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Abstract

The equation u; = Ap(ul/ (»=1)) for p > 1 is a nonlinear generalization of the heat
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with the optimal LP-Euclidean logarithmic Sobolev inequality have recently been
investigated. Here we focuse on the existence and the uniqueness of the solutions
to the Cauchy problem and on the regularization properties (hypercontractivity
and ultracontractivity) of the equation using the LP-Euclidean logarithmic Sobolev
inequality. A large deviation result based on a Hamilton-Jacobi equation and also
related to the LP-Euclidean logarithmic Sobolev inequality is then stated.
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Introduction

A semi-group (P;):>¢ is said to be hypercontractive with contraction function
t — q(t) if and only if ¢ is increasing and if for any admissible f,

||Ptqu(t) < C(t) ||f||q(0) Vt=>0

for some continuous function ¢ — C(t). It is ultracontractive if for some g > 1

|Piflloc < C@) || fllq VE>0.

It is the purpose of Gross’ and Varopoulos’” Theorems [23,32] to prove such
properties for diffusion processes. This question introduces in a very natural
way the logarithmic Sobolev inequality

[P rog(ydp<ct [1ViEan Ve H R st [ fFdu=1,

for some positive constant C* where p is a measure on IR"™ which is invariant
under the action of (F;);>o. In the case of the semi-group associated with the
heat equation, dyu is the Lebesgue measure and the above inequality is the
Euclidean logarithmic Sobolev inequality, with C* = 2. This inequality can be
reformulated in a form which is optimal under scalings [33] as

/f21og(f2) dx < glog [é/ywmx] Ve WH(RY) s.t. || flla=1.

Here we consider the semi-group generated by the nonlinear diffusion equation

U = Ap(ul/(p_l))

with Ayw := div (|[Vw[P~2Vw) for some p > 1 and prove that the associated
semi-group is hyper- and ultra-contractive. The inequality which generalizes
the Euclidean logarithmic Sobolev inequality is the optimal LP-Euclidean log-
arithmic Sobolev inequality

/fplog(fp) dz < Zlog [Ep/|Vf]p d:c} Ve WH(IR") s.t. || f]l,=1,

which has been introduced recently [18] and then extended in [22] (also see
[14]). This inequality holds for some positive and optimal constant £, (see
Theorem 4 below for more details). The entropy, which corresponds to the



left hand side of the inequality, plays a crucial role for the existence and the
uniqueness of a global solution to the Cauchy problem.

This paper is organized as follows. In Section 1, we state our main results
and introduce the optimal LP-Euclidean logarithmic Sobolev inequality. The
existence and the uniqueness of a global solution is established in Section 2.
Section 3 is devoted to hypercontractivity and Section 4 to connections with
large deviations and the Hamilton-Jacobi equation

1
Ut+*|vv‘p:0,
p
for which the optimal LP-Euclidean logarithmic Sobolev inequality also plays

an important role. Note that this equation and its regularity properties have
been the subject of an earlier study of the third author [22].

1 Main results

Consider a global solution to the Cauchy problem

uy = Ay (u/®P D) (2,t) € R* x RY

(1)

for some nonnegative initial data f. Note that A,u™ = div (|[Vu™[P~2Vu™)
is homogeneous of degree one if and only if m = 1/(p — 1) (we shall take
advantage of this fact in the proof of Theorem 1). If one considers the equation
u = Ayu™, the case m # 1/(p — 1) has interesting scaling properties related
to Gagliardo-Nirenberg inequalities. The optimal LP-Euclidean logarithmic
Sobolev inequality appears then as a limit case [17-19] of these inequalities
when m — 1/(p — 1).

By ||ull,, p # 0, we denote the quantity ([ |u[P dz)'/P and unless it is explicitely
specified, integrals are taken over IR". We also write p* = p/(p — 1) for the
Holder conjugate exponent of p, if p € (1, +00).

Our first result is a global existence and uniqueness result. See the beginning
of Section 2 for some comments on the literature and on our strategy of proof.

Theorem 1 Letp > 1 and assume that f is a nonnegative function in L*(IR™)
such that |z|P" f and flog f belong to L*(IR™). Then there exists a unique weak
nonnegative solution v € C(IR;", L*(IRY})) of (1) with initial data f, such that
utl? € Ligo (IR, Wi! (IRY)).



