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Within the framework of the theory of relativistic vector fields, the covariant expressions 

are presented for the equations of motion of the matter and the field. These expressions can be 

written either in terms of the field tensors, that is, the fields’ strengths and solenoidal vectors, 

or in terms the four-potentials, that is, the fields’ scalar and vector potentials. This state of things 

is due to the fact that the Lagrange function initially implied the complementarity of description 

in terms of the strengths and the field potentials. It is shown that the equation for the fields, 

obtained by taking the covariant derivative in the equation for the metric, has a deeper meaning 

than the ordinary equation of motion of the matter, found with the help of the principle of least 

action. In particular, the above-mentioned equation for the fields leads to the generalized 

Poynting theorem, and after integration over the volume it allows us to introduce for 

consideration the integral vector as a measure of the energy and the fields’ energy fluxes, 

associated with a system of particles and fields. 
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1. Introduction 

One of the most effective ways of obtaining the equations of motion is to apply the principle 

of least action [1-3]. In this case, as a rule, either the motion of charged particles in an 

electromagnetic field or the motion of particles in a potential field or in a scalar pressure field 

are described. As for the gravitational field, it usually appears as a tensor field within the 

framework of the general theory of relativity, including the use of modified versions of this 

theory to describe the dynamic properties of matter [4-6]. 

The concept of the electromagnetic field, which is a vector field, is successfully used in 

science and technology for a comprehensive description of electromagnetic phenomena. It is 

also possible to represent all the fields acting in macroscopic systems as the corresponding 

vector fields [7-9]. This allows us to apply the well-developed mathematical apparatus of the 
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theory of relativistic vector fields and to describe with its help both the equation of the matter’s 

motion under the action of the fields and the propagation of the fields during the matter’s 

motion. 

The main purpose of this paper is to present the equations of motion of the matter and field 

in a covariant form, which is suitable for use, in particular, in the curved spacetime and in any 

reference frames. We will systematize the results presented in the previous papers and will 

supplement them with regard to the equations for the fields’ scalar and vector potentials. 

Among a great number of vector fields, only the four fields will be considered, including 

the electromagnetic field, gravitation within the covariant theory of gravitation [10], the 

acceleration field and the vector pressure field [11]. Other macroscopic vector fields can be 

easily added to the presented equations, as has already been done for the dissipation field [12] 

and the fields of strong and weak interactions [13]. 

In our calculations, we will use everywhere the metric signature of the form (+,–,–,–). 

 

2. The general forms of the equation of motion 

The application of the principle of least action, taking into account the energy gauge by 

means of the cosmological constant within the framework of the covariant theory of gravitation 

and the four vector fields, leads to the equation for finding the metric tensor components [14]: 

 

( )
1 1

4 2
R R g U W B P

ck

           − = − + + + ,                              (1) 

 

where R  is the Ricci tensor; R  is the scalar curvature; g  is the metric tensor; c  is the 

speed of light, 

3

16

c
k

G 
= − , where G  is the gravitational constant;   is a certain coefficient of 

the order of unity to be determined; U
 

, W
 

, B  and P   are the stress-energy tensors of 

the gravitational and electromagnetic fields, the acceleration field and the pressure field, 

respectively. 

 

With the help of the covariant derivative   we can find the four-divergence of both parts 

of (1). The divergence of the left-hand side is equal to zero due to the equality to zero of the 

Einstein tensor’s divergence, 
1

0
2

R R g   



 
 − = 

 
, and also as a consequence of the fact 

that outside the body the scalar curvature vanishes, 0R = , and inside the body it is considered 
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to be a constant. The latter follows from the gauge condition of the system’s energy [14]. The 

divergence of the right-hand side of (1) is also equal to zero: 

 

( ) 0U W B P       

 + + + = .                                           (2) 

 

Expression (2) for the space components of the tensors with the index 1,2,3 =  shows that the 

change over time of the fields’ energy fluxes leads to the so-called fields’ tensions. As for the 

time components of the tensors with the index 0 = , for them (2) is the expression of the 

generalized Poynting theorem for all the fields, both inside and outside the matter, that 

determines the energy balance in the system. 

