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Abstract.

The paper focuses on the effect of the pair coalescence of circular pores on the overall elastic
properties. An analytic solution for the stress and displacement fields in an infinite elastic
medium, containing cylindrical pore with the cross-section formed by two circles, and subjected
to remotely applied uniform stresses is obtained. The displacement field on the surface of the
pore is then determined as a function of the geometrical parameters. This result is used to
calculate compliance contribution tensor for the pore and to evaluate effective elastic properties

of a material containing multiple pores of such a shape.
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1. Introduction.
In the present paper we focus on the effect of the pair coalescence of circular pores on the overall
elastic properties. The research is motivated mostly be needs to predict properties of porous
materials obtained by Gasar technology — process consisting of a melting metal in a gas

atmosphere to saturate it with hydrogen and directional solidification (Shapovalov, 1994;



Shapovalov and Boyko, 2004). The pores have cylindrical shape and are nucleated
heterogeneously. The process is accompanied by pores coalescence. Shapovlov (1998) showed
that the pore coalescence becomes prominent for Gasar metals with high porosity. The modeling
of the evolution process of pore coalescence has been proposed by Liu et al (2018). Figure 1
illustrates the process of the pores coalescence and the resulting shapes of the pores’ cross-
sections in Gasar metals.

We consider this material in the framework of plane-strain problem and assume that it
contains aligned cylindrical inhomogeneities of certain cross-sectional shape. Analytical
modeling of materials with inhomogeneities of non-elliptical cross-section is not well developed
though many two-dimensional problems have been solved. The main approaches to this problem
are:

e Complex variables technique involving conformal mapping of the cross-sectional shape onto

a unit circle (Kachanov et al., 1994). For many non-elliptical shapes, the transformation

N
Z(C)=R&+Zané”J (1.1)
n=l

that maps conformally the exterior of the inhomogeneity in the complex z-plane into the interior

of a unit circle in the ¢ -plane, is used, with parameters R, N and a, corresponding to various

shapes; for the elliptical hole, for example, N=1, R=(a+5b)/2 and @ =(a—b)/(a+b). For

“irregular” shapes, a numerical mapping technique can be used (see Tsukrov and Novak, 2004);

¢ Finite element method, that is more universal, applies to inhomogeneities of arbitrary elastic
properties, including anisotropic ones, but has lower accuracy than the numerical conformal

mapping technique. Comparison of the two methods was given by Tsukrov and Novak

(2002).

Compressibility of non-elliptical holes has been first analyzed by Zimmerman (1986) on the
example of super-circular holes (convex and concave), by Givoli and Elishakoff (1992) and
Ekneligoda and Zimmerman (2008a) who considered holes with “corrugated” boundaries and by
Ekneligoda and Zimmerman (2006, 2008b) who considered shapes having n-fold symmetry

axes. Results for the entire compliance contribution tensor of a non-elliptical hole have been



obtained by Kachanov et al (1994) and Jasiuk (1995) for various polygons (convex and concave)

and Tsukrov and Novak (2002, 2004) for several “irregular” shapes.

The present paper continues authors’ work (Lanzoni et al, 2018) on the shapes that may be
obtained by union of two circles of generally different diameters (Figure 2). We consider
isotropic elastic plane containing two circular holes of radii »; and r, (that may overlap). Thus,
the pore shapes may be non-convex and even not simply connected. Instead of the conformal
mapping technique (that may be a problem in this case) we use an analytic approach based on

Fourier series representation or Fourier transform in bipolar coordinates (Jeffery, 1921), (a, Ji] )

(Figure 3), related to the Cartesian coordinates (x;,x, ) by

a—Reln(x1+ix2)+a ) ﬁ——Imln(x1+ix2)+a ) (1.2)
(x1+ix2)—a ’ (x1+ix2)—a ’ '

o = asinha = asin 3 (1.3)

! cosha —cos 8’ 2 cosha —cos 8 '

Note, that f-coordinate is multi-valued with a discontinuity of 2m across the segment
connecting the foci. Hereinafter, we assume —7z <f <x. The two poles of the bipolar

coordinates are located on the x; axis at distance + a, with @ > 0 (the circles in Figure 2 a refers
to @; >0 and a, <0 whereas Fig. 2b shows two overlapping circles with 5, >0 and 8, <0).

