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Abstract

In implementing fifth generation (5G) networks, the advancements in density of networks, cell size, scale

of antenna arrays, communicating nodes mobility, and range of frequencies necessitate to derive a reliable and

appropriate channel model. A geometric three dimensional (3-D) tunable channel model is proposed with high

degree of flexibility in modelling the orientation, shape, and scale of the scattering region and comprehending the

mobility of user terminal. Characterization of second order fading statistics and Doppler spectrum of the radio

propagation channel is presented. Mathematical expressions for probability density function (PDF) of Doppler shift

and multipath power are derived. The impact of various physical (geometric) channel parameters on statistical

characteristics of Doppler spectrum and second order fading statistics is thoroughly analyzed.
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I. INTRODUCTION

In recent times, work on standardization of fifth generation (5G) has gained the attention of the
researchers around the world. Few key things that are to be part of the 5G are millimeter wave (mmWave)
spectrum [1], small sized cells [2], less elevated base stations (BS), ultra-densification of the network,
massive multiple-input multiple-output (MIMO) [3], and mobility of both ends of the communication link
(Device to Device) [4, 5]. The mobility of the communicating nodes imposes Doppler shift, which further
leads to time variability in the received signal. With the increase in frequency, the effect of Doppler shift
gets more pronounced [6]. So considering the high data rates, high mobility, increased number of users,
and higher frequencies of the transmitted signal, it is important to study the second order fading statistics
of radio propagation channels.

Many multipath channel models have been proposed in literature in which Doppler shift characteristics
have been taken into account. Iltis et al. proposed a design for multipath channel communication systems
in [7]. Characteristics of spread spectrum system design for underwater and UHF/VHF scenario have been
discussed. Expressions for the Doppler spectrum have been derived in [8] for mobile to mobile (M2M)
communication scenario. Multipath three dimensional (3-D) scattering environment has been considered
and dipole antennas are communicating with mobile units installed in urban areas. It has been claimed
that with the accurate knowledge of multipath distribution, real time Doppler spectra can be calculated
with different antenna patterns used. A 3-D fading channel model is proposed in [9] and a number
of expressions have been derived, which give a direct relationship between power spectral density and
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elevation angle of arrival (AoA) of the signal received. A geometrical model is presented in [10] in which
single bounce of the multipath components from uniformly distributed scattering objects is assumed.
Time of arrival (ToA), AoA, and power of multipath components has been characterized. In [11], tapped
delay line channel models have been designed for macro and microcellular environments at 5.3 Ghz.
Doppler spectra is seen the be changing with different taps of the designed channel models. Doppler
shift distribution of the received signal at MS has been analyzed in [12]. AoA and Doppler shift relation
has been utilized to form a relation between PDFs of the Doppler spread and elevation angle. Impact of
directional antennas on the Doppler spectra has been discussed in [13]. Relations between PDFs of power,
Doppler shift and path distance have been derived in closed form. Also equations for marginal and joint
PDFs of power, Doppler shift and elevation AoA have been derived.

Motion of the receiver in a communication system causes rapid fluctuations in the power of the received
signal. This effect occurs due to constructive and destructive contribution of the multipath signals reaching
at the receiver. Second order fading statistics of the radio channel (like, average fade duration (AFD) and
level crossing rate (LCR)) are usually used to study the fading statistics of the channel. The definitions
and descriptions of these fading statistics qre given in detail by [14]. Second order fading statistics have
been analyzed in [15]. LCR, and AFD have been derived and applied to angular distribution of multipath
power of Nakagami-m channel. Various geometric and statistical channel models have been compared on
the basis of fading statistics in [16–18]. Effect of changing the Doppler spectrum on the second order
fading statistics of these channels has also been analyzed. Recently, an advanced tunable channel model
for emerging communication networks is proposed in [19]. The model is tunable with high degrees of
flexibility in shaping the scattering region; therefore, it delivers a good fit of analytical results on a diverse
range of empirical data sets. The model however only provides analytical expression for plain AoA/ToA
characteristics of the channel. Whereas, in studying time variability of the channel characteristics imposed
by mobility of the communicating nodes, there is a potential scope to extend the model in [19] from plain
AoA/ToA to Doppler spectrum and fading statistics.