The stress-energy tensors of the gravitational field [10], [15], the electromagnetic field, the 

acceleration field and the pressure field [11], [14], presented in (2), are derived from the 

principle of least action: 

 

2 1

4 4

c
U g g g g g Φ Φ

G

          

 


 
= − − + 

 
, 

 

2

0

1

4
W c g g g g g F F         

 
 

= − + 
 

. 

 

2 1

4 4

c
B g g g g g u u          

 


 
= − + 

 
, 

 

2 1

4 4

c
P g g g g g f f          

 


 
= − + 

 
.                                 (3) 

 

Here Φ , F , u  and f   represent the gravitational tensor, electromagnetic tensor, 

acceleration tensor and pressure field tensor, respectively; 
0  is the electric constant,   is the 

acceleration field coefficient;   is the pressure field coefficient. 

All the tensors in (2) and in (3) are expressed in terms of the corresponding fields’ strengths 

and solenoidal vectors. For example, the electromagnetic tensor F  and the stress-energy 

tensor of the electromagnetic field W
 

 are expressed in terms of the field strength E  and the 

magnetic field B . 
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Equation (2) inside the matter can be transformed in such a way that the field tensors 

themselves would appear in it instead of the stress-energy tensors. In particular, we can prove 

the following equalities [15, 16]: 

 

U g Φ J    

  = − ,           W g F j    

  = − , 

 

B g u J    

  = − ,           P g f J    

  = − .                              (4) 

 

 

In order to prove the validity of (4), it is necessary to substitute (3) into (4), to apply the 

covariant derivatives   to the products of the field tensors, and then to use the equations of 

the respective field, so that the mass four-current J
 and the charge four-current j  would 

appear in (4). 

In view of (4), equation (2) inside the matter turns into the equation of motion and takes the 

following form: 

 

0Φ J F j u J f J   

   + + + = .                                         (5) 

 

The equation of motion in the form of (5) can also be obtained directly from the principle of 

least action [15], regardless of (1) and (2). 

In order to reduce (5) to a more convenient form, we should take into account the expression 

for the mass current 
0J u =  in terms of the invariant mass density 

0  and the four-velocity 

u
 of the particles, as well as the definition of the acceleration tensor u U U    = − , 

where U  is the four-potential of the acceleration field. With this in mind, we have the 

following: 

 

0 0 0( )
DU

u J u U U u U
D

  

        


=  − =  − .                          (6) 
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In this case, the operator of proper-time-derivative 
D

u
D






 =  was used, where D  is the 

symbol of the four-differential in the curved spacetime,   is the proper time [10]. The 

substitution of (6) into (5) gives the following: 

 

0 0

DU
u U Φ J F j f J

D

    

     


=  + + + .                                (7) 

 

If other vector fields are taken into account in the system, such as the dissipation field [12] or 

the macroscopic vector fields of strong and weak interactions [13], then the respective 

additional terms with the tensors of these fields appear on the right-hand side of (7). 

For an arbitrary vector B  we can write: 

 

B B B

      =  − ,          
DB dB

u B u B u B u B
D d

      

       
 

=  =  −  = −  ,      (8) 

 

where 

  is the Christoffel symbol. 

 

Replacement of B  by the four-potential of the acceleration field U  in (8) gives the 

following: 

 

DU dU
u U

D d

   

 
 

= −   ,                U U U

      =  − .                      (9) 

 

Let us substitute both equalities (9) into (7): 

 

0 0

dU
u U Φ J F j f J

d

    

     


=  + + + .                               (10) 

 

We will divide equation (10) into two equations, one for the time components and the other for 

the space vector components, with the index 1, 2,3i = : 

 

0 0
0 0 0 0

dU U
u Φ J F j f J

d c t

   
  







= + + +


. 
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0 0
i

i i i i

dU
u U Φ J F j f J

d

   

    


=  + + + .                                 (11) 

 

In (11), differentiation with respect to the proper time   can be replaced by differentiation with 

respect to the coordinate time t  as follows: 
d dt d

d d dt 
= . In this case, for the mass four-current 

J
 and for the charge four-current j , we can write: 

 

0 0 0 0 ( , )
dx dt dx dt

J u c
d d dt d

 
    

  
= = = = v ,        0 0 ( , )q q

dt
j u c

d

  


= = v ,          (12) 

 

where 
0q  is the invariant charge density, v  is the velocity of the matter particles’ motion. In 

the Cartesian space coordinates, the four-dimensional quantity 

1 2 3( , ) ( , , , ) ( , , , )x y zc c v v v c v v v= =v  is expressed in terms of the speed of light and the 

components of the particles’ velocity. 