First, we consider a single inhomogeneity and solve Neumann boundary value problem in
two-steps: (1) assessment of the fundamental displacement field related to a remotely applied
uniform stress in a homogeneous body and (2) fulfillment of the boundary conditions by adding
an extra-term to the fundamental field. This solution is used to construct the compliance
contribution tensor of a pore of interest by calculating proper contour integrals. The compliance
contribution tensor can be used to calculate overall elastic properties of a material containing

parallel cylindrical holes with the cross-sections shown in Figure 2.



2. Two separate circular holes.

In this Section we briefly summarize the known results about elastic fields in an infinite plate

containing two separate circular holes of radii », and r, in an infinite plane separated by the

ligament 6 between them. For the case of two holes of the same radius the problem was solved
by Ling (1947, 1948a) for remotely applied normal loadings and by Karunes (1953) for remotely
applied shear loading. Radi (2011) generalized their solutions for two holes of different radii.

The geometry of the problem is completely determined by two independent geometrical

parameters: for example, ratio of the radii p=7#/r, and relative length of the ligament y =8/5

(Figure 4):
X =1 +8[1-(r1+0.58)/(r+r, +3)]; oy =arccosh(x,/1);  a=nsinh(o);
o, =—arcsinh(a/r);  x, =-rcosha,. 2.1)

The plane is subjected to the action of remotely applied stresses 677, 65, , and o5 .
The traction free boundary conditions

Oy =Top =0 for a=ay,0, (2.2)
have to be satisfied at the holes.

The stress field, corresponding to the biharmonic Airy stress function y is given by Jeffery

(1921):

o° . 0 . .0
0y =—| (cosha—cosf)— —sinho. ——sinfp —+cosha | 4, ;
op oo, B

2
G =—|:(cosha—cosﬁ);7—sinha %—sin[} %JFCOS B}hx; (2.4)
o°h,
Tap = (cosho—cosf) 3 20
where
h, = %(cosh o —cos ). (2.5)

The Airy function  can be represented as the sum of a fundamental stress function X(O) , which
gives the uniform stresses applied at infinity but does not yield vanishing tractions on the circular

boundaries, and an auxiliary stress function X(l), required to satisfy the boundary conditions
(2.2), which gives zero stresses at infinity. Correspondingly,
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=10 1) 2.6)
where
) _ (o7 sin? B + o3, sinh? o — 2675 sin Bsinh at) 2.7
x 2 (cosha.—cosp) ’ '
h)(cl) =[B o+ K In(cosha —cosf)](cosha —cosf)+ Z ¢, (a)cosnPB+wy, (a)sinnf. (2.8)
n=1
Functions ¢, (o) and y, (o) are given by
¢, (o) = 4, cosh(n+1)a+ B, cosh(n —1)a+ C, sinh(n+1)a+ D, sinh(n—1)a; 2.9)

vy, (a) =a, cosh(n+1)a + b, cosh(n—1)a+c, sinh(n+1)a+d, sinh(n —1)a. '

The integration constants B, K, 4,,, By, Cyn, Dy, an, by, ¢4, dy are given in the Appendix A-1.

