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Expansion of Rindler Coordinate Theory and Light'sDoppler Effect

Sangwha-Yi
Department of Mathematics, Tagjon University, Tagjon, South Korea

In the general theory of relativity the Rindler cdioate theory has been extended to the Rindler cuaiadtheory of
accelerated observer that has already some inélatity. In this paper, we present this extendebty that uses the tetrad
as the new method, and discover the new inversedowie transformation. Specially, a; <0, this theory treatghe
observer with the initial velocity that does slowdpby the constant negative acceleration in thalRirs time-space. We
consider the light's Doppler Effect in the acceledasystem as well as the decelerated system.

1. Introduction

The objective of this work is to extend tRéndler
coordinate theory to the Rindler coordinate theory
for accelerated observer with the initial velocity
well as for the decelerated observer.

To find the Rindler’s coordinate theory, we use
the following formula about the constant accelatate
matter that moves on the line
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Here, x and t are spatial and temporal
coordinates, respectively, in the inertial system f
the constant accelerated matter. Hexge,is the
constant accelerationy is the invariable time
about the constant accelerated matter,is the
speed of light in the inertial system in the free
space-time.

In special relativity, if the matter that moves on

the line is accelerated, the formula about inertial
coordinate systenS(,x,y,z)and S't',x",y',2")
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The velocity V has the initial velocityv, and the
velocity u is the velocity after acceleratia'.
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Now, the acceleratiora’ of the velocity u is
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Therefore, if the matter that moves on the line is Yt W, }1+?(a0t')2 — W, +C

dy dy _, dz_dz

accelerated, it is— -=0,—=—=0, the 1 1
dt dt dt dt 1+72(}a0t'+wo 1+7(aotl)2 _WO +C)2
c c

accelerationa of the accelerated matter that has

the initial velocity v, in the inertial coordinate

system S(t,x,y,z) and the other acceleratica’ Uty ,/1 7(aot)
_ 0

of the accelerated matter that does not have the
1+ v0 1+

2
. e - - . - . C C
initial velocity v, in the inertial coordinate system /1+—(aot "2

S't',x',y',z") are the same.
If the acceleration a' is the constant , 1 2
Aot Vg [1+—(a,t")
acceleration, a,, the acceleration of the inertial - c

coordinate systenS(,x,y,z) and in the inertial /1+i2(aot')2 +Lgaot
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coordinate systenS't',x',y',z) is the constant
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Therefore, Eqn. (12) is
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1
y= = (16)
Vo
c? 1 2
ng(\/1+?(aot+wo)2 -9, ¢
Hence, Eqn. (1) is in the inertial coordinate te
=C—<,/1+—(aot) -1) e = >
a, S't'.x",y',z)
%( L = (B3 X) +1)* =) ]
X' =C—(cosh&)—1)
2 a, c
= 1+—(aoy(t+—°B°—(,/1+ = (at)? ~D) + Wo)? - )
t' = % sinn®%) (17)
c? % ¢
g( 1+—(yaot+Wo 1+—(aot) ) =)
2 1 S Vo o Therefore, in the inertial coordinate system
—g( (Wl"'F(aot) +ya0Ft) =) St.x,y,2)
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dt = y(cosh& T) +V—°sinh(i r))dr,
o o o
dx = y(csinh(i ) +v, cosh& r))dr,
o o
dy=dy'=0, dz=dz'=0

V= ox _ (c tanh& T)+V,) /(1+V—0 tanh& 7)),
dt c c c
y=— 1 (19)

2. How to Use the Tetrad in the Inertial
Coordinate System

The tetrad ea” is the unit vector that is defined

using the following formula

€. 0y =1 (20)
ea// is

€ =0"9,,8° (21)
And, it ise,”’s inverse-matrix, that is

oot =% , €8 ° =9,

€€/ = U, (22)

Here, €7,(r) is the tetrad if,é' =&? =&°=0,

dét =dé? =dé® = 0. It is not the accelerated system

and it points to the fact that the accelerated omoti
is in line with the inertial coordinate system.

Therefore, in Eqn. (229, =17, -
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Therefore, Eqn. (22) is
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According to Eqns. (19), (23)
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= (ycosh@ )+ V—Oysinh(i 7), ysinh(i T)
C C C C

+ Yo ycosh& r)00),y= 1 (24)
c c V.2
1--90
C2
About y -axis’s and z -axis’s orientation
e’2(r) = (0010), €“3(r) = (0,00)) (25)

And the other unit vecto e”1(r) has to satisfy the

tetrad condition, Eqgn. (22)

e”1(r) = (ysinh(i T) +ﬁycosh& 7),
C C C
ycosh% T) +V—C°ysinh(%r),0,0) .

