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New approach based on analytic-numerical method for calculating the 

sliding distance of teeth profile points during gears meshing is 

proposed in this study. In our approach we have shown that the sliding 

distance of teeth profile points is due to the Hertz deformation. Our 

method of calculation consist of following a point on the profile by its 

radius during the contact. The analytical approach has been 

successfully implemented in Matlab code and solved numerically. The 

results show that the sliding distance is not null at pitch point. 

Compared with the common used method, the results are very close, 

except at the neighborhoods of the pitch point and the points of the 

head and the foot, where the deviations become greater. The deviations 

for normal points vary between 0.16% and 6.52% for simulated 

meshing conditions. 
 

                 Copy Right, IJAR, 2019,. All rights reserved. 

…………………………………………………………………………………………………….... 

Introduction:- 
Gear transmission is one of the most used means of transmission. In gear transmissions, there is a relative slip 

between the two profiles in contact due to the very kinematics of the gear transmission mechanism. This slip 

associated with the load and the speed generates the friction, the intense heating and the wear of the profiles in 

contact and impacts the performance of the gears. 

 

Wear is one of the modes of gear failure and in addition it affects other modes of damage [1, 2]. According to the 

Archard model wear laws [2, 3, 6, 12] developed for the gears, the wear rate is directly related to the contact 

pressure, to the sliding distance of each point of contact and tribo-mechanical characteristics (coefficient of friction, 

lubrication condition, hardness or Young's modulus) of the materials in contact. 

 

The experimental results agree well with those of the models, for the metallic gears, with a zero wear rate at the 

pitch point. The zero wear rate at the pitch point is explained by a sliding distance of zero at this point, since 

theoretically the sliding speed is zero. As calculated to date, the approximate formula for calculating the sliding 

distance gives a zero value at the pitch point [2, 3, 6]. 
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Apart from the approximate method commonly used by all, the literature on this subject is almost non-existent. Only 

Anders Flodin [6] approached the problem differently, but he did not propose a concrete formula for generalized 

use. Just recently in 2015, Zhao et al [10,11] proposed an analytic formula, but it too is not directly usable. Most 

other authors have often circumvented the problem by the numerical integral or finite element method of 

infinitesimal sliding distance [1, 12, 13]. The latter approach is often appropriate to the particular cases treated. 

 

However, unlike metal gears, the experimental wear tests results for plastic gears show a non-zero wear rate at the 

pitch point, rather it is considerable [4,5]. The method of the approximate formula giving a zero sliding distance at 

the pitch point proves to be inappropriate with the models based on Archard's law, for the prediction of the wear of 

the plastic gears. 

 

This observation has led us in our research work on the laws of prediction of the gears wear in plastic materials and 

their composites, to develop an analytical-numerical method for calculating this sliding distance of the points of the 

profiles during meshing. 

 

This work includes, in the first place, a review on the modeling of the meshing, followed by a theoretical analysis of 

the sliding distance during the meshing, then a numerical simulation is done using the Matlab software. The results 

from the simulation are presented and analyzed and finally comes a conclusion to finish. 

 

Theoretical analysis of sliding distance during meshing:- 

The modeling of the gears meshing:- 

Characteristic data:- 

 

Table 1:- Below presents the characteristic data of the meshing modeling. 

Table 1:- Parameters of the meshing modeling. 

Parameters Pignion Gear Parameters Pignon Gear 

Nomber of teeth 

Module 

Diametral pitch 

Pressure angle 

Rotation speed 

Addendum 

Dedendum 

Clearrance 

Z1 

m 

DP=25.4/m 

α 

𝟂1 

ha=m  

hf = 1.25m 

c = 0.25m 

 

Z2 

m 

DP=25.4/m 

α 

𝟂2 

ha=m  

hf = 1.25m 

c = 0.25m 

Pitch circle 

Base circle 

Outside circle 

Root circle 

Cicular pitch 

Base pitch (pb ou pn) 

Center distance 

d1, R1 

db1, Rb1 

da1, Ra1 

df1, Rf1 

p = mπ  

pn= mπcosα  

a = m(Z1 + 

Z2)/2 

d2, R2 

db2, Rb2 

da2, Ra2 

df2, Rf2 

p = mπ  

pn= mπcosα  

a = m(Z1 + Z2)/2 

 

Principle of gears meshing and normalized reference:- 

Figure 1a summarizes the principle for a meshing of spur gear. Here the driving gear rotates clockwise. 