The components of the corresponding displacement vector are given by Jeffery (1921)

- h h
21 ug = (cosh o — cos B) x1 9 X _ktl o Q ,
2 oo\ cosha—cosf 4 OB\ cosha —cosf

(2.10)

- h h
21 up = (cosh o — cos B) k=10 L LS Q ) (2.10)
| 2 0P\ cosha—cosfp 4  Oa\ cosho —cosf

where k =3 —4 vor k= (3 —v)/(1 + v) for plane strain or plane stress state, respectively, and

_ 21 (cosha +sinh?a — cosB) — (o] — 63, ) sin B sinh o

cosha —cosf

+

hq

+[2B B -4K tan’l(tanh% cot% )](cosh o — cos B) +

+ 2 (4; sinh 2a. + C; cosh 2a) sin 3 — 2 (a; sinh 2a + ¢; cosh 2a) cos B +

+2 Z{ [4, sinh (n+1)a + B, sinh (n—1)a + C, cosh (n+1)a + D, cosh (n—1)a] sin nf} +

n=2

— [a, sinh (n+1)a + b, sinh (n—1)a + ¢, cosh (n+1)a + d, cosh (n—1)a] cos nP}.

2.11)

Figures 5-7 show distribution of the dimensionless stress fields in a plate subjected to a remote

stresses G}, ©,, and o,, respectively. Figure 8 illustrates distribution of the dimensionless

hoop stress along the contours of the pores for some values of p=r,/r,, y =5/r, =1. Figure 9

provides the same information for different values of y and p=2.
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3. Two overlapped circular holes.

The modeling of two overlapping circles differs considerably from the case discussed in Section
2: the circular contours represent two curves of constant g (0 < B; <7, — 1 < B, < 0) for
o€ (— o0, oo) (Figure 8). In this case, Fourier transforms have to be applied instead of the Fourier
series (see, for example, Ling, 1947, 1948b and Dutt, 1960). The geometry of the problem is
completely defined by three independent parameters, e.g. coordinates y.i, y.» of the centres of
two circles and the focal distance a. Then, 3, = arctan a/y.1, B, = arctan a/y.,, r1 =a/sin |B1], 12 =
a/sin |B|, and the area included in the contour reads A4 = r1*> (n — 1) + r2° (n + B2) + a* (cot P1 —
cot 32). In contrast to the case of 2 separate holes, here the ligament 6 turns out to be a negative
quantity defined as 6= y.1 — 71 — (Va2 + 12).

The form of the fundamental stress function is the same as in (2.7), whereas the auxiliary stress

functions are taken as follows:
W = j: F(s,B)cos sat+G(s,B)sin so ds,

cosha —cosf3

h? = (cosha.—cosP) {K log (3.1)

cosho.+cosP
where
F(s,B) = f.(s)sinBsinhsB+k, (s)cosPcoshsP+ g, (s)sinBcoshsP+ A, (s)cosBsinhsP;
G(s,B) = f;(s)sinBcoshsP+ k. (s)cosPsinh sf+ g.(s)sin Bsinh sP+ /. (s)cos Bcosh sB.(3.2)
Note also that a symmetric layout is retrieved if B> = — 1: In such a case one has gr(s) = ga(s) =
hi(s) = hg(s) = 0 (see Ling (1948b) for a plate with symmetric overlapped holes subjected to
normal loadings and Karunes (1953) for the shear loading). For remotely applied shear loading it
is 1, = 0.
The fundamental stress function (2.7) can be rewritten, after some algebra, in the following
form:
(Ac” sin® B — 2075 sin Bsinh o)
2 (cosha —cosf)

h = +0% cosP, (3.3)

where Ac” = (6711 — 6™ ).

The traction-free boundary conditions at the hole are



GBZOa TaBZOa for B :Bla BZ;
h, (o, B) + h,P(a, B)=0 fora, p— 0. (3.4)
The first two conditions can be reformulated for the auxiliary stress functions hx(l)(oc, B) and

(o, B) as

Tl 0. forp=pr. (3.5)
= , Or = . .
OB ot bP
and
(cosha.—cosf) o —sinha i—sin[3 i+cos Blh =0, for B=P1P (3.6)
P oa op v bR '

The last of the conditions (3.4) yields
j:kF (s)ds=0. (3.7)

Taking the derivative of expression (3.6) with respect to a and using (3.5) one can write

i1— il h,=0, forB=p,p (3.9)
do| Gt |t b '

and in turn, integration of (3.8) with respect to a gives

{1— azz}hx+q =0, forB=0; (i=1,2). (3.9)
oo

Expressions (3.5) and (3.9) can now be used to find unknown functions f#(s), fo(s), ki(s), ka(s),
gr(s) and hr (s). Constant K follows from condition (3.7) for normal loading.