Here by weak solution of (1) we simply mean a solution in the sense of the
distributions. The a priori estimate on the entropy term [ulogudx plays a
crucial role in the proof. Concerning regularity, our main result is the following
hypercontractivity property.

Theorem 2 Let o, § € [1,+00] with > a. Under the same assumptions as

in Theorem 1, if moreover f € L*(IR"), any solution of (1) with initial data f
satisfies the estimate

_n B-o
[u( s < Iflla A(nyp,a, B) 77 o7 V>0

with

B—a
ap

T3

Aln,p,a,B) = (C1 (B — Oé)) CQ% )

p-1t  , _(B-DF g
— 1 2 = i .

pp+1

_ p—1
Cl = nﬁp (&

See Theorem 4 below for a definition of £,,. Note that for p = 2, with L, = %,
one recovers the classical estimates of the heat equation (see for instance
3,23,28,32]). A similar result holds for «, 8 € (0,1] with f < « and at a
formal level for f<a<0: see Theorems 10, 11 in Section 3. As a special
case of Theorem 2, we obtain an ultracontractivity result in the limit case

corresponding to « = 1 and = oc.

Corollary 3 Consider a solution u with a nonnegative initial data f € L*(IR™)
satisfying the same assumptions as in Theorem 1 with o = 1. Then for any
t>0

JutBlle < 0 ()’

1
t

The main tool in our approach is the following optimal LP-Euclidean logarith-
mic Sobolev inequality.

Theorem 4 [18,22] Let p € (1,+00). Then for any w € WIP(IR") with
[ |wlP dz =1 we have,

/|w|Plog \w|P dz < ZIOg {Ep/ |Vw|P dx} , (2)



with

Inequality (2) is optimal and it is an equality if

w0 nr<;+1)>‘”p —

— Ss(_\P" ——|z—Z|P v R

w(x s e S
(z) ( (p> F(%+1)

for anyp>1,0 >0 and z € R". For p € (1,n) the equality holds only if w
takes the above form.

For our purpose, it is more convenient to use this inequality in a non homo-
geneous form, which is based on the fact that

o [n n [Vwll} [V n
inf |— log(—) + p L1 =n log £l 4 —.
u>0 [p (pu) ]l [wll, ) p

Corollary 5 [17] For any w € W'?(IR™), w # 0, for any pu > 0,
p/\w\p log ol dx + ﬁlog PRE /|w\p dr < u/|V'w\p dx .
[wll p nLy

Inequality (2) has been established in [18] for 1 < p < n in view of the
description of the intermediate asymptotics of (1) in IR™ (see [17], and [30] for
the asymptotic behaviour in the bounded case). It has been linked to optimal
regularization properties of the Hamilton-Jacobi equation

1 1
Ut+23|vv|; =0 (3)

and extended to any p € (1,400) in [22]. Also see [21] for a previous work
on hypercontractivity and properties of the Hamilton-Jacobi equation in case
p = 2, and [29,7,3,14,13,15] for connections with optimal mass transport,
which have been recently investigated.

For earlier results concerning the standard logarithmic Sobolev inequality (p =
2), one should refer to [23] (in the form of Corollary 5), to [33] for the form
which is invariant under scalings (Theorem 4, p = 2) and to [10] for the
expression of all optimal functions. In case p = 1, Inequality (2) was stated in
[27] and the expression of the optimal functions has been established in [4].



2 Proof of Theorem 1

Existence and uniqueness of solutions to quasilinear parabolic equations have
been extensively studied. However, as far as we know, the available results deal
only with bounded domains. A standard reference when there is no external
potential is the paper by Alt and Luckhaus [2]. See [31,30,11] for more recent
results and further references. Very recently, Agueh in [1] adapted the strategy
of steepest descent of the entropy with respect to a convex cost functional of
Jordan, Kinderlehrer and Otto [24] to quasilinear parabolic equations. Their
approach relies on mass transportation techniques and is certainly the right
one from an abstract point of view. It covers Equation (1) in the case of a
bounded domain. Here we choose to give a more direct proof for the existence
and the uniqueness, which strongly relies on a priori estimates for the entropy
J ulogudx (this denomination makes sense both from probabilistic and phys-
ical points of view). As a last preliminary remark, let us note that because
of the homogeneity of the equation, we can use the notion of weak solution
defined in Section 1 although the initial data is essentially in L'(IR™), so that
we dont need to introduce any renormalization procedure.