 

Figure1a:- Principle of gears meshing O2 
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The point A is the beginning of theoretical contact between a pair of teeth with conjugate profiles. 

 

The point B is the end of theoretical contact between the same pair of teeth with conjugate profiles. 

 

A and B are the intersections of the outside circles with the action line. The contact point of the tooth profiles 

describes the segment [AB] where [AI] is the approach segment and [IB] the recess segment. 

 

 

 
Figure 1 c:- Principle of gears meshing. 

 

  
Figure1c:- Principle of gears meshing. 

 

Figure 1c shows how the conjugate points on the two profiles come into contact on the line of act.ion. Figure 1b and 

Figure 2 show the relationships between the normalized positions and the corresponding points on the profiles. They 

also make it possible to calculate the geometrical data of the meshing. 

S2’’/Pn 

S2*/Pn 
S1*/Pn 

S1’’/Pn 

F(S/Pn) 
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In the normalized reference, the position of the theoretical contact start point is 
  
 

  
, the real contact start point is 

  
  

  
, 

the position of the end of the theoretical contact is 
  
 

  
, and the end of the real contact is 

  
  

  
. For the metal-to-metal 

meshing, the theoretical beginning and the real beginning are practically confounded, so the theoretical end and the 

real end of contact are also practically confounded. The formulas for calculating its different positions will be 

established later. 

 

Calculation of geometrical data:- 

Referring to the characteristic data and figures 1b and 2, we have:- 

   
   

 
  (1);     

   

 
  (2); 

          (3);           (4);   

            (5);              (6);  

             (7);               (8);   

     √  
     

  (9);       √  
     

  (10);  

           √   
     

         (11) ; 

           √   
     

         (12) ; 

The contact ratio is given by: 

      

√(
   
 

)
 
 (

   
 

)
 
 √(

   
 

)
 
 (

   
 

)
 
 (

   
 

 
   

 
)     

      
 (13); 

As defined by the normalized reference, we have: 
  
 

  
  

   

      
 (14);  

  
 

  
  

  

      
 (15);  

For gears in thermoplastic materials there is an extension of the contact before and after the beginning and the end of 

the theoretical contact [3]. We have indeed: 
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Where for a plastic/plastic meshing: 
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And for a metal/plastic meshing: 













2

1.
E

E

P

s

P

s

nn

i
              (19)                                                

i = 2  θ = -0.11 

i = 1  θ = -0.05 

 

With 
''

2s
/Pn and 

''

1s
/Pn the normalized positions on the action line for beginning and end of real contact, 

*

2s
/Pn, 

*

1s

/Pn normalized positions on the action line for beginning and end of theoretical contact, E1, E2 the Young modulus 

for the pinion and gear in Ib/po
2
, α the pressure angle, W0 the normal load per unit width of the teeth in Ib/po and P 

the diametral pitch. 

 

For the contacts between the beginning and the theoretical end we have:- 

For a normalized position 
  

  
 in approach:- 

    √   
       

  

  
         (20); 
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    √   
       

  

  
         (21); 

For a normalized position 
  

  
 in recess: 

    √   
       

  

  
         (22); 

    √   
       

  

  
         (23); 

 

Kinematics data:- 

 
Figure 3:- Simulation by substitution cam and articulated linkage system for gear meshing kinematic 

 

The cinematic of the meshing is nowadays well known. There are different approaches and different formulas but all 

give the same results. Using the velocity composition law, at contact point Mi (here A in the figure) on the line of 

action, we have the following kinematic data:- 

 

Relative velocities across the common tangent of the two profiles, Vr1i and Vr2i at the point of contact, such as:- 

              (    
  

  
      ) (24); 

              (    
  

  
      ) (25); 

 

The relative velocities of the point Mi come from the rotation of the profiles around the instantaneous points N1 and 

N2. The rolling speeds of the profiles with respect to the points N1 and N2 have the same intensity as the relative 

speeds, but are of opposite directions [7]. 