This paper extends the tunable 3-D hollow channel model in [19, 20] for quantification of Doppler
spectrum, and second order fading statistics. Joint and marginal analytical expressions for multipath
power and Doppler shift are derived. Impact of various physical parameters of the channel on fading
characteristics is also presented. Rest of the paper is organized as follows: the proposed analytical model
for fading channels is explained in sec. II. Derivation of joint and marginal PDFs of the Doppler power
spectrum and fading statistics are given in sec. III. Results and discussions are given in section IV.
Finally the conclusion in presented in sec. V.

II. SYSTEM MODEL

In this section, the proposed 3-D ellipsoidal model is presented. Doppler spectrum and fading statistics
of the proposed 3-D model are analyzed. MS is assumed moving with velocity vm at an instantaneous
distance d from BS. The BS is assumed to be fixed at height hb. The effective scattering region (ESR)
is modelled encompassed within the outer bounding semi-ellipsoidal shape and inner bounding hollow
elliptical cylindrical shape. Outer bounding ellipsoidal shape is assumed to be scalable along its minor,
intermediate, and major axes (ao, bo, and co) and can be rotated in azimuth plane with an angle θo. Inner
hollow cylindrical shape is scalable on its major and minor axes with ai and bi. The height of inner
cylinder is fixed such that it is always greater than co so that it hollows the outer bounding ellipsoidal
volume vertically. Also the cylinder can be rotated with an angle of θi on the azimuth plane. The ESR
is designed tunable so that it can adapt any street or road orientation to provide the best results. Direct
distance of a certain scattering point (sp) from the BS and MS is shown by rb and rm, respectively. βm
is the elevation angle and φm is the azimuth angle made by sp with MS. φv is the azimuth angle made
by the direction of motion of MS and φr is the azimuth angle between direction of motion of the MS
and sp. φb and βb are the azimuth and elevation angles respectively, between BS and sp. he is the height



2

of cylinder for a given φm. Scatterers are assumed to be uniformly distributed within the ESR and each
scatterer is assumed to scatter a signal in all the directions with equal power. Similarly all the scattered
signals received at MS are assumed to have equal power and random phases. Single bounce multipath
propagation is assumed. An sp can be represented by rsp, φsp, and βsp in spherical coordinate system or
by xsp, ysp, and zsp in Cartesian coordinate system. The distances of sp from BS and MS are rb and rm,
respectively. Total distance which the signal has to travel from BS to MS can thus be given as,

l = rb + rm. (1)

Parameter rb can be simplified in terms of βm, rm, and φm as shown below,

rb =
√
r2m + d2 + h2b − 2rm(d cos βm cosφm + hb sin βm). (2)

Substituting (2) in (1) and solving for rm, we get,

rm =
l2 − d2 − h2b

2(l − d cos βm cosφm − hb sin βm)
. (3)

Observing from MS for a direction (φm, βm), the distance from MS to the farthest and nearest scattering
objects is ro and ri, respectively. These distances are given by,

ri =
1

cos βm

√
2(a2i b

2
i )

a2i + b2i + (b2i − a2i ) cos 2(θi − φm)
, (4)

ro =
aoboco√

a2ob
2
o sin

2 βm+c2o cos
2 βm(b2o cos

2(θo−φm)+a2o sin
2(θo−φm))

. (5)

When observing from the MS for a given direction (φm, βm), longest and shortest paths can be defined
as follows,

lmin(φm, βm) = ri+√
d2 + (ri cos βm)2 − 2dri cos βm cosφm + (hb − ri sin βm)2, (6)

lmax(φm, βm) = ro+√
d2 + (ro cos βm)2 − 2dro cos βm cosφm + (hb − ro sin βm)2. (7)

ao, bo, co, ai, bi, θo, and θi are important geometric parameters of the channel model as they determine
the size and orientation of the ESR. This high degree of freedom in geometry of ESR introduces flexibility
in obtaining more diverse analytical curves for channel characteristics which helps in achieving a good
fit of analytical curves on field measurement results.