Condition (3.6) gives (for B =1, B2)

» (1—cosPBcosh a)sinBsinh a

I:F'(S,B) sinsa ds = Ac + B, sinh o+

(cosh o —cos B)’
sin2f} sinh2a
(cosh o+ cosB)*(cosh o —cosB)

Iw § G'(s,B)cos saL ds = (3—4cosPcosha +cos ZB3COSh 2a.)
0 2 (cosha —cosf)

(3.10)
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where the apex denotes derivative with respect to coordinate B whereas from condition (3.9) one



has

J.w(1+s2) F(s,B)cossa ds = K cosp 1HM+2KCOSB+
0 cosha +cosf3
DK cos’ B B sin” 28 o sin? 1 N cosha N
cosh a.+cosf3 (cosha —cosB)(cosa +cosB)* 2 cosha—cosp  (cosha—cosP)* (3.11)
_ 2sinh’a 63, , 2cosh® o +sinh’ o N 5coshasinh®’o  2sinh‘a ~
(cosh o.—cosB)’ 2 (cosho.—cosp)  (cosha —cosP)’ (cosho—cosp)’ v
. . . . 3
J~ (1+57) G(s.B)sin sou ds —to 300shas1nhocs11;[3_ - 2sin3sinh oc3 _é;
0 (cosha —cosf) (cosh o —cosf)
Eqns (3.11);, for a0 — oo yield
C =[2K -3, +BB]cosp, C =o,sinp, forp=p; (i=1,2). (3.12)

Thus, from eqns (3.10), (3.11), taking into account results (3.12) one has for B=f; (i=1, 2)

2aAc”

ST

(1-cosBcosha)sinBsinha

F'(s,B) = do+

_[ “sin so. .
0 (cosh o —cosf)

K ¢~ . sin2f3 sinh2a
+ — J. sin so. >
s 0 (coshoa+cosf) (cosha —cos )
sPBcosha +cos2Bcosh2a)
2 (cosh o —cosp)’

do; (3.13)

«(3-4
G'(s,B) = —of, ij.o (3=4co cossoda
ST

and

2K
F S, = —_—
(s:P) (1+s*)m
2K . o COS SO
——————sin .[ ~da+
(1+s%)m 0 (cosh a —cosP)(cos a + cosf)

a AGZ’ sin® ijcossa( 3cosP __ 2sin’ B da; (3.14)
(1+s)m 0 (cosa—cosfB)” (cosa —cosf)
G(S’B) = -

cosh o —cosf 4K ) Jw COS SO
0

> do+
cosha +cosf (1+s)=w

o0
cos BI cossa In _
0 cosha +cosf

do+

200, . o[ 60, . ,r»coshasinhasinsa
—251n[3.[ sinso do. + S I >
(1+s7)m 0 (1+s)m 0 (cosha—cosf)
467, . ¢~ sinh’asinsa

——— —sin .[ 5

(1+s7)m 0 (cosh o —cosp)

Note that, through the results reported in Appendix A-2, all the Fourier transforms involved in
the equations (3.13)-(3.14) can be evaluated in closed form, thus allowing to find the analytic

expressions of functions F(s, B), G(s, B) and their derivatives:



. b
sinhs(—=—|B ) .
F(s,B) =—2K cosP 2 +4K cos® B . SlTthB ‘
S(1+s2)cosh% (1+s”)sinhsm sinf

—aAc” sin* Besc|B|esch smsinhs(n—|B|)+

_Ksin?2B secP sinhs(n—|B|)—2scoshsBesc|B|—(—2cotPcscP+sec|PB|)sinhs|B|.
2(1+s*)sin |B|cosp sinhsn ’
G(s,B) = 20 7TS(1+S2)COShS(7T—|B|)CSChS(7TS)—1Sm|B|, (3.15)
’ s(l+s) :

scosP sinhs|B|+sinh%sinhs(g—|ﬁ|)sin|ﬁ|

F'(s,B) = 4K sin 2 +

ssin | 23 | sinh s7
s(scoshs(n—|B|)—sinhs(n—|B|)cot|B]|.
s sinh s ’
G'(s,B) = 20}, csch s nfcosPcoshs(n—|B|)—ssin|B|sinhs(n—| B [)].