 

The sliding velocities Vg1i and Vg2i are such that: 

               (26); 

               (27); 

- The absolute velocities V1 and V2 are such that: 

                    (28); 

- The slip ratios which are the ratios of the sliding speeds over the rolling speeds are such that: 

    
    

    
 (29); 

    
    

    
 (30). 
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Static and dynamic data:- 

radius of curvature 

 
For involute profiles, for any point of the profile, the center of curvature is always the tangent point of the line of 

action with the base circle. 

 

When a pair of tooth is in contact and under the effect of the load, the deformation of Hertz spreads over 2b and the 

contact is made on a rectangle of width 2b and length L. 

The radius of curvature is given by:- 

        (
  

  
) (31); 

            (32); 

Ou bien   Or 

    √  
    

  (33); 

The reduced radius is given by: 
 

   
 

 

    
 

 

    
 (34); 

b- Load distribution factor 

 

 
Figure 6:- Distribution of normal load for metal/metal meshing. 

 

 
Figure 7:- Distribution of normal load for plastic/plastic meshing. 
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Figure 8:- Distribution of normal load for metal/plastic meshing. 

 

This being so, for any type of meshing (metal/metal, plastic/plastic or plastic/metal), it is known to determine for 

each meshing position on the line of action, the load supported by each tooth. 

 

For the case of plastic/plastic meshing which interests us more particularly in this study, we have: 

)
/

/
.

2
cos(.)(

"

20 n

n

n

i

nn

i

Ps

Ps

W

W

P

s

W

W 


      (35)                                

with : 
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Where 0n

i

W

W

 is the value of the load distribution factor at the pitch point (s = 0). 

 

Wn is the total load following the action line transmitted to all the teeth in contact. 

 

Wi is the load transmitted along the line of action to the main tooth meshing at the Si position. 

c- Calculation of the half-width of Hertz. 

 

At the contact in the position Si, we have: 

   [
   

  
 

    
 

  
 

    
 

  
 

    
 

 

    

]

 
 ⁄

  (37); 

E1 and E2 are respectively Young modulus of the pinion and the gear materials; 

 

υ1 and υ2 are respectively Poisson coefficient of the pinion and the gear materials. 

 

Theoretical analysis of the calculation of the sliding distance of each point of the tooth profiles in meshing:- 

For this study, we limit ourselves between the beginnings of theoretical contact A and the end of theoretical contact 

B on the action line. This is the reality of metal gears. For gears made of polymeric materials, a similar study will be 

made for contact before point A and contact after point B. 

 

The references and parameters calculation are defined in Figures 9, 10, 11 and 12. 
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The reference (I, x, y) consists of the axis (I, y) which is the straight line linking the centers O1 O2 of the two gears, 

and the axis (I, x) perpendicular to the axis (I , y). The angle between the action line (A, B) and the axis (I, x) is the 

pressure angle α. 

 

Figure 9 shows the contact at point A and the contact at point B. 

If we consider that a pair of teeth come into contact at point A, then immediately after the contact, because of the 

sudden Hertz deformation, the points of profile 1 of the driving tooth, from A towards its top over the half -Hertz 

contact length b, come all into contact at the same time with the profile 2 of the driven tooth. 

 

Similarly, the points of the profile 2 of the driven tooth, from its top Ra2 towards the base, on the half-contact length 

of Hertz b, come all into contact at the same time with the profile 1 of the driving tooth. 

 

 
Figure 9:- Hertz deformation at starting point A and at ending point B of gears meshing. 

 

 
Figure 10:- Entering and outing radius at contact point M between A and B during the meshing 
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Figure 11:- Entering and outing radius at contact point M on profil1 during meshing. 

 

 
Figure 12:- Entering and outing radius at contact point M on profil2 during meshing. 

 

Similar to point B, the points of the profile 1 of the driving tooth, from its vertex Ra1 towards the base, on the half 

contact length of Hertz b, come all out of the contact at the same time and the points of the profile 2 of the driven 

tooth, from B to the top on the half-contact length of Hertz b, come all out of the contact at the same time. 

 

Apart from the edge cases at A and B, at each meshing position M between A and B, a pair of points (R1ME, R2ME) 

comes into contact and another pair of points (R1MS, R2MS) leaves the contact ( Figure 10, 11, 12). 