 

Also taking into account that the field tensors in (11) are expressed in terms of the strengths 

and solenoidal vectors, and the four-potential of the acceleration field ,U
c



 
= − 
 

U  is defined 

by the scalar potential   and the vector potential U , in view of (12), we find the following: 

 

0

0

qUd dx

dt dt t









= +  +  + 


Γ v E v C v . 

 

( )0

0

[ ] [ ] [ ]
q

i

d dx
U

dt dt








= −  + +  + +  + + 

U
Γ v Ω E v Β C v I ,                    (13) 

 

where Γ , E  and С  denote the strengths of the gravitational field, electromagnetic field and 

pressure field, respectively; and, similarly, Ω  is the gravitational torsion field; Β  is the 

magnetic induction, and I  is the solenoidal vector of the pressure field. 

 

According to the definition of the acceleration field tensor, its components include the 

strength S  and the solenoidal vector N , expressed in terms of the acceleration field potentials: 
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t



= − −



U
S ,                        =N U . 

 

The vectors S  and N  can be included in equations (13). To do this, on the left-hand side of 

(13) we must take into account the operator equation 
d

dt t


= + 


v , and on the right-hand side 

of (13) we must expand the products of the four-vectors into their components, taking into 

account the definitions ( , )x ct = r  and ( , )
dx

c
dt



= v : 

 

yx z
x y z

UU U Udx
v v v

dt t t t t t t t



      
= − − − = − 

      

U
v . 

 

( ) [ ]i

dx
U

dt



   +  = −   = − v U v U v N . 

 

With this in mind, it follows from (13): 

 

0

0

0
q


 +  +  +  =S v Γ v E v C v . 

 

( )0

0

[ ] [ ] [ ] [ ] 0
q


+  + +  + +  + +  =S v N Γ v Ω E v Β C v I .                      (14) 

 

If in (14) we multiply scalarly the second equation by the velocity v , we will obtain the first 

equation in (14). 

Equations (10), (11), (13) and (14), written in a covariant way, do not contain Christoffel 

symbols, which simplifies the solution of these equations. We should note that equations (14) 

are completely symmetric with respect to all the four vector fields. This means that, for 

example, if the field strengths and the velocity v  of the system’s typical particles are known as 

functions of time and coordinates, then from the first equation (14) we can find the relationship 

between the field coefficients, that is, between  , G , 
0  and  . 
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3. Rectilinear motion of an ideal solid body 

An ideal solid body can be considered as the limiting case of the relativistic uniform system, 

in which the system’s particles are fixed relative to each other. This means that the Lorentz 

factor 
2 2

1

1 v c
  =

−
 of the particles is equal to 1, and the velocity v  of their motion is equal 

to zero in the body’s center-of-momentum frame. This fact allows us to substantially simplify 

the equation of motion of the body. 

We will start with the definition of the four-potential of the acceleration field of an arbitrary 

physical system. According to [11], the four-potential of any vector field, the vector potential 

of which is equal to zero in its proper reference frame, that is, in the center-of-momentum frame, 

in case of rectilinear motion in the laboratory reference frame can be represented by the formula: 

 

2

0

f

L

k
L u

c
 




= ,                                                         (15) 

 

where 0

0

f

q

k



=  for the electromagnetic field and 1fk =  for the other fields;   is the invariant 

energy density of the interaction between the field’s four-potential and the corresponding four-

current; 
Lu  is the four-velocity with a covariant index that specifies the motion of the center 

of momentum of the physical system in the laboratory reference frame. 

In the proper reference frame , 0,0,0L

dt
u c

d




 
=  
 

, and the vector potential as the space 

component of L  vanishes according to (15). However, some physical systems, even if they 

have their own center of momentum fixed, have not only a scalar field potential but also a vector 

field potential within the system. Therefore, a more general expression for the field’s four-

potential in the laboratory reference frame is as follows: 

 

L M L  
= ,                                                         (16) 

 

where M 

 is a matrix connecting the coordinates and time of the two reference frames, one of 

which is laboratory reference frame and the other moves together with the center of momentum 

of the physical system under consideration, so that there is the field’s four-potential L
  in it. 
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In the special case of the system’s motion at the constant velocity the matrix M 


 represents 

the Lorentz transformation matrix [10]. 

