102'000 = Le 550,000.00
taxable income = 550,000 —-500,000 = Le 50,000.00
income tax = - x 50,000 = Le 7,500.00

Mariama’s monthly tax is Le7,500.00.
e. Given: Musa earned Le9,000,000.00 last year

I. total tax-free income = 12 x 500,000 = Le 6,000,000.00
i, monthly pay = 2220 = Le 750,000.00
taxable income = 750,000 —500,000 = Le 250,000.00
income tax = % %X 250,000 = Le 37,500.00
iii. pay rise = % %X 750,000 = Le 37,500.00
new salary = 37,500+ 750,000 = Le 787,500.00
taxable income = 787,500 —-500,000 = Le 287,500.00
income tax = - x 287,500 = Le 43,125.00
increase inincome tax = 43,125 - 37,500 = Le 6,125.00
f. Given: Yeneva paid Le 4,740,000.00 in tax last year
I. monthly tax = 740,000 = Le 395,000.00

12
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Amount to be Rate of
Remaining tax (Le) tax Income Tax
taxed (Le)
(%)
395,000 500,000 15 %50 %X 500,000 = 75,000
395,000 — 75,000 = 320,000 500,000 20 % %X 500,000 = 100,000
320,000 — 100,000 = 220,000 500,000 30 % % 500,000 = 150,000
220,000 — 150,000 = 70,000 X 35 13750 x x = 0.35x
0.35x = 70,000 iIncome tax = remaining tax
70,000
X = 035
Le 200,000.00

500,000 + 500,000 + 500,000 + 200,000

Le 1,700,000.00

tax-free income + taxable income

500,000 + 1,700,000 = Le 2,200,000.00
net monthly income = 2,200,000 — 395,000 = Le 1,805,000.00

monthly taxable income

il. monthly income

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L061 in the Pupil

Handbook.

[QUESTIONS]

a.

Use the table to calculate how much tax is paid on the salaries below each month:
i. Le 850,000.00 ii. Le 1,700,000.00

. Sama pays income tax of Le 187,000.00 each month. How much does he earn per

month?

. Adama earns Le 1,200,000.00 per month. In addition to her tax-free income she

can claim Le 50,000.00 for every dependent child. She has 3 children. Calculate:
i. Her total tax-free income.

i. Her taxable income.

iii. Her total tax per month.

iv. Her net income per month.

. Mariama earns Le 6,600,000.00 per year. How much tax does she pay each

month?

. Musa earned Le 9,000,000.00 last year.

I. What was his total tax-free income?
il. How much tax did he pay each month?
iii. This year, he received a pay rise of 5%. By how much does his income tax
increase each month?
Yeneva paid Le 4,500,000,00 in tax last year.
i. How much was her monthly taxable income?
ii. What was her net income per month?
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Lesson Title: Simple interest

Theme: Numbers and Numeration

Lesson Number: M3-L062

Class: SSS 3 Time: 40 minutes

@ Learning Outcome

By the end of the lesson, pupils
will be able to calculate simple interest
rates and time.

Preparation
Write the questions found at the end

of this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate simple interest

rates and time.

Teaching and Learning (20 minutes)

1. Invite a volunteer to say what they know about simple interest. (Example answer:
The amount of money you have to pay the bank when they lend you money.)

2. Explain:

e When someone deposits money in a bank, the bank pays them interest on the

money deposited.

e When a bank lends money to its customers, it charges them interest on the

money borrowed.

e There are two types of interest earned or charged on money — simple interest

and compound interest.

e We will look at simple interest in this lesson, and compound interest in the next.
e Simple interest, I, is the amount earned or charged on the initial amount or
principal, P, at a given rate, R, and for a given period of time, T (in years).

PRT
I = —
100

e Itis in effect the percentage of the principal that is earned or charged for the use

of the money.

e The amount, A, at the end of the period is given by Principal + Interest.

That is:

A = P+I1

3. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: given: Le 500,000.00 deposited by Alusine, 4% interest rate per

annum for 2 years)

4. Invite another volunteer to say what we have been asked to find. (Answer: the

simple interest paid.)
Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: Le 500,000.00 deposited by Alusine 4% interest rate per annum

for 2 years

Step 2. Calculate the interest.
] = PRT
100

58




500,000x4x2

I = = = Le40,000.00

Step 3. Write the answer.
The interest received by Alusine is Le 40,000.00.
5. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: simple interest of Le 87,000.00 on Le 725,000.00 for 4 years)
6. Invite another volunteer to say what we have been asked to find. (Answer: interest
rate per annum)

Solution:
b. Given: simple interest of Le 87,000.00 on Le 725,000.00 for 4 years
PRT
I =T
R = IX:;O make R the subject of the formula
R = 87,000x100 — 0
T 725,000x4 3%

The interest rate per annum is 3%.
7. Invite a volunteer to assess question a. and tell the class what information we are

given. (Answer: Given: interest of Le 90,000.00, after 3 years at 5% per annum)
8. Invite another volunteer to say what we have been asked to find. (Answer: the

amount invested (principal))

Solution:

c. Given: interest of Le 90,000.00, after 3 years at 5% per annum
X100

p o7 make P the subject of the formula
P = 90,000x100
5%3
= Le 600,000.00
amount after 3 years = 600,000+ 90,000 = Le690,000.00

The amount after 3 years = Le 690,000.00.
9. Ask pupils to work with seatmates to answer question d.
10. Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
d. Given: interest on Le 300,000.00 at 3% interest rate = Le 45,000.00.

X100 .
T = = make T the subject of the formula

T o= 45,000%x100 _
~ 300,000%3 = Syears

The time period = 5 years

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e., f., g. and h.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.
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Solution:

e. Given: Loan to Isata of Le 1,500,000.00 at 3.5% interest rate for 5 years
PRT

I =75
| = 2REEPO = Le262,500.00
A = P+

= 1,500,000 + 262,500 = Le1,762,500.00

Isata will pay back Le 1,762,500.00 at the end of the loan period.
f. Given: Memuna has Le 371,000.00 after 1 year at 6% interest rate per annum

A = P+1I (1)
] = PR
100
Px6Xx1 . .
I = = substitute given values
;] = &
= Too = 0.06P
371,000 = P + 0.06P substitute in (1)
= P(1+0.06) = 1.06P
371,000 = 1.06P
371,000
P = 1.06
= Le 350,000.00

Memuna invested Le 350,000.00 initially.
g. Given: Kasho invested Le 5,000,000.00 at 4% interest for 5 years, then 2 years at

5.5% interest.
PRT

I = "o
After 5 years: I = %‘;gxm} = Le 1,000,000.00
A = 5,000,000+ 1,000,000 = Le 6,000,000.00
6,000,000%5.5%x2
After 2 years: I = EEETv— = Le 660,000.00
A = 6,000,000+ 660,000 = Le 6,660,000.00

The total amount after 7 years = Le 6,660,000.00.
h. Given: Le 12,000,000.00 at the rate of 6% per annum for 2 years.

. PRT
i. I = —
100
12,000,000X6X2
I = ———— = Le1440,000.00
ii. amountafter2years = 12,000,000+ 1,440,000
= Le13,440,000.00
iii. monthly instalment = 13420000 = Le 560,000.00 per month

24

Closing (4 minutes)

1. Ask pupils to write in their exercise books what formula to use to calculate the
amount of money to repay the bank at the end of a loan period.
2. Invite a volunteer to give the answer. (Answer: A = P + 1)
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3.

For homework, have pupils do the practice activity PHM3-L062 in the Pupil
Handbook.

[QUESTIONS]

a.

Alusine deposits Le 500,000.00 in the bank at a rate of 4% per annum for 2 years.
How much interest does he receive?

. The simple interest on Le 725,000.00 for 4 years is Le 87,000.00. How much per

annum is the interest rate?

. How much money should be invested if interest of Le 90,000.00 is to be paid after

3 years at 5% per annum? What is the amount after 3 years?

. Find the time period in which the interest on Le 300,000.00 at 3% interest rate is Le

45,000.00.

. A bank loaned Isata Le 1,500,000.00 at 3.5% interest rate for 5 years. How much

will she pay back at the end of the loan period?

Memuna invests some money in a savings account. Interest is paid at a rate of 6%
per annum. After 1 year, there is Le 371,000.00 in the account. How much did she
invest initially?

. Kasho invested Le 5,000,000.00 at 4% interest for 5 years. He then invested the

amount at the end of the 5 years for a further 2 years at 5.5% interest. What was
the total amount after the 7 years?

. A businesswoman took a loan of Le 12,000,000.00 from the bank at a rate of 6%

per annum for 2 years. She agreed to pay back the sum in monthly instalments
over the 2-year period.
Calculate:
i. The amount of interest on the loan.
ii. The amount to be paid at the end of the 2 years.
iii. The monthly instalment.
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Lesson Title: Compound interest — Part 1 | Theme: Numbers and Numeration

Lesson Number: M3-L063 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation
By the end of the lesson, pupils will Write the questions found at the end

be able to calculate compound interest of this lesson plan on the board.
using successive addition.

Opening (2 minutes)

1. Ask pupils to answer question a. on the board.

PRT __ 500,000xX5x4

2. Invite a volunteer to give the answer. (Answer: [ = 0T 10 Le 100,000.00)

3. Tell pupils that after today’s lesson, they will be able to calculate compound interest
using successive addition.

Teaching and Learning (20 minutes)

1. Invite a volunteer to say what name is given to the interest we have just calculated.
(Answer: simple interest)
2. Explain:

e When we calculate simple interest, we are finding the percentage of the principal
that is added to the investment or loan over the whole period at a given interest
rate.

e The principal remains unchanged for the entire period of the loan.

e However, investments and loans are not usually calculated using simple
interest.

3. Invite a volunteer to say the name of the other type of interest. (This was mentioned
in the previous lesson). (Answer: compound interest).
4. Explain:

e Compound interest is the interest calculated at given intervals over the loan
period and added to the principal.

e This new amount becomes the principal and changes every time the interest is
calculated.

e Each time we do the calculation, we compound the principal by adding the
interest calculated for a given period to the previous principal.

e We are in effect earning or paying interest on the interest.

e Each period is called a compounding period and can be at intervals of 1 year,
6 months (5 year), 3 months (; year) or any other agreed time period.

e The compound interest, CI, is given by:
CIl = A-P where A = Amount at the end of the period
P = Principal
e We will now do an example to show 2 different methods of calculating
compound interest.
e We will concentrate on calculating the compound interest annually.
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5. Invite a volunteer to assess question b. and tell the class what we have been asked
to find. (Answer: find the interest on a loan of Le 500,000.00 for 4 years at a
compound interest rate of 5% per annum)

Solution

b. Step 1. Assess and extract the given information from the problem.

Given: Loan of Le 500,000.00 for 4 years at a compound interest rate of
5% per annum.

Step 2. Calculate the amount at the end of the period.
Method 1. Using successive addition

Principal
Year | at start of Interest (Le) Amount at end of year (Le)
year (Le)
1 500,000 % x 500000 = 25,000 | 500,000 + 25,000 = 525,000
2 525000 | ==X 525000 = 26,250 | 525000 + 26,250 = 551,250
3 551,250 % x 551250 = 27,563 | 551,250 + 27,563 = 578,813
4 578,813 % x 578,813 = 28,941 | 578,813 + 28,941 = 607,754

Method 2. Using a multiplier
Explain:

A multiplier is used whenever we wish to increase or decrease an amount by
a given percentage.

The original amount is 100% or 1. (%)

We add to increase the amount by the given percentage — successive
addition is embedded in the calculation.

Multiplier = 1+—— = 105
Year | Principal at start of year (Le) Amount at end of year (Le)
1 500,000 500,000 x 1.05 = 525,000
2 525,000 525,000 x 1.05 = 551,250
3 551,250 551,250 x 1.05 = 578,813
4 578,813 578,813 x 1.05 = 607,754
Step 3: Calculate the compound interest
CI = A-P
= 607,754 -500,000 = Le107,754.00

Step 4: Write the answer.

The compound interest at the end of 4 years = Le 107,754.00.
Comparing the answer to question a., the additional interest earned is
107,754 — 100,000 = Le 7,754.00.

6. Ask pupils to work with seatmates to answer question c.
They should use Method 1 to solve the problem.

7. Invite a volunteer to show their solution on the board using Method 1. The rest of the
class should check their solution and correct any mistakes.
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Solution:
c. Given: Deposit of Le 1,500,000.00 in a bank at 4% for 3 years

Principal
Year | at start of Interest (Le) Amount at end of year (Le)
year (Le)
1 1,500,000 % x 1,500,000 = 60,000| 60,000 + 1,500,000 = 1,560,000
2 1,545,000 % x 1,560,000 = 62,400| 62,400 + 1,560,000 = 1,622,400
3 1,591,350 % x 1,622,400 = 64,896| 64,896 + 1,622,400 = 1,687,296

compound interest = 1,687,296 — 1,500,000 = 187,296
The compound interest at the end of 3 years = Le 187,296.00.
8. Ask pupils to continue work with seatmates to answer question d.

They should now use Method 2 to solve the problem.
9. Invite a volunteer to show their solution on the board using Method 2. The rest of the
class should check their solution and correct any mistakes.
Solution:
d. Given: Le 750,000.00 for 3 years at a rate of 6% per annum.

Multiplier = 1+ = 106
Year | Principal at start of year (Le) | Amount at end of year (Le)
1 750,000 750,000 X 1.06 = 795,000
2 802,500 802,500 x 1.06 = 842,700
3 858,675 858,675 x 1.06 = 893,262

compound interest = 893,262 — 750,000 = 143,262
The compound interest at the end of 3 years = Le 143,262.00.

Practice (15 minutes)

1. Ask pupils to work independently to answer question e. They can use whichever
method they prefer. The solution is given using Method 2.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Ask a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.
Solution:

e. Given: Businesswoman deposits Le 3,000,000.00 at 7% rate per annum for
5 years. She withdraws Le 1,000,000.00 after 3 years.

Multiplier = 1+-—- = 107
Principal at start of year
Year (Le) Amount at end of year (Le)
1 3,000,000 3,000,000 x 1.07 = 3,210,000
2 3,210,000 3,210,000 x 1.07 = 3,434,700
3 3,434,700 3,434,700 x 1.07 = 3,675,129
withdrawal of Le 1,000,000.00: new principal = 3,675,129 — 1,000,000
= Le2,675,129.00
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4 2,675,129 2,675,129 x 1.07 = 2,862,388.03

5 2,862,388.03 2,862,388.03 x 1.07 = 3,062,755.19

After 5 years, the businesswoman has Le 3,062,755.19 to the nearest cent in her
account.

Closing (3 minutes)

1. Ask pupils to discuss with seatmates which method they prefer and why.

2.

3.

Invite volunteers to share their discussion with the class giving the reasons from
both seatmates. (Answer: Various)

For homework, have pupils do the practice activity PHM3-L063 in the Pupil
Handbook.

[QUESTIONS]

a.
b.

Find the interest on a loan of Le 500,000.00 for 4 years at 5% per annum.

Find the interest on a loan of Le 500,000.00 for 4 years at a compound interest
rate of 5% per annum. What additional interest is earned using compound as
compared to a simple interest rate?

Abdul deposited Le 1,500,000.00 in a bank at 4% compound interest rate per
annum for 3 years. Find the interest at the end of the period.

Find the interest on a loan of Le 750,000.00 for 3 years at a compound interest
rate of 6% per annum.

A businesswoman deposited Le 3,000,000.00 in her bank account at a 7%
compound interest rate per annum for 5 years. At the end of the third year, she
withdrew Le 1,000,000.00. Calculate the amount she has in her account after 5
years. Give your answer to the nearest cent.

65




Lesson Title: Compound interest — Part 2 | Theme: Numbers and Numeration

Lesson Number: M3-L064 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation
By the end of the lesson, pupils will 1. Draw the table below on the
be able to calculate compound interest board for question a.

using the formula. Year | Principal at start | Amount at end
(n) of year (Le) of year (Le)

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.
2. Invite a volunteer to give the answer. (Answer: Compound interest = Le 62,432.00)

3. Tell pupils that after today’s lesson, they will be able to calculate compound interest
using the formula.

Teaching and Learning (20 minutes)

1. Write the solution shown for question a. below using the table on the board.
a. Given: Le 500,000.00 for 3 years at a rate of 4% per annum.

. 4
Multiplier = 1+ oo = 104
Year (n) | Principal (Le) Amount at end of year (Le)
1 500,000 500,000 x 1.04 = 500,000 x 1.041 = | 520,000
2 520,000 520,200 x 1.04 = 500,000 x 1.042 = | 540,800
3 540,800 540,800 x 1.04 = 500,000 x 1.043 = | 562,432

The compound interest = 562,432 — 500,000 = 62,432
The compound interest at the end of the period = Le 62,432.00.
2. Ask pupils to look at the expanded version of the calculation for the amount at the
end of each year. What connects the year to the index of the multiplier?
3. Invite a volunteer to answer. (Answer: the year gives the index for the multiplier)
4. Ask pupils to discuss with seatmates what the calculation for the amount would be if
the loan was extended to 4 years.
5. Invite a volunteer to answer. (Answer: amount at end of 4 years = 500,000 x 1.04%)
6. Explain:
e From the table, the amount for a particular year is calculated using the formula:
amount at end of n years = 500,000 x (1.04)"

— 500,000 x (1 + %)n

e From this, we can write a general formula to find the amount at the end of any
period as:

)
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where A = Amount at the end of the period P = Principal

R = Rate n = Period
e The compound interest, CI, is given as before by:
Cl = A-P where A = Amount at the end of the period
P = Principal

7. Invite a volunteer to assess question b. i. and tell the class what information we have
been given. (Answer: Le 400,000.00 borrowed by Alice for 3 years at 10%)
8. Invite another volunteer to say what we have been asked to find. (Answer: find the
amount on the loan at the end of the period)
Solution:
b. Step 1. Assess and extract the given information from the problem.
Given: Le 400,000.00 borrowed by Alice for 3 years at 10%
I. Step 2. Calculate the amount at the end of the loan period.

A = P(1+1i00)n

400,000 x (1.1)3

= 400,000 (1 + %)3
= Le532,400.00
Step 3. Write the answer for i.
The amount = Le 532,400.00
. Step 4. Calculate the compound interest
Cl = A-P
= 532,400 — 400,000
Step 5. Write the answer for .
The compound interest = Le 132,400.00.

9. Explain: We will now consider how to calculate the compound interest when the
compounding period is not per year.

10. Invite a volunteer to assess question c. i. and tell the class what information we have
been given. (Answer: Le 250,000.00 deposited by a market trader for 2 years at 4%
per annum compounded half-yearly)

11. Invite another volunteer to say what we have been asked to find. (Answer: find the
amount in his account at the end of 2 years)

Solution:
c. Given: Le 250,000.00 deposited by a market trader for 3 years at 4% per annum
compounded half-yearly.
. &\
g A = p (1 + R)
Since the loan is compounded half-yearly,
e therate R is equivalent to %% or 2% per half-year

Le 132,400.00

e there are 6 half-yearly periods in 3 years, son =6

6
A = 250,000(1+%) = 250,000 x (1.02)°

= Le 281,540.60
The amount at the end of 2 years = Le 281,540.60 to the nearest cent.
i. Cl = A-P
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= 281,540.60 — 250,000 = Le 31,540.60
The compound interest = Le 31,540.60 to the nearest cent.
12. Ask pupils to work with seatmates to answer question d.

13. Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
Given: a final amount of Le 800,000.00, compounded quarterly at 8% for 3
years.
a4 = pP(1+2)
8
12 R = - = 2% per quarter
800,000 = Pp(1+-2) s = <7 PeTd
100

n = 12 (4 quarters x 3 years)

800,000 = P X (1.02)12
p = 800,000
T 1.0212

= 630,794.54
The amount at the start = Le 630,794.54 to the nearest cent.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e. and f.
Walk around, if possible, to check the answers and clear up any misconceptions.
2. Ask a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.

Solution:
e. Given: Le 3,000,000.00 for 2 years at rate of 8% per annum.
. _ R\
| A = P (1 + m)
8 2
A = 3,000,000 (1 + —) = Le 3,499,200.00
100
Mr. Karimu has not saved enough to buy the bike
. difference = 4,000,000 — 3,499,200 = Le500,800.00

Mr. Karimu still needs to save Le 500,800.00 in order to buy the bike.
f. Given: A: Le 3,000,000.00 for 5 years at 2% compound interest rate per annum
B: Le 5,000,000.00 for 1 year at 3% compound interest rate per annum
C: Le 2,000,000.00 for 3 years at 8% compound interest rate per annum

A = P(1+1i00)n cl = A-P
A: A = 3000000 (1 n %)5 = Le3,312,242.41
Cl = 3,312242.41-3,000000 = Le 312,242.41
B: A = 5000000 (1+ %)1 = Le5,150,000.00
¢l = 5,150,000 — 5,000,000 = Le 150,000.00
C: A = 2000000 (1+ %)3 = Le2,519,424.00
Cl = 2,519,424 — 2,000,000 = Le 519,424.00
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C will earn more interest over the other two investments.

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L064 in the Pupil
Handbook.

[QUESTIONS]

a. A sum of Le 500,000.00 is to be invested for 3 years. Use the multiplier method to
find the final value of the investment if the annual compound interest rate is 4%.
b. Alice borrowed Le 400,000.00 for 3 years at 10% compound interest rate.
I. What was the amount at the end of the 3 years?
ii. How much was the compound interest?

c. A market trader deposited Le 250,000.00 into his account in a bank at a compound

interest rate of 4% per annum. If interest is compounded half-yearly:
i. How much does he have in his account after 3 years?
ii. How much compound interest did he earn?

Give your answers to the nearest cent.

d. At the end of 3 years, there was Le 800,000.00 in a bank account. If the interest
rate was 8% compounded quarterly (4 times a year) over the entire period, how
much was there in the bank account at the start? Give your answers to the nearest
cent.

e. Mr. Karimu is saving to buy a motor bike. He deposits Le 3,000,000.00 in his
account which pays a compound interest rate of 8% per annum.

I. If the bike costs Le 4,000,000.00, has Mr. Karimu saved enough after 2 years
to buy the motor bike?
ii. If not, how much more does he need to save?
f. Which of the following investments would earn the most interest?
A: Le 3,000,000.00 for 5 years at 2% compound interest rate per annum
B: Le 5,000,000.00 for 1 year at 3% compound interest rate per annum
C: Le 2,000,000.00 for 3 years at 8% compound interest rate per annum
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Lesson Title: Profit and loss — Part 1 Theme: Numbers and Numeration

Lesson Number: M3-L065 Class: SSS 3 Time: 40 minutes

©

By the end of the lesson, pupils
will be able to calculate profit and loss on
transactions by applying percentage.

Write the questions found at the end
of this lesson plan on the board.

Learning Outcome S; Preparation

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate profit and loss on
transactions by applying percentage.

Teaching and Learning (23 minutes)

1. Explain:

An item is sold at a profit when the selling price is greater than the cost price of
the item.
If, however the cost price of the item is greater than the selling price, the item is
sold at a loss.
The profit or loss is calculated by taking the difference between the cost price
(CP) and selling price (SP).
Note that as difference is always positive:

proft = SP—CP

loss = CP-SP

Percentage profit or loss based on the cost price is given by:

Percentage profit = £-"x100

Percentage loss based on the cost price is given by:

_ CP-SP
Percentage loss = =—

X100

2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: Given: John buys a set of bicycle pumps for Le 40,000.00 and sells
them for Le 50,000.00)

3. Invite another volunteer to say what we have been asked to find. (Answer: John’s
percentage profit)

Solution:
a. Step 1. Assess and extract the given information from the problem.

Given: John buys a set of bicycle pumps for Le 40,000.00 and
sells them for Le 50,000.00.
Step 2. Calculate the percentage profit.

% profit = F=Ex100

50,000—40,000
= ———x100
40,000

_ 10000 100
40,000
= 25%

Step 3. Write the answer.
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John made 25% profit.
4. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: cost price of Le 15,000,000.00, selling price of Le 12,000,000.00)
5. Invite another volunteer to say what we have been asked to find. (Answer:
percentage loss)

Solution:
b. Given: cost price of Le 15,000,000.00, selling price of Le 12,000,000.00
percentage loss = *-Fx100
| — 15,000,000-12,000,000 % 100

percentage loss 15,000,000

— 3,000,000 % 100

15,000,000
= 20%

The percentage loss was 20%.
6. Invite a volunteer to assess question c. and tell the class what information we are
given. (Answer: television set bought by Akin, sold for Le 2,500,000.00, percentage

profit 25%)
7. Invite another volunteer to say what we have been asked to find. (Answer: cost price
of TV)
Solution:
c. Given: television set bought by Akin, sold for Le 2,500,000.00, percentage profit
25%
Method 1. Use the formula for percentage profit.
. SP—CP
percentage profit = 7 X 100
2C — 2,500,601())0—CP % 100
25 — (2,500,000—CP)%x100
cp
Multiply throughout by the cost price, CP
25CP = (2,500,000 —CP) x 100
ZCP = 2,500,000 — CP
0.25CP +CP = 2,500,000
1.25CP = 2,500.000
CP — 2,500,000

1.25
= Le2,000,000.00

Method 2. Use a multiplier

SP = CP+2cCP since Akin made_: a profit, we add the |
100 percentage profit to 100% of the cost price
25
= cp(1+2)
multiplier = 1+-2> — 1725
100

SP = 125X%xCP
2,500,000 = 1.25CP

CP — 2,500,000

1.25
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= Le2,000,000.00
Akin bought the television set for Le 2,000,000.00.
8. Ask pupils to work with seatmates to answer question d.
9. Invite a volunteer to show their solution on the board. Method 2 is shown here.
The rest of the class should check their solution and correct any mistakes.
Solution:
d. Given: motor bike sold for Le 4,250,000.00 at a loss of 15%.
multiplier = 1— 15 _ 085 subtract the percentage loss from 100%
100 of the cost price
SP = 085xCP

5,000,000 = 0.85CP
4,250,000
cp 0.85

= Le5,000,000.00

The cost price of the motor bike was Le 5,000,000.00.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e., f., g. and h.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.

Solution:
e. Given: cost price of Le 1,250,000.00, percentage profit of 20%
T 20
multiplier = 1+ =1.2
SP = 12X%xCP
SP = 1.2x1,250,000

= Le 1,500,000.00
To make a profit of 20%, the factory should sell a tank for Le 1,500,000.00.
f. Given: cost price of Le 15,000.00 per dozen, selling price of 3 for Le 10,000.00

total selling price per dozen = 4 x 10,000 = Le40,000.00
percentage profit = SPC_PCP x 100
— 40,000-15,000 % 100
15000
= B9y 100 = 1662%
15000 3

The trader made a percentage profit of 166%% (or 166.67%).
g. Given: cost price of Le 180,000.00, percentage loss of 2.5%

multiplier = 1—22=0.975
100
SP = 0.975xCP
SP = 0.975 x 180,000

Le 175,500.00
The fishmonger sold the fish for Le 175,500.00.
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h. Given: profit of small shop increased this year by 10% to Le 22,000,000.00.

Letx = Lastyear’s profit
profit for this year = 1.1x
22,000,000 = 1.1x
x = 2220 — 1¢20,000,000.00

1.1
The shop made a profit last year of Le 20,000,000.00.

Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L065 in the Pupil
Handbook.

[QUESTIONS]

a.

John buys a set of bicycle pumps for Le 40,000.00 and sells them for Le
50,000.00. Find his percentage profit.

. A man bought a car for Le 15,000,000.00. He later sold it for Le 12,000,000.00.

What was his percentage loss on the sale of the car?

. Akin bought a television set at the second-hand shop. He sold it for Le

2,500,000.00. If he made a profit of 25%, how much did he buy the television for?

. A motor bike was sold for Le 4,250,000.00 at a loss of 15%. Find the cost price.
. A factory produces water tanks. The cost of making a tank is Le 1,250,000.00. How

much should the factory sell a tank if they want to make a profit of 20%?
A trader bought oranges at Le 15,000.00 per dozen. He sold them at 3 for Le
10,000.00. Calculate his percentage profit.

. A fishmonger bought fish at Le 180,000.00. If she made a loss of 2.5%, for how

much did she sell them?

. The end of year profit of a small shop increased this year by 10% to Le

22,000,000.00. How much profit was made last year?
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Lesson Title: Profit and loss — Part 2 Theme: Numbers and Numeration

Lesson Number: M3-L066 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to calculate profit and loss on of this lesson plan on the board.
transactions by applying percentage.

Opening (1 minute)

1. Tell pupils that after today’s lesson they will be able to calculate profit and loss on
transactions by applying percentage.

Teaching and Learning (23 minutes)

1. Explain: Today we will focus on more complex profit and loss questions.

2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: frozen chickens imported for Le 7,500,000.00, sold for Le
11,000,000.00, import duty = 10%, sales tax = 15%)

3. Invite another volunteer to say what we have been asked to find. (Answer: % profit)

Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: frozen chickens imported for Le 7,500,000.00, sold for Le
11,000,000.00, import duty = 10%, sales tax = 15%

Step 2. Calculate the cost price.

cost price including import duty = 7,500,000 (1 + 11—000)
= 7,500,000 x 1.1 = Le8,250,000.00
cost price including salestax = 8,250,000 (1 + 11—050)
= 8,250,000 x 1.15 = Le9,487,500.00
Step 3. Calculate the percentage profit
percentage profit = SPC;PCP %X 100
percentage profit = 11’000(;?807_’:(’;87’500 x 100
- o
= 16%

Step 4. Write the answer.
The percentage profit is 16%.

4. Invite a volunteer to assess question b. i. and tell the class what information we are
given. (Answer: fishmonger bought m fish for Le 480,000.00, number rotten = 4,
selling price = Le 10,000.00 more than the cost price)

5. Invite another volunteer to say what we have been asked to find. (Answer: cost price
in terms of m)

Solution:
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b. Given: fishmonger bought m fish for Le 480,000.00, number rotten = 4, selling
price = Le 10,000.00 more than cost price

Vvi.

Let cost of one fish = y
480,000
y = -
number of fishsold = m—4 since 4 of the m fish that were rotten
selling price of one fish = y+ 10,000
= “'83:’"0 +10,000
total sum from sales = (m —4) x (48(:;?00 + 10,000) (2)
profit from sales = Le 120,000.00
total sum from sales = 480,000+ 120,000 = 600,000 (2)
Equation (1) = Equation (2)
(m — 4) x (48‘1;?00 + 10,000) = 600,000
480,000 + 10,000m — =22%° _ 40,000 = 600,000
10,000m — 22290 — £00,000 — 440000
10000m — =22 _ 160,000
Multiply throughout by m
10,000m? — 1,920,000 = 160,000m
Divide throughout by 10,000
m? — 192 16m
m?—-—16m—192 = 0
(m—-16)(m+12) 0
So, (m—-16) = 0 = m = 16
(m+12) 0 = m = -12

We ignore m = —12 as quantities cannot be negative

~ number of fishes bought

cost of one fish

The cost of one fish is Le 30,000.00.