We obtain the following formulas: 

 

In approach between A and I, at the point of contact M, we obtain in the reference (I, x, y): 

M {
          
          

 (41) ; 
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PME {
             
             

  (42) ;   then {
     √   

           

     √   
           

  (43) ; 

PMS {
             
             

  (44) ;   then  {
     √   

           

     √   
           

  (45) ; 

In recess between I and B, at the point of contact M, we obtain in the reference (I, x, y): 

M {
         
         

 (46) ; 

PME {
             
             

 (47) ;    then  {
     √   

           

     √   
           

 (48) ; 

PMS {
             
             

  (49) ;   then {
     √   

           

     √   
           

 (50) ; 

In approach and in recess, the formulas are verified in the neighborhood of point I. 

 

bM is the half contact length of Hertz at the point of contact M. It is known to calculate bM, which varies with the 

normal load at each meshing position. 

 

Our method of calculation consists of following a point J of the profile by its radius RM1E which comes into contact 

at the position M1 and which leaves the contact at the position M2 by its radius RM1S (RM1E = RM1S). 

 

Since the meshing motion over AB is uniform, the point M moves at a constant speed over AB (         
     ). 

 

So, the sliding time of point J is:      = 
    

  
 (51). 

As the sliding speed is uniformly decelerated in approach [AI] and uniformly accelerated in recess [IB], we have: 

   = 
 

 
           

    

  
 (52), if M1 and M2 belong to [AI] or to [IB], if not, 

   = 
 

 
(

   

  
     

   

  
    ) (53) ; 

with VjgE the module of the entering sliding speed of point J and VjgS the module of the outing sliding speed of point 

J. 

 

Numerical simulation:- 

We will make a separate mesh for the [AI] approach and for [IB] recess. 

In approach, we make the mesh in N1 following positions: 
     

  
 

  
 

  
 

   

      
 (54); 

      

  
   (55); (the position of the pitch point I). 

We set, the mesh step in approach, 

   
   

             
 ; (56) ; 

For i = 2 à N1-1 ; 
     

  
 

     

  
          (57); 

Then, the formula: M {
          
          

 (41); becomes: Mi {
            

     

  
    

            
     

  
    

 (58); 

In recess, we make the mesh in N2 following positions: 
      

  
 

  
 

  
 

   

      
 (59); 

     

  
   (60); (the position of the pitch point I). 

We set, the mesh step in recess, 

   
  

             
 ; (61) ; 
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For j = 2 à N2-1 ; 
     

  
 

     

  
          (62); 

Then, the formula: M {
          
          

 (46); becomes: Mj {
            

     

  
    

            
     

  
    

 (63) ; 

 

With a computer program, all the input radius R1ME[i] or R1ME[j] and R2ME[i] or R2ME[j] are computed, the set of output 

radius R1MS[i] or R1MS[j] and R2MS[i] or R2MS[j], as well as their relative velocities and corresponding input and output 

sliding velocities. By identifying the input assembly and the output assembly, the sliding distance of several 

representative positions is then calculated according to the desired accuracy and the sliding distance curve is 

constructed in the normalized reference. 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   N 

 

 

       Y 

 

 

 

 

 

Figure 13:- Flowchart of the simulation program under Matlab 

 

The flowchart of the Matlab simulation program is shown in Figure 13. 

 

Below we do the simulation with materials commonly used in the field of plastic gears such as nylon, acetal and 

UHMWPE as well as our new composite material studied HDPE40B. 

 

Table 2:- Characteristics of materials 

Parameters Materials 

Uhmwpe Nylon Acetal Hdpe40b 

Specific weight: ρ 941.12 Kg/m
3
 1140 Kg/m

3
 1410 Kg/m

3
 1185.6 Kg/m

3
 

Input of the geometric, kinematic and dynamic characteristics of the 

pinion and the gear 

Beginning 

Enter an initial mesh number No. (No = Noap = Nort) 

Calculate the s / pn coordinates of the normalized positions 

 
Calculate the radius positions R1M [i], R2M [i] corresponding to the 

normalized positions 

Calculate different speeds and load distribution of normalized positions 

 
Calculate the input and output radii R1EM [i] and R1SM [i] of each 

normalized position 

Calculate the errors detare1 = asb (R1M [i] -R1EM [i]) and detars1 = asb 

(R1M [i] -R1SM [i]) of each normalized position 

Sup (detare1, detars1) 

optimal? 