+aAc” sin 3

System (3.15) imposed for B = ; (i = 1, 2) allows assessing functions f«(s), fo(s), k&(s), ka(s),

gi(8), gal(s), hi(s) and hg(s) and, in turn, the stress and displacement fields according to eqns

(2.4) and (2.10), respectively. For the case of two equal overlapping holes Bi=— [, the

expressions of fx(s), kx(s) reported in Ling (1948b) for normal loadings and fs(s), kc(s) reported

in Karunes (1953) for shear loadings are exactly retrieved (actually, a misprint occurred in
29

expression (16); of F), reported in Karunes (1954), in which the square in “»”” must be removed).

Figures 10-12 illustrate distribution of the dimensionless stress fields in a plate subjected to a

00 o0 o0 b
remote stresses 6,,, G,, and o, , respectively.

4. Evaluation of the compliance contribution tensor.
Compliance contribution tensors have been first introduced by Horii and Nemat-Nasser (1983)
for pores of ellipsoidal shape (explicit formulas connecting compliance contribution tensor and
Eshelby tensor for an ellipsoidal pore are given in the appendix of the mentioned paper).
Components of this tensor for various two-dimensional pores were given by Kachanov et al
(1994) and for ellipsoidal inhomogeneities — by Sevostianov and Kachanov (1999). This tensor
connects the extra strain due to the presence of the inhomogeneity under given remotely applied
stresses. Indeed, if we consider a representative volume element }J° containing an isolated

inhomogeneity of volume F;, the average, over representative volume J strain can be

represented as a sum



e=8":6"+4¢ (4.1)

where S$° is the compliance tensor of the matrix and ¢° represents the uniform boundary

0 0

conditions (tractions on 0V have the form t| ov = ¢”-n where ¢ is a constant tensor); ¢~ can

be viewed as far-field (“remotely applied”) stress. The material is assumed to be linear elastic;

hence the extra strain due to the inhomogeneity Ae¢ is a linear function of o’
Asz%H:aO (4.2)

where H is a fourth-rank compliance contribution tensor of the inhomogeneity. If the
inhomogeneity is a pore, the extra overall strain due its presence is given by the well-known

expression in terms of an integral over the pore boundary (Hill, 1963):
1
D= |, (un+nu)ds (4.3)

Thus, Neumann boundary value problem has to be solved in order to find the compliance

contribution tensor of a pore.

4.1. Two separate circular inhomogeneities (symmetric with respect to x, axis)
The components of the unit vector and the infinitesimal arc length on the contour of the two
circles with a = const are:

__cosha, cosf-1 B sinh|a,.| sin 3

n, = sign( o, n, =
: cosha, —cosf3 (@), m

cosha, —cos 8

ds = r,df =—2 sign(a,) B, i=1,2 (4.4)
cosha; —cos 8

where 6 is the polar angle measured from x; axis as shown in Figure 13a. In the Cartesian

coordinate system (x;, x2), the components of the unit vector, the displacement field and the

infinitesimal arc length on the contour of the two separate circles with oo = const are

U =—1uy cos 0 —ugsin®; wur=—1uysin O+ upcos O ; 4.5)
with
cosha, cosf—1 . : sinh|o,| sin
cosf = cosp sign(a,); sin® :M;
cosh o, —cosf cosh o, —cosf3

10



a sign(a,;)

ds=rd0= cosha, —cosf3 4P, (30
and
foro=0;>0: n = —-cosO; n=-sino;
fora=0,<0: m= cosO; n,= —sin0; 4.7)

Now, using results of the Section 2 and formulas (4.3) compliance contribution tensor can be

calculated for two separate pores (the integral has to be evaluated numerically).