y=— (26)
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3. The Tetrad and the Expansion of the 1
Accelerated System and the Light's Doppler y=—F—= (29)
Effect

According to tetrade®, in the flat Minkowski

space, the inertial coordinate system

St,xy,7) transforms the accelerated system 0€"1(¢%) _ 9°x" _ 0e%0(¢”) (30)

co&® 0&'cas’ a&*

E(E°,&4,6%,83). The accelerated observer of the
accelerated system &(&°,&%,&2,6%)  and  the

a 0 H
accelerated matter that has the initial velocvy' in Therefore, the vecto (<) is

the inertial coordinate systenS(,x,y,z) are

same. Therefore, by Eqn. (22) €0 (&%) = cafo = ((1+ {1)(ycosh&£°
Vo o :
dT2 = dt2 _iz[dXZ + dyZ + dZZ] +?oyS|nh(%{o))! (1+%61)(y8|nh(%60)
c
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=- —d&"dé C o 2
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C2

1 a v 1 )
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About y-axis’s and z -axis’s orientation, the unit

(27)
vector e”2(£%) and e73(&°) is
ox?
ey = 7 (28)
o0& e 2({(J = (0010),
{
Therefore, for saving the Rindler coordinate theory g7,(£%) = = (000)) (32)
{

in this new method, the terr€” »(&°) is used by
Eqns. (24), (25) and (26), whe £° is used instead
of 7. Heredy = dé? # Oancdz= dé° # 0, because The differential coordinate transformation is

it is the matter that the accelerated observehef t

accelerated syster £(¢°,&4,&2,6%) observes. ax“ _aLdgﬂ cd{o
. @ oy - 0&* 0550
The unit vectore®1(£°) is
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d 1 2+_d 3
6{1 ' { dé YE '3
e’ ({ ) _—_(ySInh(aO {0) :eao(EO)Cd{O +eal(§(0)d§(1

+675(£°)dE? +e%3(£0)dé?
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= & 1 a,¢°
Vcoshéf") +V?°ysinh(%{° )00) cdt = V[(1+F€ ){cosh(T)
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{0 Therefore, the new inverse-coordinate
smh( % 2 )}edé® , . .
c transformation of the Rindler coordinate theory of
0 0 the accelerated observer with the initial velogsty
+{sinh(2e°— O‘t cosh&)}d{l (33)
A Vg
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dx = y{(L+ 22 &)fsinh(222-) ==
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1= Vo %
c
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a,
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y=—— (39)
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Therefore, if Eqns. (33), (34) and (35) integrate, c’
then the Rindler coordinate theory’'s coordinate
transformation of the accelerated observer with the c?, V,C,,
(x+y—)* =(ct+y—2>)
initial velocity is finally found. ay 2
2 2 2
2 0 =CHE ) =) @)
ot = -+ &)fsinn(2) ° ’
a, c
0 2 2
c V,C c
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a9 2 2
¢t 4 aofo 2 3 1
X= (- +&){coshe= ) SEYC EL Y — (42)
% 1--9_
{0 c2 C2
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Therefore, the invariable timdr of the Rindler
) 5 1 coordinate theory of the accelerated observer with
y=¢%,z2=§"y= (38) o o
1- \/02 the initial velocity is by Egns. (33), (34), (35)
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Hence, the invariable timedr of the new

accelerated system theory of the accelerated

observer that has the initial velocilv, is not

related to the initial velociv, .
Hence, Riemann curvature tensor
R oo (X, R ()
00— _(1+%51)21911 =0y =05;=1
00 = _1/(1+%£l)2’g11 = gZZ = g33 :1
c
1 Jg a,
Moo = 5 g (=2 a;f) =5 [+2(1+ &= =
=-ar 363
1 0
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ey B — %
a+3¢H °
c
arJGE ar 5ay
Raa = - +I% I'" - |'5
ﬁy(ff) ag”’ 65'8 Bl oy yl  oB

- F001F100
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2 .2
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¢t ¢

Otherwise, R%ag (&) =0

0=R" o (ct,X,y,2)
_ ox? 087 a&P o0&
&% ox* ox’ ox”
O = Ra-aﬂy (Cfofgligzlfs)

Raaﬂy (CEO ’ {1! {2! 53) ’
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Therefore, the accelerated observer with the initia
velocity is in the flat Minkowski space.