Let us now assume the simplest case, when the physical system in the form of a sphere has 

no general rotation, the typical particles of the system move randomly and they also have neither 

proper rotation nor their own vector potentials in the particles’ center-of-momentum frames. In 

this case, we can use a simpler formula (15) instead of (16) to determine the four-potential of 

the acceleration field in case of rectilinear motion. 

In a fixed sphere, the energy density in the volume of each particle 2

0c  = , and, 

according to (15), for the acceleration field, when the sphere moves in the laboratory reference 

frame, the four-potential will equal 
L LU u  = . This means that if for an observer inside the 

sphere with particles, within the framework of the relativistic uniform model, the quantity    

is an invariantly defined Lorentz factor as a certain function of coordinates and time, then for 

an observer in the laboratory reference frame, in which the center of the sphere has the four-

velocity 
Lu , the four-potential of the acceleration field for each point inside the moving sphere 

will equal 
LU  . 

By definition, the four-potential of the acceleration field is the four-vector ,U
c



 
= − 
 

U , 

where   and U  denote the scalar and vector potentials, respectively. Taking into account (15) 

and the relation 2

0c  = , it turns out that in the relativistic uniform system in the form of a 

fixed sphere the scalar potential will be 2c  = . As for the global vector potential of the 

acceleration field U , it will differ from zero only in the systems with directed fluxes of 

particles. 

In the ideal case, when the system of particles is not a rotating perfectly solid body and the 

particles inside the system are motionless, it must be 1  = , and then the four-potential of the 

acceleration field would coincide with the four-velocity of the system’s center of momentum, 

L LU u = .A material point represents a miniature physical system, and if we do not go deeply 

into the structure of the internal motion of its matter and if we consider this point as a solid 

body, then the four-potential of the acceleration field of such a point will also be equal to the 

four-velocity of its motion. 

Thus, in case of rectilinear motion of an ideal solid body in the absence of rotation, in 

equation of motion (7) the four-potential of the acceleration field U  can be replaced by the 

four-velocity of the body’s center of momentum u . Taking into account the relation 
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0u u

  = , which follows from the equality 2 ( ) 2 0c u u u u 

     = =  = , instead of (7) 

we obtain the following: 

 

0 0

Du
a Φ J F j f J

D

   

    


= = + + .                                   (17) 

 

On the left-hand side of (17) there is the covariant four-acceleration 
Du

a
D






= , and on the 

right-hand side there is the sum of the densities of the gravitational and electromagnetic forces 

and the density of the pressure force. In particular, the expression F j  defines the density of 

the electromagnetic Lorentz force. Equations (10) and (11), in view the relation 0u u

  = , 

are written as follows: 

 

0

du
Φ J F j f J

d

   

  

= + + . 

 

0
0 0 0 0

du
Φ J F j f J

d

  

  

= + + ,            0

i
i i i

du
Φ J F j f J

d

  

  

= + + .             (18) 

 

On the left-hand side of (18) we will use the expression for the four-velocity 

( , )
dx dxdt dt

u c
d d dt d

 


  

= = = − v , and on the right-hand side we will express the field tensors in 

terms of the strengths and solenoidal vectors. Then, in view of (12), equation (18) can be 

transformed as follows: 

 

02

0

qd dt
c

dt d



 

 
=  +  +  

 
Γ v E v C v , 

 

( )0

0

[ ] [ ] [ ]
qd dt

dt d



 

 
= +  + +  + +  

 
v Γ v Ω E v Β C v I .                         (19) 
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In the flat Minkowski spacetime 
dt

d



= , where 

2 2

1

1 v c
 =

−
 is the Lorentz factor, the 

Christoffel symbols vanish, and the metric tensor g  transforms into the metric tensor  , 

which is independent of time and coordinates and has only the diagonal components. As a 

result, equations (19) are also simplified: 

 

02

0

qd
c

dt




=  +  + Γ v E v C v ,                                            (20) 

 

( )0

0

( )
[ ] [ ] [ ]

qd

dt




= +  + +  + + 

v
Γ v Ω E v Β C v I .                            (21) 

 