Since (1) is 1-homogenous, in the sense that pu is a solution corresponding
to the initial data p f for any p > 0 whenever u is a solution corresponding
to an initial data f, there is no restriction to assume that [ fdr = 1. It is
also straightforward to check that u is a solution of (1) if and only if v is a
solution of

vy = A PD £V (Ev)  (2,t) e R* x RY
U('>T = O) = f

(4)

provided u and v are related by the transformation

1 T

R(t)n U<€>T) ’ f = % ’ T(t) = 10g R(t) ) R(t) = (1 +pt)l/p

u(z,t) =

(see [17,19] for more details and consequences for large time asymptotics). Let

n pyn/p* T(5 + 1)
G

Veo(§) =7 2 T2 +1)

p*

p*)

p
eXP(—g ks

with o = (p*)2. For any nonnegative constant y, 1 v is a nonnegative solution
of the stationary equation

AP 1LV (Ev) =0



such that [vy dz = p. We may rewrite (4) as
va

szvg{v( >
v(T=0)=f

P=2 Vev
v

Vevso [P72 V&“OO)} (r,t) e R" x R"

Voo Voo

The next step consists in regularizing the problem. First we replace the initial

data f by

feo = NE*01X50 * min(fo + €0Vso, €0 Vso) , 0 € (0,1)

where x., = €0 "x(-/20) is a regularizing function, y is a C*° with compact
support function, with values in [0, 1], such that x(x) = 1 if || < 1 and

x(x) = 0 if || > 2. The normalization constant N, is chosen such that
J ffodx = 1. We can also replace the equation for v by a regularized one:
b
. Ve (v+nveo) 2 . Vevoo |2] 2 Vev VeUoo p_2V5voo
Ur = vf |:U ([(l_a) V+NVso +(1+n)2 500 ‘ :l v (141)veo Voo

(-, 7=0)= f°

for some positive regularizing parameters ¢ and 7. Note that v, is still a
stationary solution. To emphasize the dependence in the various regularization
parameters, we shall denote this solution by vZ. The standard theory [26]
applies since this is a quasilinear parabolic equation of the form

vr = Ve - [a(§, v, Vev)]

for which the right hand side is locally (in £) uniformly elliptic. To be precise,
one should first solve the problem on a bounded domain (it is now strictly
elliptic), say a large centered ball Bg of radius R, with Dirichlet boundary
conditions v = v, on 0Bp (the initial data also has to be modified accord-
ingly), and then let R — +o0.

The solution is smooth and the Maximum Principle applies. The functions
50N€*01voo and (g9V.,) 'vs are respectively lower and upper stationary solu-
tions:

€0

Ni ’Uoo(f) S ’Ug?n(’ra 5) S

€0

(6 V(ET) R xR o)

uniformly with respect to €, n > 0 so that we may let n — 0 and keep the
above estimate. Note that a similar uniform in € and 1 (but local in ) estimate

holds for (vg9,)~" ‘ngj?n . Details are left to the reader.




Now we may build an entropy estimate as follows:
Vel  Veu
10 80 d — _/ 5 E,O _ 5 o0
dr / g 5 v Voo
\Y v 2 51 Vvl v p—2 ¢
ez [(1 ~¢) e[ Te ] b | eme P72 Ve ) | e
oo vs,O Voo
(which by the way proves that v}, converges to vs as 7 — +00). Because
of (5), such an estimate passes to the limit in integral form as ¢ — 0:
/ 601og( d§</f€01og = )dg

_ V’UEO _ Vv | .
Voo
where v := g is now a solution of

1)607— = Vg {UEO (

v (-, T =0) = feo

2

p— 2Vv‘50 (6>
vo

Vveo
V&0

Voo

Voo p— Vvoo> d& dT

V00
V&0

p—2 Vg’l}so

V&0

ngoo p—2 ngoo >:|

Voo Voo

satisfying (5) and such that (v%°)~!|V¢v®| is locally bounded in & (however
this estimate is certainly not true uniformly with respect to &g).