III. CHANNEL’S FADING STATISTICS

Propagation of a signal through a wireless channel is characterized by fading. In wireless systems,
random process which is linked with fading characterized by their PDF. In this section PDF of Doppler
shift is derived for the proposed model and second order statistics are discussed. Azimuth angle φr shown
in Fig. 1, is the angle between direction of MS’s motion (φv) and the angle φm made by signal arriving
from a certain sp. Hence φr can be expressed as, φr = φv−φm. The relationship of multipath components
of the received signal with the Doppler shift can be written as,

fd = fm cosφr cos βm. (8)

where fm is the maximum shift and can be expressed as,
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Fig. 1. Proposed Geometric Model for Radio Cellular Communication.

fm =
v

c
fc. (9)

The normalized Doppler spread γ = fd/fm can be written as,

γ = cosφr cos βm. (10)

The azimuth angle φm can be expressed as a function of elevation AoA, direction of MS’s motion, and
Doppler shift as shown below,

φm = φv − cos−1

(
γ

cos βm

)
. (11)

Equation of joint density function p(l, φm, βm) can be directly used here,

p(l, φm, βm) =
p(rm, φm, βm)

|J(l, φm, βm)| . (12)

The joint density function for rm, φm, and βm given below is already obtained in [19],

p(rm, φm, βm) = f(xm, ym, zm)r
2
m cos βm. (13)

f(xm, ym, zm) represents the spatial scatter density function, which is taken as uniform in this model.
The Jacobian transformation used in (12) can be derived as,

J(l, φm, βm) =
2(d cosβm cosφm+hb sinβm−l)2

l2+d2+h2b−2l(d cosβm cosφm+hb sinβm)
. (14)

Substituting the expressions of p(rm, φm, βm), rm and J(l, φm, βm) in (12), it can be rewritten as given
below,

p(l, φm, βm) = f(xm, ym, zm)(
l2+d2+h2b−2l(d cosβm cosφm+hb sinβm)

8secβm(d cosβm cosφm+hb sinβm−l)4 (l2 − d2 − h2b)
2
)
.

(15)
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Relationship between power level pr and length of a multipath propagation path lp can be written as,

pr = po

(
lp√

d2 + h2b

)−n

. (16)

po given in (16) is the power of the signal component received from LoS path, n is path loss component,
lp is the propagation length of a specific multipath component from BS to MS, and

√
d2 + h2b is the line

of sight (LoS) propagation path length between BS and MS. Solving for lp, the above equation can be
written as,

lp =
√
d2 + h2b

(
pr
po

)− 1
n

. (17)

Joint density function p(pr, φm, βm) can be derived as,

p(pr, φm, βm) =
p(lp, φm, βm)

|J(lp, φm, βm)|
∣∣∣∣
lp=

√
d2+h2b(

pr
po
)
− 1

n

. (18)

The Jacobean transformation used in (18) is derived as,

J(lp, φm, βm) =

∣∣∣∣ ∂lp∂pr

∣∣∣∣
−1

=
npo√
d2 + h2b

(
pr
po

)n+1
n

. (19)

Substituting the equation of J(lp, φm, βm) in (18) the joint density function in terms of 3-D AoA and
power level of multipath components can be shown as given below,

p(pr, φm, βm) =

f(xm, ym, zm) cos βm
(
d2 + h2b

)3(pr
po

)−3
n
{(

pr
po

) 2
n

− 1

}2

8npr

(√
d2 + h2b −

(
pr
po

) 1
n (
d cos βm cosφm + hb sin βm

))4

×
[√

d2 + h2b

{(
pr
po

) 2
n

+ 1

}
− 2

(
pr
po

) 1
n

(
d cos βm cosφm + hb sin βm

)]
.