The three-dimensional acceleration vector of a solid body or a particle is 
d

dt
=

v
a , so that 

( )d d

dt dt

 
= +

v
a v . Substituting here the expression 

d

dt


 from (20) and comparing with (21), 

we obtain the equation for the acceleration in the framework of the special theory of relativity, 

expressed in terms of the fields’ strengths and solenoidal vectors: 

 

( )0 0

2

0 0

1
[ ] [ ] [ ]

q q

с

 


 

 
= +  + +  + +  −  +  +  

 
a Γ v Ω E v Β C v I v Γ v E v C v .      (22) 

 

If we denote the force density as 

 

( ) ( ) ( )0 0 0[ ] [ ] [ ]q  = +  + +  + + f Γ v Ω E v Β C v I , 

 

then (20-22) can be rewritten as follows: 

 

2

0

d
с

dt


 = f v ,               0

( )d

dt


 =

v
f ,                 0 2с

 


= −
f v

a f v . 

 

The relativistic energy and momentum of the solid body with the mass m  and charge q  are 

given by the expressions 2W mc= , m=p v . Let us assume that the mass and charge of the 
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body are constant in motion. Then after multiplying equations (20) and (21) by the mass m , we 

can introduce the force F  and represent the equations as follows: 

 

dW
m q m

dt
=  +  +  = Γ v E v C v F v , 

 

[ ] [ ] [ ]
d

m m q q m m
dt

= +  + +  + +  =
p

Γ v Ω E v Β C v I F . 

 

In the general case, the fields inside a solid body are non-uniform and differ in value at different 

points. In this case, the body can be divided into N  parts with the masses 
nm , where the index 

n  ranges from 0 to N . Multiplying equations (20) and (21) by 
1m , 

2m …, 
nm , then summing 

the equations, and passing from the sums to the integrals over the whole body, we arrive at the 

following: 

 

( ) ( ) ( )2

1 1

N N

n n n n

n n

d
m c m q m dm dq

dt


= =

=  +  +  =  +  +    Γ v E v C v Γ v C v E v , 

 

( ) ( )

( ) ( )

1 1

[ ] [ ] [ ]

[ ] [ ] [ ] .

N N

n n n n n n n

n n

d
m m m q q m m

dt

dm dq


= =

= +  + +  + +  =

= +  + +  + + 

 

 

v Γ v Ω E v Β C v I

Γ v Ω C v I E v Β

 

 

Comparison with the previous equations gives the following: 

 

( )2 2

1

N

n

n

W mc m c 
=

= = ,        ( )
1

N

n

n

m m 
=

= =p v v ,       
1

N

n

n

m m
=

= , 

 

( ) ( )[ ] [ ] [ ]dm dq= +  + +  + +  F Γ v Ω C v I E v Β . 

 

In these relations it is taken into account that in case of rectilinear motion of a solid body without 

rotation of this body, the velocity v  and the Lorentz factor   are constant for all the points of 

the body. 

The case is possible when the body does not rotate in the center-of-momentum frame, but it 

does not move along a straight line. This leads to the fact that the body rotates relative to the 
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point located at the instantaneous radius of curvature of the motion trajectory, and then the 

velocities of the points inside the body become different. In this case, the motion of the body’s 

points should be described by more general equations (14). 

 

4. Expression of the equation of motion in terms of the fields’ four-potentials 

By definition, the field tensors are expressed in terms of the four-curl applied to the fields’ 

four-potentials. For the acceleration field, gravitational and electromagnetic fields and pressure 

field, this gives the following: 

 

u U U    = − ,                  Φ D D    = − , 

 

F A A    = − ,                   f     = − ,                          (23) 

 

where ,U
c



 
= − 
 

U  is the four-potential of the acceleration field,   and U  denote the scalar 

and vector potentials, respectively, 

,D
c



 
= − 
 

D  is the four-potential of the gravitational field, described in terms of the 

scalar potential   and the vector potential D of this field, 

,A
c



 
= − 
 

A  is the four-potential of the electromagnetic field, given by the scalar potential 

  and the vector potential A  of this field, 

,
c


 

= − 
 

Π  is the four-potential of the pressure field, containing the scalar potential  

and the vector potential Π . 