We may now go back to the original variables, £ and x. Let u*° be the solution
of Equation (1) with initial data f° and consider u., = Ré) (g log R(t)).
Since

/u log (l:;)dx = /ulogudx + (p— 1)(R(t))’p*/]x|p*udx + a(t)/u dx

for some C* function o, it is sufficient to study the first term of the right hand
side to pass to the limit as g — 0 in the entropy inequality, i.e.,

1
d/ Ologudr = ———
dt p—1

(uao)l/p’p dx .

A crucial remark is the following lemma, which has been stated in [5] (also
see [6]) for p = 2 and in [20] in the other cases. For completeness, we give a
proof of it.

Lemma 6 [20] On the space {u € L*(R") : u'/? € W'P(IR™)}, the func-
tional Flu] :== [|Vu®|P dx is convex for any p > 1, a € [%, 1].



Proof. For any two given nonnegative C'' with compact support functions u,
Ua, let

u' =tuy+ (1 —t)uy =uy +tvwithv =uy —uy , f(t)=Fu'].

It is readily checked that f(t) is finite for any ¢ € [0, 1] and twice differentiable.
For simplicity, we shall write u instead of u' in the computations. Define

X =au*'Vu

Y =au*?[(a —1)vVu+ uV]

Z=a(la—1)u"3[(a—2)v*Vu+ 2uv V|

Then
1) =p [IXP (0= 2) (V)2 + IXP(YE + X - 2)] do

2

— pa4/|X|p—4u4a—6A

— [(afl)((afl)pfl)AQ + 2p(a—1)AB + (p71)BQ} dx

where A = vVu and B = uVwv. The quantity (a—1)((a—1)p-1) A% +2p(a—1) AB+
(p—1)B? is nonnegative for any A, B € R" if and only if 0 > [p(a —1)]* — (p—
D(a=1({(a=1p—1) = (ap—1)(a—1). R

In the case of Equation (1) the entropy production term is therefore convex.
Thus the entropy inequality (6) passes to the limit as £y — 0. By the Dunford-
Pettis criterion, u® converges to some function u weakly in L*(IR" x Rjf.).
Moreover, because of the divergence form of the right hand side of the equa-
tion, we have

d
ﬁ/ugodxzo

so that [wdz is also conserved. Since

(p — 1)Vu1/(”_1) _ pul/(p(p—l))vul/p ’

we obtain

N P T

by Hélder’s inequality (this even makes sense for p € (1,2) since the Holder
exponents are p and p*). There is no difficulty to check that u(-,0) = f and



that u® strongly converges to u in Ll (IR" x IR™). It remains to make sure
that u is a solution of (1). Since V(u®)"P weakly converges to Vu!'/P in
L®(R;E,, LE (IR™))), if p > 2, V(u)Y/ @1 weakly converges to Vul/P~1 in
L®(IRy.,, LV (IR™))). This is enough to give a sense to A,u and prove that u

satisfies (1) in the distribution sense. The adaptations to be made if p € (1, 2)
are left to the reader. This concludes the proof of existence.

Remark 7 The entropy decays exponentially since

d u 1
il 1 :_7/ 7y l/ep
dt/uOg(fuda)dx p—1 p* VT d

and Corollary 5 applied with w = u'/?, u = ”p—i}’ gives

d
dt/UIOg(f:de> de < — (p;;ﬁ /UIOg<f5dx> dz .

For a more precise description of the asymptotic behaviour, see [17,19)].

It is remarkable that the entropy, or to be precise, the relative entropy, turns
out to be the right tool for uniqueness as well. Consider two solutions u; and us
of (1). A simple computation shows that

dt/ullog 2)dm

= / <1 + log (u2)> (u1); do — / (Z:) (ug); d

— —(p—l)*(pfl)/ Uy [Vul — Vuﬂ . Uvul TV

Uy Uz 51 Uy

VUQ

Uz

p—2
VUZ] dr .

Uz

It is then straightforward to check that two solutions with same initial data f
have to be equal since

|ui(t) — ua(-0)||7 < /ul( t)log dw < /flog =0
4||fH ' (

by the Csiszar-Kullback inequality [16,25].