N=No±ΔN 

Calculate sliding distances ds1 [i] of normalized positions 

End 



ISSN: 2320-5407                                                                                   Int. J. Adv. Res. 7(12), 293-308 

304 

 

Young modulus: E 

Poisson coefficient 𝝊 : 

Thermal conductibility k: 

Specific heat : C 

Friction coefficient : μ  

 

0.68 GPa 

0.41 

0.6747w/m.K 

2301.2J/Kg.K 

0.5 

2.85 GPa 

0.4 

0.250W/m.K 

2750J/Kg.K 

0.28 

2.6 GPa 

0.3 

0.228W/m.K 

1470 J/Kg.K 

0.21 

3.45 GPa 

0.33 

0.7870 W/mK 

1325.104 J/Kg°K 

0.2 

In order to compare the appearance of the results with the results of the experimental wear tests available in the 

literature, we use the same meshing characteristics as those of the tests. 

 

Table 3:- Specifications for simulation. 

Module : m=2mm or diametral pitch DP=12.7 

Number of tooth : Z1= Z2=30 

Pressure angle : α =20° 

Tooth wide : B=17mm 

Rotation speed : 𝟂1, 𝟂2=500 et 1000 tr/min 

Torque : T = 2.5 à 16.1 N.m 

 
 

Results and Applications:- 
A computer program developed in Matlab code with our method made it possible to obtain the results presented in 

the graphs of figures 14 to 19 and tables 4 to 6 for the different combinations of materials and operating parameters.   

The results show that the two methods give very close values except at the neighborhoods of the pitch point and the 

points of the head and the foot. 

 

With the new approach, a non-zero sliding distance is obtained at the pitch point. 

 

The points of the profile of the driven gear in the vicinity of the outside radius vertex including the point of the 

vertex, have short sliding time because their contact takes place at the same time at the moment of the theoretical 

beginning at point A. Just after, they are the first to come out of contact starting with the point of the vertex. The 

phenomenon is the same for the points in the vicinity of the contact start point of the driver gear profile. The similar 

phenomenon occurs at the sudden mesh exit points in the vicinity of the driver gear tooth vertex and in the vicinity 

of the contact ending point of the driven gear profile. This explains a steep climb from the beginning of the curve 

and a steep descent also from the end of the curve. The big differences between the two methods are found in these 

areas. The relative error is 100% at the pitch point since the old method gives zero sliding distance at this point. 

 

When we see the difference between the two methods from the curves and error evaluation in tables 4 to 6, we 

estimate that the impact of the improvement to the neighborhoods of the pitch point and the points of the head and 

foot that would bring the new approach in real applications will be notorious. 

 

 
 Figure 14:- Sliding distance on driver gear profile: acetal/acetal, T=10Nm, 𝟂1=1000rpm. 
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Figure 15:- Sliding distance on driver gear profile: acetal/acetal, T=5Nm, 𝟂1=1000rpm 

 

 
 Figure 16:- Sliding distance on driver gear profile: nylon/nylon, T=10Nm, 𝟂1=1000rpm 

 

 
Figure 17:- Sliding distance on driver gear profile: nylon/nylon, T=5Nm, 𝟂1=1000rpm 
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Figure 18:- Sliding distance on driven gear profile: acetal/acetal, T=10Nm, 𝟂2=1000rpm 

 

 
Figure 19:-Sliding distance on driver gear profile: acetal/nylon, T=10Nm, 𝟂1=1000rpm. 

 

The relative error evaluation between the two methods for different meshing conditions is shown in tables 4 to 6. 

Tableau 4- Sliding distance old approach dso1, new approach dsn1 and relative error Er between the two methods 

according to the normalized positions for acetal/acetal and T=10N.m driver gear. 

 

Sliding distance (μm) dso1, dsn1, error Er(%) for acetal/acetal, Z1=Z2=30, T=10N.m, ω=1000rpm. 