About x -axis’s light speed,

dy:d{z:dz:dfszoly:{2:2:{3:0
cdt=dx , ct=x ,

1
cng:L

A+ g
C

2 £0

cf° = gilnu+ &1~ a3 %= ect

2 @50

. (%ufl) =L e (45)

In this time, if we use the accelerated system

coordinate transformation, then Eqgn. (36), Eqn) (37

2 0 0
ot = &=+ E)(sinn(3) + ¥ cosn )y - 0
ag c c c ag
0,0 3,0 0,0 2,0
20 A4 20 g
_c? %fo ec -e ¢ Voet +e © . yC
=y—e { S S
ag 2 c 2 ag
c? ez%go 1 v ez%‘r0 +1
— 0
=-=/y—y— 4+ = —_1
y—{ > C( > )}
, 29040 220 £0
_ c_{e ¢ -1 ype ¢ -1
4 2 c 2
2
=x=y(— +<‘1){Cosh(—)+ smh%)} y—
2l
E{U _& -0 E{o _E{o
_c? 2P et +e° Vet -e°© c?
=y—e° { +— -y —
2 c 2 a,
2 2%50 1 2%50
C e + Vg € -
=Sy -1+ 3
ag 2 c 2
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3 0 2% s0

2 e -1 voec —]}
=py— +-0
yao{ 2 c 2

(46)

According to Eqn. (45), the Doppler effect of the
accelerated system with initial velocity and the

inertial system is

2@50 2@50
c2ec -1 voec -
ct=y— 2L
y—A > P ]}
V, a
> 1+-2 224"
c c e -1
=— 47
a (47)

2250 plogp
e Cc _e Cc

% \1-v, / 2 ’
o yltv/e CIAREY

ao 1-v,/c

e” ~1+x+—
2

+ 5 (& ENE -6
J1+v,/c a,
W{l-'- ({1 +£2 )}

1/1 v,/C Us -0
/e g &0 +EN)

U= WU =— (48)

4. The Decelerated System and the Light's
Doppler Effect

Specially, if, a, <0, this theory shows that the
observer with the initial velocity does slowdown by
the constant negative acceleration in the Rindler’s
time-space. This system can be called the
decelerated system in the Rindler’s space-time.
Therefore, if, a, >0, it uses —a, instead of a,,

in Egn. (29), Egn. (31), in the decelerated system,

dr? = dt? —Ciz[dx2 +dy? +027]

1 ox® ox°
= - - d /ld v
Cz /7ab a{” a{u { 6

1 a ()
—C—Znabe 1€, dEH dEY = -

a _ OX®
e”_a{”

Therefore, the unit vectoe?1(&°%) is

e (69 =2 = - = (ysinne )
+V—°ycosh&{°),
C C

ycoshfe &%) - Yo ysinn@ £9)00)

C C C
y=—2

1V
C2

0e"1(£°) _ 9°x" _ 0e"0(£”)

A& 0caEO 08

Therefore, the vectoe”o(£°) is

a

0660

e”0 (&%) =
= «1—%51)(ycosh<% &)

(1-22 &)(-ysinh(2 &)
Cc C
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1 .
50,0840

(49)

(50)

(51)

(52)

~Yo ysinh@ %)),
C C
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V,
+~2 ycoshfe £°))00)  y = (53)  y= (56)
C C V.2 V.2
1--90_ 1--90
c? c?
About the orientation (y -axis and z -axis, unit dy =dé?,dz=dé? (57)
vectors e”2(¢°) and e”3(&°) are Therefore, if, a, >0, the invariable timedr of

the Rindler coordinate theory of the decelerated

(&) = observer is given by Eqgns. (55), (56), (57)
e’z

0010
{ = (0010),

e”3(¢%) =

{ = (0001) (54)  dr?=dt® - [d +dy? +dz]
C

= (1-%51)2(&‘0)2 —C—lz[(dfl)2 +(d€%)* +(d&7)°]

In the decelerated system, the differential coatdin

transformation is (58)
If, >0, in the decelerated system the Riemann
ax = 2 ggn = O oqe0 O %
0§ 055 05 curvature tensor, R* .y (x), R%as/(£) , is
d{Z 3
65 2 E “

_ Ay 712 _ _ _
00__1__2 yY11 = Y22 — Y33 —
=e70(£%)cdé® +e”1(£°%)dé ( c £00u=0279

+ a7 0 d 2+ a 0 d 3
e"2({7)d¢” +es(d7)d¢ oo=_1/(1_%{1)2,gn=g22=g33=1

ctt = i1~ 2 fcosn )
C

1 Jg ao 1
|—1 11 00 B_Z 1
. 00 = 2 ( a{l ) 2 ( { )
—V—gsinh%)}cdfo
- s.nh(ao“ cosh(a"—)}df ] (55)
%0 =T%: = 1 00((?)2:10) —%El—l/(l—%fl)z O
dx:y[(l—ﬁ;.{l){—sinhé) —2(1-—5 )E’r = ;a—g
c a-"0gy©
2
0
+Y0 cosh @ )1 cde®
Cc C 5 or Jaﬂ or Jay 5 J
R () = 5 Tl %oy ~T ey o
£V, &° orr ot
+{cosh(a°—) ——Osinh(L)}dfl] :
c c c ar oo

R'01(&) = —R'o10(&) = o
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a? a? the inverse-coordinate transformation is
—T %l oo = - L4+L4: )
c c VoG ao £
. ct-y—=>
Otherwise, R%ag (&) =0 (ct-y a, ) _ tanh- ) + %0 c
ey 2 0
0=R"uwp (ct,X,y,2) (x - yi) 1+ Yo Hanh 8¢ )
a, c c

_ ox" 9&7 a&” 0&”

0% ax* Ix’ Ox” R%ap (c°,64, 82,87,

Minkowski space.