 

Let us substitute (23) into (7), taking into account the expressions for the mass current 

0J u =  and for the charge current 0qj u = , and also taking into account rule (8) for the 

operator of the proper-time-derivative. We will also use the expression for the covariant 

derivative for the arbitrary four-vector B : 

 

B B B

      =  − . 
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All this gives the following equation: 

 

( ) 0 0

0 0

q q
d U D dA

u U u D u A u
d d

       

       

  


   

+ +
+ =  +  +  +  .          (24) 

 

Equation of motion (24) falls into two equations, since it can be written separately for the 

time and space vector components of the fields’ four-potentials. Using the expression 0

1

с t


 =


 

for the time component of the partial derivative, we have: 

 

( ) 0 0

0 0

q qd U D Ad
u u u u

d d t t t t

      
   

   

+ +    
+ = + + +

   
, 

 

( ) 0 0

0 0

q q

i i i i

d d
u U u D u A u

d d

   

   

 


   

+ +
+ = −  −  −  − 

U D Π A
.             (25) 

 

In (25) the three-dimensional spatial gradient operator in Cartesian coordinates has the 

components , ,i
x y z

   
 =  

   
, while the index 1, 2,3i =  in 

i  defines the components, which 

correspond to the components 
iU=U , 

iD=D , 
i=Π  and 

iA=A   of the vector field 

potentials. 

The peculiarity of the covariant equations of motion (24) and (25) is the fact that they are 

fully expressed in terms of the fields’ four-potentials or in terms of their components in the 

form of the fields’ scalar and vector potentials. It is to be recalled that, in contrast, the equations 

of motion in the form of (7), (10) and (11) are expressed in terms of tensors, that is, in terms of 

the fields’ strengths and solenoidal vectors, as was shown in (13) and (14). 

We will use the relation 
d dt d

d d dt 
=  in equations (25). This gives the following: 

 

( ) 0 0

0 0

q qd U D Ad dx dx dx dx

dt dt dt t dt t dt t dt t

   

   
   

 

+ +    
+ = + + +

   
,         (26) 

 

( ) 0 0

0 0

q q

i i i i

d d dx dx dx dx
U D A

dt dt dt dt dt dt

   

   

 


 

+ +
+ = −  −  −  − 

U D Π A
.       (27) 
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For the case of rectilinear motion of an ideal solid body without rotation, the four-potential U  

of the acceleration field at each point of the body coincides with the four-velocity u   of motion 

of the body’s center of momentum. In this case in (25), (26) and (27) we will have 
2 dt

c
d




= ,  

dt

d
=U v . 

In the Minkowski spacetime 
dt

d



=  and the equations of motion of a solid body are further 

simplified, since then in (26) and (27) 2c = , =U v , ( , )U u c   = = − v . In addition, since 

2

2 2

1

1 v c
 =

−
, the following relations hold true: 

 

( ) ( ) ( )2 2 2 2 2 2

2 1 1
0

2 2

v c vudx
c

dt t t t t t




  

 

    
 = − = − =

      

, 

 

( ) ( ) ( )2 2 2 2 2 2 21 1
0

2 2
i i i i i

dx
u c v с v

dt



    
 

 −  = −  +  = −  − =
  . 

 

Taking this into account, instead of (26) and (27) we can write the following: 

 

0 02

0 0

( ) q qD Ad d d dx dx dx
c

dt dt dt dt t dt t dt t

  

  
    

 

  +
= − − + + +

  
,                (28) 

 

0 0

0 0

( ) ( ) q q

i i i

d d d dx dx dx
D A

dt dt dt dt dt dt

  

  

 


 

+
= − − −  −  − 

v D Π A
.              (29) 

 

5. Complementarity of description in terms of the potentials and field strengths 

We will demonstrate the equivalence of equations of motion (26), (27) and equations (14). 

For this we will need expressions (23) written in a covariant vector form. The field tensors’ 

components according to (23) are the strengths and solenoidal vectors, which by definition 

depend on the time and space derivatives of the corresponding scalar and vector potentials: 
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t



= − −



D
Γ ,         =Ω D ,          

t



= − −



A
E ,          =B A , 

 

t



= − −



U
S ,        =N U ,          

t


= −−



Π
C ,          =I Π .           (30) 

 

We will use the operator equation 
d

dt t


= + 


v  on the left-hand side of equation (26), and on 

the right-hand side of (26), in view of the definitions ( , )x ct = r  and ( , )
dx

c
dt



= v , we will 

expand the products of the four-vectors into their components, so we will obtain, for example, 

the following: 

 

yx z
x y z

DD D Ddx
v v v

dt t t t t t t t



      
= − − − = − 

      

D
v . 