= 16
480,000

m
480,000

16

6. Ask pupils to work with seatmates to answer question c.

7. Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:

C.

= Le 30,000.00

Given: 10 boxes of fruit at Le 20,000.00 each, sold 4 boxes for Le 25,000.00 each,

3 boxes for Le 30,000.00 and the remainder for Le 18,000.00 each

total cost = 10 x 20,000 = Le 200,000.00
number of boxes sold for
1 - 4‘ = _ =
Le 18,000.00 0-(4+3) 10=7 3
total income = 4(25,000) + 3(30,000) + 3(18,000) = Le 244,000.00
profit = 244,000 — 200,000 = Le44,000.00
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The trader made Le 44,000.00 profit.

il. average selling price = —— =

— 244,000

o Le 24,400.00

The average selling price per box = Le 24,400.00.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. and e.
2. Walk around, if possible, to check for understanding and clear misconceptions.

Invite a volunteer to come to the board to show their solution. The rest of the class

should check their solutions and correct any mistakes.

Solution:

d. Given: cost price Le 30,000.00 for 12 bottles of soft drink, 2 broken bottles,

sold 10 for a profit of 5%.

i cost of one bottle
il. selling price

selling price of one bottle

iii profit on one bottle

30,000

> Le 2,500.00
5% more than cost price

(1 + %) X cost price

1.05 x 30,000

Le 31,500.00

31;;00 since only 10 were sold
Le 3,150.00

3,150 — 2,500 = Le650.00

e. Given: profit made by dealer on generator =20%, loss made by man =10%
on sale price of Le 810,000.00

selling price by man
810,000

cost price

10% less than cost price
10 .
(1 - E) X cost price

0.9 x cost price
810,000

0.9
Le 900,000.00

dealer’s selling price

The dealer’s selling price is 20% more than the cost of the generator.

Let cost of generator
900,000

900,000
1.2
X

X
20% more than the cost of the generator

x (1 + %)
1.2x

x
Le 750,000.00

The dealer bought the generator for Le 750,000.00.
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Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L066 in the Pupil
Handbook.

[QUESTIONS]

a. A shop imported frozen chicken at a cost of Le 7,500,000.00. They paid an import
duty of 10% of the cost. They also paid a sales tax of 15% of the total cost of the
goods including the import duty. If they sold the chicken for Le 11,000,000.00,
calculate the percentage profit to the nearest whole number.

b. A fishmonger bought m fish for Le 480,000.00. She found that 4 of them were
rotten. She then sold all the remaining fish. The selling price of one fish was Le
10,000.00 more than the cost price. Find in terms of m:

I. The cost price of one fish.

I. The total number of fish that she sold.

lii. The selling price of one fish.

iv. An expression for the total sum that she received from the sale.

If she made a profit of Le 120,000 from the sales, find:

v. The total number of fish she originally bought.
vi. The cost price of one fish.

c. A trader bought 10 boxes of fruit at Le 20,000.00 each. She sold 4 boxes for Le
25,000.00 each, 3 boxes for Le 30,000.00 and the remainder for Le 18,000.00
each.

I. How much profit or loss did the trader make on the boxes of fruit?
ii. What was the average selling price per box?

d. A petty trader paid Le 30,000.00 for 12 bottles of soft drink. Two of the bottles

broke. He sold the remaining 10, making a profit of 5%. Calculate:
i. The cost price of one bottle of soft drink.

ii. The selling price of each of the 10 remaining bottles.

iii. The profit made on each bottle sold.

e. A dealer sold a generator to a man and made a profit of 20%. The man then sold it
to his uncle for Le 810,000.00 at a loss of 10%. What was the purchase price paid
by the dealer for the generator?
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Lesson Title: Hire purchase Theme: Numbers and Numeration

Lesson Number: M3-L067 Class: SSS 3 Time: 40 minutes

©

Learning Outcome Preparation
By the end of the lesson, pupils

will be able to calculate hire purchase
based on percentages.

Write the questions found at the end
of this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate hire purchase
based on percentages.

Teaching and Learning (23 minutes)

1. Explain:

There are instances when an item is bought and the full amount is paid for in
regular instalments over several months or years.

Since the item is being paid for over time, it usually costs more than the cash
price when bought outright.

This is because interest is usually added to the price of the item being sold.

In many cases, a deposit is paid for the item so that the buyer can make use of
it right away. However, the item does not belong to the buyer until it has been
paid in full.

The interest charged can be calculated using the simple interest rate based on
the length of the loan. However, more complicated formulas are used to
calculate the interest on hire purchase loans.

We will use the average time for the loan in the simple interest formula as it
gives a good approximation of the interest.

2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: Given: Le 25,000,000.00 at a SI rate of 15% per annum for 2
years)

3. Invite another volunteer to say what we have been asked to find. (Answer: the
interest paid.)

Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: Le 25,000,000.00, simple interest rate 15% per annum for 2

years.
Step 2. Calculate the interest.
remainder to be paid = 25,000,000 — 5,000,000 = 20,000,000
PRT
I =T
| = 20.000000x15x2 use T = length of loan

100
= Le6,000,000.00

Step 3. Write the answer.
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The interest received by Mr. Kargbo is Le 6,000,000.00.

Invite a volunteer to assess question b. and tell the class what information we are

given. (Answer: deposit 30% of the cash price, 4 monthly instalments charged at a
simple interest rate of 20% on the remainder, cash price is Le 2,250,000.00)

Invite another volunteer to say what we have been asked to find. (Answer: the

remainder on which interest is charged and the monthly instalments)

b. Given: deposit 30% of the cash price, 4 monthly instalments charged at a simple

interest rate of 20% on the remainder, cash price is Le 2,250,000.00

30
(1 - E) X 2,250,000 = Le1,575,000.00

1+4

2
5
2
PRT

100
Le 65,625.00
1,575,000 + 65,625
1,640,625
4
Le 410,156.25.00

2.5
= 2.5 months = years
1,575,000x20%2.5
100x12

Interest is charged on Le 1,575,000.00 with 4 monthly instalments of

4.
5.
Solution:

i remainder

il. average time, T

I

total cost over 4 months

monthly instalment

Le 410,156.25.00.

6.
7.

Ask pupils to work with seatmates to answer question c.
Invite a volunteer to show their solution on the board. The rest of the class should

check their solution and correct any mistakes.

Solution:

c. Given: cost of refrigerator is Le 2,000,000.00, amount deposited Le
500,000.00, balance paid in 12 monthly instalments of Le 150,000.00.

i. total for instalment

total cost

il. interest paid
iii. average time, T

150,000 x 12
500,000 + 1,800,000

2,300,000 — 2,000,000
1+12

2
13

2
Ix100

PT
300,000x100x12

2,000,000%6.5
27.69%

Le 1,800,000.00
Le 2,300,000.00
Le 300,000.00

= 6.5months = %years

The total cost paid by Miss Koroma is Le 2,300,000.00; interest paid is Le
300,000.00 and the approximate interest rate is 27.7% to 1 d.p.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. and e.
2. Walk around, if possible, to check the answers and clear any misconceptions.
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3.

Invite a volunteer to come to the board to show their solution. The rest of the class

should check their solutions and correct
Solution:

any mistakes.

d. Given: cost of oven = Le 1,687,500.00 = 12.5% more than cash price, initial
deposit = 20% of cash price, balance in 6 monthly instalments

I (1 + E) x cash price of oven
100

1.125 x cash price of oven

cash price of oven

initial deposit

. remainder to be paid

amount per instalment

iii. average time, T

interest,

I
R =
R

Mrs. Mansaray paid an initial dep

1,687,500
1,687,500

1,687,500
1.125

2% % 1,500,000
100
1,500,000 — 300,000

1,200,000

6
1+6

Le 1,500,000.00

Le 300,000.00

Le 1,200,000.00
Le 200,000.00

7

> 3.5 months
1,687,500 — 1,500,000

IX100

PT
187,500x100x12

1,200,000x3.5

53.57%

35 ears
12 y
Le 187,500.00

osit of Le 300,000.00; the monthly instalment

is Le 200,000.00 and approximate interest rate is 53.6% to 1 d.p.
e. Given: deal from shop — deposit 50% of the cash price, pay remainder in 12

monthly instalments

i. For cash price of Le 3,000,000.00 and monthly instalments of Le 150,000.00

deposit

total for instalments
total cost

il. interest paid

1+12

iii. average time, T >

50% of cash price
Le 1,500,000.00
150,000 x 12
1,500,000 + 1,800,000
Le 3,300,000.00
3,300,000 — 3,000,000

=% 3,000,000
100

Le 1,800,000.00

Le 300,000.00
13

= 6.5 months = %years
R = IX100
PT
R - 300000x100x12 P = 1,500,000 is the remaining

1,500,000x6.5

36.92%

amount

The depositis Le 1,500,000.00, with interest paid of Le 300,000.00 at an
approximate interest rate of 36.9% to 1 d.p.
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Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L067 in the Pupil
Handbook.

[QUESTIONS]

a.

Mr. Kargbo wants to buy a car on sale at Le 25,000,000.00 cash. He paid Le
5,000,000.00 deposit and 15% simple interest charged on the remainder for 2

years. How much interest did he pay?

A retailer offers the following hire purchase terms on generators:

Deposit 30% of the cash price, then 4 monthly instalments charged at a simple
interest rate of 20% on the remainder. If the cash price is Le 2,250,000.00, find:
I.  The remainder on which interest is charged.

ii. The monthly instalments.

The cash price for a refrigerator is Le 2,000,000.00. Miss Koroma paid a deposit of
Le 500,000.00 for the refrigerator. If the balance was paid in 12 monthly
instalments of Le 150,000.00, find:

i.  The total amount paid for the refrigerator.

ii. The interest charged.

iii. The approximate rate of interest to 1 decimal place.

Mrs. Mansaray bought an oven on hire purchase for Le 1,687,500. She paid
12.5% more than if she had paid cash for the oven. If she made an initial deposit
of 20% of the cash price and then paid the rest in 6 monthly instalments, find:

iii.  The initial deposit.

iv. The amount of each instalment.

v. The approximate rate of interest to 1 decimal place.

A shop selling television sets has the following deal on offer:

Deposit 50% of the cash price and pay the rest in 12 monthly instalments.

If the cash price is Le 3,000,000.00, and the monthly instalments is Le 150,000.00:
i. How much will a buyer pay for the television set?

ii. Whatis the interest charged on the television set?

iii.  What is the approximate rate of interest? Give your answer to 1 decimal

place.
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Lesson Title: Discount

Theme: Numbers and Numeration

Lesson Number: M3-L068

Class: SSS 3 Time: 40 minutes

@ Learning Outcome

By the end of the lesson, pupils
will be able to calculate discount on a
transaction by applying percentage.

Preparation
Write the questions found at the end
of this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate discount on a

transaction by applying percentage.

Teaching and Learning (23 minutes)

1. Explain:

e A discount is given in shops when customers buy in bulk or when there is a

special offer.

e The discount is usually given as a percentage of the original price.

e The original price is 100% or 1 (

:)

e We use a multiplier which is given by 1 — % where R is the percentage

discount.

2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: Given: cost for gas cooker is Le1,250,000.00 with a 20% discount

offer)

3. Invite another volunteer to say what we have been asked to find. (Answer: how

much the customer pays)
Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: cost for gas cooker is Le 1,250,000.00 with 20% discount offer.
Step 2. Calculate how much the customer pays.

multiplier =1

amount paid = 0.8 x 1,250,000

Step 3. Write the answer.

= 1-0.2

Le 1,000,000.00

The customer pays Le 1,000,000.00
4. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: cost price Le 250,000.00, discounted price Le 212,500.00)
5. Invite another volunteer to say what we have been asked to find. (Answer:

percentage discount)
Solution:

b. Given: cost price Le 250,000.00, discounted price Le 212,500.00

discount =

250,000 — 212,500 = Le 37,500.00
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37,500

percentage discount = 250,000 x 100

= 15%
The percentage discount is 15%.
6. Invite a volunteer to assess question c. and tell the class what information we are
given. (Answer: Given: cost price Le 4,500,000.00, percentage discount 33296)

7. Invite another volunteer to say what we have been asked to find. (Answer:

discount)
Solution:
C. Given: cost price Le 4,500,000.00, percentage discount 3329
i. percentage discount = 33;%
= since 3310 =196 = s _ 100 _
100 3x100
discount = 4,500,000

= Le 1,500,000.00
4,500,000 — 1,500,000
= Le 3,000,000.00
The buyer pays Le 3,000,000.00.
8. Ask pupils to work with seatmates to answer question d.
9. Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
d. Given: cost per book is Le 1,500.00, 15% discount for more than 500 books,
20% discount for more than 1,000 books.

il. amount paid

i. 750 books: discount per book = %50 %X 1,500 = Le 225.00
amountsaved = 225X 750
= Le168,750.00
ii. 1,250 books discount per book = % X 1,500 = Le 300.00
amountsaved = 300 x 1,250

= Le 375,000.00
The school saved Le 168,750.00 when they bought 750 books and
Le 375,000.00 when they bought 1,250 books.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e., f., g. and h.
2. Walk around, if possible, to check the answers and clear misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
e. Given: 5% discount on all items in the shop
. 5
multiplier = 1 - o0 = 1-0.05
= 0.95
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bag of flour at Le 55,000.00:
new price

0.95 x 55,000
= Le 52,250.00
bag of onions at Le 75,000.00

new price = 0.95 x 75,000
= Le71,250.00
box of tomato puree at Le 60,000.00
new price = 0.95 x 60,000
= Le 57,000.00
The new prices are Le 52,250.00 for a bag of flour, Le 71,250.00 for a bag of onions
and Le 57,000.00 for a box of tomato puree.
Given: discounted price Le 2,800,000.00, discount 20%

Let original price = «x
. 20
multiplier = 1-— o0 = 1-0.2
= 0.8
0.8xx = 2,800,000
_ 2,800,000
X = 0.8

x = Le3,500,000.00
The original price of the television set was Le 3,500,000.00.
Given: original discount is 15%, further additional 10% discount, cost of item is Le

48,000.00
.. 15
multiplier = 1-—= = 1-0.15
0.85
discounted price = 0.85 x 48,000 = Le 40,800.00
T 10
multiplier = 1-— o0 = 1-0.1
= 0.9
new price = 0.9 x 40,800
= Le 36,720.00
% profit lost = —48’022532’720 x 100
= 2% 100
48,000
= 23.5%

The retailer sells the item for Le 36,720.00 at a percentage loss of 23.5%.
Given: Le 52,000.00 per bag for the first 12 bags and Le 50,000.00 per bag for any
additional bags bought.
12

first 12 bags = % 52,000 = Le 624,000.00
remainder = 8 x 50,000 = Le 400,000.00
total cost = 624,000 + 400,000

= Le 1,024,000.00
20 bags of cement cost Le 1,024,000.00.
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Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L068 in the Pupil
Handbook.

[QUESTIONS]

a. A gas cooker costs Le 1,250,000.00. If the shop offers a customer 20% discount,

b.

how much will the customer pay for the cooker?
What percentage discount was given on an item reduced from Le 250,000.00 to Le
212,500.00?
A motor bike costs Le 4,500,000.00. The shop gives a discount of 33:% for cash.
iv. How much will a buyer save by paying cash for the motor bike?

v. How much will the buyer pay for the motor bike?

. A school buys exercise books from a supplier. He gives the school 15% discount if

they buy more than 500 and 20% discount for buying over 1,000 books. If each
book costs Le 1,500.00, how much will they save if they buy:
i. 750 books ii. 1,250 books?

. A shop decided to reduce all its price by 5% for a month. What is the new price of

each of the items below?
iv. Bag of flour, Le 55,000.00.
v. Bag of onions, Le 75,000.00.
vi. Box of tomato puree, Le 60,000.00.
Mrs. Davies bought a television set reduced by 20% What was the original price if
the discounted price was Le 2,800,000.00?

. A retailer discounted her prices by 15% for a month. She then gave a further 10%

off the discounted price.
i. How much will an item originally costing Le 48,000.00 now cost?
ii. How much percentage profit will she lose by selling at this price?

. A building materials store sells cement for Le 52,000.00 per bag for the first 12

bags and Le 50,000.00 per bag for any additional bags bought. How much will you
pay for 20 bags of cement?
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Lesson Title: Depreciation Theme: Numbers and Numeration

Lesson Number: M3-L069 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to calculate depreciation of this lesson plan on the board.
using percentages.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate depreciation by
applying percentage.

Teaching and Learning (23 minutes)

1. Explain:

e Many goods lose their value over time as they get older and are no longer in
prime condition. Examples are cars, computers, mobile phones and most
electrical appliances.

e This decrease in value is called depreciation.

¢ In a previous lesson, we looked at calculating compound interest using a
formula.

n
Invite a volunteer to give the formula. (Answer: A = P (1 + %) )

3. Explain:
e We can use a similar formula to calculate depreciation.
e With compound interest the value appreciates or increases over time, but with
depreciation it depreciates, or decreases, over time.
4. Ask pupils to discuss how they think the formula will change.
5. Invite a volunteer to give the answer. (Example answer: for depreciation, the
percentage rate will be subtracted)
6. Write on the board:
e The value at the end of a particular time period is given by:
V- R \" where V = Value at the end of the period
=P (1 a E) R = rate of depreciation
P = Original price
n = Period
e The rate of depreciation can be found using the formula:
R = ==x100
7. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: original cost of car = Le 25,000,000.00, depreciates at 20% per

annum)
8. Invite another volunteer to say what we have been asked to find. (Answer: value at

the end of 1 and 3 years)
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Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: original cost of car = Le 25,000,000.00, depreciates at 20%

per annum.

Step 2. Calculate the value at the end of each period.

P(t-1

¢

100

25,000,000 (1 - ﬂ)l

= Le 20,000,000.00

V =
I lyear: V =
i. 3years: V =

20

25,000,000 (1 - —)3

100

= Le12,800,000.00

Step 3. Write the answers.

The value after 1 year is Le 20,000,000.00.
The value after 3 years is Le 12,800,000.00.
9. Invite a volunteer to assess question b. and tell the class what information we are

given. (Answer: motor bike costs Le 4,500,000.00, depreciates 18% the first year
and 15% the second and subsequent years)

10.

and average rate of depreciation after 5 years)

Solution:

Invite another volunteer to say what we have been asked to find. (Answer: value

b. Given: motor bike costs Le 4,500,000.00, depreciates 18% the first year and
15% the second and subsequent years.

|4
I. After 1 year, V

After 4 more years, V

il. average rate

After 5 years, the motor bike is worth Le 1,926,203.06.

P(1-55)

4,500,000 (1 - 3)1

100

3,690,000 (1 - 1—5)4

100

B 165%

2

The average rate of depreciation is 16.5%.
11. Ask pupils to work with seatmates to answer question c.

12.

Invite a volunteer to show their solution on the board.

Le 3,690,000.00

Le 1,926,203.06

13. The rest of the class should check their solution and correct any mistakes.

Solution:

c. Given: gas cooker depreciates 15% per annum, value after 2 years is

Le 614,125.00.

n
Vo= _ R
P (1 100)2
614,125 = p(1 _1_5)
100
= P x0.852
614,125 = 0.7225P
P 614,125
0.7225
= Le850,000.00
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The original price of the gas cooker was Le 850,000.00.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d., e. and f.
2. Walk around, if possible, to check for understanding and clear misconceptions.

Invite a volunteer to come to the board to show their solution. The rest of the class

d. Given: refrigerator costs Le 2,250,000.00 new, Le 1,845,000.00 after 1 year.

pP-v
— X 100
2,250,000—1,845,000

2,250,000
405,000

2,250,000

x 100

x 100

3.
should check their solutions and correct any mistakes.
Solution:
R =
R =
R =

The rate of depreciation is 18%.

18%

e. Given: rate of depreciation is 15%, initial cost of car = Le 30,000,000.00, kept

for 4 years
i vV =

V =

I. selling price as percentage =

P(1-3)
15

30,000,000 (1 - —)4

100

Le 15,660,187.50
15,660.187.50 . 41

30,000,000
52.2%

The car cost Le 15,660,187.50 after 4 years, 52.2% of the original price.
f. Given: computer costs Le 2,500,000.00, depreciates by 20% in the first year,
15% the second year and 12% the third year.

V =

I After Lyear,V =

After 2 years, V

After 3years, V =

P1-5G)
20

2,500,000 (1 - —)1

Le 2,000,000.00
100

1
2,000,000 (1 — i) = Le 1,700,000.00

100

1
1,700,000 (1 _ i) — Le 1,496,000.00

100

The computer’s value after 3 years is Le 1,496,000.00

il. percentage loss =

percentage loss =

PSP 100
CP

2,500,000—-1,496,000
2,500,000

1,004,000
x 100
2,500,000

40.16%

x 100

The computer sold at a loss of 40%.
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Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L069 in the Pupil
Handbook.

[QUESTIONS]

a. A car costs Le 25,000,000.00. It depreciates by 20% per annum. Find its value
after:
i. 1year ii. 3years
b. A motor bike costs Le 4,500,000.00. Its value depreciates by 18% the first year and
15% in the second and subsequent years.
I. What is its value at the end of 5 years? Give your answer to 2 decimal places.
ii. What was the average rate of depreciation over the 5 years?
c. A gas cooker depreciates at a rate of 15% per annum. If its value after 2 years is
Le 614,125.00, what was its original price?
d. Find the rate of depreciation of a refrigerator which costs Le 2,250,000.00 to buy
new and is valued at Le 1,845,000.00 after 1 year.
e. The value of a car depreciates at 15% per annum. A man keeps a car for 4 years
and then sells it. If the car initially costs Le 30,000,000.00 find:
I. Its value after 4 years.
ii. The selling price as a percentage of the original value.
f. A computer costs Le 2,500,000.00. Its value depreciates by 20% the first year,
15% the second year and 12% the third year.
i. What is its value at the end of the third year?
ii. If the owner decides to sell it at that price, what is the percentage loss on the
original price to the nearest whole number?
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Lesson Title: Financial partnerships Theme: Numbers and Numeration
Lesson Number: M3-L070 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to calculate financial of this lesson plan on the board.
partnerships using percentage.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate financial
partnership using percentage.

Teaching and Learning (20 minutes)

1. Explain:

e When 2 or more people come together and invest money for the purpose of
providing goods or services at a profit, it is called a financial or business
partnership.

e Partnerships are usually formed by professionals such as lawyers, doctors,
architects and engineers who wish to pool their resources together.

¢ In many instances, the partners pay out profit in proportion to the money or
capital invested.

2. Invite a volunteer to assess question a. i. and tell the class what information we are
given. (Answer: Given: Mustapha and Ahmed invested Le 15,000,000.00 in a
business in the ratio 3 : 2 respectively)

3. Invite another volunteer to say what we have been asked to find. (Answer: each
partner’s investment)

Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: Mustapha and Ahmed invested Le 15,000,000.00 in a business

in the ratio 3 : 2 respectively.
Step 2. Calculate each partner’s investment.

I. total number of parts = 342 = 5
Mustapha’s investment = % x 15,000,000 = Le9,000,000.00
Ahmed’s investment = %x 15,000,000 = Le 6,000,000.00
Step 3. Calculate each partner’s profit.
il. Mustapha’s profit = % X 6,000,000 = Le3,600,000.00
Ahmed’s profit = Ex 6,000,000 = Le 2,400,000.00

Step 4. Write the answers.
Mustapha invested Le 9,000,000.00 and made a profit of Le 3,600,000.00.
Ahmed invested Le 6,000,000.00 and made a profit of Le 2,400,000.00.
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4. Invite a volunteer to assess question b. and tell the class how much each sister
contributed. (Answer: Kemi contributed Le 5,600,000.00, Yemi contributed Le
2,400,000.00)

5. Invite another volunteer to say what we have been asked to find in b. i. (Answer: the
amount reserved for re-investment)

Solution:
b. Given: Kemi contributed Le 5,600,000.00, Yemi contributed Le 2,400,000.00,
i. total contribution = 5,600,000 + 2,400,000 = Le 8,000,000.00
profit = % % 8,000,000 = Le5,600,000.00
amount reserved for 20
re-investment = 100 X 5,600,000 = Le 1,120,000.00
The amount reserved for re-investment is Le 1,120,000.00.
il. remaining profit = 5,600,000 — 1,120,000 = Le 4,480,000.00
amount paid into a 25 _
trust fund 00 X 4,480,000 = Le112,000.00
The amount paid into a trust fund is Le 112,000.00.
iii. remaining profit = 4,480,000 — 112,000 = Le4,368,000.00
ratio of contribution 2,600,000 - 7
2,400,000 3
total number of parts = 7+ 3 = 10
Kemi's share = % x 4,368,000 = Le 3,057,600.00
Yemi's share = 13—0 % 4,368,000 = Le1,310,400.00
iv. percentage share for 3,057,600
Kemi = 5600000 x 100 = 54.6%
percentage share for 1,310,400 _
Femi = 2400000 x 100 = 54.6%

Kemi’s share of the profit is Le 3,057,600.00 which is 54.6% of her contribution.
Yemi’s share of the profit is Le 1,310,400.00 which is 54.6% of her contribution.
6. Ask pupils to work with seatmates to answer question c.
7. Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:

c. Given: Peter, John and Mary invested Le 3,000,000.00, Le 2,400,000.00 and
Le 3,600,000.00 respectively
I ratio of contribution

Peter: John: Mary = 3,000,000 : 2,400,000 : 3,600,000
divide throughout by 600,000
Peter:John:Mary = 5:4:6
totalrato = 54446 = 15

Peter’s share of the profit = % % 2,700,000 = Le900,000.00

John's share of profit = —=x 2,700,000 = Le 720,000.00

Mary’s share of profit = % % 2,700,000 = Le1,080,000.00

ii.  percentage share for Peter = 39;);60320 x 100 = 30%
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Practice (18 minutes)

1. Ask pupils to work independently to answer question d.

2. Walk around, if possible, to check for understanding and clear misconceptions.

3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.
Solution:

d. Given: total capital invested of Le 45,000,000.00 by Mr. Koroma and Mr.
Kamara in the ratio 2 : 1 respectively.

I. total numberofparts = 2+1 = 3
Mr. Koroma’s contribution = gx 45,000,000 = Le30,000,000.00
Mr. Kamara’s contribution = %x 45,000,000 = Le 15,000,000.00
Let total profit = x
Mr. Koroma'’s share of the profit
6% as manager = % X x = 0.06x
4% of investment = —-x30,000,000 = Le 1,200,000.00
Mr. Kamara’s share of profit
4% of investment = —x 15,000,000 = Le 600,000.00
profit shared so far = 0.06x + 1,200,000 + 600,000

= 0.06x + 1,800,000
remaining profit = x — (0.06x + 1,800,000)
= 0.94x — 1,800,000
The remaining profit is shared in the ratio of the partners’ investments.

Mr. Koroma’s share = %(0.94x —1,800,000) = 0.626x — 1,200,000
Mr. Kamara’s share = §(0.94x —1,800,000) = 0.313x — 600,000
Mr. Koroma’s share of the total profit = Le 4,000,000.00
4,000,000 = 0.06x + 1,200,000 + 0.626x — 1,200,000
4,000,000 = 0.686x
x = 2000000 Le 5,830,903.79

0.686
The total profit to the nearest thousand Leones is Le 5,831,000.00

il. Mr. Kamara’s share of the total profit = 5,831,000 — 4,000,000
= Le 1,831,000.00

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L070 in the Pupil
Handbook.

[QUESTIONS]

a. Mustapha and Ahmed invested Le 15,000,000.00 in a business in the ratio 3 : 2
respectively.
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i. How much did each partner invest?
ii. If they shared Le 6,000,000.00 profit in the same ratio as their investments,
how much did each receive?

b. Two sisters, Kemi and Yemi, entered into a business partnership. Kemi contributed
Le 5,600,000.00 and Yemi contributed Le 2,400,000.00. At the end of the year,
they made a profit of 70% of their total contribution. Twenty percent of the profit
was reserved for re-investment and 2.5% of the remaining profit was paid into a
trust fund for their children. If they shared the remaining profit in the ratio of their
contributions, find:

i. The amount reserved for re-investment.

ii. The amount paid into the trust fund.
iii. The amount received by each partner as her share of the profit.
iv. Each sister’s share as a percentage of her contribution.

c. Peter, John and Mary invested Le 3,000,000.00, Le 2,400,000.00 and Le
3,600,000.00 respectively in a small shop.

i. How should they share a profit of Le 2,700,000.00 if they agree to share it in
proportion to their investments?
ii. Express Peter’s profit as a percentage of his investment.

d. Mr. Koroma and Mr. Kamara entered into a financial partnership with a total capital
of Le 45,000,000.00. They agreed to contribute capital in the ratio 2 : 1
respectively. The profit was shared as follows: Mr. Koroma was paid 6% of the total
profit for his services as a manager. Each partner was paid 4% of the capital he
invested. The remainder of the profit was then shared in the ratio of the capital
invested. If Mr. Koroma’s share of the total profits was Le 4,000,000.00, find:

i. The total profit for the year to the nearest thousand Leones.
ii. Mr. Kamara’s share of the total profits.

93



Lesson Title: Foreign exchange

Theme: Numbers and Numeration

Lesson Number: M3-L071

Class: SSS 3 Time: 40 minutes

@ Learning Outcome
By the end of the lesson, pupils

will be able to convert one type of

currency to another based on given rates
using ratio and proportion.

Preparation
1. Write the tables below on

board.

this lesson plan on the board.

the

2. Write the questions found at the end of

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to convert one type of currency
to another based on given rates using ratio and proportion.

Teaching and Learning (20 minutes)

Country Currency Symbol
1. Explain: Ghana Cedi GH¢
e Every country has its own currency | Sambia Dalasi D
hich it uses for its mone Germany Euro €
W _ _ y: Great Britain Pounds £
e The table on the right gives some Nigeria Naira N
countries and currencies. Sierra Leone Leones Le
e The exchange rate is the rate at United Sates Dollars $
which one unit of a particular currency is converted to another currency.
e There are usually two rates — the buying and the selling rate.
e The table shows the buying and selling
. . . Currency Buying Selling
rate_s in a bank for various currencies ona =555 Lo 8,600 Ce 8,900
particular day. GH¢ 1.00 |Le 1,500 Le 1,560
GMD1.00 |Le 150 Le 156
. The. bank buys from customers.at the N 100 550 [50.80
buying rate and sells at the selling rate. £1.00 Le 9.500 Le 9.800
e The selling rate is higher than the buying $1.00 Le 7,600 Le 7,900

rate. This allows the bank to make a profit in trading in the currency.
2. Invite a volunteer to assess question a. i. and tell the class what the given
information is and what we have to do. (Answer: given: Le 5,000,000.00 to buy US

$, GB £ and Gambia D)

Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: Le 5,000,000.00 to buy US $, GB £ and Gambia D
Step 2. Use the unitary method and conversion rate to calculate the
amount in the required currency.