(20)

Joint density function p(pr, γ, βm) can thus be expressed as,

p(pr, γ, βm) =
p(pr, φm, βm)

|J(pr, φm, βm)|
∣∣∣∣
φm=φv−cos−1( γ

cos βm
)

. (21)

The Jacobean transformation for pr, φm, and βm can be derived as shown below,

J(pr, φm, βm) =

∣∣∣∣∂φm∂γ
∣∣∣∣
−1

=
√

cos2 βm − γ2. (22)

Substituting the expression of Jacobean transform from (22) in (21) and letting ψ = (pr/po)
−1/n, joint

density function of power level, Doppler spread, and elevation angle βm can be expressed as,

p(pr, γ, βm) =
∑2

i=1

{(
(d2+h2b)

3(ψ2−1)ψn+1f(xm,ym,zm)

8npo
√

1−γ2sec2βm

)

×
(
d2+h2b(1+ψ

2)−2ψ(d cosβm cosφi+hb sinβm)

(d cosβm cosφi+hb sinβm−(d2+h2b)ψ)
4

)}
.

(23)
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Integrating (23) over βm and pr, respectively, gives the marginal PDF of the Doppler spectrum
characteristics of the proposed model.

p(γ) =
∫ π

2

0

∫ pu
pl

∑2
i=1

{(
(d2+h2b)

3(ψ2−1)ψn+1f(xm,ym,zm)

8npo
√

1−γ2sec2βm

)

×
(
d2+h2b(1+ψ

2)−2ψ(d cosβm cosφi+hb sinβm)

(d cosβm cosφi+hb sinβm−(d2+h2b)ψ)
4

)}
dprdβm.

(24)

pl and pu are dependant on the path lengths of the multipath components. The signal received from
the longest propagation path has minimum power, while the signal arrived from the shortest propagation
path hold the highest power. pu and pl, can be shown shown below,

pu = po

(
lmin√
d2 + h2b

)−n

, (25)

pl = po

(
lmax√
d2 + h2b

)−n

. (26)

Integrating (24) over normalized Doppler shift gives the cumulative distribution function (CDF) of the
Doppler spectrum as shown below,

FΓ(γ) =

∫ γ

−1

p(Γ)dΓ. (27)

CDF of the received signal gives better insight of amount of received gain and the time duration for
which it remains below a certain (under observation) threshold level. The complex received signal is
r(t) =

∑L−1
i=0 αie

j2πfdi t, where fdi represents the Doppler shift experienced by ith multipath component
as expressed in (8) and L is the total number of multipath components. High order statistics gives more
analytical plateform to analyze the signal. The analysis is extended to study second-order fading statistics,
which are joint distribution of the envelope and its derivative with respect to time. These fading statistics
includes LCR (NR), and AFD (τ̄ ), can be defined as below. LCR of any random process gives useful
information about the underlying process, and is widely used in many engineering fields. In channel
modeling, LCR is associated with some important characteristics of the channel like handoff, AFD, fading
rate, movement of MS, and the effect of diversity on fading. LCR is the count of how many times the
signal crosses the threshold level, (ρ = R/RRMS) , i.e., measurement of how rapid the fading occurs and
general expression of LCR is given by [14] and shown below,

NR =

∫ ∞

0

ṙp(R, ṙ)dṙ (28)

AFD (τ̄ ) is the time duration for which a signal stays below a certain (under observation) threshold level
(ρ) and can be defined as below,

τ̄ =
1

NR

∫ R

0

p(r)dr (29)