Spn -0.827   -0.740   -0.653   -0.566   -0.479   -0.392   -0.305   -0.217   -0.131   -0.044   0    

dso

1 

542.79 531.26 493.0

0 

438.5

3 

374.3

7 

304.9

8 

233.6

4 

162.8

2 

94.48 30.21 0.00 

dsn

1 

301.11 439.86 468.2

0 

419.0

8 

360.1

7 

296.4

2 

228.5

2 

160.3

7 

95.93 53.24 45.67 

Er 80.26 20.78 5.30% 4.64% 3.94% 2.89% 2.24% 1.52% 1.51% 43.27 100
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% % % % 

Spn 0.044    0.131   0.217    0.305    0.392    0.479    0.566    0.653    0.740    0.827     

dso

1 

28.73 81.28 126.5

9 

163.9

5 

192.8

1 

212.6

8 

223.1

5 

223.7

9 

214.0

2 

192.83  

dsn

1 

47.17 75.99 120.3

2 

160.3

7 

189.1

9 

209.6

4 

221.7

3 

225.4

5 

210.7

6 

104.18  

Er 39.09

% 

6.96% 5.20% 2.23% 1.91% 1.45% 0.64% 0.74% 1.55% 85.09

% 

 

 

Tableau 5:- Sliding distance old approach dso1, new approach dsn1 and relative error Er between the two methods 

according to the normalized positions for acetal/acetal and T=5N.m driver gear. 

Sliding distance (μm) dso1, dsn1, error Er(%) for acetal/acetal, Z1=Z2=30, T=5N.m, ω=1000rpm. 

Spn -0.827   -0.735   -0.643   -0.551   -0.459   -0.367   -0.276   -0.184   -0.092   0    

dso1 366.41 371.75 349.28 310.72 262.78 209.83 154.98 100.58 48.44 0.00 

dsn1 211.02 363.81 341.34 300.96 254.29 204.67 152.40 99.34 49.16 25.23 

Er 73.63% 2.18% 2.33% 3.24% 3.34% 2.52% 1.70% 1.25% 1.47% 100% 

Spn 0.092   0.184   0.276    0.367   0.459    0.551   0.643    0.735    0.827     

dso1 43.58 81.35 112.56 136.58 152.91 161.08 160.61 150.78 130.17  

dsn1 41.27 79.28 111.18 133.76 152.42 160.58 157.25 149.76 71.90  

Er 5.59% 2.61% 1.23% 2.11% 0.32% 0.31% 2.14% 0.68% 81.03%  
 

Tableau 6:- Sliding distance old approach dso1, new approach dsn1 and relative error Er between the two methods 

according to the normalized positions for nylon/nylon and T=10N.m driver gear. 

Sliding distance (μm) dso1, dsn1, error Er(%) for nylon/nylon, Z1=Z2=30, T=10N.m, ω=1000rpm. 

Spn -0.827   -0.740   -0.653   -0.566   -0.479   -0.392   -0.305   -0.217   -0.131   -0.044   0    

dso

1 

492.62 490.22 456.0

7 

406.3

3 

347.2

7 

283.1

3 

217.0

1 

151.2

9 

87.81 28.08 0.00 

dsn

1 

278.15 420.08 435.4

2 

390.8

3 

334.4

4 

275.2

5 

211.9

0 

148.9

3 

88.34 46.51 39.35 

Er 79.26

% 

16.70

% 

4.74% 3.97% 3.83% 2.86% 2.41% 1.58% 0.60% 39.63

% 

100

% 

Spn 0.044    0.131   0.217    0.305    0.392    0.479    0.566    0.653    0.740    0.827     

dso

1 

26.71 75.54 117.6

2 

152.2

8 

178.9

9 

197.2

8 

206.7

6 

207.0

2 

197.4

9 

177.13  

dsn

1 

41.29 70.92 113.9

1 

148.1

9 

176.6

9 

196.7

4 

206.4

4 

207.7

7 

196.0

8 

98.87  

Er 35.32

% 

6.52% 3.26% 2.76% 1.30% 0.27% 0.16% 0.36% 0.72% 79.17

% 

 

 

Conclusion:- 
The sliding distance at the pitch point I is not zero in the actual meshing as assumed until our results to date. Due to 

the deformation of Hertz the point I comes into contact earlier when there is still a sliding speed and comes out of 

contact later when there is again a sliding speed. 

 

Using the new approach to calculating the sliding distance allows us to use the Archard model-based wear law for 

the prediction of gear wear in plastic materials and their composites that have non-zero wear at the pitch point. 
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