Le 7,900.00
Le 1.00

Le 5,000,000.00

Le 9,800.00

= $1.00

1.00
$7,900

= $22 % 5,000,000
7900

= $63291
= £1.00
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10.

1.00

Le 5,000,000.00 = £——x 5,000,000
9,800

= £510.20
iil. Le 156.00 = Gambian D1.00
Le 5,000,000.00 = % % 5,000,000

= Gambian D32,051.28
Step 3: Write the answer.
Le 5,000,000.00 buys $632.91, £510.20 and Gambian D32,051.28.
Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: bank buys then sells $500.00)
Invite another volunteer to say what we have been asked to find in b. i. (Answer:
bank’s profit.)

Solution:
b. Given: bank buys then sells $500.00
$1.00 = Le7,600.00 buying rate
$500.00 = 7,600x500 = Le 3,800,000.00
$1.00 = Le7,900.00 selling rate
$500.00 = 7,900%x500 = Le 3,950,000.00

profit = 3,950,000 — 3,800,000
= Le 150,000.00
The bank makes Le 150,000.00 profit.
Invite a volunteer to assess question c. and tell the class what information we are
given. (Answer: Olu received £20.00 for his birthday)
Invite another volunteer to say what we have been asked to find in b. i. (Answer:
amount in Leones)

Solution:
C. Given: Olu received £20.00 for his birthday
£1.00 = Le9,500.00 bank buys from Olu at Le 9,500.00
£20.00 = 20x9,5500 = Le190,000.00

Olu receives Le 190,000.00 for his £20.00.
Invite a volunteer to assess question d. and tell the class what information we are

given. (Answer: Mr. Samuels wants to order goods costing GH¢45,000)
Invite another volunteer to say what we have been asked to find in b. i. (Answer:
the cost in Leones.)

Solution:
d. Given: Mr. Samuels wants to order goods costing GH¢45,000.
GH¢1.00 = Le1,560.00 bank sells to Mr. Samuels
GH¢45,000 = 45,000 1,560 = Le70,200,000.00

It costs Mr. Samuels Le 70,200,000 for GH¢45,000.
Ask pupils to work with seatmates to answer question e.
Invite a volunteer to show their solution on the board.
The rest of the class should check their solution and correct any mistakes.
Solution:
e. Given: Memuna wants to change Le 15,600,000.00 for her visit to Nigeria.
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81.00 = Le20.80 bank sells to Memuna

Le 15,600,000.00 = % = §750,000.00

Memuna changes Le 15,600,000.00 for &750,000.00.

Practice (15 minutes)

1. Ask pupils to work independently to answer question f., g., and h.
2. Walk around, if possible, to check the answers and clear misconceptions.
3. Invite a volunteer to come to the board to show their solution.
The rest of the class should check their solutions and correct any mistakes.
Solution:
f.  Given: sell various amounts of foreign currency (bank buys from customer).

i. GH¢1.00 = Le1,500.00
GH¢5000: GH¢5000 = 5,000 x 1,500 = Le7,500,000.00
. €1.00 = Le8,600.00
€200.00: €200.00 = 200 x 8,600 = Le1,720,000.00
H1.00 = Le 20
iii.  #1,500.00: #1,500.00 = 1,500 % 20 = Le 30,000.00

The customer gets Le 7,500,000.00 for GH¢5000, Le 1,720,000.00 for €200.00
and Le30,000.00 for &1,500.00.
g. Given: sell then buy $200.00 — bank buys from customer and sells to customer.

$1.00 = Le7,600.00 buying rate
$200.00 = 7,600x 200 = Le1,520,000.00
$1.00 = Le7,900 selling rate
$200.00 = 7,900x 200 = Le 1,580,000.00
amountlost = 1,580,000 — 1,520,000 = Le 60,000.00

You will lose Le 60,000.00 from selling then buying $200.00.
h. Given: Mrs. Sesay spends Le 10,000,000.00 to buy foreign currency.

81.00 = Le20.80
10,000,000

Le 10,000,000.00 = 102 = N480,769.23
£1.00 = Le9,800.00

Le 10,000,000.00 = % = £1,020.41
€1.00 = Le 8,900.00

Le 10,000,000.00 = 12290000 = €1,123.60

8,900
She needs #&480,769.23 for Nigeria, £1,020.41 for GB and €1,123.60 for Germany.

Closing (4 minutes)

1. Ask pupils to write down which rate they should use if they want to buy $100.00
from a bank. How much will they spend?

2. Invite a volunteer to answer. (Answer: selling rate, Le 790,000.00)

3. For homework, have pupils do the practice activity PHM3-L071 in the Pupil
Handbook.
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[QUESTIONS]

For each question, decide whether the bank is buying foreign currency from you or
selling foreign currency to you. Then use the appropriate rate.

Where appropriate give your answer to 2 decimal places.

a.

o Q

How much will Le 5,000,000.00 give you in the following currencies?
Use the selling rate.
i.US $ ii. GB £ iii. Gambia D

. How much profit will a bank make if they buy then sell $500.007?
. Olu received £20.00 from his uncle in London for his birthday. How much in

Leones can he buy with his birthday money?

. Mr. Samuels wants to order goods for his shop from Ghana. The goods cost

GH¢45,000. How much does this cost him in Leones?

. Memuna is going on an exchange visit to Nigeria. She wants to change Le

15,000,000.00 for the visit. How much will this be in Naira?
How much in Leones will you get for the following amounts? Use the buying rate.
i. GH¢5,000 ii. €200.00 iii. &#1,500.00

. How much will you lose if you sell then buy $200.007?
. Mrs. Sesay buys goods from all over the world for her shop. She wants to order Le

10,000,000.00 worth of goods each from Nigeria, Great Britain and Germany. How
much of each country’s currency will she need?
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Lesson Title: Additional practice with Theme: Numbers and Numeration
applications of percentage

Lesson Number: M3-L072 Class: SSS 3 Time: 40 minutes
@ Learning Outcomes Preparation
By the end of the lesson, pupils Write the questions found at the end
will be able to: = of this lesson plan on the board.
1. Calculate value added tax using
percentages.

2. Calculate the amount to be paid for
employer health insurance based on
nercentaaes.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to calculate value added tax
and the amount to be paid for employer health insurance using percentages.

Teaching and Learning (23 minutes)

1. Explain:
e Value Added Tax (VAT) is the tax charged on goods and services in some
West African countries such as Ghana.
It is similar to the Goods and Services (GST) tax charged in Sierra Leone.
e If the VAT / GST is given as x%, then

VAT /GST = basic cost><1’.‘7O

Cost of goods/services = basic cost x (1 + %)

e Basic cost is exclusive of VAT / GST. This is the cost before the tax is added.
¢ In the questions below, take VAT to also mean GST
2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: electric oven sold at Le 1,250,000.00 +VAT, VAT charged at 15%)
3. Invite another volunteer to say what we have been asked to find. (Answer: cost of
the oven)
Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: electric oven sold at Le 1,250,000.00 + VAT, VAT is charged at
15%
Step 2. Calculate the cost of the oven.

cost of oven = basic cost x (1 + %)

costofoven = 1,250,000 x (1+-=) = 1,250,000 x 1.15
= Le1,437,500.00
Step 3. Write the answer.
The electric oven cost Le 1,437,500.00.
4. Invite a volunteer to fully assess question b. (Answer: woman’s restaurant bill of
Le 69,000.00, VAT charged at 15%, find the VAT charged)
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Solution:
b. Given: woman’s restaurant bill of Le 69,000.00, VAT charged at 15%)

cost of service = basic cost x (1 + i)
100
Let basiccost = y
15
69,000 = yx(1+=)
69,000 = 1.15y
69,000
y = 25 = Le60,000.00
VAT = 69,000 —- 60,000 (or 0.15 x 60,000)
= Le9,000.00
The woman paid VAT of Le 9,000.00.

Explain:
e Some countries in West Africa add a levy called the National Health Insurance
Levy (NHIL) to goods and services to cover National Health Insurance.

e [tis added to the VAT and charged on the basic cost of goods and services.
Invite a volunteer to fully assess question c. (Answer: VAT and NHIL inclusive price
of computer is Le 5,170,000.00. VAT charged at 15%, NHIL charged at 2.5%, find
the VAT and NHIL charged)

Solution:

c. Given: VAT and NHIL inclusive price of computer is Le 5,170,000.00. VAT
charged at 15%, NHIL charged at 2.5%.

totalrate = 15+ 2.5 = 175
i. cost of computer = basic cost X (1 + %s)
5,170,000 = basic cost x (1.175)
. 5,170,000
basic cost = 175 = Le4,400,000.00
i, NHIL = basic cost x MiLrate
100
= 4,400,000 x 1%?) = Le110,000.00
i VAT = basic cost x VAfO?te
= 4,400,000 x 11750 = Le660,000.00

The basic cost of the computer is Le 4,400,000.00, the NHIL is Le 110,000.00
and the VAT is Le 660,000.00.
Ask pupils to work with seatmates to answer question d.

Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
d. Given: VAT rate is 12%%, NHIL rate is 2%, basic cost of item was Le 675,000.00
total rate charged = 122+2 = 14%
cost of item = basic cost x (1 + i'5)
100
= 675,000 x 1.145 = Le 772,875.00

The cost of the item was Le 772,875.00 inclusive of VAT and NHIL.
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Practice (15 minutes)

1. Ask pupils to work independently to answer questions e., f. and g.

6,000
The VAT rate is 17.5%.

2. Walk around, if possible, to check for understanding and clear any misconceptions.
3. Invite a volunteer to come to the board to show their solution. The rest of the class
should check their solutions and correct any mistakes.
Solution:
€. Given: basic cost Le 600,000.00. The VAT inclusive cost Le 705,000.00.
VAT = 705,000—-600,000 = Le105,000.00
. X
VAT = basic cost x 700
X
105,000 = 600,000 x 700
105,000 = 6,000x
x = 105,000 _ 17.5%

Given: Mr. Cole bought 5 shirts at Le 25,000.00 each, 2 pairs of trousers at Le
40,000.00 each, a pair of shoes for Le 75,000.00, and a leather belt for Le

10,000. The VAT rate is 12.5%.

cost of shirts = 25,000 x5 = Le125,000.00
cost of trousers = 40,000 x 2 = Le 80,000.00
total amount = 125,000 + 80,000 + 75,000 + 10,000 = Le 290,000.00
total VAT charged = basic cost x %
= 290,000 X = = Le36,250.00
total amount paid = 290,000 + 36,250 = Le 326,250.00

Mr. Cole paid a VAT exclusive amount of Le 290,000.00, VAT of Le 36,250.00

and a total inclusive amount paid of Le 326,250.00.

Given: cost of motor bike Le 12,925,000.00, VAT 15%, NHIL 2.5%.

totalrate = 2.5+ 15
Let basiccost = vy
cost of motor bike = basic cost x (1 + i)
100
17.5
12,925,000 = yx (1 + E)
_ 12,925,000
y = 1.175
= Le11,000,000.00
. X
NHIL = Dbasic cost x 700
= Le 275,000.00
. X
VAT = basic cost x 0

= Le1,650,000.00

The basic cost of the motor bike is Le 11,000,000.00,
the VAT is Le 1,650,000.00.

100

= 175

= 1.175y

= 11,000,000 x ==
100
= 11,000,000 x ==
100

NHIL is Le 275,000.00 and



Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L072 in the Pupil
Handbook.

[QUESTIONS]

a.

An electric oven is sold at Le 1,250,000.00 + VAT. How much will the oven cost
inclusive of VAT charged at 15%?

. After eating in a restaurant, a woman'’s bill came to Le 69,000.00 inclusive of VAT.

If VAT is charged at 15%, how much did she pay for VAT?
The VAT and NHIL marked inclusive price of a computer is Le 5,170,000.00. The
VAT is charged at 15% and the NHIL is charged at 2.5%. Find:

i. The cost of the computer (VAT and NHIL exclusive);

ii. The NHIL charged; iii. The VAT charged.

. The VAT rate of a country is 1229 and the NHIL rate is 2%. The basic cost of an

item was Le 675,000.00. Find the full cost of the item.

. Goods sold exclusive of VAT cost Le 600,000.00. When VAT is added they cost Le

705,000.00. How much is the VAT rate?
Mr. Cole bought the following items exclusive of VAT: 5 shirts at Le 25,000.00
each, 2 pairs of trousers at Le 40,000.00 each, a pair of shoes at Le 75,000.00 and
a leather belt at Le 10,000.00. If the VAT rate is 12.5% Calculate:

i.  The total amount exclusive of VAT; ii. The amount charged for VAT,

iii. The total amount Mr. Cole paid for the items.

. The VAT and NHIL marked inclusive price of a motor bike is Le 12,925,000.00.

The VAT is charged at 15% and the NHIL is charged at 2.5%. Find:
i.  The cost of the motor bike (VAT and NHIL exclusive);
ii.  The NHIL charged, iii.  The VAT charged.
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Lesson Title: Introduction to vectors Theme: Vectors and Transformations
and scalars
Lesson Number: M3-L073 Class: SSS 3 Time: 40 minutes
@ Learning Outcomes Preparation
By the end of the lesson, pupils 1. Draw grid measuring 16 squares
will be able to: = across and 16 squares down on the
1. Define and describe vectors and board.
scalars and their uses. 2. Write the INFORMATION FOR
2. Use correct notation and TEACHING AND LEARNING found at the
representation for vectors. end of this lesson plan on the board.
3. Write questions a. and b. on the board.

Opening (4 minutes)

1. Ask pupils to write down 2 things they notice about the lines on the board.

2. Invite volunteers to give their answers. (Example answers: The lines are all the
same length (5 cm); the lines go in different directions.)

3. Tell pupils that after today’s lesson, they will be able to define and describe vectors
and scalars and their uses.

Teaching and Learning (20 minutes)

1. Explain:

e The lines on the board are all the same length or size but go in different
directions.

e |If we are asked to draw a line 5 cm long, we could draw any one of the lines
on the board.

e To draw a specific line we would need both the length and the direction in
which to draw them.

e Aline which has both length and direction is called a vector.

e The length of the vector is called its magnitude or size.

2. Ask pupils to write the definitions below in their exercise books.

e A vector is any quantity which has both magnitude and direction.
Examples of vectors are displacement (translation), velocity, and force.

e A scalar is any quantity which has only magnitude but no direction.
Examples of scalars are distance, speed, and time.

3. Ask pupils to look at the list on the board and to write down which words describe a
vector and which a scalar quantity.

4. After 1 minute, invite volunteers to answer. (Answers:
vectors — weight, momentum, acceleration, impulse;
scalars — mass, temperature, length, area, volume)

5. Draw a vector similar to the one on the right.

6. Explain:

e Vectors are represented in various ways.

(=)
e,“‘wb
((\'6
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e The simplest representation is as a line segment with the length equal to the
magnitude of the vector and an arrow indicating its direction.

e This vector shows a displacement of a point from position A to position B.

e |t can be written in many ways:

AB,AB,AB,3,3,3,a

[NOTE: Hand-written vectors can be represented using arrows, over- or
under-bars. Use whatever is familiar to you.]

e Vectors written in lowercase letters are called position vectors.
We will learn more about position vectors in a later lesson.

7. Explain:

e Vectors can be represented on a Cartesian
plane as shown at right.
Consider the vector AB:
it can be written as a column matrix or
column vector:

N

b -

AB=a= (9
e The vector is drawn by starting at point A,
moving 5 units to the right and 3 units up.
* Ingeneral, any vector AB = ({) has 2 components:
the horizontal component a measured along the x-axis, and the vertical
component, b measured along the y-axis from point A to point B.

¢ Any move to the left or downwards is movement in the negative direction.
8. Invite a volunteer to assess problem a. and tell the class what information we are

<
°Hmu¢-mc-q|

A
f/
5
3| 4

.
X

ey
L

given. (Answer: given: line segments AB, HI, Ij and TK)
9. Invite another volunteer to say what we have been asked to find. (Answer: write as

. X
column vectors in the form (y))

Solution:
a. Step 1. Assess and extract the given information from the problem.
Given: line segments AB, HI, Ij and JK
Step 2. Write each line segment as a column vector.
Show clearly how the positive and negative components of the
vector are measured on the grid.

B = ()
A= (25)
7= ()
i’ = ()

10.Invite a volunteer to assess question b. and tell the class what information we are

given. (Answer: Given: column vectors: 4B = (:é)ﬁj = (_97) JEF = (g))
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11.Invite another volunteer to say what we have been asked to find. (Answer: draw
given column vectors as line segments)
Solution:

b. Given: column vectors: AB = (:g)C_lj = (_97)ﬁ = (g)

e Draw the column vectors as line segments on the grid on the board.
(shown below)

N F
\‘ ™| 3
I
N\
N |
|
C
D

12.Explain:
e There is one important exception to vectors having magnitude and direction.
e The zero vector, denoted by 0 = (7), is the vector of zero length or
magnitude.
e |t has no length, and does not point in any particular direction.
e We call it the zero vector since there is only one vector of zero length.

Practice (15 minutes)

1. Write questions c. and d. on the board.

Ask pupils to work independently to answer questions c. and d.

Walk around, if possible, to check the answers and clear any misconceptions.
Invite volunteers to come to the board to show their solutions.

The rest of the class should check their solutions and correct any mistakes.
Solutions:

c. Given: column vectors: 04 = (5) 0B = ( 3 ) and OC = (_4)

»wn

_ \6 -5 5
i ] A i 7¢ = (:‘i) c [ ] = A

NC A =) NS

\ \L
\ \
\ \
B B
d. See diagram on the next page.
i. 73 13 i. [A —4
AB:(z) BCZ(—13)


http://mathinsight.org/zero_vector

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L073 in the Pupil
Handbook.

[INFORMATION FOR TEACHING AND LEARNING]

e Draw 5 cm lines on the grid on the board. \

e Write the words below on the board: ?’T’ﬂ o

temperature, volume, weight, momentum, length, 1
|

|
mass, impulse, acceleration, area Lines of lensth S cm

1

[QUESTIONS]

a. The line segments shown at right represent column

N

vectors ﬁ, m, T] and JK . Write these as vectors in y,

the form (;) p/

b. Draw line segments on a graph paper to represent

the following column vectors:

B _(-2\ 75 _ (-7\ 7= _ (6 A
AB = (_8),CD = ( ; ), EF = (2)
c. Draw line segments with respect to O to represent the following column vectors.

. 04= (7). 0B= (;)andoC = () ' .
il. Hence give the vector AC in the form (Z) » 5
iii. Whatis CA?

d. The points A (—6,5), B(7,7) and C(3,—6) are

shown on a grid. 3 0 :
Write each of the following vectors in the form

(Z) (Hint: Draw the lines joining the points.)
i. 4B i. BC ii.  AC ®

A |
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Lesson Title: Basic vector properties Theme: Vectors and Transformations

Lesson Number: M3-L074 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation

By the end of the lesson, pupils 1. Draw the diagram below on the
will be able identify and use basic board.

properties of vectors. B |
al -a| 17
Vd A~

A
(o)

Ve

A
[

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Invite a volunteer to give the difference between a vector and a scalar quantity.
(Answer: A vector is any quantity which has both magnitude and direction whilst a
scalar has only magnitude but no direction.)

2. Tell pupils that after today’s lesson, they will be able to use the basic properties of
vectors.

Teaching and Learning (20 minutes)

1. Refer to the diagram on the board.
2. Explain:
« Consider the vector AB shown in the diagram
AB =

a
- ©
BA = -AB

= -a

- ()

= (3)
is the inverse vector of a.
e —ais equal in magnitude (or length) to a, but opposite in direction.
e The direction changes from A — B to B — A.
3. Refer to question a. i. on the board.
4. Invite a volunteer to assess question a. i. and tell the class what information we are
given. (Answer: Given: vector PQ = (%))

5. Invite another volunteer to say what we have been asked to find. (Answer: find @)
Solution:
a.i. Step 1. Assess and extract the given information from the problem.
given: vector PQ = (3)
Step 2. Find the inverse vector.

e Then the vector:
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oF = -Pg
= (%)
= (3)
Step 3. Write the answer.
The inverse vector of PQ = (%) is QP = (73).
6. Refer to question a. ii on the board.
7. Invite a volunteer to assess the problem and tell the class what information we are
given. (Answer: given: vector RS = (%)
8. Invite another volunteer to say what we have been asked to find. (Answer: find ﬁ’)
Solution:
a.ii. Given: vector RS = (%)), find SR.
SR = -RS
= _(—62)
= ()
The inverse vector of RS = (%) is SR = ()
9. Ask pupils to work with seatmates to answer questions a. iii and a. iv.
10.Invite a volunteer to give the answer. The rest of the class should check their
solutions and correct any mistakes.
Solutions:
a.iii. Given: vector XY = (%), find YX.
YX = —XxY
= _(_13)
= (—31)
The inverse vector of XY = (?)is YX = (3).
iv. Given: vector 4B = (%), find BA.
BA = —-AB
= @gii)
- 5
The inverse vector of 4B = (_%) is BA = (5).
11.Draw the diagram at right on the board.

12.Explain:
e Every vector has an inverse vector which is equal in B
magnitude and opposite in direction to it. a_x

e When a point moves along a vector 4B and then along its
inverse B4, the effect is that of zero movement.
e The end result is a vector of zero magnitude and no direction.
e This is an example of the zero vector.
13.Draw the diagrams at right on the board.

A
=
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14.Explain: o .,
e We can also have vectors which are equal in a A bl
both magnitude and direction. _/// - /,’
e We say thatif a =b, then B "

= |a| = |b| (absolute value of a = absolute value of b)
= a| b (aisparalleltob)

e Also,if a= (;i) andb = (’32) then

" X =x,andy, =y,
15.Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: Given:p = (7)., q=(5), p=q)

2-b
16.Invite another volunteer to say what we have been asked to find. (Answer: find a
and b)
Solution:
b. Givenip=(").q=().p=q

+6 8
p = q ey (g_ b = (4)
equate corresponding components

a+6 = 8

= a = 8—-6 = 2

2—b = 4

= b = 2—-4 = =2
a=2,b=-2

17.Ask pupils to work with seatmates to answer question c.

18.Invite a volunteer to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:

c. Given:a= () b=(),a=b

x+y

— 2 _ 6
a=b = (x-l;-vy)’ - (7)
eguate corresponding components

2x = 6
= x = g = 3
x+y = 7
=y = 7—x
7—-3 = 4
x=3,y=4

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. through f.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
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Solutions:
R S
d.i Given: 4B = (3)

ii. given: XY = (_7)

BA = -4AB YX =5—)W
4 -7
__(43) - _gs)
- (—3) - (—5)
ii Given:R_S’=(_12)
SR = —RS

e. Given:p = (Z(f;s), q= (bZ—6

P = q
) = ()
2a+5 = 7 Equate x components
2a = 7-=5
2a = 2 Divide throughout by 2
a = 1
-2 = b+6 Equate y components
-2-6 b
b -8

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L074 in the Pupil
Handbook.

[QUESTIONS]
a. i [IfPg =(3),find QP. i. IfRS =(%), find SR.
ii. IfXY = (7?), find YX. iv. IfAB = (%), find BA.

b. Findaand b giventhatp = (§*2),q= () andp = q.
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c. Find x and y given that a = ( 2x ) b=(3)anda=b.

x+y
d. i [IfAB = (%), find BA. i. IfXY = (7)), find YX.
ii. IfRS = (), find SR.
e. Finda and b giventhatp = (**1°),q=(,7 ) and p = q.

6) and ﬁzﬁz(x-l_l)

f. Find x and y given that 04 = (6 y—3
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Lesson Title: Addition and subtraction
of vectors

Theme: Vectors and Transformations

Lesson Number: M3-L0O75

Class: SSS 3

@ Learning Outcome

By the end of the lesson, pupils
will be able to add or subtract vectors
based on information given.

Preparation

== board.

4

f*/ \\!y

end of this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to write down in their exercise books the inverse vector to (g)

2. Invite a volunteer to give the answer. (Answer: —(7) = (7))
3. Tell pupils that after today’s lesson, they will be able to add or subtract vectors

based on information given.

Teaching and Learning (20 minutes)

1. Refer to the diagram on the board.
2. Explain:

e Consider the vectorsa = (3) and b = ()
shown in the diagram on the board.

e When we join the 2 end points by a line, we end A
up with a new diagram. (Join the 2 end points.
Do not write the vector at this time.

3. Write on the board:

atb = (;)+(—34)

= (—72)

Time: 40 minutes

1. Draw the diagram below on the

2. Write questions a. and b. found at the

£4)

/1A

From the diagram

4. Explain: The column vector for the new line is (7).
5. This is the same as adding the corresponding x and y components together

a+b (2;}:—34))

= (%)

By calculation
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6. Explain:

e Ingeneral, ifa= (;i) and b = (;z) then
a+b = (313

e Similarly,
a-b = (37)

7. Invite a volunteer to assess problem a. from the board, and tell the class what
information we are given. (Answer: Given: a = (3), b= (%), and ¢ = (}))
8. Invite another volunteer to say what we have been asked to find in question a. i., a.
i, and a. iii.) (Answers: (vector addition) a + b, and b + ¢, and (vector subtraction) a
- C)
Solutions:
a. Step 1. Assess and extract the given information from the problem.

given: a= (3), b=(3%),andc = (})
Step 2. Complete the vector addition/subtraction.
Step 3. Write the answers as shown below.

. a+b = (O)+ (5)
- (7f?—35))

= ()

i b+c = )+
340
—5+4

= (—31)
i e = (- ()

— (4—0
7—4
4
= (3
e Ask pupils to work with seatmates to answer iv. and v.
¢ Invite volunteers to show their answers on the board.

iV, a-b = (5)- ()
- (7f(_—35))
= (112)

v. a+b-c = (5+(5)-0)

= (s

= ()
- -2
9. Ask pupils to continue to work with seatmates to answer question b.
10. Invite volunteers to show their answers on the board. The rest of the class should
check their solution and correct any mistakes.
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Solutions:

b. Givenia= (%), b= (") andc = (%),

i a+b

iii. a+c+b =

Practice (15 minutes)

O+ &)
(i)

©)

O+ +() v

( 2+(-2)+4
1+(-4)+(-1)

(—44)

)

ii. a+c

a+b-c

A+
= ()
= (—03)
A+ -
(2552)

= ()

1. Ask pupils to work independently to answer questions c. and d.
2. Walk around, if possible, to check the answers and clear any misconceptions.

should check their solutions and correct any mistakes.

Solutions:

c. Given:p=(%),q=),andr=()),

i p+r

i. r—p+q

@+ Q)

(s

(5)

-G+ v.

(s

(%)

q. Given:a= (%), b= (3). andc = (7)

I a+x
() +x

X

i x+b
x+(2)
X

b
= (2)

-1-2

()

= C

(7)

(-0

() - (&)

p-r-q =

Invite volunteers to come to the board to show their solutions. The rest of the class

-G
= (i

= (3
@-0-0

= (s

- ()

¢
- O+
- (1P

= ()

iv. b+x = a
C)+x = ()
x = () ()
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- (1_—2%:;) B (2:;(-_31))
- ) 0

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L075 in the Pupil
Handbook.

[QUESTIONS]
a. Ifa=(3),b=(7) andc = (}), find:
. a+b i. b+c ii. a—c
iv. a-—>b V. a+b-c
b. ifa=(%),b=("*), andc = (%), find:

i. a+b i. a+c
iii. a+c+b iv. a+b-c

c. fp=(2),a=(}), andr=()), find:
L. p+r i. r—p
ii. r—p+g iv. p—-r—q

d. Ifa=(}), b= (") andc = (7?), solve the equations below to find the column

vector X.
i. a+x=Db . XxX—c=a
ili. x+b=c iv. b+x=a
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Lesson Title: Multiplication of vectors by
scalars

Theme: Vectors and Transformations

Lesson Number: M3-L0O76

Class: SSS 3 Time: 40 minutes

@ Learning Outcome

By the end of the lesson, pupils
will be able to multiply a vector by a
scalar to find the scalar multiple.

Preparation
1. Draw the diagram below on the
= board.

a B
A Q
3a
P~ s
—3a
R

2. Draw a grid 16 squares across by 16
squares down on the board.

3. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to write down the vectors 4B, PQ and RS as shown on the board.
} . . e AD — (2\ DA — (6\ Do _ (-6
2. Invite volunteers to give their answers. (Answer: 4B = (;),PQ = (3),RS = (72))
3. Tell pupils that after today’s lesson, they will be able to multiply a vector by a scalar

to find the scalar multiple.

Teaching and Learning (20 minutes)

1. Refer to the diagram on the board.

2. Invite volunteers to describe what they notice about the components of the vectors.
(Example answers: The absolute value of each component in PQ and RS is three
times that of corresponding components in AB. AB and PQ are in the same

direction but opposite to ﬁ.)
3. Explain:

e Consider the vector AB = a = (%) shown in the diagram,
e It can be seen from the diagram that:

P¢ = (3)

= 3(})

= 3a 3 times vector a in the same direction
RS = (33)

- -30)

= —3a 3 times vector a in the opposite direction

4. Explain:
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oo

In general, if a = (;‘,) then

) where k is a scalar or number which can be a
positive or negative whole number or fraction

Multiplication of a vector by a scalar is called scalar multiplication.

Each component of the vector is multiplied by the scalar amount.

It has the effect of “scaling” the vector up or down by the factor of the scalar

quantity.

If the scalar is positive, the resulting vector is in the same direction as the

original vector.

If the scalar is negative, the resulting vector is in the opposite direction as the

original vector.

o = (&

Invite a volunteer to assess problem a. and tell the class what information we are
given. (Answer: Given: vectors b, p and m)

Invite another volunteer to say what we have been asked to find. (Answer: Draw
and label the vectors on a grid showing its direction with an arrow.)

Do questions a. i. and ii. on the board. The solution is shown below.