Remark 8 The computation we have used above for proving the uniqueness
18 exactly the same as for the existence proof, with u; = u and us = Us,. This
is why the detailed justification of the computation has been omitted. All terms
make sense at least in the integrated in t sense. In the stationary case, similar
computations have been used extensively, see [8] for an example in case p = 2.

10



3 Proof of Theorem 2

As a preliminary result, let us note that the quantity [ u?logu dr makes sense.

Lemma 9 Let q, Q be such that 1 < q < Q and assume that u € L*NL?(IR")
is a nonnegative function such that |z|P" v € L*(IR"™). Then uilogu belongs to

LY(IR).

Proof. On the one hand, let U = exp(—]:z:\p*gi(l]). Then

/uqlogu dmz/uqlog (%) dx+/|$|p*% u? dx .

The first term of the right hand side is bounded from below by Jensen’s
inequality:

U 1 u? 1 Juldx
7] —)d __7/ 7] () d >f/ Tdx 1
/u og<U> €T . u?log i T . u? dx log [T dz

and the second term, which is nonnegative, makes sense because of Holder’s
inequality:
Q— g—1

/\:L’p*% u? doe < </|x\p*udx>Q_l (/quxyH :

On the other hand (see [9,18])

s}

1 [u® dx
7] <7/ ¢ 1
/u ogudx_Q_q ul dx Og<fuqda:>’

as can be checked using Holder’s interpolation of ||u||, between ||u||, and ||u||q
for some r € [¢, Q) and deriving with respect to r at r = q. O

Take a nonnegative function v € LY(IR") with u?logw in L'(IR™). It is straight-
forward that

d
dq/uqda::/uqlogudx. (7)

Consider now a solution u of (1). For a given g € [1, +00),

d q - q(qg—1) q—p P
dt/udx——(p_l)pl/u |Vul? dz . (8)

11



Assume that ¢ depends on ¢ and let F(t) = [[u(-,t)|/4z). Let "= L. A com-
bination of (7) and (8) gives

F'oog [ru  ul Cla=1) 1 [ pow

Since [u?P|VulPdz = <£> [ |Vu??|P dz, Corollary 5 applied with w = u%/?,

(¢—1)p"
¢ (p—1)p!

lu/:

gives for any ¢ > 0

/ p—2 ./
Flt) < F0)eA®  with A(t) = /%log (,Cpq q) o
P
0

Now let us minimize A(t): the optimal function ¢ +— ¢(t) solves the ODE

¢"¢=24",

which means that

for some a, b € IR. Thus A is given by

n | alC,
Alt) = - p 0/a10g<(as+b)p1(as+b—1)> ds

and an identification of gy=a, ¢(t) =0 allows to compute at =L and b=
Note that a=—¢'¢™2 < 0. Let ¢(u) = (p—1) u logu— (1—u) log(1 —u) pu. Then

This ends the proof of Theorem 2. ([l

12



With a minor adaptation of the above proof, one can state a result similar to
the one of Theorem 2 in the case «, 5 € (0,1] with § <« and at a formal
level in the case 8 < a < 0 (in both cases, a > 0). Since the sign of ¢ is
changed, the inequality is reversed, compared to Theorem 2: such results are
not hypercontractivity properties any more. In the second case, the existence
of a solution is not covered by Theorem 1 and is, as far as we know, an open
question. With ¢(u) = (p — 1) u logu + (v — 1) log(u — 1) — pu, one gets the
following result.

Theorem 10 Let o, § € (0,1] with § < «. Under the same assumptions as
in Theorem 1, any solution w of (1) with initial data f such that f* belongs
to LY(IR™) satisfies the estimate

n a=fB
Ju()llg = | flla Alnspsa, B) tr =5 V>0

Here C; has the same expression as in Theorem 2 and one can write

1-8 1-p 1
— 1|77 |87 —atl
o _ 1817 |3

— = 9
o = 1|5 |af 5757 ¥

A(n,p,a,ﬁ) - (Cl ‘5_04)% : CQ% )

in order to have a general expression which is valid for both results.

At a formal level (existence of a global solution is not known), it is even possible
to state a result for negative exponents o and (. Note indeed that in such a
case, the boundedness of [u§ dz is incompatible with the requirement: u, €
LY(IR™). The following result is obtained by adapting the proof of Theorem 2
to the case p(u) = (p — 1) u log(—u) — (1 — u)log(l —u) — pu.