0=R%p (c&°,&',6%,6%) (59) "% _Vo
c? c
. (x+y—o)
Therefore, the decelerated system is in the flat E°=fa0tanh'1[ % Ve ]
- 0
1 0 gi_ao

Therefore, ita, >0, in Eqn. (36) and Eqn. (37), c c?

(x+y——)
and if we use —a, instead of a, in the 8
decelerated system, then the coordinate V.C
(ct-y—>)
transformation is : & Vo
2
. (-y)
2 —a.&° =—tanh™ 63
ot = S+ &) sinn(— ) o [ - E)] (63)
-a, c 4 a,
0 1= (;) 2
- c
+Yo cosh( 3¢ )} - S (X=y—)
c c -a, 8
2 0 0
= (G €fsimn() 2 cosnP + 0
2
(X=y ) = (et -~y
(60) =0 8
c? -a,&° 2 v, 2
x= {S+ &)cosh— 2 S N L BT S LR )
c a, c a,
_gq g0 2
+ Y0 ginn 26y -y " |
c -4, Specially, if, x=0,ct=0,v, =0, it has to be
) 0 0 2 1 =0. Therefore,
=~ Efcosn @) Yosinn@y O €70 Therelore
a, c c c a,
61 2 2
o <‘1=-\/(X+VC ) (=) -
~ 8 ~ 8 ~ 8
— z3 1 ¢’ VeCy,  C
y=¢%z=¢8y= (62) == |-y (e y) e (65)
vy 2 2 2
1-—=
c
| | £=yE=z,y=—r— (66)
If, a, >0, in Egn. (39) and Eqgn. (40), and if we use 1 \,02

-a instead of a,, in the decelerated system, then c



The African Review of Physics (2018)0037 254

The speed of light ¢ x -axis is According to Eqgn. (68), the light’s Doppler effexdt
the decelerated system and the inertial system is

dy:dfz:dz:de:O'y:{2:2:{3:0

_58 70 5% z0
cdt=dx , ct=x , ¢ o—e et 4l e et -1
ct=y—{ > - i
dé c 2
Cdg(0 :T ,
1-—2¢* a
( C2 6 ) C2 1+V?0 1_e—2 COEO
c? a, a, 2o =a—0 1-v,?/c? 2 )
&= In|1-3&| - Q-2 &) =e ¢ °
a, c c
C2 C2 _% 0
L (-&y==-—e-" (67) 14 o 2%y g
& & _c_c? c -e ¢ +e °©
C(tz _tl)—_—_ > 2 l
: : : 8 J1-v,’/c?
Now, if we use the coordinate transformation of the
decelerated system given by Eqgn. (60) and Eqgn. 2 M+v. /c
(61), then we have e =14 X+ vitw/e (% ({2 -&%)
2 e v
& v, &° a,’
o=y -51){Slnh(a° cosh(af’—)}w e (AR (AR
c
+
T L S = Ay SJGRR AP
=yS e (& € %€ SEE BAL \/1 Vo/C Ve
a, 2 c 2 a,
1/1 v,/C U; -0
, _ ke =i e 2@+ e
:yc_{—e ¢+l v, .e ° +1_1)}
2 c 2 1 1
U= Ve = —5——5 (70)
-t 52 51
) _2@50 _Zﬁ‘ro
_ c_{—e ¢+l ve °© —]}
4 2 C 2 5. Conclusion

, . . , We found the Rindler coordinate theory with the
_y(C__{l){COSh(aof )—V—Osinh(ac’{ )}+VC— initial velocity that uses the tetrad as the new
c c c

mX= method. The Rindler coordinate theory extended to
the Rindler coordinate theory of the accelerated
B A Bp  Eg observer that has an initial velocity. This theory
- ycze "”gé"{ec te® v,e° -ef¢ }+yci treats the slowdown of the system. In fact, the
a, 2 C 2 a, observer with initial velocity does slowdown by the
constant negative acceleration in the Rindler'stim
space.
c2 e*%‘” +1 v _e‘z%‘" + We also consider light's Doppler Effect in both
= y—{—( > -1 ?0 2 l} the accelerated and decelerated systems.
c? —e_z% 41y, e_2a0 0
=yt Y 3 69
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