4.2. Overlapped circles symmetric with respect to x; axis.

The component of the unit vector and the infinitesimal arc length on the contour at 8 = const are

sinha sin| g, I-coshacosf, .
I FA I B sian(5)
cosha —cos g, cosha —cos 3,
ds:zfl.d@:—Ln(ﬁ")da, i=1,2 (4.8)

cosha —cos f3;

For the overlapping holes (Fig. 13 b), one finds

Ui = U SIn O —ug cos 0; ur=—1u, cos O —ugsinb; (4.9)
for=PB;>0: m = —cosB; ny=-sin0b; (4.10)
for =P,<0: m = —cosB; n,=sinb;
cos0 = sinho sinf3; . sin@= 1—coshacosf, ’
cosh o —cosf3; cosha —cosf,
sign (f,
ds:ndez—L(B’)d(x. 4.11)

cosh o —cosf3;
), one can

B, +(sin2)/2

use results of Section 3 and formula (4.3) to evaluate the compliance contribution tensor.

Taking into account that the area of the pore cross-section 4; = rl-2 (7r -

Figure 14 illustrates the dimensionless components of the compliance contribution tensor in

dependence on &/ for different values of r, /7 .

5. Concluding remarks.
In this paper, we calculated compliance contribution tensor of two separate or intersecting

circular pores. For this goal, we first considered two holes and solved Neumann boundary value

11



problem in two-steps: (1) assessment of the fundamental displacement field related to a remotely
applied uniform stress in a homogeneous body and (2) fulfillment of the boundary conditions in
the problem with pores by adding an extra-term to the fundamental field. This solution was used
to construct the compliance contribution tensor of the combination of two circular pores by
calculating proper contour integrals. The case &/r; = =2 and r»/r; = 1 corresponds to an isolated
circular inhomogeneity. In this case, the well known result for the compliance contribution
tensor of a circular hole (see Horii and Nemat-Nasser, 1983) is covered. The compliance
contribution tensor can be used to calculate overall elastic properties of a material containing
parallel cylindrical holes with the cross-sections shown in Figure 2 (see Kachanov and

Sevostianov, 2018)
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Appendices
A-1. Integration constants used in Section 2.
1 . .
4 :B cosh (o, +a,){2f(a,) sinh®a, =21 (a,) sinh’a,
+ [g(OH) _g(az)] tanh (al +0L2)}
B, :% cosh (o, _az){zf(az) sinh” o, =2 /() sinh’a,

- [g(oy) +g(a,)] tanh (a, — a,)+g(a,) sinh 20, — g(a,) sinh 2“2}

€= cosh (¢, +a,){g(@,) ~g(@)

LS ()= £ (o)) tanh (o, + o)) +f(0t,) sinh 20, — f (ot,) sinh 2a,}
B-B =% cosh (0 — o) [/ (ey)+ f(a)]tanh (a, —a) + gla) —g(o))s
where:

flo)=2K e sinh o — (o3 —077) e signa,

gla) = g cosh 20 — ¢ (o}, cosha + 63, sinh |al]),

. . . 2
D =2sinh (o, —at,) (sinh* o, +sinh* o, )
) 2|
€% cosh2a, —e ™ cosh2a,
ar = Ty

sinh2(o, —a.,)

b

» e ™lsinh 20, + e sinh 20,
C] = 112 R .
sinh 2(a, —at,)

1
A, =P (,0)®, (@) +F (o, 0)P, (0t,)

n

+0,(0,0,)®, * (o)) +0,(at,0)P, *(at,)