Once you have completed a. i and a. ii, ask pupils to do questions a. iii., iv. and v.
Invite volunteers to show their solutions on the board.
Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: vectors b, p and m (shown below)
Step 2. Draw and label each vector on the grid showing its direction
with an arrow.

b !\ L] S/
Y A
) v
il —3m ii. |4p) / iv. tb
\\ /
/
\| / //

10.Invite a volunteer to assess question b. on the board and extract the given

information. (Answer: Given: a = (%), b= (%), and ¢ = (72))

11.Invite a volunteer to say what we have been asked to find. (Answer: find the sum of

vectors as given)

12.Do questions b. i. and ii. on the board. The solution is shown below.
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13.0nce you have completed b. i and b. ii, ask pupils to work with seatmates to answer
guestion b. iii. and iv.

14.Invite volunteers to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:

b. Givena=(%),b=(*)andc= (%)

i 3a+2b = 3(3)+2(%) i 4sa+3c = 4()+3(7)
= (g) + (—82) = (2) + (—_162)
= (35;_82)) = (48++((—_162)))
= (114) = (—28)

ii. 6a—-3b = 6(})-3(%) iv. sa+2b-4c = 5(3)+2(%)-4()
= (162) - (ig) = (150) + (—82) - (—_186)
= (Z2) = (5103%)

= () = G

Practice (15 minutes)

1. Ask pupils to work independently to answer questions c. and d.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:

c. Given:b=2)m =()p =(0)

. \\ i [3b
‘m
P
ii. |—2im iii.| 3y
\
Y
v, 2b = 2(%) v. -m = —(3)
- ¢ -
Vi. Im = 1P vi  —2p = -2(3)
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vi 2m+p

d. Given:a=(}
i 3a+2x =
3(;)+2x =
(162) +2x =

2x =

iii. 2x+3b
2x + 3(_31)

2x + (_93)

2x

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L076 in the Pupil

Handbook.

[QUESTIONS]

®

2(3) + ()
D+ ()
(Z)

%)

, b: (_31)’ CcC=
b

4

4(7)
(%)
).

(L50)
(L) +2
(%)
(5
(3

)
ii. a—2x
() —2x
() —2x
G-
(257
2x

)

4c
4(5)
o

2X

2X

(%)
(3)+2
(%)

a. Using the vectors b, p and m from the grid shown,
the following vectors on a grid. Label each vector and b
show its direction with an arrow.
i. 2b ii. -3m iii.  4p
iv. % b V. -2p B
b. Ifa=(%),b=(*)andc=("2)find:
. a+2b ii. 4a+3c ii. 6a-3b iv. 5a+ 2b —4c
c. Using the vectors b, p and m from the grid in question a.:

Draw the vectors below.
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i. 3b . —2m iii. 3p

X
Write the vectors below in the form (y)

iv. 2b V. -m vi. Im vii.  -2p vii. 2m+p
3
d. Ifa=3), b=(2), ¢=(7) solve for xin the equations below.
. 3a+2x=4b
ii. 4a-x=c
. 2x+3b=c
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Lesson Title: Position vectors Theme: Vectors and Transformations

Lesson Number: M3-L077 Class: SSS 3 Time: 40 minutes

@ Learning Outcomes Preparation
By the end of the lesson, pupils 1. Draw the diagram below on the

will be able to: board.

1. Define the position vector of a point. ‘_7} P(x,)
2. Express two given points as a vector. = 7

5 a ﬂ/

3

1L/

F] ‘/

1
01234567.;

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to write the co-ordinates of the point P shown in the diagram on the
board.

2. Invite a volunteer to give their answer. (Answer: P(5,7))

3. Tell pupils that after today’s lesson, they will be able to define the position vector of
a point. They will also be able to express two given points as a vector.

Teaching and Learning (20 minutes)

1. Refer again to the diagram on the board.
2. Explain:
e P(x,y) is a point on the Cartesian plane with origin O.
e Vector a is the displacement of P from O.
3. Invite a volunteer to say what displacement is. (Example answer: Displacement is
the shortest distance travelled in a given direction).
4. Explain:
e Since displacement gives the position of P relative to the origin O, a is called
the position vector of P.

e From the diagram 0P = a = (3)
e We already know the co-ordinates of P = (5,7).

e Therefore, if a point has co-ordinates (x, y), its position vector is (;)

5. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: Given: graph showing points 4, B, C and D)

6. Invite another volunteer to say what we have been asked to find. (Answer: the
position vectors relative to the origin, 0)

7. Work through the solution for point A.
Solution:

a.i. Step 1. Assess and extract the given information from the problem.
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Given: graph showing point A
Step 2. Write the co-ordinates and position vector of the given point.

co-ordinates of pointA = (3,7)
position vector of point —
A= 0OA

3
Step 3. Write the answer. (7)
The position vector relative to the origin of point A(3,7): 04 =
3

8. Ask pupils to work Witk(17geatmates to answer the rest of question a.
9. Invite volunteers to give their answers. The rest of the class should check their

solution and correct any mistakes.

Solution:

ii. The position vector relative to the origin of B(5,—3): 0B = (°,)
iii. The position vector relative to the origin of C(=7,—4): 0C = (_7)
iv. The position vector relative to the origin of D(—7,3): 0D = (7))

10.Explain: A
e Position vectors can be used to express 2 given ’ B(xz, y2)
- ‘ 27
points as a vector. S| ALz
e Let A(xy,y,) and B(x,,y,) be any 2 points on a * //
. « . 3
Cartesian plane as shown in Figure A. ; %,
e From the diagram, we can see that: 1
_Oﬁ 2l 3| 4| 5 6 7 .;
Figure A
0OA+AB = OB
AB = OB—0A  position vector of B —position vector of A
= b-—a equivalent representation of position vectors

— X _[(x*
- (y§> (yi)
— (xz—xl)
Y2=V1
The vector joining A and B is given by: AB = (;2:;1)
11.Invite a volunteer to assess question b. on the board and extract the given
information. (Answer: Given: A(2,4) and B(7,6))
12.Invite a volunteer to say what we have been asked to find in b. i. (Answer: the
position vector of points A and B relative to the origin 0)

Solution:
b. Given: A(2,4) and B(7,6)
I position vector of pointA = 04 relative to the origin O
2\ _ (x
Q - (yi)
position vector of point B = OB relative to the origin O

= ©=()

i, AB = OB—-04
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= (o) = &
= 0

This is clearly the case as can be verified from Figure A.

i, BA = -—AB
BA = —(3)

()

-2

13. Ask pupils to work with seatmates to answer question c.

14.Invite a volunteer to show their working out on the board. The rest of the class

should check their solution and correct any mistakes.

Solution:
c. Given: P(3,5) and Q(6,—2)
I. position vector of pointP = 0p relative to the origin 0
(3) (xl)
position vector of point Q = relative to the origin O

- <2> G2)
PG = 0G- 0P
= (23 = (55
- (&)
_PQ
(%)
(%)

ii. Given: P(4,—5) and Q(—2,-8)

—

QP

position vector of pointP = 0P relative to the origin O
4
= (_5)
position vector of point Q = 0Q relative to the origin O

=0
P¢ = 0Q-OP
- (—8:(_—45)) = (@)
QP = —PQ

= -3

= (5

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. and e.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
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d. Given: R(16), S(x,y), RS = (3

position vector of pointR = OR
1

= (_6)

position vector of pointS = 0S

=G
RS = 0OS—-O0R
B = (3)-0
(—35) = (;C/:é)

Equating the components of the vectors gives:

3 = x—-1
=x = 4
-5 = y—-6
=y = 1

The co-ordinates of S are (4,1).
e. Given: P(3,4), PQ = (5).

position vector of point P = 0P
3

= (4)

position vector of point Q = 0Q

P§ = 0Q-0P
6 = ()-0
6 = x—-3
3 = y—4
The position vector of point Q = (7).

this gives

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-LO77 in the Pupil

Handbook.

[QUESTIONS]
a. State the position vectors relative to the origin
of the points:
i. A i. B ii. C iv. D
b. A(2,4) and B(7,6)) are points on a Cartesian
plane (see Figure A). Find:
i. the position vector of points A and B
relative to the origin O
ii. the vector AB
iii. the vector BA

c. Find PQ and QP given the following:
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i. P(3,5) and Q(6,—2)
ii. P(4,-5)and Q(—2-18)
d. R(1,6) and S(x,y) are points on a Cartesian plane such that RS = (_35)
Find the co-ordinates of S.
e. P is the point (3,4) such that PQ = (5)- Find the position vector of Q.
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Lesson Title: Triangle law of vector Theme: Vectors and Transformations
addition

Lesson Number: M3-L078 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation
By the end of the lesson, pupils 1. Draw the diagram below on the
will be able to add two vectors using the | =— board.
triangle law of vector addition. K" r
/= all
4

2. Write the questions found at the end of
this lesson plan on the board.

Opening (3 minutes)

1. Ask pupils to add the 2 vectors in question a.
2. After 1 minute, invite a volunteer to give their answer.

(Answer:a+b = (622—32)) _ (451))
3. Tell pupils that after today’s lesson, they will be able to add two vectors using the

triangle law of vector addition.

Teaching and Learning (20 minutes)

1. Explain: To find the sum of the given vectors, we used what we learned from a
previous lesson, namely that:

If a = (chi) and b = (;‘;) then

at+b = () @
2. Refer to the diagram on the board.
e Vector addition can be shown on a diagram.
e A point moving from A to B, then from B to C performs the same journey as a
point moving from A to C.
e We can write this using vector notation as:
AB+BC = AC AC is called the resultant of the 2 vectors
Note the end point (B) of the first vector must
be the start point (B) of the second vector.
a+b = c (2)
= a+b-c = 0 (3) This is the zero vector, 0 = ({),
3. Explain:
e Equation (3) is the triangle law of vector addition which states that:
If three vectors are represented by the sides of a triangle taken in order,
then their vector sum must be equal to the zero vector.
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e Equation (2) is the usual form of the triangle law to use in solving problems.
4. Invite a volunteer to read the resultant of the 2 vectors from the diagram. (Answer:
C = (2).
5. Invite another volunteer to say what they notice. (Example answer: the vector found
by drawing is the same magnitude and direction as the vector found by calculating.)
6. Explain:
e Using the triangle law of vector addition gives the same result as adding 2
vectors together.

c = () @
¢ We will now do examples to show we get the same answer by drawing using
the triangle law of vector addition as by calculating.
7. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: given: 2 vectors a and b)
8. Invite another volunteer to say what we have been asked to find. (Answer: Find a +
b, by using the triangle law of vector addition and by calculation.)
Solution:
b.i. Step 1. Assess and extract the given information from the problem.
givenia = (5),b =(3)
Step 2. Add by using the triangle law of vector addition a + b = c.

C d b
i
-~
a
From the diagram: a+b = (3)
Step 3. Add by calculation usinga +b = (;ii;j)
at+b = ()+() = (s

5
Step 4. Write the answer. (5)
The resultant vector ¢ = (%)
9. Invite a volunteer to assess question b. ii. on the board and extract the given
information. (Answer: Given: a = (%), b = (7))
10.Invite a volunteer to say what we have been asked to find. (Answer: Find a + b, by
using the triangle law of vector addition and by calculation.))
The rest of the class should check their solution and correct any mistakes.
Solution:

b.ii. Given:a =(§),b =(7)

at+ _ (4 from the
b 'S diagram b
a+ (2) + = (¢ e A
3+2

b (3)
= ()

126



The sum ¢ = ()

11.Ask pupils to work with seatmates answer question b. iii on the board.
12.Invite a volunteer to show their solution on the board. The rest of the class should

check their solution and correct any mistakes.
Solution:

b.iii. Givenia =(%),b =(%)
a+b = (_52) from the diagram
atb = (_25) + (§) = (—35++23
= (—2)

The sum ¢ = (°,)

Practice (15 minutes)

1. Ask pupils to work independently to answer questions c. and d.

I
X
\

2. Walk around, if possible, to check the answers and clear any misconceptions.

should check their solutions and correct any mistakes.
Solutions:
c.i. Givenia =(2),b=(%)
a+b = (63) from the diagram
(5)+ =
athb = (54 ) (sf{fm)
(

)
The sum ¢ = (%)
i. Givenia = (7). b=(3)
a+b = )
_14) + (3 = (—1130
)

(
a+b=(
(

d.i. Given:4B = (%), BC = ()

AB+BC = (72) from the diagram
R = ()+() = (I

= (120)

The sum AC = (2)
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i. Given: 4B = (%), CB=(7)
AB+BC = (%) from the diagram _N\_lac
R,’ — _C—B’ 4B
= (1) = (%) A
AB+BC = (—45) + (—21) = (—5?&31)) HC

= (—66)

The sum AC = (°)

Closing (2 minutes)

1. Ask pupils to write down 1 new thing they learned in this lesson.

2. Invite volunteers to give their answer. (Example answer: How to add vectors using
the triangle law of vector addition.)

3. For homework, have pupils do the practice activity PHM3-L078 in the Pupil
Handbook.

[QUESTIONS]
a. a=(3)andb=(7?), finda+b.
b. Finda+ b:
e By using the triangle law of vector addition a + b = c. (Draw a diagram for
each)

e By calculation usinga+b = (’;1:[;‘;)

La=b=() i a=(b=( i a=()b=()
c. Find the sum of the vectors a and b.
e By using the triangle law of vector addition a + b = c. (Draw a diagram)

e By calculation usinga+b = (’;1:[;‘;)

La=(5)b=(5) i.oa=(5)b=(y)
d. Find the sum of the given vectors.
e By using the triangle law of vector addition. (Draw a diagram)
e By calculation.

i. If 4B = (%) and BC = (), find AC ii. If 4B = (*) and CB = (7*), find AC
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Additional questions
Find the sum of the given vectors.
e by using the triangle law of vector addition. (draw a diagram)

¢ Dby calculation.

a. a= (:)’b =(—84)
b. 1fXY = (%) andYZ = ("), find ZX
c. If0A=(%)and 0B = (), find AB
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Lesson Title: Mid-point of a line Theme: Vectors and Transformations

segment
Lesson Number: M3-L079 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils 1. Draw the diagram below on the

will be able to calculate the mid-point of | =— board.

a line segment.

M
V.
/

-
=N Wl wl o

-

X

O} 1 2| 3| 4 5 6 7

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1.

Ask pupils to answer question a. on the board.

2. Invite a volunteer to give their answer.

(Answer: (2,4),04 = (3); B(7,6), 0B = ()))

3. Tell pupils that after today’s lesson, they will be able to calculate the mid-point of a

line segment.

Teaching and Learning (20 minutes)

1.
2.

Refer to the diagram on the board.
Explain:
e The points A(x;,y,) and B(x,, y,) lie in a Cartesian plane.
e M is the mid-point of the line segment AB.
e From the diagram, we can see that there are two routes from 0 to M.
Invite volunteers to say what the 2 routes are. (Answer: from O via A to M; from O
via B to M).
Explain: We can write the position vector OM in terms of the position vectors of A
and B and the vector AB.
Write on the board:

AM = MB = %E since M is the mid-point of AB
OM = OA+A4M

= OA+AB (1)
OM = O0B+BM

= 0B -MB
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— 1—
= 0B—-3AB (2)

—_— e 11— e 11— .
20M = O0A+-AB+0B--AB add equations (1) and (2)
04 + OB
O—IVI) — 0OA+OB

2
— (04 +0B)
6. Explain:
e The position vector of the mid-point of the line segment is an average of the
position vectors of the 2 end points.
e The co-ordinates of the mid-point can similarly be found by finding the

average of the x coordinates and y coordinates respectively.
The mid-point M will have co-ordinates (’“Tmylzﬁ)
e This is called the Mid-point Theorem.
7. Invite a volunteer to assess question b. on the board and extract the given
information. (Answer: Given: from part a. position vectors 04 = (%) and 0B = ()))
8. Invite a volunteer to say what we have been asked to find. (Answer: mid-point of
line segment AB)
Solution:
b. Step 1. Assess and extract the given information from the problem.
Given: from part a. position vectors 04 = (%) and 0B = (7)
Step 2. Find the position vector and co-ordinates of the mid-point.

] oM = -(0A+0B)
= 2(O+0)

- %(ZIZ = %(190)

— — 4.5
oM = ( 5 )
i. co-ordinates of M = (ww)
2 2 .
= (45,5) write directly using OM

Step 3. Write the answer.
The position vector OM = (*?).
The co-ordinates of M = (4.5,5).
9. Invite a volunteer to assess question c. on the board and extract the given
information. (Answer: Given: P(p,2) and Q(—1,q))
10.Invite a volunteer to say what we have been asked to find. (Answer: Find the values
of p and g so that (‘32) gives the position vector of the mid-point of PQ)
Solution:
c. Given: P(p,2) and Q(—1,q) OM = ()

Let the position vectors 0P = (%) and 0Q = (_ql)
oM = 2(0P+0Q)
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) =0 +[)
Multiply both sides by two:
D = ®+G)
= ()

-4 = p-1
—-4+1 = p

p = -3

6 = 2+¢q
6—2 q

q 4

p=-3, q=4
11.Ask pupils to work with seatmates to find the mid-point of the given vectors for
problem d.
12.Invite a volunteer to show their working out on the board. The rest of the class
should check their solution and correct any mistakes.
Solution:
d. Given: P(1,3) and Q(2,7)
Let the position vectors OP = (%) and 00 = (%)
—_ 1 ,— —
oM = 5(0P+0Q)
10 2
= E((3) + (7))
1r142y _ 173
= 3 (3+7) =3 (10)
oM = ()
The position vector of M is (%)

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e. and f.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.

Solutions:
e. Given: 04 = () and OM = ()
oM = >(04+0E)
(3) = 3(@+05)
2x () = (0)+08
) = (+on
(e)-(@) = 0B
08 = (ics

= (%)
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Point B has coordinate (-8, 8)
f.  Given: A(4,-7), B(—2,3) and Y(5,1)
Let the position vectors 04 = (*), 0B = (77) and 0Y = (3)

0X

0X
XY
XY

XY

~(0A + 0B)
S +)

1 _ 1, 4-
5(4j7(+§) =§(—47+23

22
C)
oY — 0X
) - (%)
(:25)
®

The vector XY = (%)

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L079 in the Pupil

Handbook.

[QUESTIONS]

a. State the position vectors relative to the origin of A(2,4) and B(7,6).

b. Find:

I. The position vector of point M from question a.
ii. The mid-point of the line segment AB.
c. P(p,2)and Q(—1,q) are points in a Cartesian plane. Find the values of p and q so
that ("32) gives the position vector of the mid-point of PQ.

d. P(1,3) and Q(2,7) are points in a Cartesian plane. If M is the mid-point of PQ, find

the position vector of M.

e. The position vector of the mid-point of the line segment AB is given by (7). If point

A has co-ordinates (0,8), find the co-ordinates of point B.
f. A(4,—7), B(—2,3) and Y(5,1) are three points in a Cartesian plane. If X is the mid-

point of AB, find XY.
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Additional question

g. R(91)and S(—%, 3) are points in a Cartesian plane. Find the values of u and v

such that (2:) gives the position vector of the mid-point of RS.
Solution:

g. given: R(9,1) and S = (—%,3) ,O—M = (25)

Let the position vectors OR = (7) and 0S = <— %)
3

oM = (OR+05)
@ = Ho+(-1)
‘2*3) = ((‘i) + <— %)) ) Multiply both sides by 2
_ 9+(—)\\ _ [ (9-2
- (( 143 )) o <(1+3)>
u
u = 9-— E
8u = 18—-u Multiply throughout by 2
Bu+u = 18
9u = 18
u = 2
2v = 143
2v = 4
v = 2
u=2v=2gvingS=(-13),0M = (%)

134



Lesson Title: Magnitude of a vector

Theme: Vectors and Transformations

Class: SSS 3 Time: 40 minutes

Lesson Number: M3-L080
Learning Outcome

@ By the end of the lesson, pupils
will be able to calculate the magnitude of
a vector.

Preparation
1. Draw the diagram below on the
board.

E

> A

7

6 B
- a,/“
4 /

| ]

2

1
01234567:’

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.
2. Invite a volunteer to give their answer. (Answer: A(2,2), B(6,5); AB = 2 =(3)
3. Tell pupils that after today’s lesson, they will be able to calculate the magnitude and

direction of a vector.

Teaching and Learning (20 minutes)

1. Refer to the diagram on the board.
2. Explain:

length of the vector 4B.

notation.
Examples: [4B|, 4B |al, |a|.

So, since 4B = a = (;) then

Nrre

—— 2
|4B|

We already know that vector AB =

Consider the 2 points A(x,,y,) and B(x,,y5).

)=C)

(Xz —X1
Y2=V1

From the diagram, we can use Pythagoras’ Theorem to find the magnitude or

The magnitude of vector AB can be written with the modulus or absolute value

(1)

Alternatively, we can find the magnitude of AB by substituting directly in

equation (1) using the co-ordinates of the given points:

aB|” = V@ -x)+
3.

(72 — y1)*? 2

Invite a volunteer to assess question b. and tell the class what information we are

given. (Answer: Given: vector AB = (‘3*) from part a.)
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4. Invite another volunteer to say what we have been asked to find in part b. i.

(Answer: the magnitude of AB)
Solution:
b.i. Step 1. Assess and extract the given information from the problem.

Given: vector AB = (%) from part a.
Step 2. Substitute into the appropriate formula.

4B = xF+y?
= /42 4+ 32 Pythagoras’ Theorem
= V1649

[4B| = vz
= 5

Step 3. Write the answer.
The magnitude of 4B: |AB| = 5 units.

5. Invite a volunteer to assess question c. on the board and extract the given
information. (Answer: Given: PQ = (7°) and RS = (}))

6. Invite a volunteer to say what we have been asked to find. (Answer: find the
magnitude of the given vectors to the nearest whole number)
Solution:

c.i. Given: PQ = ()

Pal =
SN el
= 64 +16

V80
= 8.94
PG| =

The magnitude of PQ = 9 units.
7. Ask pupils to work with seatmates to find the magnitude of RS in problem c. ii.
8. Invite a volunteer to show their working out on the board. The rest of the class
should check their solution and correct any mistakes.
Solution:
c.ii. Given:RS =(})
|RS| = JxZ+y2
= 12 + 32

£

w
[N
@)

[RS| =
The magnitude of RS = 3 units.

w
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Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. through f.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:

d.i. Given:p=(*).
Ipl = JxZ+y?
- Vi6+36
SN
i, pl = 2V13
= 7.211
Ip| = 7.21 units
e.i. Given: 4B = (3)
|[AB| = x%+y?
32+ 42
9+ 1

I

|[4B| =
The magnitude of AB = 5 units.
i. Given: BC = (%)
Be| - :
52402
= 25+

4

BC| =
The magnitude of BC = 5 units.
iii. Given: CD = ()
D] = ¥ +y?
= _32 + 42
9+1
cD| =
The magnitude of CD = 5 units.
vi. Given: DA = (7))
D] = ¥ +y?
= _52 + 02

a5

i
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= 2540
- V2§
e = 5

The magnitude of CD = 5 units.
v. The shape is a square.

Jx2+y2 = 10
vx2+62 = 10

Square both sides

f. Given: (%)

x>+36 = 100
x> = 100-36
x?> = 64
x = V64
8

Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L080 in the Pupil
Handbook.

[QUESTIONS]

a.

b.
C.

Write the vector joining the points A and B on the diagram on the board.

Find the magnitude of AB from part a.
Find the magnitude of the given vectors to the nearest whole number:

L PG = () i ’S =)
Find the magnitude of the vector p = (*).
Give your answer: i. as a surd (p\/ﬁ) ii. to 3 significant figures
Find the magnitude of the vectors below.
i. 4B = (3) i. BC=}) iii. D = (7)) iv. DA = ()

v. What shape is ABCD?
A column vector (%) has a magnitude of 10. Find x.

138



Lesson Title: Direction of a vector Theme: Vectors and Transformations

Lesson Number: M3-L081 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation

By the end of the lesson, pupils 1. Draw the diagram below on the
will be able to calculate the direction of a board.
vector.

4
Az — -
Fe

<
QHNN-PMO\\Jl

-
1| 2| 3| 4| 5| 6| 7|

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.

2. Invite a volunteer to give their answer. (Answer: A(2,2), B(6,5); AB = 2 =)

3. Tell pupils that after today’s lesson, they will be able to calculate the magnitude and
direction of a vector.

Teaching and Learning (20 minutes)

1. Refer to the diagram on the board.

2. Explain:
e Before the direction of a vector can be found, we need a N
diagram of the problem. A
e If not given, draw a sketch of the problem, as shown, to B
assist in finding the direction of the vector.
e The direction of the vector is given by the angle it makes (6 I3

when measured from the north in a clockwise direction.
e We find this angle by first finding the acute angle 6, the
vector makes with the x-axis.
e This angle is given by tan 6 = % where x, y are the components of the resultant

vector.
e From our sketch, we can then deduce the angle the vector makes when
measured from the north in a clockwise direction.
¢ In our example, this angle is given by (90 — 6).
e This is the same as finding the bearing of B from A.
3. Invite a volunteer to assess question b. and tell the class what information we are

given. (Answer: Given: vector AB = (‘3*) from part a.)
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4.

5.

6.

7.
8.

Invite another volunteer to say what we have been asked to find. (Answer: the

direction or bearing of AB)

Solution:

b. Step 1. Assess and extract the given information from the problem.

Given: vector 4B = () from part a
Step 2. Draw a sketch of the vector (shown on the previous page).
Step 3. Find the direction (bearing) of the vector.
From the diagram the direction of AB is at an angle (90 — 6) when

measured clockwise from the north
3

tanf = : = 0.75 from diagram, use tan ratio
0 = tan"1(0.75)
= 36.87°
The direction of AB measured from the north:
= 90 — 36.87
= 53.13°

Step 4. Write the answer.

The direction of AB measured from the north = 53° to the nearest degree.

Invite a volunteer to assess question c. on the board and extract the given
information. (Answer: Given: PQ = (%))
Invite a volunteer to say what we have been asked to find. (Answer: find direction of
PQ)
Solution:
c.i. given: PQ = (%)
Explain:
e We do not need a scaled diagram.
Just a representation of the vector to
guide us.
¢ Find the acute angle 6 the vector
makes with the x-axis.
tanf = g = 0.5
6 = tan"1(0.5)
= 26.57°
The direction of PQ measured from the north:
= 90 + 26.57
= 116.57°
The direction of P_Q’ measured from the north = 117° to the nearest degree.
Ask pupils to work with seatmates to find the magnitude and direction question c. ii.

Invite a volunteer to show their working out on the board. The rest of the class
should check their solution and correct any mistakes.
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Solution:
, o
. Given: RS = (75)
Find the acute angle 8, the vector makes with the x-axis.

tand =5=3 LA
6 = tan"1(3) | v
= 71.57° 6 |
|
The direction of RS measured from the north: I
= 270 —71.57
= 198.43° s

The direction of PQ measured from the north = 198° to the nearest degree.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d. through f.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Ask volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
d. Given: p = ().
Find the acute angle 8, the vector makes with the x-axis.

tanf = 9
4
9 = tan"1(L5) P\ p
6
= 56.3° i
The direction of p measured from the north: : !
= 270+ 56.3

326.3°
The direction of p measured from the north = 326° to the nearest degree.
e. Given:xY = (%),z7 = (2),

] vZ = —(3)
=G
XZ = XY+YZ
= D+

= (2+(_3)

. _%+5

xz = (5)

zx = —(3)

= (%)

141



i Find the acute angle 8, the vector makes with

the x-axis:
o = 6
tan = 1
6 = tan1(6)
= 80.54°
The direction of ZX measured from the north:
= 90+ 80.54
170.54°

The direction of XZ measured from the north = 171° to the nearest degree.
f. Given: A(0,1) and C(7,—2)

. ac = (H+()
= 0+7
(1+(—2))
ac = (1)
ii. Find the acute angle 8, the vector makes with the x-axis:
1

tanf = -
6 = tani(3) .
= 813 2 .
The direction of AC measured from the north: C
= 90+8.13
98.13°

The direction of AC measured from the north = 98° to the nearest degree.

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L081 in the Pupil
Handbook.

[QUESTIONS]
a. Write the vector joining the points A and B on the diagram on the board.

b. Find the direction of 4B in part a.
c. Find the direction of the given vectors to the nearest whole number:
iii. PQ=(5) iv. RS = ()
d. Find the direction of the vector p = (*).
e. IfXY =(%) andZzy =(2),find:
i. ZX
ii. The bearing of Z from X correct to the nearest degree.
f.  The points A(0,1),B(4,1),C(7,—2) and D(3,—2) are the vertices of a parallelogram.
Find:
i. AC
ii. The bearing of A from C correct to the nearest degree.
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Lesson Title: Parallel and perpendicular | Theme: Vectors and Transformations
vectors

Lesson Number: M3-L082 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation
By the end of the lesson, pupils 1. Draw the diagram below on the
will be able to solve problems with — board.
parallel and perpendicular vectors. a s
A Q
3a
PL~ s
—3a
R

2. Write the questions found at the end of
this lesson plan on the board.

Opening (3 minutes)

1. Ask pupils to answer question a. on the board.
2. After 2 minutes, invite a volunteer to answer. (Answer: a = (%), 3(3) = 5X2) = (3))
3. Tell pupils that after today’s lesson, they will be able to solve problems with parallel

and perpendicular vectors.

Teaching and Learning (20 minutes)

1. Explain:
e We know from a previous lesson that:

If a = (;) then

(kx) whe_r_e kisa scal_ar or number which can b_e a

ky/  positive or negative whole number or fraction

e From this, we know that the vectors a, 3a and - 3a are all scalar multiples of
each other.

¢ From the diagram, we can see that they are also all parallel to each other.

¢ They all make the same acute angle with the x-axis.

tanf = 2=%2=2

1 3
0 tan~1(2) = 63.42
= 63°to the nearest degree
e By definition,
If b = ka thenaandb are parallel
e Ifk > 0, then a and b have the same direction.
e If k <0, then a and b have opposite directions.
e Ifk =1,thenaandb are equal (that is they have the same magnitude and
direction).
2. Explain:

ka
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e The corresponding components of 2 parallel vectors are in the same ratio with

each other.
If (8) = k(3) thatis, they are parallel vectors
then a:c = b:d corresponding ratios in the same order are equal

Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: Given: vector (12) 5 other vectors)

Invite another volunteer to say what we have been asked to find. (Answer: Which of
the 5 other given vectors is parallel to (77).)

Solution:

b. Step 1. Assess and extract the given information from the problem.
given: vector (7;), 5 other vectors

Step 2. Compare each vector with (77).