 

Transforming also the remaining terms on the right-hand side of (26), we arrive at the following: 

 

( ) 0 0

0 0

q q

t t t t

 
  

 

   
 + + +  = −  −  −  − 

   

U D A Π
v v v v v v . 

 

Now we can take into account (30): 

 

0

0

0
q


 +  +  +  =v S v Γ v E v C . 

 

This equality coincides with the first equality in (14). 

Taking now the Cartesian coordinates for simplifying, we will project all the terms in (27) 

onto the axis OX , so that in the equation we will have 1i = , 1 x
x


 =  =


: 

 

0 0

0 0

( ) q qx x x xd U D d A U D Adx dx dx dx

dt dt dt x dt x dt x dt x

   

   
  

 

+ +    
+ = − − − −

   
.      (31) 
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In view of (30), we will expand the products of the four-vectors into their components on the 

right-hand side of (31): 

 

[ ]

[ ] ( ) [ ] .

yx x x x xz
x y z x x x y z

x x
x x x x x

DD D D D D DDdx
v v v v v v

dt x x x x x t x y z

D dD
D

t dt



 


 

     
− = − + + + = + + +  + + =

        


= + +  +  = + + 



v Ω

v Ω v v Ω

 

 

0 0 0 0

0 0 0 0

[ ]
q q q qx

x x

A dAdx

dt x dt




   


   


− = + + 


v B ,          [ ]x

x x

ddx
C

dt x dt



 
− = + + 


v I , 

 

[ ]x
x x

U dUdx
S

dt x dt




− = + + 


v N . 

 

Substitution of all this into (31) gives the following: 

 

0 0

0 0

[ ] [ ] [ ] [ ] 0
q q

x x x x x x x xS C
 

 
 

+  + +  + +  + +  =v N v Ω v B v I . 

 

This equation coincides with the projection of the second equation in (14) onto the axis OX . 

Thus, equations of motion (26) and (27) are equivalent to equations (14), which is a 

consequence of the relation between the strengths and the field potentials in (30). 

In addition to the presence of proper equations of motion, the complementarity of the 

potentials and the field strengths is emphasized by the fact that for them there are proper field 

equations. Thus, for the four fields used here, the field equations for determining the strengths 

and the solenoidal vectors have the following form [14]: 

 

2

4 G
Φ J

c

  




 = ,           0Φ Φ Φ       + + = , 

 

0F j  

  = − ,           0F F F       + + = , 

 

2

4
u J

c

  




 = − ,           0u u u       + + = , 
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2

4
f J

c

  



 
 = − ,           0f f f       + + = .                       (32) 

 

In the first equations in (32), the field tensors can be replaced by their expressions in terms of 

the four-potentials according to (23). After this, we should use the rule for the difference of the 

second-order covariant derivatives of the arbitrary four-vector B : 

 

B B B R     

    =  − . 

 

where R 

  is the Ricci tensor with the mixed indices. 

 

With this in mind, we arrive at the field equations for the four-potentials of the fields: 

 

2

4 G
D J D D R

c

      

  


  = − +  − ,            0A j A A R      

    = +  − . 

 

2

4
U J U U R

c

      

  


  = +  − ,             

2

4
J R

c

      

  

 
    = +  − . 

(33) 

 

As a rule, the four-potentials of the fields are gauged in such a way that their covariant 

divergences are equal to zero: 

 

0D

 = ,            0A

 = ,            0U 

 = ,             0

 = .               (34) 

 

The use of (34) leads to simplification of (33): 

 

2

4 G
D J D R

c

    

 


  = − − ,                      0A j A R    

   = − . 

 

2

4
U J U R

c

    

 


  = − ,                   

2

4
J R

c

    

 

 
   = − .         (35) 
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It is interesting that the equations with the d'Alembertian 

   can be obtained not only for 

the four-potentials, but also for the field tensors themselves. The derivation of one such equation 

is shown in Appendix A using the example of the electromagnetic field equations in (25). 