1
Bn ZF{Rn(al,az)Cbn(al) +Rn(a27a1)¢)n(a2)

+0.,(0,,0)®@, *(0,) +0., (01, 0@, *(at,)}

1
€=~ (U (@10, (@) +U, (0, 0), (01,)

n

HV, (o, 0,.) +cosh (2no, —(n—=1)o)]®, * (o) +V, (0, 00D, *(az)}
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1
D, = (U, (04, 0)®, (@) +U., (e, 0,)®, (0t,)

n

+I/—n (al ’(XZ)(Dn >k((xl) + I/—n (QZ’G‘I)CDn * (az)}

1
a, :F{Pn(alaaz)\yn(al) +Pn((x2’a1)l}]”((x2)

n

+0, (0, 0,) %, *(0) +0, (0,0, *(a,)}

b, == [P (0, 00, () +P, (0,00, (@)

n
n

+0., (04, 0,), *(0) +0Q,(a,,00) ¥, *(at,)}

1
¢, == {U,(04,), (04) +U, (0, 00)', (t,)

n

+[V:1(OV1’0L2)+COSh (2na, _(n_l)al)] ¥, *(a)) +7V,(0,,0)¥, *(az)}

1
d, =—{U_ (@, 0)¥, (@) +U_,(a,0)¥,(a,)

n

+I/—n (al’GZ)Tn >k((xl) + I/—n (QZ’GI)Tn *((XZ)}

for n > 2, where

P, )= ﬁ [sinh(§ + nn) sinh n(§ — 1) + n sinh(n + r) sinh(§ — n)],

0n(&, M) = cosh(§ + nm) sinh n(§ —n) —n cosh(n + n&) sinh( —n),

1

Un(G m) = ——— [cosh(& +m) sinh (S =) + 7 cosh(n + &) sinh(& — )],

Va(E, n) = sinh(§ + nn) sinh n(§ — 1) — n sinh(n + #&) sinh(§ — n),
H, = 2n {sinh’[n(o1—0,2)] — n* sinh® (01—02)}.

®,*(a) = 2K ¢ "“sinh o — (63, — 67} n gu(a) sign a,

®,(a) = — e " [2 K (cosha + n sinh|al) + (63, —677) n (n* — 1) sinh |a]
W, k(o) =2 15 1 gu(a)

Y (a)=2 155 n(n* = 1) e sinh a.

Finally, the constant K follows from the condition
> (4,+B,)=0.
n=1

after the introduction of the constants 4, and B, for n > 1.
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A-2. Useful Fourier transforms

The following definite integrals have been used to find expressions (3.13-3.14):

jw (1—cosBcosha) 51r31hoc sinsods = s (scoshs(n—|B]) - sinhs(n—|B|)cot|B|) : (A2.1)
0 (cosha —cosf) 2 sinh s
) , ssinhs|B|cosp + sinh-Zsinhs(>—|B|)sin|p]|
J' sinh 2a ~sinsa ds =21 , 2 = s (A22)
0 (cosh o —cosB)(cosh o+ cos ) sinh st sin2 |B|
J.oc COS SO do=n s1'nh s(m —'|B,. D : (A2.3)
0 (cosha—cosf,) sinh sm sin |f, |
J-oc cos sal do=n 's1nhs|!3,.| : (A2.4)
0 (cosha+cosf;) sinh sm sin | f; |
J.oc COS SO _ nscosth —cot | B.i |sinhs |, | : (A2.5)
0 (cosha +cosP,)’ sinhsm sin’ |, |
sinhs(TE - 1B, |j
J.wl M)cossa do=-m 2 ; (A2.6)
0 cosh o+ cos 3, ( th
i scosh| s—
2
J.oc COS SO _do-n scoshs(m —|B, '|)jcot'| B, |sinhs(m —|B,|) : (A2.7)
0 (cosha—cosf,) sin” B, sinh sm

b

— 2— 2 i -
J-O COS SO do = 3scoshs(m —[B, eot|B, |+ (s"—2+3csc”P))sinhs(n —[B,]) . (A2.8)

(cosha.—cos,)’ sin’ | B, | sinh s

.[w COS SO _do -
0 (cosha —cosf)(cosha +cosp) _ (A2.9)
_ nsec|B|sinhs(rc—|B|)c0s[3—2scoshs[3csc[3 — (sec|B|-2cot|B|cscP)sinhs [P’ '

4sin|B| cosP sinhsm
on cosha cos(sat) da. = nsinh.s(rc—|B,..|) cos B, : (A2.10)
0 (cosha—cosf,) sinh sw sin |, |

2 .