If the vectors are parallel, then:
a:10 = b:15 where a and b are components of the
vector to be compared
b

10 15
i (9 1% = 135 = % parallel
i. () 12—0 = 135 = % parallel
i. (%) f—o + _1—152 not parallel
iv. (T3 = = 1—56 = —% parallel
v. (3 % * 1—2 not parallel

Step 3. Write the answer.
6 2 -4 10
The vectors (3), (%) and (T;) are parallel to ().
. Ask pupils to work with seatmates to answer question c.
Invite a volunteer to show their solution on the board.
The rest of the class should check their solution and correct any mistakes.
Solution:

c. Given: vector (1?) is parallel to vector ()

12
for parallel vectors: 5> = 3

x =

The missing component x = 4.
Explain:

e There are times when we are asked to find vectors I

which are perpendicular to each other. VARES

e Consider the diagram shown on the right. ﬁ T

e We can see that the vectors (%) and (') are

4

perpendicular to vector (3).

e Their scalar multiples (**) and (33) where k is a
positive number are also perpendicular to (3).
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¢ In general, the vectors perpendicular to (;) are:
) )
and scalar multiples: () (e

8. Invite a volunteer to assess question d. on the board and extract the given
information. (Example answer: Given: vector (;) 5 other vectors)
9. Invite a volunteer to say what we have been asked to find. (Answer: Which of the 5
other given vectors is perpendicular to (7)?)
Solution:
d.  Given: vector (), 5 other vectors
The vectors perpendicular to (7) are (%)), (7°) and their scalar multiples.
i. (Z5): not perpendicular
i. ('7,): perpendicular — scalar multiple of (°)
i. (7’): perpendicular
(T13): not perpendicular
v. (2): perpendicular
The vectors( '), (3) and (°)) are perpendicular to (7).

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e. through h.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Invite volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:
e. Given: vector (%), 5 other vectors

4:6 = b:-8 where a and b are components of the vector to be

compared
s = S
. (%) _?6 = _18 = -1 parallel and opposite
i () 2 = :—: = % parallel but not opposite
ii. (Z3): _?4 * :—Z not parallel
iv. ®): g + _38 not parallel
V. (_43)5 _73 = _18 = — parallel and opposite

2
The vectors () and (7*) are parallel and opposite to ( °).
f.given: vector (%,), 5 other vectors
The vectors perpendicular to (%) are (%), (Z¢) and their scalar multiples.

i. () not perpendicular ii. (,): not perpendicular
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iil. (Z2): perpendicular— > x (Z9) iv. (%): perpendicular
v. (3 not perpendicular
The vectors(~;) and () are perpendicular to ( %,).
g. Given: 5 vectors
i. AB = 2m+ 4n = 2(m + 2n)

i CD = 6m-—12n = 6(m— 2n)
i EF = 4m+8n = 4(m+ 2n)
iv. GH = -m-2n = —(m+ 2n)
V. IJ = 6m+16n = 2(3m+ 8n)

From the above, it is clear that AB, EF and GH are parallel, as they are scalar
multiples of (m + 2n)

h. Given:DC: AB=2:1,AB=m

DC : AB

DC m
2 1

DC = 2m

Closing (2 minutes)

1. Ask pupils to discuss with seatmates one task they found difficult to do during the
lesson.

2. Invite volunteers to share their views with the class. (Example answers: various)

3. Tell pupils to improve their understanding they should do the practice activity
PHM3-L082 in the Pupil Handbook.

[QUESTIONS]
a. Ifa= (f), find 3a.

b.  Which of the following vectors are parallel to (;2)?

) i. (3) i (5) v (5

c. The vector (3?) is parallel to the vector (3), find x.

<

(io

Which of the following vectors are perpendicular to (;)7
L)) w5 Gy v ()
e. Which of the following vectors are parallel and opposite to (_68)’?
L (5) i (2) i (Z3) v, () v. ()
f. Which of the vectors in question e. are perpendicular to (%,)?

g. Three of the vectors below are parallel. Which are the parallel vectors?
Give reasons for your answer.

i. AB =2m + 4n i. CD=6m—12n i. EF = 4m+ 8n
iv. GH=-m-—2n v. Ij =6m+16n

146



h. A regular trapezium ABCD is shown in the diagram. A B
DC is parallel to AB and DC : AB =2: 1. / \
D > C

If AB = m, express CD in terms of m.
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Lesson Title: Parallelogram law of Theme: Vectors and Transformations
vector addition

Lesson Number: M3-L083 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation
By the end of the lesson, pupils 1. Draw the diagram below on the
will be able to add two vectors using the | =— board.
parallelogram law of vector addition. 7[
7 B > 71@

b% l/’,/’ %b
P a Q

o 1| 2| 3| 4| 5/ 6| 7| 8 9 10 |(x

2. Write the questions found at the end of
this lesson plan on the board.

=l el ol o

Opening (3 minutes)

1. Ask pupils to answer question a. on the board.

2. After 1 minute, invite volunteers to give their answers. (Answer: PQ = SR = a, PS =
QR =b)

3. Tell pupils that after today’s lesson they will be able to add two vectors using the
parallelogram law of vector addition.

Teaching and Learning (20 minutes)

1. Refer to the diagram on the board.
2. Explain:
e We are often required to find the resultant vector of 2 vectors starting from the
same origin.
e Consider the parallelogram PQRS:
e Opposite sides are equal in length and are parallel

Since ﬁf and SR are in the same direction,

PQ = SR 1)

= a
Similarly, PS = OR (2)

= b
From the triangle law of vector addition,

PQ+QR = PR
= a+b
= PR = PQ+PS fromequations (1) and (2)

Let ﬁé = C
then a+b = c (3) where cis the resultant vector

of the two vectors a and b
3. Write on the board:
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e The parallelogram law of vector addition states that when two vectors are
represented by two adjacent sides of a parallelogram by magnitude and
direction, then the resultant of these vectors is represented in magnitude and
direction by the diagonal of the parallelogram starting from the same point.

i a=(5)andb=(3)
then at+b = ¢ = (;1:;2) as before

Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: Given: from question a PQ = SR = a, PS = QR = b.)
Invite another volunteer to say what we have been asked to find. (Answer: Find a +
b, by using the parallelogram law of vector addition.)
Solution:
b. Step 1. Assess and extract the given information from the problem.
Given: from question a. ﬁ =SR=a,PS= QT? =b
Step 2. Write down the column vectors for a and b,
From the diagram: a = (])
b = ()
Step 3. Add by using the parallelogram law of vector addition a + b = c,

where ¢ = (xl”z).
Y1t+Y2

a+b

o+ = (G4
)
4
Step 4. Write the answer.
The resultant vector ¢ = ().

Invite a volunteer to assess question c. on the board and extract the given
information. (Answer: Given: the co-ordinates of vertices P(—6,—3),Q(1, —3),
R(4,3) and S(—3,3))
Invite a volunteer to say what we have been asked to find. (Answer: a, b and their
resultant vector ¢ as column vectors.)
Work through the solution on the board. Clear any misconceptions.
Solution:

c. Given: the co-ordinates of vertices P(—6,—3),Q(1,—-3), R(4,3) and S(—3,3)

Write down the position vectors of each point s R
(remember position vectors are relative to the N
origin 0).

oyl -6 =7 1

OP = (—3) 0Q = (—3) P a o

Yoy 4 -2 -3

OR = (3) 0s =(3)

PQ = 0Q-0P

= (—13)_(:2)
- =
PS = 0S-0P

= 5)-G)
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- -

c = a+b parallelogram law of vector addition
7 3
(o) + ()
(s)
6
The vectors are:a = (]), b= (3), resultant ¢ = (7).
9. Ask pupils to work with seatmates to answer question d. on the board.
10. Invite a volunteer to show their working out on the board. The rest of the class
should check their solution and correct any mistakes.

Solution:
d. Given: 4B = p, 4D = q
. DC = p parallel
AC = AD+DC
AC = p+gq y - b
q
i. BC = q parallel
BD = B—C)+C—D) D C
BD = q+(-p)
q-—p
ii AT = AC T is the mid-point of AC
- lxc
= ~(p+q

Practice (15 minutes)

1. Ask pupils to work independently to answer questions e. and f.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:

e. Given:Pg=a=s(3),PS=b=¢t(*)andc=(?)

a+b = c parallelogram law of vector addition
s+ = ()
W) = ()
3s+2t = 7 (D
2s+t = 1 (2)
= t = 1-2s (3)
3s+2(1—-2s) = 7 substitute equation (3) into equation (1)
3s+2—-4s = 7
—-s = 7-=2
—-s =5
s = =5
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t = 1-2x(-5) substitute s into equation (3)

= 1410
= 11
f. given:0A=aand 0B =b
i 1B = 0A+0B i, 0C = O0B+BC
AB = a+b 0C = b+a
1 1
p = E(a+b) q = E(b+a)

iii. They are the same point.
iv. The diagonals of a parallelogram bisect each other.

Closing (2 minutes)

1. Ask pupils to write down 1 new thing they learned in this lesson.

2. Invite volunteers to give their answer. (Example answer: How to add vectors using
the parallelogram law of vector addition.)

3. For homework, have pupils do the practice activity PHM3-L083 in the Pupil
Handbook.

[QUESTIONS]
a. PQRS is a parallelogram.
i. What vectors are equal to a?
ii. What vectors are equal to b?
b. Use the result from question a. to write the column vectors for a and b. Find the
resultant vector c using the parallelogram law of vector addition.

c. The parallelogram PQRS has P(—6,—3),Q(1,—3), R(4,3) and S(—3,3). If ﬁj =a
and PS = b, write a, b and their resultant vector c as

A 14 B
column vectors.
d. ABCD is a parallelogram. q
AB = p and is parallel to DC. AD = q and is parallel to BC.
D (i

Express in terms of p and q:
i. AC i. BD
ii. AC and BD intersect at T. Express AT in terms of p and q.
e. Inaparallelogram PQ = a = s(3) and PS = b = ¢(?). Find s and ¢t such that the
resultant vector ¢ = ()

. | C
f. OACB is a parallelogram with 04 = a and OB = b. .
P is the mid-point of AB. Q is the mid-point of OC.
>
0 b B

Express in terms of a and b:

i. OP ii. QO
ii. What do your answers show about the points P and Q7
iv. What property of a parallelogram has been proved by this question?
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Lesson Title: Application of vectors — Theme: Vectors and Transformations
Part 1

Lesson Number: M3-L084 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation
By the end of the lesson, pupils 1. Draw the diagram below on the
will be able to apply vectors to solve = board.
simple geometric problems.
B
M
y.a
/
3| 4 5 6 7 .;

2. Write the questions found at the end of
this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to apply vectors to solve
simple geometric problems.

Teaching and Learning (20 minutes)

1. Explain:
e Vectors can be used to solve simple problems in geometry.
e We can describe any point in the Cartesian plane relative to the origin using
position vectors.
We know that given any point A(x, y), the position vector relative to O is
oi-(3).
e We also know that line segments can be described using position vectors.

For example, AB = OB — OA, where 4B is a line segment and 04 and OB are
position vectors of the end-points of AB.
e We can also find the position vector OM of the mid-point of any line segment
using the formula OM = %(ﬁ + 0B).
2. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: given: co-ordinates of vertices A(—6,—3),B(1,—3), and C(3,1))
3. Invite another volunteer to say what we have been asked to find. (Answer: the co-
ordinates of the vertex D)
Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: co-ordinates of vertices A(—6,—3),B(1,—3), and C(3,1)
Step 2. Write down the position vectors of each point.
(remember position vectors are relative to the origin)
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Letﬁ:EI:(:g) ﬁ:b=3
oc —e=1() 0D = b= X)
Since ABCD is a parallelogram.

y
A—B) — R‘) (1) II
AB OB — 04
b—a 4

(L)-C) = @

DC = 0C-0D
= ¢c—d
=®0-0 = (3
() = (31:?,) from equation (1)
7 = 3—x
= x = —4
0 = 1—-y

Step 3. Write the answer.
The co-ordinates of D = (—4,1)
4. Invite a volunteer to assess question b. i. and b. ii. on the board and extract the

given information. (Example answer: triangle ABC with A(3,7), BA = ("61), BC =

@)
-2
5. Invite a volunteer to say what we have been asked to find. (Answer: co-ordinates of

B and C)

Solution:

. . . . e _1 4
b. Given: triangle ABC with A(3,7), BA = (7)), BC =(*)
Let position vectors for A: 04 = (3), B: OB and C:0C

—

. BA = 0A- OB i = 0C-

(o) = (5)-0B (_“2) = 0C- ()
08 = (3)-() oc = (5)+()
= (7__6) = —4;}1
(1) = (—81)
The co-ordinates of B = (4,1) The co-ordinates of C = (8,—1)

6. Ask pupils to work with seatmates to answer question c.
7. Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
c. Given: pentagon ABCDE, origin O,
AB=("),cB= (%), (D =(7")and DE = (%). not to scale

Draw a sketch of the problem (shown at right).

If ACDE is a parallelogram, then AC should be

parallel to DE and EA should be parallel to CD.
AC = AB+BC triangle law
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BC = (29

AC = (—02)+(:12L) D

() =)

DE = (2) and AC = ( 2) therefore they are parallel

EC = EA+AC triangle law
EA = EC-AC
CE = CD+DE find EC = —CE

(Z)+(6)

= (=)

EC = \C

— (35) (-2

EA = (5)-(5)

= ( 3—((—2))) _ ( 5 )
—5-(-3 -2

€D =(7)and EA = (3) therefore they are parallel
Hence ACDE is a parallelogram.

Practice (15 minutes)

1. Ask pupils to work independently to answer questions d.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solution:
d. Given: triangle PQR with vertices P(—1,1), Q(2,5), and R(—3,5), origin O

Let position vectors for P: OP = ("), Q: 0Q = (5) and R: OR = ( )

. PQ = 00— OP QR = OR- 00
(2) (1) = (53) (5)
=0 = (5 =()

Vector PQ = (%) Vector QR = ()
RP = OP- OR

= (D-G)
= (5 =(0)
Vector RP = (_4)
ii. PQR isisosceles if 2 of its sides are equal in length.
Use Pythagoras’ Theorem c? = Va2 + b2 to find the length of the sides

PG| = J+4 [0R| = J(5)?2+0%
= V9+16 = V2540
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= /25 = 5 units = /25 = 5 units

[RB| = J22+ (97
= 4+ 16
= /20 = 4.47 units

Since [PQ| = |QR|, PQR is isosceles.
i, oM = ;(OP+0R) iv. QM = 0M- 00
= ;(H+(D) = (-0
= S(hSY = (D=
- %(_64) V. QM = (:;)’ RP = (—24)
= (D Hence QM is perpendicular to RP

Vector OM = ()

Closing (4 minutes)

1. Ask pupils to tell seatmates one new thing they learned or understood better after
this lesson.

2. Invite volunteers to tell the class what they learned/understood better. (Answers:
various)

3. Tell pupils that they can get more practice from the practice activity PHM3-L084 in
the Pupil Handbook.

[QUESTIONS]

a.

A parallelogram ABCD has vertices A(—6,—3),B(1,—3), and C(3,1).
Find the co-ordinates of the vertex D.

A triangle ABC has vertex A(3,7). BA = (7)) and BC = (%)).
Find the co-ordinates of: i. B i. C
The points A, B,C,D and E are the vertices of a pentagon. O is the origin.
Show that ACDE is a parallelogram.
PQR is a triangle with vertices P(—1,1), Q(2,5), and R(—3,5)
4B = (8),CB = (%), €D = () and DE = (%)
i. If 0 is the origin, express PQ, QR and RP as column vectors.
il. Hence, show that triangle PQR is isosceles.
iii. M is the mid-point of the side PR. Express OM as a vector.
iv. Express W as a column vector.
v. State the relationship between Q_M and RP.
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Lesson Title: Application of vectors —
Part 2

Theme: Vectors and Transformations

Lesson Number: M3-L085

Class: SSS 3 Time: 40 minutes

@ Learning Outcome

By the end of the lesson, pupils
will be able to apply vectors to solve
simple real-world problems.

Preparation
1. Draw the diagram below on the
= board.

y. 4

<
CPlm|n|lw| ||l

>
1| 2| 3| 4| 5] 6] 7| &

2. Write the questions found at the end of
this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to apply vectors to solve

simple real-world problems.

Teaching and Learning (20 minutes)

1. Explain:

e Vectors can be used to solve simple problems in the real world.
e Problems usually require us to find the magnitude and direction of the
resultant vector of forces, velocities or displacement.
2. Invite a volunteer to give the formula to find the magnitude of a vector. (Answer:
magnitude = /x? + y? (Pythagoras’ Theorem))
3. Invite a volunteer to give the method to find the direction of a vector. (Example
answer: Draw a sketch of the problem; find the acute angle 6, the vector makes

with the x-axis given by tan 6 = %; use sketch to find the direction of the vector)

4. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: given: speed of canoe = 2 m/s, speed of river current = 1.5 m/s)

5. Invite another volunteer to say the first thing we have been asked to find. (Answer:
resultant velocity of canoe as a column vector)

Solution:

a. Step 1. Assess and extract the given information from the problem.
Given: speed of canoe east =2 m/s,
speed of river current south = 1.5 m/s
Step 2. Write the position vectors of canoe and current.

I. Sketch the diagram (not to scale).
Since movement east is positive on the x-axis
and movement south is negative on the y-axis,
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6.

Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

position vector of canoe = (ﬁ)

2
position vector of current = _(1)_5) v
resultant velocity of canoe = (é) + (_2_5) |15
2
= —1.5) |
Find the magnitude of the velocity.
magnitude of velocity = +/(2)2+(-15)2 = +V4+2.25
= +6.25
= 2.5m/s

Write the answer to i.
The velocity has a magnitude of 2.5 m/s.

Find the acute angle 8, the vector makes with the x-axis.
1.5 .
tanf = —= 0.75  from diagram
0 = tan1(0.75)
= 36.87°
Find the direction of the velocity.
direction of velocity = 90+ 36.87 from diagram
= 126.87°

The velocity has a direction of 127°.

Find the time it takes the man to cross river.
width of river = 20 m given
. — 20 .
time taken to crosst — 75 from distance formula d = st
= 8s

The time taken to cross the river is 8 s.

Invite a volunteer to assess question b. i. on the board and extract the given
information. (Example answer: the co-ordinates of vertical poles placed at the
vertices A(4,4), B(1,—1),C(-5,—1) and D(—2,4) relative to a point 0)

Invite a volunteer to say the first thing we have been asked to find. (Answer: vector

AC)

Solution:
b. Given: the co-ordinates of vertical poles placed at the vertices A(4,4),
B(1,-1),C(-5,—1) and D(—2,4) relative to a point 0.
Let position vectors for A: 04 = (%), B: 0B = (),
€:0C = (23) and D: 0D = ()
AC = 0C-04

= (H-G = G D A
(22

Vector AC = (7))

[AC| = =97+ (-5)? ¢ A
= +81+25 = 106
= 10.296
= 10.3 units
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Magnitude of AC = 10.3 units to 1 d.p
i tanf = ==0.5556

9 9
6 = tan"1(0.5556) = 29.05° I 3
bearing = 270 -—29.05 51
= 24095 I

Bearing of AC = 241° to the nearest degree.
8. Ask pupils to work with seatmates to answer question b. iv, v. and vi.

9. Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
Given: as above

iv. BD = O0D-O0B v. |BD| = J(=3)%+(5)2

— -2 1
= ((H-0) = V9+25
—2-1 _ _
(,222) = V34 ~ 5831

= () = 5.8 units

Vector BD = () Magnitude of BD = 5.8 units to 1 d.p.
Vil tanf = Z=1.6667
6 = tan"1(1.6667) = 59.036 I

bearing = 270+ 59.036 51

= 329.036 I/
Bearing of BD = 329° to the nearest degree. 3

Practice (15 minutes)

1. Ask pupils to work independently to answer questions c., d. and e.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
c. Given: Muniratu walks 3 km west, then 2 km north to go to school.

. vector of walk west = () magnitude = ,/(=3)? 4 (2)?

vector of walk north = (3) = V9+4
resultant displacement = (°) + (3) = V13 = 3.606
= () = 3.6km
Displacement vector = () Magnitude = 3.6 km to 1 d.p.
i.  tan® = >=06667
9 = tan"1(0.6667) = 33.690
bearing = 270+ 33.69
= 303.69

The bearing of BD = 304° to the nearest degree.
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Let position vectors for X: 0X = (%), Y:0Y = (%)

distance between
the towns, XYy =

J@? + (272
V6T 4

VZ0

= 4472

= 4.5 units

The distance on the map between the
towns = 4.5 units to 1 d.p.

26.565

The bearing of X from Y = 297° to the nearest degree.

d. Given: X(3,5), Y(a,b) and XY = (*)
. XY = 0Y-0X
() = (5-C)
(5) = )+
_ 4+3
-2+5
= ()
Position of Y on map = (7,3)
ii tand = -=05
6 = tan"1(0.5)
bearing = 270+ 26.565
= 296.565
e

position vector of Abu
position vector of the current
resultant velocity

Abu’s velocity

tan @

bearing

. Given: Abu’s speed = 0.4 m/s, speed of the current = 0.5 m/s

)

%)

(o) + (%)

(o

J(0.5)2 + (0.4)2
V0.25 4+ 0.16
0.64 m/s to 2 d.p.
=08
tan~1(0.8)
38.6598

39°

90 — 39° = 51°

Abu swam across the river at 0.64 m/s on a bearing of 51°.

Closing (4 minutes)

1. Ask pupils to write down one new thing they learned or understood better after this

lesson.

2. Invite volunteers to share their answers with the class. (Answers: various)
3. Tell pupils that they can get more practice from the practice activity

PHMS3-L085 in the Pupil Handbook.
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[QUESTIONS]

a. A man paddles his canoe east at 2 m/s across a river. If the river flows south with a
current of 1.5 m/s.
I. Express the resultant velocity of the canoe as a column vector.
ii.  Find the resultant velocity of the canoe giving the direction as a bearing.
iii. If the river is 20 m across, how long does it take the man to cross the river?
b. Vertical poles are placed in a field in the shape of a parallelogram. Each pole is at
a corner of the parallelogram with vertices A(4,4), B(1,—1),C(-=5,—1) and D(—2,4)
relative to a point O in the field. Wires are to be stretched along the diagonals AC
and BD of the parallelogram. Find:

. AC ii. |AC| to 1 decimal place.
lii.  The bearing of A from C correct to the nearest degree.
iv. BD V. |BD| to 1 decimal place.

vi. The bearing of B from D correct to the nearest degree.
c. Every morning, Muniratu walks 3 km west, then 2 km north to go to school.

I. Express her resultant displacement as a column vector.
ii.  Find her resultant displacement giving the direction as a bearing.

d. The location of two towns are shown on a map as X(3,5) and Y (a, b) relative to a
point O on the map. The displacement between the towns is given as XY = (_42).
Find:

I.  The position of Y on the map.
ii. The distance on the map between the towns.

iii.  The bearing of X from Y correct to the nearest degree.
e. Abu can swim 0.4 m/s in still water. He tries to swim across a stream with a current

flowing 0.5 m/s east. If Abu is swimming north, find his actual velocity giving his
direction as a bearing. Give the magnitude to 2 decimal places and bearing to the
nearest degree.
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Lesson Title: Application of Vectors — Theme: Vectors and Transformations
Part 3

Lesson Number: M3-L086 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils Write the questions found at the end
will be able to apply vectors to solve = of this lesson plan on the board.

more real-world problems.

Opening (4 minutes)

1. Ask pupils work with seatmates to answer question a. on the board.
2. After 2 minutes, invite volunteers to give the answers.

Answers: L (1) i. (%) ii. (72°) iv. (9)
0 -9 0 5
3. Tell pupils that after today’s lesson, they will be able to apply vectors to solve more
real-world problems.

Teaching and Learning (20 minutes)

1. Explain:
¢ In the last lesson, we looked at some simple real-world problems that can be
solved by applying vector methods.
e For this lesson, we will look at more problems using vectors to solve real-world
problems.

2. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: plane headed east with a speed of 150 m/s, jet stream wind blows
from the west with a speed of 50 m/s)

3. Invite another volunteer to say the first thing we have been asked to find. (Answer:
time taken for the plane to reach a destination 200 km east)

Solution:

b. Step 1. Assess and extract the given information from the problem.
Given: plane headed east with a speed of 150 m/s,
jet stream wind blows from the west with a speed of 50 m/s
i. Step 2. Sketch the diagram — shown below (not to scale).
Step 3. Write the velocities of the plane and wind as position vectors.

. . 150

position vector of plane = ( 0 ) plane

position vector of wind = (500) ' ’
resultant velocity = (130) + (500) \ﬁ';i

= ()
ii. Step 4. Write the magnitude and direction of the resultant velocity
magnitude of velocity = 200m/s
direction of velocity is east since resultant velocity is positive
Step 5. Find the time for the plane to reach a destination 200 km east
distance = 200 km

= 200,000 m
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. _ 200,000 ;
time takent = 200 from distance formula d = st

= 1,000s
= 16.67 minutes  change to minutes

The time to reach the destination 200 km east is 16.67 minutes.
lii. Step 6. Find the time for the plane to reach a destination 200 km west.

resultant velocity = (T3°)+ (%)  plane now heading west
= (1) |
time taken ¢ = 22,320 from dlstadnc;esf;)rmula
2,000 s

33.33 minutes  change to minutes

The time to reach the destlnatlon 200 km west is 33.33 minutes.
Invite a volunteer to assess question c. on the board and extract the given

information. (Example answer: given: boat travels a distance of 6 km in a direction
030° from A to B)
Invite a volunteer to say what we have been asked to find. (Answer: the resultant
displacement AB as a column vector)
Solution:

c. Given: boat travels a distance of 6 km in a direction 030° from A to B

i. Sketch the diagram — shown at right (not to scale)

ii. Write vector AB in the form (;)

From the diagram, a 030° bearing makes an acute
angle of 60° with the x-axis

x . . 6kmd 1
cos60° = = use cosine ratio ol
o 30° 1
x = 6cos60° = 6x0.5000 [
Ao
= 3 km
Similarly sin60° = % use sine ratio
y = 6sin60° = 6x0.8660
= 5.2 km to 2 significant figures
—_— _ 3
4B = (52)
The resultant displacement AB = ().

Explain:
e If we are given the magnitude and direction (bearing) of a vector, we can use
the method in question c. to find the column vector.
e Itis useful to always draw a diagram to help us with writing the vector.
Ask pupils to work with seatmates to answer question d.
You may want to stop the class to check that pupils have drawn the correct diagram
in question d. i.
Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
d. Given: 2 stage journey
15t stage: from A to B in direction 060° for 10 km
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2"d stage: from B to C north for 7 km
Sketch the diagram — shown at right (not to scale)

Write vector AB in the form (;‘/)
From the diagram, a 060° bearing makes an acute
angle of 30° with the x-axis

P

cos30° = —; use cosine ratio
x = 10cos30° = 10 x 0.8660 i.
= 8.660
= 8.7 km
Similarly sin30° = %
y = 10sin30° = 10 x 0.5000
= 5km
1B (857)
B¢ = (7)) since BC is 7 km North
AC = AB+BC
= ()+0)
— (8.7+O
5+7
ac = (3
iii. Magnitude of AC = \/(8.7)2 + (12)2 use Pythagoras’ Theorem
= /75.69 + 144
= /219.69
= 14.862
= 14.9 km \
From the diagram
tan 8 = 2
8.7
@ = tan! (5)
= 54.058 <

Direction of AC

90 — 54.058 = 35.942

The cyclist is at a distance of 14.9 km from A at direction 036° to the

nearest degree.

10.Explain: In general the components of a vector given as a magnitude and direction

or bearing is given by:

X _(acosB
vy) ~ \asin®

Practice (15 minutes)

where a is the magnitude of the vector

6 is the acute angle the bearing makes with the x-axis

1. Ask pupils to work independently to answer question e.
2. Walk around, if possible, to check the answers and clear any misconceptions.
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3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.

Solution:
f. Given: 2 stage journey
1t stage: 300 km from P to Q at a bearing of 150° to Q; 2"d stage:
350 km from Q to R at a bearing of 60° to R.
i. sketch of journey shown (not to scale)

ii. From the sketch: I
— 300cos 60°
PQ = —3005in60°)
_ 150
—260

- = 350co0s 30°
QR = (350sin 30°
= (303
175
PR = PQ+0QR Magnitude of PR
150 303 e
= —260) + (175 |PR| = /(453)2 + (—85)2
_ (1504303 —
= (2604175 = /205209 + 7225
PR = (%3 = 212434
= 460.906
Direction of PR = 461 km
tanf = —=0.1876
453
9 = tan1(0.1876)
= 10.625°
bearing = 90+ 10.625°
= 100.625°

The plane is 461 km from P at a bearing of 101°.

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L086 in the Pupil
Handbook.

[QUESTIONS]

a. Write the following as position vectors.
i. 10 km east ii. 9 km south iii. 25 m/swest iv. 5 m/s north

b. A plane is headed east at a speed of 150 m/s while a jet stream wind blows from
the west with a speed of 50 m/s.
i. Write the resultant velocity as a column vector.
il. How much time will it take for this plane to reach a destination 200 km east?
iii. How much time will it take for this plane to return the same 200 km west?
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A boat starts from A and travels a distance of 6 km in the direction 030° to B.
i. Draw a sketch of the journey from A to B.
ii. Write the resultant displacement 4B as a column vector.
A cyclist starts from A and travels a distance of 10 km in the direction 060° to B.
She then travels 7 km north to C.
i. Draw a sketch of the journey from A to C.
ii. Write AB, BC and AC as column vectors.
iii. Find the cyclist’s distance and bearing from A.
A plane flies from P to Q traveling a distance of 300 km at a bearing of 150° to Q. It
then travels 350 km at a bearing of 60° to R.
i. Draw a sketch of the journey from P to R.
ii. Write ﬁ QT and PR as column vectors.
iii. Find the plane’s distance and bearing from P to the nearest whole number.
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Lesson Title: Translation — Part 1 Theme: Vectors and Transformations

Lesson Number: M3-L087 Class: SSS 3 Time: 40 minutes

@ Learning Outcomes Preparation
By the end of the lesson, pupils 1. Draw a grid 16 squares across

will be able to: and 16 squares down on the board.

1. Identify that translation moves an 2. Draw the diagram below on the grid on
object without changing its size or the board. c
shape. A

2. Use vectors to translate given points
and images. c

A B,
B

3. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to discuss with seatmates and write down what they notice about triangle
ABC and its movement on the grid to A1B:1Ca.

2. After 2 minutes, invite volunteers to share their discussion with the class. (Example
answers: the triangle moved from its original position — 5 left and 3 up; all the points
moved by the same vector — (g) the triangle moved without changing its size or
shape, the triangle was translated)

3. Tell pupils that after today’s lesson, they will be able to identify that translation
moves an object without changing its size or shape. They will also use vectors to
translate given points and images.