IV. RESULTS AND DISCUSSIONS

Analytical results for Doppler shift characteristics of the proposed model are presented in Fig. 2, where
the impact of various important physical parameters of the model is presented. Change in behavior of the
Doppler spectrum with variation in the ratio between major (ao) and intermediate (bo) axes of the outer
bounding ellipsoid is shown in Fig. 2(a). It can be seen that as the ESR transforms from spherical to
elliptical shape in azimuthal plane, the slope of CDF changes from frequency flat to frequency variant.
This employs that PDF of Doppler shift transforms from flat to U shaped form. In Fig. 2(b), the impact of
size of inner hollow cylinder for a given φv is analyzed on the Doppler shift. It is evident from the figure
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Fig. 2. The impact of variation in (a) the ratio bo/ao on the CDF, (b) the size of inner hollow cylinder on PDF, and (c) φv on PDF of
Doppler shift characteristics.

that as the ESR becomes more hollow from inside, the PDF of Doppler shift tends to tilt more on one side
(positive in this scenario) of the γ. This is because the scatterers contributing in positive and/or negative
Doppler shift increase and/or decrease according to the orientation and scale of the inner bounding hollow
elliptical cylinder as compared to outer bounding ellipsoid. The direction of MS’s motion (φv) w.r.t. LoS
direction has a significant impact on the Doppler shift characteristics when the geometric composition of
ESR is uneven; which is shown in Fig. 2(c) for a specific scenario. It can be seen that when the MS
moves directly towards the BS (i.e., φv = 0o), the scattering objects contributing in a shift towards positive
and negative side are evenly balanced, therefore the PDF is balanced U-shaped. For higher values of φv,
the PDF skews towards positive or negative side depending upon the shape of the ESR. The impact of
variation in the ratio bo/ao, size of inner hollow cylinder, and φv on the LCR is shown in Fig. 3 (a), (b),
and (c), respectively. It has been observed in Fig. 3(a) that change in the ratio between major (ao) and
intermediate (bo) axes of the outer bounding ellipsoid effects LCR linearly. Peak of LCR is observed at
ρ = −1, and the curves drop sharply for higher values of ρ. It can be seen in Fig. 3(b) that effect of
reducing the scatterers in the local vicinity of MS is non linear. The impact of direction of MS’s motion
φv on LCR (see Fig. 3(c)) is also observed as non linear. The impact of variation in the ratio bo/ao, size
of inner hollow cylinder, and φv on the AFD is shown in Fig. 4 (a), (b), and (c), respectively. It can be
seen in Fig. 4(a) that AFD increases linearly with increase in the ratio bo/ao because of transformation of
the ESR. Fig. 4(b) shows the non linear increment in AFD with increase in the hollowness of the ESR,
which means that with less number of scatterers present in the close vicinity of the MS, the fading time
of the channel increases. Similar non linear increase in AFD is observed in Fig. 4(c) with change in the
direction of motion of MS.

It can be seen from the graphs shown that by changing the geometrical parameters of the model, it is
convenient to increase/decrease the second order fading statistics parameters and hence the proposed model
can take shape of any orientation of the physical scenario. The proposed geometric channel model provides
high degrees of freedom in designing the physical dimensions and orientations of the scattering region’s
boundaries and therefore can be tuned to realistically model the propagation scenarios for obtaining more
realistic angular statistics. The angular spread of multipath waves in a rich multipath environment highly
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Fig. 3. The impact of variation in the (a) ratio bo/ao, (b) size of inner hollow cylinder, and (c) φv , on the LCR.

influences the Doppler spectrum, which further determines the time variability of channel characteristics.
Therefore, the proposed analytical results on Doppler spectrum are of high significance in studying the
time varying characteristics of highly dynamic propagation scenarios of emerging cellular communication
networks.

V. CONCLUSION

Second order fading statistics of the emerging land mobile radio propagation channels has been presented
in this paper. Joint and marginal mathematical expressions for distribution characteristics of Doppler shift
and multipath power have been derived for the advanced tunable 3-D hollow geometric scattering model.
Doppler shift characteristics have been analyzed and the impact of various physical channel parameters
on its statistical characteristics has been discussed. Finally, the analysis has been further extended for the
characterization of second order fading statistics of radio communication channel.
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