J~ cosha _cos(stx) dot = nscoshs(n—|[3l. D c.ot|[3l.|+.csc | B, sinhs(m—|B, |) : (A2.11)
0 (cosha—cosf,) sinhsw sin | f3; |
on sinh o _ sin(sor) dou=s 7 sinh s cosh.s B, —cgsh s sinh | sf; | : (A2.12)
0 (cosha —cosf;) sinh st sin |, |
J~oo COS SO0 _d :ncoshs B,.(scothsn+cot|Bi|).—§inhs|[3,. | (s +cot|pB,|coth sm) : (A2.13)
0 (cosha —cosf;) sin” 3,

17



2 .
J~0 cosha cos(sor) dot = nscoshs(n—| B,)cot|B, |+csc” B, sinhs(m—|B, ) _ (A2.14)

(cosh o —cosp,)’ sinh sm sin |, |

18
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Figure 1. (a) Pores structure in Gasar Ni-15%Al, intermetallic compound (shape of pores is almost
cylindrical, from Drenchev and Sobczak, 2009); (b) and (¢) evolution of two pores coalescence in
Gasar copper (from Liu et al, 2018).
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Figure 3. Sketch of the bipolar coordinate system.
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Figure 4. Sketch of an infinite plate with a) two separate holes and b) two merging holes subjected
to remote normal 611, 6*», and shear ™|, stress fields along the principal directions xi, x,.
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Figure 5. Distribution of the dimensionless stress fields a) 64o/6”11; b) opp/0”11 5 ¢) Oup/c”11 In a
plate subjected to a remote stress in the x; direction for p =3/5,y = 1.
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Figure 6. Distribution of the dimensionless stress fields @) 64o/6"22; b) 6pp/6”22 5 ¢) Oup/c”22 In a
plate subjected to a remote stress in the x; direction for p = 3/5,y = 1.
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Figure 7. Distribution of the dimensionless stress fields @) 640/6"12; b) opp/0”12 5 ¢) Oup/c”"12 In a
plate subjected to a remote shear stress in the x;x; plane for p =3/5,y=1.
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Figure 8. Dimensionless hoop stress opp along the contour of the hole a) with o = a; and b) with a
= o, for some values of p and y = 1.
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Figure 9. Dimensionless hoop stress opp along the contour of the hole a) with o = a; and b) with o

= o, for some values of y and p = 2.
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Figure 10. Distribution of the dimensionless stress fields ) 64o/6”"11; b) opp/c™11 5 €) Cup/c”11 In a
plate subjected to a remote stress in the x; direction for k; = 1/2 and «; = —1.
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Figure 11. Distribution of the dimensionless stress fields @) 64o/6"22; b) 6pp/6722 5 €) Cop/c™22 ina
plate subjected to a remote stress in the x, direction for k; = 1/2 and «; = —1.
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Figure 12. Distribution of the dimensionless stress fields a) 64o/6"12; b) opp/6”12 5 ¢) Oup/c”12 In a
plate subjected to a remote shear stress in the x;x; plane for x; = 1/2 and «; = —1.



Figure 13: Sketch of the polar coordinate systems used to perform the circular integrals involved in
expression (4.2) for the components of the extra overall strain.



a) 14

0.9
22 0 5 S/r 10 15 20
C) 2.4 rlri =1
220 4 rolry =2
rz/rl = 3
3_2‘0 ----- single circle
o
§1.8
T
1.6
1.4 V\_
1.2
-2 0 5 &/ry 10 15 20

Figure 14. Normalized components of the cavity compliance tensor a) Hy111 W; b) Hiiz 1; ©)
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Ho 15 d) Hyziz ) for some values of 72/r). Reference is made to plane strain condition.