Teaching and Learning (20 minutes)

1. Draw the vectors showing the movement of triangle ABC as shown below.
2. Explain:

e The object ABC was translated from its original
position 5 units right and 3 units up.

e A translation moves all the points of an object in
the same direction and the same distance
without changing its shape or size.

3. Ask pupils to write the column vectors which show the
movements of A, B and C to their new positions A4;,
B; and C;.

4. Invite volunteers to give their answers. What do they notice? (Answers: TAl = (g)

BB, = (3) and CC; = (3); all 3 points move according to the same column vector)
5. Explain:
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6.

e We can conclude that all the points on triangle ABC moved by the same
column vector (3) to A;B;C;.

e The vector (3) is called a translation vector, v.

e In general a translation vector () moves a point A(x,y) along the x- and y-
axes by the amount of the components of the vector.
e The new point 4,(x;,y,), called the image point, will have co-ordinates x; =
x+ay, =y+b.
e We can write a mapping for the translation as:
C) = C)+G = (%)
e Similarly, (x,y) — ((x+ay+b)
Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: given: point P(4,2), translation vector ("34'))
Invite another volunteer to say what we have been asked to find. (Answer: find
coordinates of the image of the point P)
Solution:
a.i. Step 1. Assess and extract the given information from the problem.
Given: point P(4,2), translation vector ()
Step 2. Write the mapping for the translation.
C) =G+ = (%)
G - G+GE) = 55 =0
G — @
Step 3. Write the answer.

The co-ordinates of the image = (0,5).
Invite a volunteer to say what information we have been given, and what we have

been asked to find in question b. ii. (Answer: given: image A’ (—2,4) of point A
under translation vector (_21); find co-ordinates of point A.)
Solution:

a.ii. Given: image A’ (—2,4) of point A under translation vector (*)

G - O)+@ = (9

(;) - (;) + (_21) using the translation vector
(;) - (7 using the image point

= )+ = @
® = - = (22)

= (5)

) — (D mapping for the translation
The co-ordinates of point A under translation vector (_21) to image point
A'(=2,4) = (—4,5).

<R
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9. Invite a volunteer to say what information we have been given and what we have
been asked to find in question b. iii. (Answer: point Q(5,2), image Q'(1,—3) under
a translation vector; find the vector.)

Solution:
a. iii. Given: point Q(5,2), image Q'(1,—3) under a translation vector
G) = G)+® = %)
Q- O+® using the translation vector
G - ) using the image point

= G+G) = (&)
G = (-G = (&5
= (29 translation vector
The translation vector which maps Q(5,2) to Q'(1,-3) = (C%).
10.Ask pupils to work with seatmates to answer question b.
11.Invite volunteers to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
b.  Given: point S(—1, - 2), translation vector ( %))

O~ 0+ - 6
) - @D+ = (L)

= (2)
) — () mapping for the translation

The co-ordinates of the image of the point S(—1, — 2) under translation
vector (%) = (5,—4)

Practice (15 minutes)

1. Ask pupils to work independently to answer questions c., d. and e.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:

c. Given: image T' (2,6) of point T under translation vector (:;)

@ -+ = (9

(;) - (;) +(79) using the translation vector
(;) - (5) using the image point

= (H+@ = O
@ =0- = =Y
) = ()
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The co-ordinates of point T under translation by vector v = (4,11).
d. Given: A, B and C with coordinates (4,7), (2, —6) and (—3, —6) respectively

G) - C)+® = C5)

I. vector from A(4,7) to B(2,—6) ii. vector from B(2,—6) to C(—3,—6)
G — GO+ (G — CD+()
G — (&) ) — ()

G+G) = (&) C)+G) = )

G = C)-06) G = C)-C)
= (& = (&%)
= () = ()

The translation vector from A(4,7) to The translation vector from
B(2,-6) = (2). B(2,—6) to C(-3,-6) = ().

e. point P(5,2), image P'(2,—5), translation vector v
G) = C)+® = (5)

i. vector from P(5,2) to P'(2,-5) ii. @ givenQ'(-5,-2),v= (")
D = O+ v=0) G) = )+
® - %) G) - @

G +v = (%) G+ = @&
v = (-0 ) = -6

- G - E9)
= (35 = ()
The translation vector = (73). Co-ordinates of Q = (—2,5).

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L087 in the Pupil
Handbook.

[QUESTIONS]
a. i.  Find the coordinates of the image of the point P(4,2) when it is
translated by the vector ().
ii. A'(—2,4) isthe image of a point A under the translation by the vector
(2))- Find the co-ordinates of point A.

.  Q'(1,-3) is the image of the point Q(5,2) under translation by a vector.
Find the translation vector.
b. Find the coordinates of the image of the point S(—1, — 2) when they are
translated by the vector ( %))

C. T'(2,6) is the image of a point T under the translation by the vector (~2).
Find the co-ordinates of point T.
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d. The points 4, B and C have coordinates (4,7), (2,—6) and (—3,—6)
respectively. Find the vector which would be used to translate:
i. AtoB i. BtoC
e. P'(5,2)is the image of the point P(2,—5) by the translation vector v. Find
I. The vector v
ii. The coordinates of point Q which maps onto point Q'(—5,—2) under v.
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Lesson Title: Translation — Part 2

Theme: Vectors and Transformations

Lesson Number: M3-L088

Class: SSS 3 Time: 40 minutes

Learning Outcome
By the end of the lesson, pupils

©

will be able to translate plane figures.

Preparation
1. Draw the diagram below on the

board.

1 2 3 4 5 6 7

|
=1
|
o
&
1
w
o
T
N oRo
2 4

2. Write the qdéstions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils answer question a. on the board.
2. Invite a volunteer to answer. (Answer: co-ordinates of A = (—2,2);

CH— CH+ ) =) = (); co-ordinates of 4" = (3,3)).

1

3. Tell pupils that after today’s lesson, they will be able to translate plane figures.

Teaching and Learning (20 minutes)

1. Invite a volunteer to read question b. i. What are we asked to find? (Answer: Draw
the image of the shape under the translation vector (i))

2. Show on the board how the image point A’ is used as the reference point to
translate the object 5 units right and 1 unit up.

Solution:

b.i. Step 1. Assess and extract the given information from the problem.
Given: a shape with point A marked, translation vector (i)

Step 2. Use the answer to question a. to mark point A’ on the grid.
Step 3. Draw the image using A'as the reference image point.
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B

. Invite a volunteer to say what we have been asked to do in question b. ii. (Answer:

Use translation vector (7°) to translate given object.)
Ask pupils to find the image point A’ using the translation vector ("33)

. Invite a volunteer to give the answer. (Answer: co-ordinates of A = (—2,2);

)= CH+ () =05EY) = () co-ordinates of A’ = (—5,5))
Mark point A" and use as a reference image point for the translation.
Solution:

Shown under solution b. iii.

Draw the answer to b. ii. on board using same axes as before.

Ask pupils to work with seatmates to answer question b. iii.

Invite a volunteer to show their answer on the board.

The rest of the class should check their solution and correct any mistakes.
Solution:

b.iii. Given: Use translation vector (7) to translate the given object.

co-ordinates of A = (—2,2);
G-+ =GZ) =0

co-ordinates of A" = (5,4)

Y A

;

i 6

4 5

4

| A 3

2

/71
—7—6—54@0 1 75

-1

-2

_a

Practice (15 minutes)

. Ask pupils to work independently to answer questions c. and d.
. Walk around, if possible, to check the answers and clear any misconceptions.

Ask volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:

c. Given: shape to be translated

i. shape shown below

ii. use translation vector (3) to translate the given object
co-ordinates of P = (—3,4);

=)+ G=0C5)=0)

co-ordinates of P, = (1,6)
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iii. use translation vector () to translate the given object
co-ordinates of P, = (1,6)
1 1 1) 1+1 (2
(6) - (6) + (—4) - (6+(—4)) - (2)
co-ordinates of P, = (2,2)
image shown below

V. since the object was translated using the vector sum (3) + (,), the inverse
vector will take the final image back to the position of the original shape

translation vectorv. = — ((‘2*) + (_14))
- - (ng-_14)) = _(—52)
= (%)
Translation vector v = (7") takes the final image back to the

position of the original shape

Y A
Py

[ S B = SN |

P,

| [>

7 6 5 4 -3-2 10| 1 f 3 4 5 6 7

il 4

=1

=2

d. Given: shape to be translated
i. shape shown below

ii. use translation vector (?) to translate the given object
co-ordinates Q = (—4,7)
=G+ E) =G =0)
co-ordinates of Q" = (2,7)
image shown below
iii. use translation vector () to translate the given object

co-ordinates of Q' = (2,7)
2 2 3) 2+3 — (5
(7) - (7) + (—1) - (7+(—1)) - (6)
co-ordinates of Q"' = (5,6)
image shown below
V. since the object was translated using the vector sum (§) + (), this vector

sum will take the original shape to the final image
. 6 3
translation vectorv. = (§) +(°).
_ ( 6+3 )
- 0+(-1)
9
= (%)

Translation vector v = () takes the original shape to the final image.
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Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L088 in the Pupil
Handbook.

[QUESTIONS]

a.
b.

Find the image A’ if A is translated by the vector (i)

On the same axes, draw the image of the shape under the translation by the
vectors below such that A maps onto A’.

For each translation, find the co-ordinates of A" and use it as the reference point to
translate the object.

i (i) i. (‘33) . (;)

Using axes as before: P[-3,4)
i. Draw the shape given. 7“‘*\>_
ii. Translate the shape using the vector (3) and P(—3,4) as | L

the reference point to give P;.

iii. Translate the image using the vector (*,) and P; the
reference image point to give P,.

iv. Which vector would be needed to translate the final image back to the
position of the original shape? ol-4}7)

Using axes as before:

i. Draw the shape given.

ii. Translate the shape using the vector ({) and Q(—4,7) as
the reference point to give Q'.

iii. Translate the image using the vector (°) and Q' as the
reference image point to give Q"'.

iv. Which vector would be needed to translate the original shape to the final
image?
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Lesson Title: Reflection — Part 1

Theme: Geometry

Lesson Number: M3-L089

Class: SSS 3

Time: 40 minutes

@ Learning Outcomes
By the end of the lesson, pupils
will be able to:
1. Identify and explain the reflection of
an objectinthe liney = k
2. ldentify and explain the reflection of
an objectinthe line x = k

Preparation
1. Using a scale of 2 cm to 2 units

on both axes, draw two
perpendicular axes Ox and Oy for —
x<6and -6 <y <6.
2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to write down what they understand by the term reflection.
2. Invite 1-2 volunteers to answer. (Example answer: Reflection is what you see when

you look in a mirror.)

3. Tell pupils that after today’s lesson, they will be able to identify and explain the
reflection of an object in the linesy = k and x = k.

Teaching and Learning (20 minutes)

1. Explain:

e Reflection is the image we see when we look at objects in a mirror.

e Every point on the reflected image is the same distance away from the line of
reflection or mirror line as the object.

e Distances are always measured at right angles to the mirror line.

e The image has the same angles, lengths and area as the object, but its figure

is reversed.

2. Invite a volunteer to assess question a. and tell the class what mformatlon we are
given. (Answer: given: points P(2,6),Q(4,2)) |

3. Invite another volunteer to say what we have been asked to
find. (Answer: find coordinates of the image of the line joining

the 2 points under reflection in the x-axis)

Solution:
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a. Step 1. Assess and extract the given information from
the problem. Given: points P(2,6), Q(4,2))
Step 2. Draw the x- and y- axes (if not already drawn).
Locate the points P and Q on the graph.
Draw the line joining the points.
Step 3. Draw a line at right angles from P to the mirror
line (the x-axis). Measure this distance.
Step 4. Measure the same distance on the opposite side of the mirror line (the
x-axis) to locate the point P; on the graph.
Step 5. Write the co-ordinates of P; = (2, —6).
Step 6. Follow the same procedure for the point Q to give Q,(4,—2); see graph.
4. Ask pupils to discuss with seatmates anything they notice when they compare the
co-ordinates of P with P; and Q with Q;.
5. Invite a volunteer to answer. (Answer: the x-co-ordinates are the same, the y-co-
ordinates have opposite signs)
6. Explain:
e We can write a mapping of the reflection in the x-axis (i.e. y = 0) as:

() — (%) aving @y — @&-»
e We can use this procedure to reflect any point in any given line of reflection.
7. Ask pupils to work with seatmates to answer question b.
8. Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:

b. From the graph, the co-ordinates are P,(—2,6)
and Q,(—4,2)

mapping for P (?) — (77) giving P,(—2,6)

mapping for @ (}) — (5} giving Q,(—4.,2)

The x-co-ordinates have opposite signs, the y-

co-ordinates are the same.
9. Explain:

e We can write a mapping of the reflection in the y-axis (i.e. x = 0) as:

) - (3) gving &y — (xy)
¢ If we continue to follow the procedure we will find the mappings given below.

e A mapping of the reflection in the line y = kor y — k = 0 is given by:
(;) (ka—y) giving (x,y) — (x2k-y)
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e A mapping of the reflection in the line x = k or x — k = 0 is given by:

(;) — (Zky_x) giving (x,y) — Qk-—x,y)
10. Ask pupils to work with seatmates to answer question c.
11. Ask pupils to give their answers. The rest of the class should check their answers.

Solution:
c. Given: A(1,-6)
i. mapping for reflectionin x = 0 ii. mapping for reflectioniny =0
(y-axis) is given by: (x-axis) is given by:

6) = () 6) = ()
) - () = G

giving image point (—1,—6) giving image point (1, 6)
iii. mapping for reflectionin x = 2 is iv. mapping for reflectioniny +1 =0
given by: i.e. y = —1is given by:

k_
G) = (5 G) = (5)
(_16) - (2(3)6_1) = (4—_61) (—16) - (2(—1)1—(—6)) = (—21+6)
(—16) - (—36) (—16) - (zl;)
giving image point (3, —6) giving image point (1, 4)
d. Given: A(1,3),B(4,4),C(4,2),D(2,2)
i. All diagrams for this question can be found at the end of Question e.

ii. reflect iny =0 (x-axis): (i) - (—xy)

G - (&) G — (&)
@ — &) G — &)

Co-ordinates:: A,(1,— 3), B,(4,—4), C,(4,—2),D,(2,-2)

Practice (15 minutes)

1. Ask pupils to work independently to answer question e.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solution:
e. Given::4,;(1,—3), B;(4,—4), C,(4,-2),D;(2,-2)

i. reflectin x = 0 (y-axis): (§) — (_yx)

(&) — &) (%) — &)
) — () (&) — )
Co-ordinates: A,(—1,— 3),B,(—4,—4),C,(—4,—-2),D,(—2,-2)
i. reflect 4,(—=1,—3),B,(—4,—4),C,(—4,—2),D,(=2,-2)inx = -5= k = -5

§) = () - (3 - (%)
&) - %) = @ & -2 = @
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) — ) = (3D &) -5 = @
Co-ordinates: A;(—9,— 3),B3;(—6,—4),C5(—6,—2),D;(—8,—2)
iii. reflect A-(—9.— 3).B.(—6.—4).C.(—6.—2).D.(-8.-2)inv—-1=0= k=1

6) = (5) = Gow) = G5)
(D = (%) =@ @ = (&) =@
(:2) - (z—_(i;)) = (_66) (:2) - (2—_(32)) = (_48)

Co-ordinates: A,(—9,5),B4(—6,6),C,(—6,4),D,(—8,4)

. A
I y
By(—6.6) | 6
A4(-9,5)
} " B(4.4)
Dy(-8/4) Cy{-6:4) |
| A(1,3)<
2
D(2.2) C(4.2)
y=1
1
]
=10 = -8 —-6 1 —4 -2 o] 2 4 6
1
I 1
1 |
D4(-8,-2) Ca(=6.-2) (€ (~4.~2) D,(-2,-2) Dz -2) €1(4,-2)
|
1
1
43(-9.-3) :
Sizitzistirorssie: : o ynrsssasssass
i {
1 |
lx=+5
1 1 o
|

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L089 in the Pupil

Handbook.

[QUESTIONS]
a. Points P(2,6), Q(4,2) are two points on the given axes. Find the co-ordinates, P,

b.

and Q,, of the image of the line joining the points under reflection in the x-axis

For the given points in question a., and using the same axes, find the co-ordinates,
P, and Q,, of the image under reflection in the y-axis (x = 0).

Write the mapping for each point. What do you notice?

Use the appropriate formula to find the image of the point A(1, —6) when reflected
in the lines:
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L. y=0 . x=0 . x =2 v. y+1=0
d. Using a scale of 2 cm to 2 units on both axis. Draw on a graph sheet two
perpendicular axes Ox and Oy for the intervals —10 < x < 10and -6 <y < 6.
i. Plot the points with coordinates: A(1,3), B(4,4), C(4,2), D(2,2).
Join the points in that order to form shape ABCD.
ii. Reflect the object in the x- axis. Write down the coordinates of the corners of
the image A,B,C,D;.
e. On the same axes as in Question d.:
i. Reflect the image obtained in Question d. ii, A;B,C;D;, in the y- axis. Write
down the coordinates of the image A,B,C,D, .
ii. Reflect A,B,C,D, inthe line x = —5. Write down the coordinates of A;B;C5D5.
lii. Reflect A;B;C3D5 in the line y — 1 = 0. Write down the coordinates of
A4B,C,D,.
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Lesson Title: Reflection — Part 2

Theme: Geometry

Lesson Number: M3-L090

Class: SSS 3

Time: 40 minutes

@ Learning Outcomes
By the end of the lesson, pupils
will be able to:
1. Identify and explain the reflection of
an object in the line y = x
2. ldentify and explain the reflection of

an object in the line y = —x.

Preparation

1. Using a scale of 2 cm to 2 units
= on both axes, draw two
perpendicular axes Ox and Oy for
—-6<x<6and-6<y<6.
2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.
2. Invite a volunteer to answer. (Answer: for reflectionin line x —4 =0,k = 4;

(5) = (%), aives (2) = C9) = (%))
3. Tell pupils that after today’s lesson, they will be able to identify and explain the
reflection of an objectin the linesy = xandy = —x

Teaching and Learning (20 minutes)

1. Explain:

e Reflection of points or shapes can be done on other lines apart from horizontal

and vertical lines.

e We follow the procedure in the previous lesson to reflect in the given line.
2. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: given: points P(0,1),Q(2,5) and R(4,6), line y = x)
3. Invite another volunteer to say what we have been asked to find. (Answer: find co-
ordinates of the image of the triangle formed under reflection in line y = x.)

Solution:

b. Step 1. Assess and extract the given information from
the problem. given: points P(0,1),Q(2,5) and

R(4,6), line y = x.

Step 2. Draw the x- and y- axes (if not already drawn).
Locate the points P, Q and R on the graph.
Draw the lines joining the points.

Step 3. Draw the line y = x.

Step 4. Draw a line at right angles from P to the mirror
line (y = x). Measure this distance.

Step 5. Measure the same distance on the opposite side of the mirror line (y =
x) to locate the point P; on the graph.

Step 6. Write the co-ordinates of P, = (1,0).

Step 7. Follow the same procedure for points Q and R giving Q,(5,2) and

R,(6,4) (see graph).
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10.

11.

12.
13.

Ask pupils to discuss with seatmates anything they notice when they compare the
co-ordinates of P with P;, Q with Q; and R with R;.

Invite a volunteer to answer. (Answer: the x- and y-co-ordinates have
interchanged)

Explain: We can write a mapping of the reflection in the line y = x as:

®H - ® giving (xy) — %)
Ask pupils to work with seatmates to answer question c.
Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Solution: | i ;
c. Given: points P(0,1),Q(2,5) and R(4,6), ”'\y%—x i Hh
liney = —x ,\,\f_v i

mappingfor? (3) — ()
mappingforQ (2) — (20)

mappingforR (1) — (Z%) ~ % |
The co-ordinates are P,(—1,0),Q,(—5,—2) (521
and R,(—6,—4) V4

The x and y-co-ordinates have interchanged #te=91 1
and have opposite signs.
Explain:
¢ We can write a mapping of the reflection in in the line y = —x as:

(;) - (:2;) giving (x,y) — (-y,—x)

e The general mapping for y = kx is beyond the scope of this lesson
(TEACHERS PLEASE NOTE IT IS NOT AS STATED IN SOME FREQUENTLY USED TEXTBOOKS):

G) - (&) =
y kx
Invite a volunteer to assess question d. i. and tell the class what information we are
given. (Answer: given: points A(3,4), B(—2,—1), line y = x)
Invite another volunteer to say what we have been asked to find. (Answer: find the
image of the points under reflection in the given line)
Solution:

d. given: points A(3,4), B(—2,—1),liney =x

i. mapping is given by (;) — ()

(3) — (3); image point (4,3) (%) — (Z;); image point (—1,—2)

Ask pupils to work with their seatmates to answer question c. ii.
Invite volunteers to give their answers. The rest of the class should check their
solution and correct any mistakes.

Solution:
d. Given: points A(3,4), B(—2,—-1), liney = —x

ii. mapping is given by (;) - ()
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() — (Z5); image point(—4, —3) () - (_("1)) = (}); image point (1,2)

-(-2

14. Invite a volunteer to assess questions e. i. and ii. and tell th(e c)lass what
information we are given. (Answer: given: quadrilateral with vertices
A(2,8),B(4,8),C(4,6), D(3,5))

15. Invite another volunteer to say what we have been asked to do. (Answer: draw the
quadrilateral ABCD; find image points under reflection in the line y = x and draw
the image A,B,C,D,)

16. Write on the board the formula to find the mapping for A — A; and hence find the
image point 4, (8, 2).

17. Ask pupils to continue to work with seatmates to complete question e.

18. Invite a volunteer to show the solution on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
e. Given: quadrilateral with vertices A(2,8), B(4,8),C(4,6) and D(3,5); liney = x

mapping is given by (;) — (9
i. All diagrams for this question can be found at the end of question f.
i (2) — () giving 4,(8,2) (5) — (%) giving By(8,4)
() — () giving €,(6,4) 3) — () giving D, (5,3)

Practice (15 minutes)

1. Ask pupils to work independently to answer question f.
2. Walk around, if possible, to check the answers and clear any misconceptions.
3. Invite volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solution:
f. Given: quadrilateral with vertices A(2,8), B(4,8),C(4,6) and D(3,5); line y = —x

mapping is given by (;) — (@)

] ¢ — () giving A,(-8,-2) (1) — (2°) giving B,(~8,—4)
(&) — (T3 giving C,(=6,—4) () — (25 giving D,(~5,—3)
ii. Given: quadrilateral with vertices A;(8,2), B;(8,4),C;(6,4) and D;(5, 3)
() — (Dovinga;(-2-8) () — (Caiving By(~4,-8)
(5) — (Z2) giving C5(—4,—6) () — ()giving Ds(~3,-5)
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e
A
264 By (8.4}

4,(8,2)

,
D, (=5,-3)7
§5

£
i D3(-3,-5)

Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L090 in the Pupil

Handbook.

[QUESTIONS]

a.

Use the appropriate formula to find the image of the point (3, —5) when reflected in
the line x — 4 = 0.
Points P(0,1),Q(2,5) and R(4,6) are points on the given axes. Find the co-
ordinates, P;, Q; and R, of the image of the triangle formed under reflection in the
line y = x.
For the given points in question b., and using the same axes, find the co-ordinates,
P,, Q,, and R, of the image under reflection in the line y = —x.
Write the mapping for each point. What do you notice?
Use the appropriate formula to find the image of the points A(3,4) and B(—2,—1)
when reflected in the line: Ly=x i y=—x
Using a scale of 2 cm to 2 units on both axes, draw and label on a sheet of graph
paper two perpendicular axes Ox and Oy for -8 < x <8 and -8 <y < 8.
Draw on the same axes, showing clearly the co-ordinates of all vertices:
I. The quadrilateral with vertices A(2,8), B(4,8),C(4,6) and D(3,5).
ii. The image A,B,C;D, of ABCD under a reflection in the line y = x where A —
A, B— B, C— C;and D — D,.
On the same axes as for question e.:
i. For the quadrilateral ABCD from question e., draw the image A,B,C,D, under
a reflection in the line y = —x where A —- A,, B— B,, C — C, and D — D,.
ii. For the quadrilateral A, B,C;D,from question e., draw the image A;B;C3;D5
under a reflection in the line y = —x where A; — Az, B; — B3, C; — (3 and
Dy — Ds.
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Lesson Title: Rotation — Part 1

Theme: Geometry

Class: SSS 3 Time: 40 minutes

Lesson Number: M3-L091
@ Learning Outcomes
By the end of the lesson, pupils will
be able to:
1. Identify that rotation is a movement
around a fixed point.

2. Find the image of an object under
rotation about the origin.

Preparation

1. Using a scale of 2 cm to 2 units
= on both axes, draw two
perpendicular axes Ox and Oy for —6 <
x<6and0<y<e6.
2. Write the questions found at the end
of this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to identify that rotation is a
movement around a fixed point. They will also be able to find the image of an object

under rotation about the origin.

Teaching and Learning (20 minutes)

1. Explain:

e Rotation is a movement around a fixed point, called the centre of rotation.
e Rotation is always done in a specified angle and direction about a specified

point.

e Anti-clockwise rotation is the standard rotation used, and can be assumed if no

direction is given.

e For example, an object can be rotated 90° anti-clockwise about the origin.
2. Invite a volunteer to say what clockwise rotation is, the same as 90° anti-clockwise.

(Answer: 270° clockwise)

3. Explain: We can rotate a given point or shape by following a procedure similar to
what we have done previously for translation and reflection.

4. Invite a volunteer to assess question a. and tell the class what information we are
given. (Answer: given: points P(3,2),Q(4,6) and R(2,4), origin, 0(0,0))

5. Invite another volunteer to say what we have been asked to find. (Answer: find co-
ordinates of the image of the triangle formed under an anti-clockwise rotation of

90° about the origin.)
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Solution:
a. Step 1. Assess and extract the given information from the problem.
given: points P(3,2), Q(4,6) and R(2,4), origin 0(0,0)
Step 2. Draw the x- and y- axes (if not already drawn).
Locate the points P,Q and R on the graph.
Draw the lines joining the points.
Step 3. Mark the centre of rotation 0(0,0).
Draw a straight line from O to P. 0
Measure the distance OP. X
Step 4. Measure an angle of 90° in an
anti-clockwise direction.
Step 5. Measure the distance OP along
this line to locate the point P;.
Step 6. Write the co-ordinates of P; = (—2,3).
Step 7. Follow the same procedure for points Q and R giving Q,(—6,4) and
R,(—4,2). (see graph)
6. Ask pupils to discuss with seatmates anything they notice when they compare the co-
ordinates of P with P;, Q with Q; and R with R,.
7. Invite a volunteer to answer. (Answer: the x- and y-co-ordinates have interchanged,
and the y-co-ordinate has also changed signs)
8. Explain:
e We can write a mapping of the rotation through 90° anti-clockwise or 270°
clockwise about the origin O as:

) - ) gving @y — (¥
¢ We can follow the same procedure to draw the rotation through 270° anti-

clockwise or 90° clockwise about the origin 0. The mapping is given as:

(;) - (2) giving (xy) — (@ —x)
e And the mapping for the rotation through 180° (half turn) anti-clockwise about

the origin 0 is given as:
(x) - (:x) giving (xy) — (=x-y)

y y
Since 180° is a half-turn, both anti-clockwise and clockwise rotation result in the
same image.
9. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: given: A(—4,—7), A;(—7,4) and B(3,-5))
10. Invite another volunteer to say what we have been asked to find. (Answer: find co-
ordinates of B,)
Solution:

b. Given: A(—4,-7), A,(—=7,4) and B(3,-5)
@ - @)

this is the same as (i) — (_yx)

(—35) - (:g)

The point B was rotated 270° anti-clockwise about the origin O.
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11. Invite a volunteer to assess questions c. i. and ii. and tell the class what
information we are given. (Answer: given: the triangle PQR with P(5,3),Q(8,4) and
R(2,6))

12. Invite another volunteer to say what we have been asked to do. (Answer: draw the
triangle PQR; find the image triangle P;Q,R; of triangle PQR under an anti-
clockwise rotation of 90° about the origin)

13. Write on the board the formula to find the mapping for P — P; and hence find the
image point P;. (=(7%)).

14. Ask pupils to write down the image points for Q(8,4) and R(2,6).

15. Invite a volunteer to give the image points. (Answer: Q,(—4,8) and R,(—6,2)

16. Ask pupils to work with seatmates to complete questions c. ii.

17. Invite a volunteer to show the solution on the board. The rest of the class should
check their solution and correct any mistakes.

Solutions:
c. Given: triangle PQR with P(5,3),Q(8,4) and R(2,6)

mapping is given by (;) — (2)
i. All diagrams for this question can be found at the end of question d.
i, (3) — () giving P,(-3,5) &) — () giving Q;(—4,8)
() — () giving Ry(—6,2)

Practice (15 minutes)

1. Ask pupils to work independently to answer question d.
2. Walk around, if possible, to check the answers and clear misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
d. Given: triangle PQR with P(5,3),Q(8,4) and R(2,6)

mapping is given by (;) — ()

. (3) — () giving P,(3,-5) %) — (%) giving Q,(4,—8)
() — (&) giving R,(6,-2)

ii. Given: triangle PQR with P(5,3),Q(8,4) and R(2,6)
mapping is given by (;) — (:;)
(3) — (23) giving P,(—5,-3) ) — (%) giving Q,(-8,-4)
?) — (2)giving Ry(—2,-6)
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Q.(-58)

R(2.8)

8 (-3,5)

2(3-3

RIS

Closing (4 minutes)

1. Ask pupils to tell seatmates one new thing they learned or understood better after
this lesson.

2. Invite volunteers to share their answers with the class. (Answer: various)

3. For homework, have pupils do the practice activity PHM3-L091 in the Pupil
Handbook.

[QUESTIONS]

a. Points P(3,2),Q(4,6) and R(2,4) are points on the given axes. Find the co-
ordinates, P;, Q; and R, of the image of the triangle formed under an anti-clockwise
rotation of 90° about the origin, O.

b. A rotation about the origin maps A(—4,—7) to A,(—7,4) and B(3,—5) to B;. Find the
co-ordinates of B;. Describe the rotation for the mapping.

c. Using a scale of 2 cm to 2 units on both axes, draw two perpendicular axes Ox and
Oy for =8 < x < 8 and —8 < y < 8 on a sheet of graph paper.