Theorem 11 Let o, 8 < 0 with § < a. Any C? global solution u of (1) with
initial data f such that f belongs to L'(IR") satisfies the estimate

n a=fB
[u(-, s = I flla Aln,p,c, B) 7 o7 VE>0
where A(n,p,«, 3), C1 and Cy are given by (9).

13



4 Large deviations and Hamilton-Jacobi equations

Consider a solution of

v+ LVl = L prt P A t) € R" x R*
e+ Vol = 5 prt e Ayv (x,t) € X

(10)
U(',t = 0) =49
The following lemma shows what is the relation of (10) and (1).
Lemma 12 Let ¢ > 0. Then v is a C? solution of (10) if and only if
1
1 p—1
u=e " withh =L
p—1
is a C? positive solution of
uy = e A, (ul/P=1) (11)
1
with initial data f = e x" 7,

In the limit case ¢ = 0,

-y
t

t
P o — 3 —
w@»—waw—ﬁg{mw+¢

g

is a solution known as the Hopf-Lax solution of the Hamilton-Jacobi equa-
tion (3):

1
Ut+*|VU‘p:0.
p

Let PP f(x) := wu(x,t) whenever u is a solution of (1) with initial data f.
Because of the convergence of the solutions of (10) to the solutions of (3), by
Lemma 12 we get the following result.

Theorem 13 With the above notations and assumptions, for any C? func-
tion g,

bo(a) = limy [-Ae" log (Ph (7)) ve>o0.

14



In other words, this essentlally means that the family (ngt)oo satlsﬁes a large

deviation principle of order " and rate function W| T —

This provides a new proof of the main result of [22].
1
Corollary 14 Let A = E—. For any «, 3 with 0 < o < (3, we may write

wwwﬁswwwmmnaﬁﬁ?%ZVt>m

with

R | e
S S
<L) o[
+| +
Q| I~
N———
s 3

Blnpa,0) = (5 - ) ¥'c) 7 (

Proof. We may first rewrite Theorem 10 as

Cl 2;5 y=5 (1 — v v %—H %
1227l = s (2) %5—w~si ”}6(”1pi }.

h
where we replaced «, § and t by d, v and 7 respectively. Take now f = e xe¢™,
T =¢€Pt,§ = AeP o and 7 = AeP 3 and raise the above expression to the
power \eP . Taking the limit ¢ — 0 we obtain,

n a—p3
le™"l5 < e "o B(n,p,a, B) tv 7 Vt>0.

The result then holds by taking h = —Q@%(g) and by using the following
inequality: —Q7(-Q%(9)) < g. O

Remark 15 If instead of Theorem 10, we use Theorem 11, we obtain a di-
rect but formal proof of the Corollary 14. The proof is similar to the one of
Corollary 14. According to Theorem 10,

Ci\ 555 s (1—8)5 (=6) 5 5t g
122506 2 1l (27 %v—awgl ) },

where we replaced o, B and t by v, 6 and T respectively. Take now f = e x|
T=¢Pt,y=—-NeP a and 6 = —\eP" 3 and raise the above expression to the
power —\eP" . The result then holds by taking the limit ¢ — 0.

15



Conclusion

As a conclusion, let us summarize the main results. The three following iden-
tities have been established:

(i) For any w € WHP(IR") with [ |w|P do = 1,
/|w|Plog|w| dr < %log {Ep/ |Vw|P dx} .
p

(il) With the notation P/ for the semigroup associated to (1), ie. uy =
Ap<u1/(p71))a

_n Bz
1P fllg < [ flla Al p, o, B) 77 5

(iii) With the notation @} for the semigroup associated to (3), ie. vy +
L[ =0

D _n B=a
1e99] 15 < [l€?]|a B(n,p, e, B) 77 a7 .

The first identity is the optimal LP-Euclidean logarithmic Sobolev inequality
(2), see [18,22]. The equivalence (i) <= (iii) has been established in [22]. In
this paper, what we have seen is that (i) = (ii) and that (ii) = (iii). Going
back to the proof of Theorem 2, it is not difficult to check that (ii) = (i), so
that the constants in (ii) are optimal.
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