Draw on the same axes clearly showing the co-ordinates of all vertices:
i. The triangle PQR with P(5,3),Q(8,4) and R(2,6).
ii. The image AP;Q,R, of APQR under an anti-clockwise rotation of 90° about the
originwhere P — P;,, Q — Q; R — R;.

d. On the same axes as for question c.;

i. For APQR from question c. draw the image AP,Q,R, under an anti-clockwise
rotation of 270° about the origin where P — P,, Q — Q, R — R,.

il. For APQR from question c. draw the image AP;QsR5 under a rotation of 180°
about the origin where P — P;, Q — Q3 R — R;..
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Lesson Title: Rotation — Part 2

Theme: Geometry

Lesson Number: M3-L092

Class: SSS 3 Time: 40 minutes

@ Learning Outcome

By the end of the lesson, pupils
will be able to find the image of an object
under rotation about any point (a, b).

Write the questions found at the end
of this lesson plan on the board.

é Preparation

Opening (4 minutes)

1.
2.

Ask pupils to answer question a. on the board.
Invite a volunteer to give the answer. (Answer: for rotation under 180°,

(x,y) — (—x,—y), therefore X(4,—-3) — (—4,3))

under rotation about any point (a, b).

Teaching and Learning (20 minutes)

1. Explain:

procedure from the last lesson.

specified rotation.
We follow the steps given below
anti-clockwise or 270° clockwi

Tell pupils that after today’s lesson, they will be able to find the image of an object

We can rotate a given point or shape about any point (a, b) by following the

We can also use a formula to calculate the new co-ordinates obtained after a

to find the formula for rotation through 90°
se about the point (a, b).

2. Write on the board:
Step 1. Subtract the co-ordinates of the centre (x—a)
of rotation (a, b) from (x,y) b
Step 2. Apply the appropriate rotation formula (x—a) N (—(y—b)
y—b x—a
Step 3. Add the result in Step 2 to the centre (_(y_b)+a)
of the rotation to get the image point (x—a)+b
Step 4. Write the co-ordinates of the image
. (-y=b)+a, (x—a)+b)
point
3. Ask pupils to work with seatmates to answer question b.
4. Invite volunteers to show how they worked out the formulae on the board. The rest
of the class should check their solution and correct any mistakes.
Solution:
b. i. Rotation through 270° anti-clockwise or 90° clockwise about (a, b)

(=)
(-2)
(y-b)+a

)
(42as)

(—b)+a,—(x—a)+b)

(x—a
y—b

subtract components of the centre of rotation
from the given point
apply the appropriate formula

add result to (a, b)

co-ordinates of the image point
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ii. Rotation through 180° (half turn) anti-clockwise about (a, b)
(x—a) subtract components of the centre of rotation
Y7 from the given point

x—a -(x-a)\ apply the appropriate formula
(y—b) - (—(y—b)) PPY PpIop

(:Ex:a)+a) _ (:(x:Za))
y=b)+b (v-2b)) add result to (a, b)
(—=(x = 2a),—(y — 2b)) co-ordinates of the image point
5. Ask pupils to continue to work with seatmates to answer question c.
6. Invite a volunteer to show how they worked out the formulae on the board. The rest
of the class should check their solution and correct any mistakes.

Solution:

C. Given: point Y(—2,-5), rotated 90° clockwise about the point (1, —4)
x-a) _ —2-1 _ -—2-1 subtract components of the centre
(y‘b) B (‘5‘(‘4)) = G of the rotation from the given point

= ()
(;:g) — (—{x_—ba)) apply the appropriate formula
) = (&) = &
) — (311(3)) = () add result to (1, —4)

Y (—2,-5) rotated 90° clockwise about the point (1, —4) gives (0,—1)

7. Invite a volunteer to assess questions d. i. and ii. and tell the class what information
we are given. (Answer: given: the triangle PQR with P(2,4),Q(4,8) and R(8,7))

8. Invite another volunteer to say what we have been asked to do. (Answer: draw the
triangle PQR; find the image triangle P, Q, R, of triangle PQR under an anti-clockwise
rotation of 90° about the point (1,2))

9. Write on the board the formula to find the mapping for P — P, and hence find the
image point P;. (see solution below)

10. Ask pupils to work with seatmates to complete questions d. ii.

11.Invite a volunteer to show the solution on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
d. Given: triangle PQR with P(2,4),Q(4,8) and R(8,7)
i. All diagrams for this question can be found at the end of question d.
ii. mapping under an anti-clockwise rotation /. —(y-b)+a
of 90° about the point (a, b) is given by: (y) ( (x-a)+b )

for rotation about C(1,2) (;) — (-(y—2)+1) = (3

(x—1)+2 x+1
(42;) - _2?13
— (3} giving P;(—1,3)
G — GF
— () giving ,(-5,5)
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) — G

— () giving Ry (—4,9)

Practice (15 minutes)

1. Ask pupils to work independently to answer question e.
2. Walk around, if possible, to check the answers and clear up any misconceptions.
3. Ask volunteers to come to the board to show their solutions.
The rest of the class should check their solutions and correct any mistakes.
Solutions:
d. Given: triangle PQR with P(2,4),Q(4,8) and R(8,7)

i. mapping is given by (;) — (_(%’x__bg;fb) = (_((yx‘_?)*fz)=(_yx‘+13
(421») - (jz'_f3
— (%) giving P,(3,1)
(;) - (—84_33
— (_71) giving Q,(7,—1)
G — ((—78_+13)

— (%) giving R,(6,—5)
L e saenty () — (%) - (1) - (520

@ - G

4+4

l

(3) giving P3(0,0)

(s) (Cora
(Z2) giving Q3(—2,—4)

(—8+2
—-7+4

(Z2) giving R3(—6,—3)

)

Ll
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Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L092 in the Pupil

Handbook.

[QUESTIONS]

a.

Use the appropriate formula to find the co-ordinates of the image point when point
X(4,—3) is rotated 180° about the origin.
Find the formula for image point for:
i. Rotation through 270° anti-clockwise or 90° clockwise about (a, b)
ii. Rotation through 180° (half turn) anti-clockwise about (a, b)
Use the appropriate formula to find the co-ordinates of the image point when point
Y(—2,-5) is rotated 90° clockwise about the point (1, —4).
Using a scale of 2 cm to 2 units on both axes, draw on a sheet of graph paper, two
perpendicular axes Ox and Oy for -8 < x <8 and —6 < y < 10.
Draw on the same axes showing clearly the co-ordinates of all vertices:
iii. The triangle PQR with P(2,4),Q(4,8) and R(8,7).
iv. The image AP;Q,R, of triangle PQR under an anti-clockwise rotation of 90°
about the point (1,2) where P — P;, Q — Q; R — R;.
Draw on the same axes as for question d. showing clearly the co-ordinates of all
vertices:
i. For APQR from question d. draw the image AP,Q,R, under an anti-clockwise
rotation of 270° about the point (1,2) where P — P,, Q — Q, R — R,.
il. For APQR from question d. draw the image AP;Qs;R; under a rotation of 180°
about the point (1,2) where P — P;, Q — Q3 R — R;.
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Lesson Title: Enlargement — Part 1 Theme: Geometry

Lesson Number: M3-L093 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils will 1. Using a scale of 2 cm to 2 units
be able to use scalar multiplication to =— on both axes, draw on a sheet of
enlarge given shapes. graph paper, two perpendicular axes Ox

and Oy for-8 <x <8and —-10 < y < 10.
2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.
2. Invite a volunteer to give the answer. (Answer: a = (°)),3a=3(",) = ()

3. Tell pupils that after today’s lesson, they will be able to use scalar multiplication to
enlarge given shapes.

Teaching and Learning (20 minutes)

1. Explain:

e An enlargement is a transformation which enlarges or reduces the size of an

image.

e Itis described by a centre of enlargement and a scale factor, k.
e Two different formulas are given for enlargement:
e The formula for enlargement from the origin O by a scale factor k is given

by:

G)

k (x) - (Ilzx) where k is positive or negative
d Y7 whole number or fraction

(x,y) — (kx,ky)

The formula for enlargement from any point (a, b) other than the origin 0 by

a scale factor k can be found by following the steps given below.
2. Write on the board:

Step 1.

Step 2.
Step 3.

Step 4.

Subtract the co-ordinates of the (x—a)
centre of rotation (a, b) from (x,y) b
Enlarge using the given scale factor (x—a) N (k(x—a))

y-b k(y=b)
Add the result in Step 2 to the centre (k(x_a)+a)
of rotation to get the image point k(y—-b)+b

Write the co-ordinates of the image (k(x —a) + a, k(y —b) + b)
point

3. Ask pupils to work with seatmates to answer question b.
4. Invite volunteers to show how they worked out the formulae on the board. The rest
of the class should check their solution and correct any mistakes.

Solution:
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b. Given: (—1,-6), enlarge with scale factor 4
. (:é) - 4(:2) = (:igiég) = (—_244)
ii. Given: (—1,—6) enlarge about the point (2,4) with scale factor 4
r—a 12 _5 Subtract components of the centre
(y—b) - (—6—4 - (—10) of rotation from given point
(3) — 4(5)) = (3;2) enlarge using given scale factor
12 —12420 _ (-10y add back components of the centre
(o Saore = (g of rotation
5. Invite a volunteer to assess questions c. i. and ii. and tell the class what information
we are given. (Answer: given: triangle PQR with points P(1,1), Q(3,1) and R(1,4))
6. Invite another volunteer to say what we have been asked to do. (Answer: draw the
triangle PQR; find the image triangle P;Q,R; of triangle PQR under an enlargement
from the origin with scale factor 2)
7. Show on the board how to enlarge using the given information.
Solution:
c. Given: triangle PQR with points P(1,1), Q(3,1) and R(1,4)
i. All diagrams for this question can be found at the end of the question.
ii. Mapping under an enlargement (x) (kx) (Zx)
—_— =
from the origin with scale factor 2 \v kx 2x
1 1 2
(1) - 2(1) = (2)
3 3 6
(1) - 2(1) = (2)
1 1 2
G — 20 = 6
P1(2,2),04,(6,2) and R,(2,8)
8. Ask pupils to work with seatmates to complete questions c. iii.

9. Invite a volunteer to show the solution on the board. The rest of the class should
check their solution and correct any mistakes.

i @ - 20 = )
G - 20 = &)
@ - 20 = )

P,(—2,—2),0,(—6,—2) and R,(—2, —8)
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iv. Theimage P,Q,R, is upside down.
10.Explain: Negative scale factors give images at the opposite side of the centre of

enlargement. The image is turned upside down (or inverted).

11.Ask pupils to work with seatmates to complete question d.

12.Invite a volunteer to show the solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:

d. Given: A(8,4), B(8,—8), C(—4,—8) and D(—4,4)
. @ -0 =0
() — 5C) = (&)
) — ;G = D
(D) =3 =
A;(4,2),B,(4,—4), C;(—2,—4), and D,(=2,2)
ii. The co-ordinates of A, B;C;D, are half that of the original ABCD.

13.Explain:
e An object (shape) under enlargement with a scale factor which is a fraction,
results in a smaller image than the object. It is a reduction.
e The diagram in the next question will show this clearly.

Practice (15 minutes)

1. Ask pupils to work independently to answer question e.

2. Walk around, if possible, to check the answers and clear any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solution:

e. Given: A(8,4), B(8,—8), C(—4,—8) and D(—4,4) from question d.
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Closing (1 minute)

1.

For homework, have pupils do the practice activity PHM3-L093 in the Pupil
Handbook.

[QUESTIONS]

a. Find 3awhena= ().
b. Find the image of (—1,—6) under the enlargement with scale factor of 4 from:

C.

I The origin ii. The point (2,4)
Draw on the given axes showing clearly the co-ordinates of all vertices:
v. The triangle PQR with P(1,1),Q(3,1) and R(1,4).
vi. The image triangle P;Q,R; of triangle PQR under an enlargement from the
origin with scale factor 2 where P — P;, Q — Q; R — R;.
vii. The image triangle P,Q,R, of triangle PQR under an enlargement from the
origin with scale factor —2 where P — P,, Q — Q, R — R,.
viii. What do you notice about the enlargement P,Q,R,?
A square has vertices A(8,4), B(8,—8), C(—4,—8) and D(—4,4).
i. Find the co-ordinates of the vertices of the image square A;B,C;D, of ABCD
under an enlargement from the origin with scale factor 3 where A —
A, B—B;,C — C,and D — D;.
il. What do you notice about the co-ordinates of A;B,C;D;?
Using a scale of 2 cm to 2 units on both axes, draw on a sheet of graph paper, two
perpendicular axes Ox and Oy for -4 <x <8and -8 <y < 4.
Draw on the same axes, showing clearly the co-ordinates of all vertices:
iii. The square ABCD from question d.
iv. The image A,B,C;D, of ABCD from question d.
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Lesson Title: Enlargement — Part 2 Theme: Geometry
Lesson Number: M3-L094 Class: SSS 3 Time: 40 minutes

@ Learning Outcome Preparation
By the end of the lesson, pupils 1. Using a scale of 2 cm to 2 units on
will be able to find the relationship both axes, draw on a sheet of graph
between scale factor, length, area paper, two perpendicular axes Ox and Oy
and volume of enlarged shapes. for0<x<16and 0 <y < 16.

2. Write the questions found at the end of
this lesson plan on the board.

Opening (4 minutes)

1. Ask pupils to answer question a. on the board.

2. Invite a volunteer to answer. (Example answers: Fractional scale factor of > means
the image is half the size of the object. Negative scale factor means the image is on
the opposite side of the centre of enlargement as the object is inverted.)

3. Tell pupils that after today’s lesson, they will be able to find the relationship
between scale factor, length, area and volume of enlarged shapes.

Teaching and Learning (20 minutes)

1. Explain: We will look at question b. to help us understand the relationship between
the scale factor used to enlarge a figure and the resulting lengths of the sides of the
enlarged figure.

2. Invite a volunteer to assess question b. and tell the class what information we are
given. (Answer: given: triangle with vertices A(2,1), B(5,1) and C(5,5); enlarged
from the origin to give image having vertices A4,(6,3), B;(15,3) and C;(15,15))

3. Invite another volunteer to say what we have been asked to find. (Answer: find
scale factor of enlargement.

Solution:

b. Step 1. Assess and extract the given information from the problem.
given: triangle with vertices A(2,1), B(5,1) and C(5,5); enlarged from the
origin to give image having vertices A4,(6,3), B;(15,3) and C,(15,15)
i. Step 2. Find the formula for the mapping
mappingfora (3) — (5) for4,
mapping for 8 () — (Y) forB,
mappingfor¢ (3) — () forg,
from the images it is clear the mapping is (;) — 3 (;) - the scale factor is 3.

ii. Step 3. Draw the object and lii. Step 4. Measure corresponding
image triangles lengths and complete the table
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Length of triangle | Length of image
AB 3 A;B,; 9
BC 4 B,C, 12
AC 5 A, C, 15

iv. e Ask pupils to discuss with seatmates what they notice when they
compare the lengths of the sides of the triangle with that of the image.
¢ Invite a volunteer to answer. (Answer: the lengths of the sides of the
image are 3 times the lengths of the sides of the object.
Step 4. Write the relationship connecting scale factor to length.
length of image = 3 x length of corresponding side of object
where 3 = scale factor, k, of the enlargement
. Explain: We can write the ratio of a length of the image to the corresponding length

of the object as the scale factor of the enlargement.

_ length of image (1)
length of corresponding side of object

Invite a volunteer to say what type of triangles have the ratios of the lengths of their
sides the same? (Answer: similar triangles)
. Explain:
e Enlargement always produces images which are similar figures to the objects in
proportion to the scale factor of the enlargement.

e For triangles, if either one of the following is true, they are similar triangles:

— The ratio of corresponding sides are equal.

— The angles of one triangle are equal to corresponding angles in the other

triangle.
Invite a volunteer to assess question c. i. and tell the class what information we are
given. (Answer: given: AABE with AB = 6 cm, AE = x, EB = 6 cm and AADE with
BC =y, ED = 4cm,DC = 9 cm)
Invite another volunteer to say what we have been asked to find. (Answer: explain
why triangles ABE and ADE are similar.)
Solution:
C. Given: AABE with AB = 6 cm,AE = x, EB = 6 cm and AADE with BC =y,
ED =4cm,DC =9cm

i' 4ABE = £ACD since the lines BE and CD are parallel
¢/AEB = ADC P
<LEAB = «DAC common vertex A

Since the 3 angles are the same in both triangles, they are similar triangles.
“ — length of image
' - length of corresponding side of object

ForEB:DC k = %_-15
9

For AC:AB 15 = 4¢ For AD: AE 1.5 = 4
6
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AC = 6X15 1.5x = 4+«x
= 9cm 0.5x = 4
~BC= 'y = 3cm ~ AE = x = 8cm
9. Explain:
e Ratios can also be found linking the scale factor to the area and volume of the
enlarged and original figures.
e The ratio of the area of the enlarged figure to the area of the original figure is the

square of the scale factor of the enlargement

k 2 __ areaof enlarged image (2)
area of original object

e We can also show that the ratio of the volume of the enlarged image to the

volume of the original object is the cube of the scale factor of the enlargement.

k3 — volume of enlarged image (3)
volume of original object

10. Ask pupils to work with seatmates to answer question d.
11. Invite a volunteer to show their answer on the board. The rest of the class should
check their solution and correct any mistakes.

Solution:
d. Given: triangle from question b. Use the lengths in previously completed table.
i area = %x base x height
For AABC For AA;B,C;
area = §><3><4 area = %x9><12
= 6cm? = 54 cm?
i ratio = e of AA1B,C,

area of AABC

= 5?4 = 9 = 3% where k = 3 is the scale factor of the enlargement.

The ratio of the areas is the square of the scale factor (as given in equation 2)

Practice (15 minutes)

1. Ask pupils to work independently to answer question e.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.

Solution:
. length of ide of pent A
e. Given: s Eehhhch o s = scale factor = 4
length of corresponding side of pentagon B
i area of pentagon A - 42 = 16
area of pentagon B -
i volume of pentagonA 43
volume of pentagon B
volume of pentagon A
" = 64
. Volume of pentagon A = 4x64 = 256cm?
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Closing (1 minute)

1. For homework, have pupils do the practice activity PHM3-L094 in the Pupil
Handbook.

[QUESTIONS]

a. Describe the image obtained when an object is enlarged with a scale factor of —.
b. A triangle has vertices with co-ordinates A(2,1), B(5,1) and C(5,5). It is enlarged
from the origin to give an image having vertices with co-ordinates A,(6,3), B;(15,3)
and C,(15,15).
i. What is the scale factor of the enlargement?
ii. Draw on the given axes showing clearly the co-ordinates of all vertices
triangles ABC and A;B,C;.
iii. Measure the corresponding lengths of the triangle and image on the graph.
Copy and complete the table below.

Length of triangle Length of image
AB A;B;
BC B.C;
AC A Cy

iv. What do you notice?
c. For the figure shown on the right:
i. Explain why triangles ABE and ADE are similar.
ii. Find the lengths of x and y. All measurements are in cm.
d. Prove that the ratio of the area of triangles A, B,C; to ABC in b
guestion b. is equal to the square of the ratio of the scale factor.
e. The length of a side of a regular pentagon 4 is 4 times the length of a side of
another regular pentagon B.
i. Find the ratio of the area of A to B.
ii. If the volume of B is 4 cm?, what is the volume of A?
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Lesson Title: Combination of
Transformations

Theme: Vectors and Transformations

Lesson Number: M3-L095

Class: SSS 3 Time: 40 minutes

@ Learning Outcome

By the end of the lesson, pupils
will be able to perform a combination
of transformations on a plane shape.

Preparation

1. Using a scale of 2 cm to 2 units
= on both axes, draw two
perpendicular axes Ox and Oy for —8 <
x<8and -8 <y <8.
2. Write the questions found at the end of
this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to perform a combination of

transformations on a plane shape.

Teaching and Learning (20 minutes)

1. Explain:

e An object can undergo more than one transformation.
e This combination of transformations can be described by a mapping which
gives the single transformation that produces the same end result.
. Invite a volunteer to assess questions a. i. and ii. and tell the class what information
we are given. (Answer: given: triangle ABC with vertices A (2,1),B(6,1) and C(2,5).)

. Invite another volunteer to say what we have been asked to do. (Answer: draw the
image AA,B,C; under a reflection in the x-axis (y = 0))
. Show the mapping and transformation on the board.
Solution:

a. Step 1. Assess and extract the given information from the problem.

Given: A (2,1),B(6,1) and C(2,5)

i Step 2. Draw the triangle with the given vertices. v

AABC shown right. T s

ii. Step 3. Apply the appropriate mapping formula. \

G) — ()
y -y A(z,1) I B(6,1)
1

(i) - (—2) (g) - (_25) I me-h 4 h6-1)

@ - )

Step 4. Write the answer and draw the image triangle i """" il

A;(2,-1),B,(6,—1) and C,(2,—5)
. Ask pupils to work with seatmates to calculate the mapping for question a. ii.

. Invite volunteers to give their mapping. The rest of the class should check their
solution and correct any mistakes.

. Show the mapping and transformation on the board.
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Solution:
iii. Given: 4,(2,—-1),B,(6,—1) and C,(2,-5) i o
X —-X $ ¥ $ a
6~ () .
2 - S 2
(_1) — ( 1 ) By(-6.1) A,(-2.1) A2,1) f B(6,1) |
(%)
) — () B
A,(=2,1),B,(—6,1) and C,(—2,5) . Jae®
iv. From the graph, the reflection in the y-axis (x = 0) maps AABC onto AAZBZC2
: H . X X —-X
mapping can be written: (y) — (_y) — (_(_y))
ie. (;) — ("yx) reflection in the y-axis (x = 0).
8. Ask pupils to work with seatmates to answer questions b.
9. Invite a volunteer to show the solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
b. Given: P(2,4),0Q (3,5) and R (2,6)
I.  All diagrams for this question can be found below.
.e —_— _4,
() - @) ® —
-5 2 -6
G — &) @ - )
P1 (_4r 2), Q1 (_51 3) and R1 (_61 2)
iii. Given: P;(—4,2),Q,(-5,3) and R,(—6, 2), translation vector (_35)

-6 5 E S 8
— (1) S G R ] BT S, R

§ - 6x) - L) = 69 e
2 - = 3 d |

=5 5+3 -2 0,503 A2z
) -G = @

Ry(=6.2)  Pi(-42

%) — (6+3 = (3

Pz(—l, _3): QZ(_ZJ _2) and Rl(_g' _3) 0:(:2,-2) ,

iv. From the graph, the single transformation is R4S
a clockwise rotation of 90° about a point. i e s

Combined mapping can be written: (;) — () fromii.

N ( y+3 from iii. since x = —y and
y=Xx

Practice (15 minutes)

1. Ask pupils to work independently to answer question c.

2. Walk around, if possible, to check the answers and clear up any misconceptions.

3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
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Solutions:
c. Given: A(1,5), B(3,5), €(3,8) and D (1,7)
I.  All diagrams for this question can be found below.

i () = @
) — () G — &%)
G — () G — ()
A,(5,—1), B,(5,—3), C,(8,—3) and Dy (7, —1)
ii. Given: 4,(5,—1), B1(5,—3), €1(8,—3), D;(7,—1), translation vector (_})

G) — Ga) = G2) = 62)
) - G = (&)
) - G = ()
&) — (5 = (&)

() — (G5 = (&)
4,(1,-3), B,(1,—5), C,(4,—5) and D,(3,—3)
Iv. Given: 4,(5,—1), B;(5,—3), €,(8,—3) and D,(7,—1) and line x = 1

G) = (5 = () =) .
G) - ¢ = L

(5) - ) = ()

() = ) = Lo

7 2-7 -5 =y ERiEEITS = ] 2 Y 3 B
(_1) e d ( _1 ) = (_1) Dz_(é57l) AZ(;&T,] I A(5,-1 {1(?,—1)
A3(=3,-1),  B3(-3,-3), s he ‘\)(, S
Cs(—6,—3) and D;(=5, —1) | S

o
HH e : R
v. The single transformation is given by the combined mapping:
y ..
(;) — (%) from ii.
Z_y . . _ _
- (*2) fromiv.sincex =yandy = —x

Closing (4 minutes)

1. Ask pupils to discuss with seatmates one new thing they learned in this lesson.

2. Invite a volunteer to give their answer. (Example answer: A single mapping can be
written for combined transformations.)

3. For homework, have pupils do the practice activity PHM3-L095 in the Pupil
Handbook.
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[QUESTIONS]

Unless otherwise stated, use a scale of 2 cm to 2 units on both axes, draw two
perpendicular axes Ox and Oy for -8 <x <8and -8 <y < 8.

a. Draw on the given axes, showing clearly the co-ordinates of all vertices:
i. Triangle ABC with vertices A (2,1),B(6,1) and C(2,5).
ii. The image AA,B,C; of AABC under a reflection in the x-axis (y = 0) where
A— A, B— B;and C — (;.
iii. The image AA,B,C, of AA;B,C; under a rotation of 180° about the origin
where A; — A,, B; — B, and C; — C,.
iv. Describe fully the single transformation that will map AABC onto AA,B,C,.
b. Draw on the given axes, showing clearly the co-ordinates of all vertices:
i. The triangle PQR with P(2,4),Q (3,5) and R(2,6).
ii. The image AP;Q,R; of APQR under an anti-clockwise rotation of 90° about the
originwhere P — P;, Q — Q;, R — R;.
iii. The image AP,Q,R, of AP;Q;R; under a translation by the vector (>.) where
Py,— P, Q1 — Q2 Ry — R,
iv. What type of transformation will map AP,Q,R, back on to APQR?
c. Draw on the given axes, showing clearly the co-ordinates of all vertices:
i. The quadrilateral ABCD with A(1,5), B(3,5), €(3,8) and D (1,7).
ii. The image A,B,C;D, of ABCD under a clockwise rotation of 90° about the
originwhere A — A, B— B;, C —> C; and D — D,
iii. The image A4,B,C,D, of A;B;C,D; under a translation by the vector ()
where. A; — A,, By — B,, C; — C, and D; — D,.
iv. The image A;B;C;D; of A;B,C;D, under a reflection in the line x = 1
where. A; — A;, By — B3, C; — C; and D; — Ds.
v. Describe the single transformation that will map ABCD onto A3 B;C3D5.

203



Lesson Title: Application of Theme: Vectors and Transformations
Transformations

Lesson Number: M3-L096 Class: SSS 3 Time: 40 minutes
@ Learning Outcome Preparation

By the end of the lesson, pupils 1. Using a scale of 2 cm to 2 units
will be able to solve problems using = on both axes, draw two
transformations. perpendicular axes Ox and Oy for —8 <

x<8and0 <y <8.
2. Write the questions found at the end of
this lesson plan on the board.

Opening (1 minute)

1. Tell pupils that after today’s lesson, they will be able to solve problems using
transformations.

Teaching and Learning (20 minutes)

1. Invite a volunteer to assess questions a. i. and ii. and tell the class what information
we are given. (Answer: given: triangle PQR with P(3,2), PQ = (7) and OR = )

2. Invite another volunteer to say what we have been asked to do. (Answer: Draw the
image triangle P;Q; R, of triangle PQR under an anti-clockwise rotation of 90° about
the origin.)

Solution:
a. Step 1. Assess and extract the given information from the problem.
Given: P(3,2), PQ = (*)and QR = (7))
i Step 2. Find the co-ordinates of Q and R.

P - 0G-07 0F - OR-00
® = 02-() () = OR-()
06 = () +Q) o7 = ()0

= (3 = ()
P(3,2),Q(7,3) and R (6,5).

Step 3. Draw the triangle with vertices above.
APQR shown below.

ii. Step 4. Apply the appropriate mapping formula.
G) — @
G — &)
@ - )
@ — &)
Step 5. Write the answer and draw the image triangle (shown below).
Pl(_z,?)), Ql(_3’7) and Rl(_5,6)
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Q1(=3.7

R.[ &)

et
\\ ,
A

_
1{~2.3) |

P(3,2) |

T 6 —4 =3 0 2 4 3 d

iii. Step 6. Use the graph to find P,R, and hence |P,R;|.

PR = (3)

PRy = V37432
= J9+9=+18
= 3v2 units

w

Ask pupils to work with seatmates to answer question b.
4. Invite volunteers to show their solution on the board. The rest of the class should
check their solution and correct any mistakes.
Solution:
b. A(2,1),B(6,1) and C(2,5)

The translation of A by a vector () maps it to B
& ~ ¢
+
@ — G
-
The reflection in the line x =4 maps Ato B, k = 4
2k~ —  (24)- — (8-
0~ () = () = ()
@ - )
-

Practice (15 minutes)

1. Ask pupils to work independently to answer questions c. and d.
2. Walk around, if possible, to check the answers and clear up any misconceptions.
3. Invite volunteers to come to the board to show their solutions. The rest of the class
should check their solutions and correct any mistakes.
Solutions:
c. Given: A(1,0), B(1,3), C (4,3), scale factor k = —2, centre of enlargement
(0,0)

i G) = «C) = -20)
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B - -20) =

G — —26) = ()

G — 26 = ()
A;(=2,0), B,(-2,—6) and C,(—8, —6)

Given: B(1,3),B,(—2,—6),
gradient = % Letx; =1, y;=3,x, =-2, y, = —6
= :2:3 substitute the assigned variables
-9
-3
= 3
Using point B(1,3)
y:3 = 3 standard formula for equation of a straight line
= 3(x-1)
3x—3
3x

The equation of line BB, is y = 3x.

=
[

< W w
|

y
y

B(1,3) c(4.3)
2 / f
I3 / I
‘f
4,(~2,0) / |
-8 =4 ar [ A(L,,)z 4
b I
1
¥
y =
L
i
I
/
'l
Fium=s. 3
I
I
1
i
L
&
C,(-8,-6) B,(~2,—6)
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d. Given: scale factor k = —0.5, AB = 6.4 cm

length of image

k length of object
—05 = length of image
6.4
length ofimage = 6.4 x(-05) = -3.2

Since lengths cannot be negative, length of image = 3.2 cm.

Closing (4 minutes)

1. Ask pupils to discuss with seatmates the main differences between enlargements
and the other transformations.

2. Invite volunteers to give their answer. (Example answer: Enlargements change the
size of the object while the other transformations maintain the size of the object)

3. For homework, have pupils do the practice activity PHM3-L096 in the Pupil
Handbook.

[QUESTIONS]

a. Draw on the given axes, showing clearly the co-ordinates of all vertices:
i. The triangle PQR with P(3,2), PQ = (%) and QR = (3)
ii. The image triangle P,Q;R, of triangle PQR under an anti-clockwise rotation
of 90° about the origin where P — P;, Q — Q; R — R;.
iii. Use the graph to find P;R; and hence |P,R; | leaving the answer in surd form.
b. A triangle ABC has vertices A(2,1),B(6,1) and C(2,5).
Describe two different transformations that fully map A to B.
c. Using a scale of 2 cm to 2 units on both axes, draw two perpendicular axes Ox and
Oyfor-8<x<4and -8<y<4.
a. Draw on the same axes, showing clearly the co-ordinates of all vertices:
vi. The triangle A(1,0), B(1,3) and C (4,3)
vii. The image AA,B,C; of AABC under an enlargement about the origin with
scale factor —2 where A — A;, B— B; and C — (;..

b. Find the equation of the line BB;. B
d. Triangle P is mapped to triangle Q by an enlargement of scale factor
—0.5. If AB is 6.4 cm long, how long is FD? ; P
Y] ’ A
D
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Appendix I. Protractor

You can use a protractor to measure angles. If you do not have a protractor, you can
make one with paper. Trace this protractor with a pen onto another piece of paper.
Then, cut out the semi-circle using scissors.
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Appendix Il: Sines of Angles

»

2 8 ¥F1E @ L| & g8 3 o S » e z 5 o x S BE 40N P & L 6 8 L * = ») { >4 z L o x
SECO0G F2 e e gy U8 3 6S0L 9Y0L vEOL|ZZOL 600L L669| ¥869 ZL69 6S69|LyE90| v

0000-L 0000-L 0000-1 | 0000t 0000"L 6666 {6666 6666 6666 |8666°0 | 68
8666 8666 (666 |L666 (666 9666 9666 5666 S666 |¥666°0 | 88 itLorLe]8s 9 S|y € | ¥E69 LZ6S 6069) 9689 ¥889 L.89| 8589 Sy89 E£89|0Z890| EV
L L L{0 O 0|0 O O)€c666 €666 Z666 |L666 0686 0666 [6866 BBEE L866 60 | LB ZL OL 6 |8 9 S|¥v € 13 L089 v6L9 TBLY| 69L9 9SL9 EVLS| 0ELS LLLS Y0L9|16990| Zv
. gt oLeI8s L S|v ¢t 3 8£99 G999 7S99 6£99 9299 €199| 0099 LBS9 PLS9|[L9S90| v

L L tft t o|l0 0 oOfsS866 v866 €866 |Z866 LB66 0866 [6L66 BLE6 LLEE |9L66°0 | 98
1 L L |t Lt L]0 O Ofvie6 €L66 TL66 |LL66 6966 8966 [9966 S966 £966 |2966°0 | SB 2t 68— LSt rv-¢© L LPS9 vES9 LZS9| 80S9 vEvS L8Y9| 89¥9 SS9 Lyv9|8Zr90| O

Z t vt |t t L]t o O0f0966 6966 (S66 |9566 ¥SE6 ZSE6 [LSEE GYEE LVEE |SPE60 | v8
v 2 11 618 L Siiv € L vLY9 LOYS B88E9| ¥/€9 LOE9 LPEY| PEEY OZE9 LOES|E6290| 6F
Z Z |t L L|L O oOfcve6 Zvee Ov6e6 |8€66 OE66 PEGS [CEG6 0E66 BZE6 |STE6'0 | €8 Zi lLoLjs L S|¥v € L 08Z9 9929 ISZ9|6£Z9 S2Z9 LiZ9| 86L9 PBLO 0OLL9|LSLS0| SBE
2 Z Z|L L L|L 0O O0|¢cze6 LZ66 6L66 |LL66 ¥I66 TL66 |0L66 L066 SO66 |E066°0 | 28 Zb il oile 2 il € L £VL9 6219 GLL9| LOL9 8809 vL09| 0909 SY09 ZE09|8LO9O| LE

Z Z Z|Z L 1|1 - .0|0066 8686 G686 |£685 0686 8886 |SB86 Z886 0886 |LL86°0 | 18
N €L LLOL|8 L 9|V £ L | ¥009 0665 9L6S|Z96S 8¥ES PEGS| 0265 906S Z68S 8£850| SE
€ 2 T2 t L]|L L O|v86 LL86 6986 |9986 £986 0986 [LS86 PSB6 L986 |8V86'0 |08 €L 1L O0L]6 L 9]¢ € L P98S 0S8S SEBS| LZ8S L08S E6LS| 6LLS ¥OLS 0SLS|9EL50| SE
gL 2LOL]j6 L 9V € 1 LZLS LOLS £69S| 8L9S ¥99G 069S| SE€9S 1Z9S 9095|26SS0| vE

€ £E T T 3t & 0| S¥86 2Zv86 6£86 |9E86 E££86 6786 |9TB6 €286 0Z86|9186°0 | 6L
€ € T T 1t i 0| €186 0186 9086 |£086 66.6 96.6 |Z6L6 68L6 SBLE |LBL60 | BL €L ZL OL]j6 £ 9]¢V € 3 LISS €955 BPSS| PESS 6LSS SOSS| 060S OLPS L9PS|9vPG 0| EE
€ & BT T TR 4 0| 8446 PLL6 OLLE | (9.6 €96 6SLE |SSLE LSLE SYLE6|YPL60 | LL €L 2L OL]6 ¢ 9y € L ZEYS LIPS ZOPS| BBES €LES BSES| YPES 6ZES VIES|66250| 2E
€L 2L OL|6 L 9| P E L ¥8ZS 0£2S SSZS| OvZS SZZS OLZS| G6LS 0SLS SOLS|0SLS0| LE

P 3T ¢ Tyt 0| OvL6 OEL6 ZEL6 |BTL6 PIZLE6 OTLS |SLL6 LLL6 LOLE|EOLE0 | SL
v I BIE€ T TP A 0| 6696 ¢696 0696 | 9896 1896 LL96 [£/96 8996 $996 |6596°0 | SL vL ZL LL}6 B8 9|S € z SELS OZLS SOLG| 060S SLOS 0S0S| SPOS 0£0S SLOG|000S0| OF

P W RIE T TN T 0| G596 0S96 9v96 | L¥96 9£96 TE96 |L796 2296 LL96|EL960 | PL :

vL 2L IL]6 B8 9]S € z S86Y OL6Y SS6Y| 6E6Y PZ6P 606%| PEBY 6.8y £98v|8¥BY-0| 6T
v ¥ BE T Tk L 0] 8096 €£096 8656 |£656 8396 €BS6 |8LS6 £L56 896 (E9S6°0 | €L L 2L LL|6 8 9SS € T €E8Y B8L8Y Z08Y| (BLY ZLLY SSLY| LbLb 9TLY OLLY|S69-0| 8Z
8 » vt € TYW 4 L) 8556 €556 8vS6 | ZpS6 LES6 TESE |L2S6 LTS6 9LS6|LLS6O0 | TL L ZLIL]E B8 9SS € T 649y v99v 8vOv| £E9Y LL9P ZOSY| 98SY LLSP SSSP|OVSPO| L2

S % ®IFe € TYT L L] S0S6 00S6 v6v6 | 68Y6 €8Y6 BLYE |ZLV6 S9V6 LOPE |SSYE0 | LL
L 2L LLf6 8 SIS € T vZS 60SP £6v¥| BLvY ZOvy Ovvp| LEPY Sivb 66EV|PBEP-O| ST
S § vIE € 2Zj12Z | L] 66 vvv6 SEv6 | ZEvE 9Zv6 LZY6 |SLPE 60PE £0VE |L6E60 |0L vL EL LL}6 8 9]S € T 89EY ZSEP LEEv| LZEY SOEy 68Zp| viZv 8SZY TvZv|9Tir0| SZ
#L EL LLjOL 8 9 ]|S € z 0LZy S6LY 6LLY| €9Ly YLy LELY| SLLY 660v €80V |L90V-0| ¥Z

8 S 'vly € T | L | LBE6 SBE6G 6LE6 | ELE6 (9E6 L9EG |VSEE 8YPEE ZVEE |9E£6°0 | 69
9 B YiEe € CUT R L] 0Se6 €726 LLe6 |LLE6E TOE6 86Z6 |L6Z6 S8Z6 8LT6 [TLZ6°0 | 89 vL €L LLJOL 8 9 |S € z LSOv SEOP 6L0P| E00v [B6E LLEE| SS6E 6E6E ETBE)LO6E0| €2
9 5 Gy T €T U | | 9926 6SZ6 2SZ6 |SPZ6 6ET6 TET6 |STT6 6176 TLI6 |SOZ60 | L9 SL €L LLjOL 8 9SS € [4 LE6SE GLBE 6SBE| EVBE (ZBE LIBE| S6LE BLLE TILE|SVLED| 2T
gL ELLLjOL 8 9]|S € T 0SLE PLLE LB9E| LBIE S99E 6VIE| €E9E OL9E 00SE|¥8SE0| 1T

9 ‘9 BIFr £ 8T ¢t L | 86L6 L6L6 v8L6 |BLL6 LLL6 +I16 |LSL6 OSLE EPLE [SELEO | 99
L @ Qi » €T X L|82ZL6 LZL6 vLL6 |(OL6 OOL6 Z606 |SB06 8L06 0LO6 {€906°0 | S9 6L €L 1LJOL 8 L]|S € T L9GE LGSE GEGE| BLSE ZOSE 98vE| 69VE E£SYE LEVE|OZYE0| OZ

£ i 8 8 'y T T L | 9506 8v06 Lv06 |E€E06 9206 8BLO6 [LLO6 £006 9668 [88680 | ¥9
gL BLZAIOL B LIS € T POVE LBEE LLEE| SSEE SEEE ZZEE| GOEE 682€ ZLZE|9SZEO| 6L
£ V9S8 ‘¢ BT T L | 0868 €68 S968 | LS68 6v68 ZP68 |VEE8 9Z68 8168 |0L680 | €9 SL €L ZLjoL B8 L|S € T 6EZE EZZE SOZE| O6LE ELLE 9SLE| OVLE E€TLE LOLE|O60ED| 8L
L 9 98 v BRE T L| Zoe8 +688 9888 |B/88 0/88 7988 |¥SB8 9P88 BEBS |6288°0 | 29 SL €L 2LjOL 8 LS € T PLOE LSOE OVOE| PZOE LOOE 066Z| vL6Z LS6Z OP6Z|vZ6T0| L1

£ . 'S Yy ST ST L] 1288 €183 9088 |96(8 88L8 O0BLB |LLLB £9/8 GS/8|9VL80| 19
GL €L 2Lj0L 8 L |S € T L06Z 068Z vi8Z| (S8BT OVBZ €28Z| L0BZ 06LZ ELLZ|9SLZ0| 9OI
B L93FS ¥» “giHE T L | 8E(8 6ZL8 LZL8 |ZLL8 PpOL8 S698 [9898 898 6998 [0998-0 |09 SL €L 2Lj0L 8 L|S € ¢ ObLZ €TLZ S0LZ| 689Z ZL9Z 9S9Z| 6€9C TTIZ S09Z|8BSZO| SI
SL vL ZLjOL 8 LS € T LLSZ $SSZ 8E€SZ| LZSZ VOSZ L8YZ| OLYZ ESYZ SEVZ|6LYT0| ¥i

8 L S|s v v|€ T L|T998 £pv98 vE98 |SZ98 9198 L09B |66S8 06SB LBSB |ZLS8°0 | 6S
B & PSS S PHE T L| €958 pSS8 SpS8 | 9£s8 92S8 /LS8 [80SB 66v8 06vS [08v8-0 | 8S SL #L 2Lj0L 8 LS £ T Z0vZ SBEZ B9EZ| LSEZT PEEZ LLEZ| 00EZ ¥BZZ £9ZZ|0SZZ-0| €L
8 8 L9 '8 WlE T L| Lv8 2998 £5v8 |EvvB PEPB GZY8 |SLv8 90P8 96E8 |L8€80 | LS SL pLCLjOL 6 LS € T €ETT SLZZ 86LZ| LBLZ vILZ L¥iZ| OELZ ELLZ 960C|6L0Z0f ZL
SL vL ZL|OL 6 L|S € Z Z90Z SYOZ 8Z0Z| LLOZ v66L LL6L| 6561 Zp6L SZ6L|BO6L0) LI

6 8 L ]9 S v|¢E T L | £££8 89€8 BSE8 |BYE8 6EE8 6ZEB |OZEB OLEB 00EB |06Z8-0 | 9S
S 8 LS § ¥ |E€E T L| 1828 128 1978 |1SZ8 LvZ8 LEZB |LZZB LLZB ZOTB |Z6L80 | SS SL vL ZLjoOL 6 LS € T 168L ¥/8L [S8L| Ov8L ZZ8I SO8L| 88LL LLLL PSLL|SELLO] OF

8 "8 IS 8 WiIlT W L] 1818 L18 1918 |ISL8 Lyi8 LELS [LZL8 LLL8 00L8 06080 | ¥S
SL vL ZL|OL 6 L|S € T 6LLL ZOLL S89L|B99L 0S9L €e9L| 9191 66SL ZBSL|P9SL0| 6
6 '8 L5190 ‘& ¥ T L | 0808 0L08 6508 |6v08 6£08 8208 |BLO8 L008 L66L|986L0 | ES 9L vL ZLjOL 6 L|S €& ¢ LPSL 0ESL E€LSL| S6YL BLpL LOvL| vo¥L 9ZvL 60PL|Z6EL-0| 8
oL8 Z£i|8 8 Y]E€ T L| 946L S96L SS6L |vv6L VEGL E€T6L |TLEL ZO6L L6BL|08BLO | ZS 9L vL ZLjOL 6 L|S €& T PLEL LSEL OVEL| £ZEL SOEL 88ZL| LLZL ESZTL SETL|6IZLO| L

OL 6 8 |L S ¥ |E T L|698L 6S8L 8Y8L |LE8L 9ZBL SI8L |V0BL €6LL TBLLILLLLO| LS
oL PL ZLJOL 6 LS € 2 10ZL v8LL £9LL| 6YLL ZELL SLLL| £60L 080L €90L|SPOL-0| 9
ot'8 8L 9 ¥R E T L] 09LL 6PLL BELL |LZLL 9LLL SOLL |PE9L €89L ZLSL|099L0 [0S oL vL ZL|OL 6 L|S £ 2 BZ0L LLOL £660| 960 8S60 L ¥Z60 9060 6880|2/800] S
gL ¥L ZL|jOL 6 LS €& T PS80 LE80 6LBO| Z080 SBLO L9L0| 0SL0 ZELO SLLO|86900| ¥

o8 "Sgr-L£ ‘9 S1E T L] 6Y9L BE9L (Z9L |SL9L ©09L ©6SL |L8SL 0LSL BSSL|LPSLO | BY
oL 6 B|L 9 S]¢E T L | 9ESL PZSL ELSL | 10SL 06YL 8LVL |99vL SSPL EYPL|LEVLO | BF 9L ¥#L ZL|OL 6 L|S € Z 0890 £990 S¥90| 8290 0L90 9{S0 B8SSO LPSO|EZS00| €
8L 8 IBIHE @ S T L] 0ZvL 8OPL 96EL |SBEL ELEL L9EL |6YEL LEEL STEL|PLELO | Lv oL vL ZL|OL 6 L|S € T 9050 880 LLvO} bSYO SEPO 6L LOv0 PBED 9SE0|6VECD| Z
oL L 2L|j0L 6 L|S € T ZEED ¥PLED L6Z0} 64Z0 Z9Z0 ¥v £220 6020 Z6LO|SLLOO| L

tL oL 812 9 S|P T L | 2084 06ZL BLZL |99ZL ©STL TYZL |0ETL BLZL S0ZL|E6LLO | SV
ILoL6|L 9 S|v 2 L] tBLL 69LL (SLL |SPLL EELL OTLL |BOLL 960L €8OL|LLOLO | SV 9L L ZL|0L 6 LS € T {SL0 OvLO ZZLO| SOLO £BOO OLOO| ZSOO SECO LLOO|00000| ©
6 8 £ ]9 § v]€E T L] 6 8 L 9 S L € z L o x ¢ 8 LS S 'eys & 3 6 8 %3 9 9 v € z L o x

SaoualyIg aav Saouaseyiq aav
X UIS &« X (s92489p ul x) s9|8uy jo sauls

209



6 8 9 6 8 L 9 g L2 € z L o tj9 s v|le ¢ 6 8 L 9 s La € z 15 0
oL6 L 9 S|Yv T €804 960 BOLL |OZLL® EELL- SLL|LGLL- 69LL: LBLL | E6LLO
SL ¥l 6 L|s & z | iLoo- sc00- 2S00-|0£00° £800° SOLO|ZZLO- O¥LO- LSLO'|SLLOO| 68
9L vl 6 L|Ss € Z | 6L 6020 LZZO-|tHZO- T9ZO' 6120°|L6Z0° PLED- ZEEO'| 6VED'C| 8B OL8|L 8 S|¥ € 90ZL* BLZL  OETL |ZvTL- ¥STL- 99TL-|BLZL OBZL- ZOEL | HLELO
st ¥l 6 L]|s & z | 9sco veco: LOYO-|6LY0- 9EVO- PSYO-| LLPO* BBYO: 90507 €260°0) L8 6 8|¢L 9 S|v T GZEL- LEEL GVEL |LIEL ELEL- SBEL-|96EL BOVL OZVL | LEVLO
" 68| L—9~S ] €T SYbL GSvL- 99L: |BLPL: 06VL' LOSL|ELSL pESL 9ESL | LPSL0
st vl 6 t|s &£ T | 1vsor 8550° 9£50-|€650° 0190 BZID'|S¥90- £990- 0890|86900| S8
gL vl 6 £|S € Z | SLL0- ZELO' 05L0°|£9L0- SBLO* TOBO'[6L80" LEBD- ¥SBO-|ZL800| S8 6 8L 9 S|E T 6562 0S4 18GL |€6GL- P0O9L- S19L*|LZ9L" BEIL  6¥9L- | 099L0
gL v 6 L|s & z | 6380 9060 ¥ZT60'|L¥60- BS60- 9L60° (€660 LLOL: BZOL | SPOLO| ¥8 5
6 8 (L 9 v|€ T ZLOL- €89L- Y6OL |GOLL QVLL LTLL'|SELL BYLL O9LL | LLLLO) 6E
9L vL 6 t|s € z | es0L- 0801 £60L-[SLLL- ZELL: EYLL-{LILL: ¥BLL- LOZL ) 6LZLO| €8 6 L|9 § v]|E T TBLL €6LL* ¥OS8L-|SLBL 928L* LE8L'|BYBL  6S8L 698L | C88L 0| 8F
SL #1 6 £|s & ¢z |oczL- £szL LLZL°|8BZL SOEL- ETEL|OVEL: LSEL- ¥LEL-|ZEEL-O| T8 8 L|9 S v|E T 168+ Z06L ZLEL'|EZEL YEBL  YP6L-|SG6L* G96L° 9L6L |98B6L 0| LE
SL i 6 L|ls & =z | eopL 9zvl vobL|LopL: 8LpL- S6¥L-|ELGL: OESL: L¥SL-|¥OSL0( 1B
6 8 L|9 5 ¢v|E 2 L66L° L008" 8L08-|8208- 6£08* 6¥08°|6S08" 0,08 0808-|06080) 9E
SL 1 6 ¢|s £ =z | zesL 665l 9191-|€E9L- 0SIL* 8IIL|S8IL' ZOLL- 6LLL-{9ELLD| 08 6 8 L|S & v|E T 00L8" LLL8' LZL8 |LELS- L¥L8- LG18: 1918 LLLS" LBLB |Z6L80| SE
6 8 L|9 S v|E T 2028 LLZ8 LZZ8-|1EZ8" LyZ8- L528|L9Z8" 1428 1828 | 06280] VE
SL ¥l 6 £]s € z | vsei- LLLL- 88L1°|S08L- ZZBL- OVSL-|LS8L- ¥48L: L6BL-1806L°0| 6L
SL vl 6 L|s € z |szelLr zvel- 656L-|LL6L: P66L: LLOZ-|8Z0Z- SP0Z* 2902 | 6L02°0) 8L 6 8 L|9 S v|E T DOES" OLES: 0ZE€8-|6ZE8- BECS- BYES:|BSES" BIES" LLEQ|LB8EB0| EE
SL £l 6 L|s € z | 960z €11z OELZ|Lple- YOLT: L8ILZ'|8ELZ: GLZZ' €ETT|0STZO| LL g 8 L9 S v|E T 96£8- 90v8* SLv8'|SZve- vEVS- Evve-|ESY8: Z9v8: LLve-|08vB0| ZE
8 £ 9| S v|¢E ¢ 068 66v8- 80G8-|L168" 9258 9ESS|SPS8- ¥GS8- €968 |TLS8'0| LE
SL vl 8 £|s € z | t9zz v8ZZ 00£Z-|LLET VEEZ  LSET|89EZ- GBEZ- ZOVT'|6LYZT0Y SL
St ¥l 8 L|s € Z | o9cvz £5vT OLbZ-|/8v2- vOST' LZGZ'|BESZ- PSSZ- LLSZ'|8BGCO| SL g L 9| ¥ v|E T 1858 0658 6658 |L098- 9198 5298 |PEIS £VIB’ 7G98'|09980| OF
SL £l 8 t|Ss & <z | c092 zz9z  6£9Z-|9592- ZL92' 689Z'|90LZ" €TLT OPLZ'|9SLZO| ¥L
8 L 9|s ¥ €|¢ T 6998 8£98- 9898-|S698* VOLS" TLLS'|1ZLB" 6ZLB" 8EL8 | 9PLB-0) 6Z
St €L g t|s € ¢ |eiLz 06LZ- L082-|€282 OVBZ: LSBI'|vL8Z- 068Z- L06Z'|¥Z6Z0| EL L L 9SS ¥ €|2Z T GGL8' £9£8 LLL8-|08L8" 88.8- 96/8'|S088" £L88" LZ8B |6T88-0| 8T
SL €L 8 Lt|s € ¢z | ovez LS6Z vL6Z:|0662 LOOE- PTOE'|OPOE: LSOE- #L0E | 060E0| TL L 9 9|S v g|Z T 8€88- 9188" vS88-|Z988" 0,88 8.88°| 9888 V688" 068 |0L680| LT
Gl £l g t|s & z | Lol g2ie OpLE-jOSLE: ELLE- 061E'|90ZE: £2TE- BEZE |9SCE0| LL
L 9 s|s v €12 T BLEB- 9Z68: YE68-|2V68: 6v68: LS568°[S968" E£L68- 0868-| 88680
SL €L 8 £|s € 2 | zize 68ze SOEE-|ZTEE: BEES: SSEE-|LLEE- £8EE- YOPE | 0ZVE0Q| OL L 9 S|s v g¢ T 9668° £006 L106°|8L06" 9206 £E06°| LP06" Y06 9506 | E906°0
L 9 S|y v g1T L 0£06* 8LO6* S806°|Z606° 0016 LOL6|¥LLE" LTLE: BZLE |SELED
SL €L g gls € z | ceve sove- 69vE|98YE: ZOSE: 8LSE-|GESE: LGSE- LOSE | ¥8SE-O| 69
St €L g8 9|8 £ Z | 009E 919 ££9€-|6VIE: SIIE" LBIE"|L69E- PLLE: OELE | OVLE'O| BS 9 9 s|v € €] ¢ £vL6' 0516 LSL6|¥OL6: LLLE 8L16'|P8LE" LELE" BELE:|S0Z60
SL €L 8 8|S € z | zote 8L S6L£-|1LL8E- L28E- E€VBE|6SBE- SLBE 168E-| LOGE'C| L9 9 § S|y € €2 L Z1Z6" 6LZ6 SZZ6'|ZEZ6" 6ET6 SPZ6|TSLE' 6526 S9Z6 | ZTLZE0
9 § v|v € E|T 8176+ G8Z6° L6Z6'|86C6" YOE6 LLEG | LLEG: E£2EE OEE6 | 9TE60
L €l g8 9|s € ¢z | czee 6£6E SS6E|LL6E- LBEE €00V 610V SEOF LSOT-| L90¥70| 99
v €L g8 9|5 € <z | csor 660y SLLb|LELY LyLy- E9Lp-[6LLY- S6LY- O1ZP+} 9TCPO| S9 9 § vy € z|2 Zves: 8YE6G- YSEG|L9E6: L9E6- ELEE'|6LEG" SBE6" LEEE" | L6E6-0
vL €L 6 B 9|6 € T | zvzy sszy pizy|68Zp- SOEY LZEP'|LEEY ZSEY- B9EY| VEEV-O| ¥9
s 5 vl € T|¢ L | £0v6" 60VE: GLvE |LZYE" 9Zv6- ZEVE'|8EVE: vPPE: 6VPE: | SSPE0
vL ozt 6 8 9|5 & z | escy Sivtr LEVY|Ory Zovy- BLvr|E6VY: 60SY- bTSY'| O¥SY-O| €9 s v vl € 2|2 L |1 L9P6- 90V6- ZLP6'|BLYE' £8V6' 68¥6"|vEYE" 0056 S0S6| L1560
vL 2L 6 8 9|6 £ 7 | ssst LSy 98SY-|Z09Y: LLSY EE9v18YSYr 99 6L9Y-| S69V-0| Z9 s v vle € z|z L L |otse LzZS6 LZS6|2ES6 LESE: TVSE-|BYSE ESS6 89S6" | £956°0
vL 2 6 8 9|s € | oy 9ziy wivr|9Sty TLLY- [BLY|20BY 8L8Y EE8Y-|8YBY-0| L9
‘ v v €|le z z|+ L 0 | 8956 £/S6' 8/56'|€BS6' 88S6" £656°|86S6- €096 8096' | ELI6D
v 2L 6 8 9|§ € Z | <98y 68y v68Yy|606v" ¥ZEY 6EEY|SS6Y- OL6Y- S86Y-|0005°0| 09 v v £le z z|t L 0| 2196 2296 £Z96°|2E96: 9E96' L+96°|9¥96" 0596 SS96- | 6G96°0
v € €l€ z z|L L 0 | v996 8996 ££96°|LL96 1896 9896|0696 P6I6* 6696 | EOLE0
vl CL 6 8 9|5 € <z | S5 0S0S S¥0S-|090S SL0S- 060S|SOLS' OZLS- SELS-| OSLS0
€L 2L 6 L 9|¥ £ L | 5916 0815 S6LS|0LZS 5226 OPZS:|SSeS  0LZS- ¥8ZS-| 66250 v £ €2 T )L L 0| £0L6 LLL6 SLL6|0ZL6 YZLE® BILE|ZELE SELE OVLE'|VLE0
gL 2L 6 L 9|t £ L | vLes 62€S YYES|BSES £LES' 88ES|ZOVS: LIYS® TEVS"|SYYSO € £ €fz z z|L L 0 | 8w LSL6 SSL6°|6SL6 £9L6* L9L6°|0LLE YLLE BLLE | 18L60
€ £ zlz z t|1t t 0 | SBLE 68L6 Z6L6°|96L6- 66L6° £086'|9086° OL8E" EL8E | 9L8E0
€L 2L 6 L 9|t € L | 19vs 9.pS 06vS|5055 615G PESS'|8PSS €95 LL56°| 26550
gL 2L 6 L 9|t £ L | 9095 1299 SE95'|0S9S P99S 8L95°|€69S LOLS LZLS | 9ELED € £ zlz z ¢ 1 0 | o0zes €286 9786'{6Z86" EEBS 9EBE|6EBE ZvEE- SVEE' | BYBE0
gl Ll 6 L 9|v £ L | 0SS voLS 6LLS|E6LS £0BS LZ8S-|SESS 0S8S ¥9BS"| BLBSD
€ 2zl 1 L 1 0 {1586 pSB6' LS86°{0986° €986 9986'[6386" LLB6" PLBE | LL860| 6
EL LL 8 L 9|¢¥ € 768G 9065’ OZES-|¥eeS: 8v6S: Z965°|9L6S 0665 ¥009-| 8L0S D z z z]C 1 L 1 0 | 0886 7886 S886°|8B886° 0686 £686°|5686- 8686 0066 |E06601 8
L L 8 L S|v E 2609 9v09' 0909|209 8808 LOL9-|SLLY" 6219 EVLY-| [SLS0 zZ z z|r L L 0 0 | S066- 2066 OLE6'|ZLEE" VL66" LLEE'|6L66" LZ66- €266 |ST66°0] L
L LL 8 L S§|¥v € 0L19" vBLY 8619°| LLZS" SZTZY- 6ETY |2ST9 9929 0829 | E6Z90
Z Z Lt t| L 0 o | 8ze6 0E66- ZEGE'|VEEE- IEEE: BEEE'|OPEE ZvEE: EVEE |SYEE-0| 9
ZL Lt 8 L S|¥v € LOE9" OZEY- VEES-|LYE9- L9EY" PLED'|88ET" LOVY- PLPY-| BZVSO zZ L Lt L|L 0 o | trs6 6v66° LS66'|ZS66" ¥S66- 9566°| L566' 6566 09667 | Z9660] S
* L Lt L]0 0 0 | £966 5966 9966'|8966° 6966 LL66'}ZL66 €L66- PL6E'|9L660| ¥
ZL LL 6|8 L S|¥ E L9 G6P9- 89Y9°| L8YI- ¥EY9- BOSO|LZS9° PESY" LvSY-| L9SSO . o
ZLOL6 8 L S}¥ E $£S9° £859° 0099°|€L99" 9299 BEYY|TS99- S999- BL9Y-| LEIFD L L1 0|0 O O | L6656 BL66 6L66°|0866" L866" ZBEE"|EBE6" ¥B66" S866°|98660) €
ZLoL6 |8 9 S|¥ € $0L9" L1£9- OEL9-|EVLO" 9SL9" 69L9-|ZT8LY- ¥6L9- L08Y-| 0ZBID [ 2 S 0|0 0 0 | L8366 8BE6" 6866°|0666° 0666 LE6E'|T666' E666" E666°|¥E660| T
S666° S666* 9666°|9666° 1666 LE66°|L666° BE66" 8666 |BE6E0] L
IlLoLe6|8 9 S|¥ E £689- Sv89- 8589°|LL89- ¥889- 9689|6069 LZEF" PEET-| L¥ES0
iLoLejeL 9 S|v 2 6669 2L69 P869'|L669 600L: ZZOL |¥EOL: 9¥OL" BSOL-| LLOLO 6666° 6666 6666|6666° 0OO'L 000°1000°L 000-L 000°L]0000°L] O
6 8 L s vleg T [ - [ 9 5% v € Z i o 6 - £ 9 G Lol > z i o x

Appendix lll: Cosines of Angles
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Appendix IV: Tangents of Angles
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Tangents of Angles (x in degrees)
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