According to the relation (A10), we obtain the following: 

 

0 0 ,F j j F R F R R F   

               =  −  + − + . 

 

Similarly, we can write for the tensors of the gravitational field, the acceleration field and the 

pressure field: 

u  U 

,2 2

4 4G G
Φ J J Φ R Φ R R Φ

c c

   

             

 
  = −  +  + − + , 

 

,2 2

4 4
u J J u R u R R u

c c

   

             

 
  =  −  + − + , 

 

,2 2

4 4
f J J f R f R R f

c c

   

             

 
  =  −  + − + .             (36) 

 

Equations (36) represent the wave equations for the field tensors in the curved spacetime. 

In the Minkowski spacetime, the covariant derivative becomes a four-gradient, the covariant 

d'Alembertian  

   =   is transformed into the ordinary d'Alembertian 

2 2 2 2 2

2 2 2 2 2 2 2

1 1

c t c t x y z





    
  = − = − − −

    
, the Ricci tensor R 

  and the curvature tensor 

,R   vanish. In this case, equations (32) can be presented as the equations for determining the 

fields’ strengths and the solenoidal vectors: 

 

04 G   = −Γ ,    
2 2

1 4 G

c t c


 = −



Γ J
Ω ,    0 =Ω ,    

t


 = −



Ω
Γ . 

 

0 0q   =E ,    0

2 2

1

c t c


 = +



jE
B ,    0 =B ,    

t


 = −



B
E . 
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04  =S ,    
2 2

1 4

c t c


 = +



S J
N ,    0 =N ,    

t


 = −



N
S . 

 

04  =C ,     
2 2

1 4

c t c


 = +



C J
I ,    0 =I ,     

t


 = −



I
C .         (37) 

 

In (37) 
0q =j v  is the electric current density,   is the Lorentz factor, 

0q  is the invariant 

charge density, v  is the velocity of motion of the matter’s particles, and 
0 =J v  is the mass 

current density. 

In this case, equations (35) turn into the wave equations for the four-potentials in the 

framework of the special theory of relativity. We can expand these equations and write them 

separately for the scalar and vector potentials: 

 

04 G

      = − ,              
2

4 G

c






  = −D J , 

 

0

0

q



 



  = ,                     0



   =A j , 

 

04

     = ,                  
2

4

c






  =U J , 

 

04

    = ,                    
2

4

c






  =Π J .                             (38) 

 

The inhomogeneous wave equations (36) for the field tensors are also simplified, because the 

terms with curvature vanish. Since the tensor components are expressed in terms of the fields’ 

strength vectors and the fields’ solenoidal vectors, the wave equations can be written for each 

such vector: 

 

0 0

0

1
( )q

t



   



  = −  −



j
E ,                  0



   = B j , 

 

0 2

4
4 ( )

G
G

c t






  


  =  +



J
Γ ,             

2

4 G

c






  = − Ω J , 
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0 2

4
4 ( )

c t






  


  = −  −



J
S ,               

2

4

c






  = N J , 

 

0 2

4
4 ( )

c t





 
   


  = −  −



J
C ,             

2

4

c






  = I J .                  (39) 

 

It follows from (38) and (39) that in the empty space, where there are no charges and currents 

and therefore 
0 0q = , 0=j , the following relations must hold for the field potentials, the 

electric field strength and the magnetic field of the electromagnetic wave: 0

   = , 

0

  =A , 0

  =E , 0

  =B . The similar relations in the empty space, in the absence 

of matter and its fluxes, must also be valid for the gravitational field in the framework of the 

covariant theory of gravitation: 0

   = , 0

  =D , 0

  =Γ , 0

  =Ω . 

Although equations (37) are of the first order, they are vector equations and for each field 

they contain four separate coupled equations for the corresponding strengths and solenoidal 

vectors, which makes it difficult to solve them. In contrast, the solutions of equations (38) for 

the potentials have a standard form and are called solutions with retarded potentials. As a result, 

we can substitute the potentials found from (38) into the equations of rectilinear motion of the 

solid body (28) and (29), and we can determine the Lorentz factor   and the velocity v  as 

functions of the time and coordinates in the Minkowski spacetime. In practice, however, it 

usually happens in a different way: first, using the potentials found, with the help of (30) the 

fields’ strengths and solenoidal vectors are calculated, and then they are substituted into the 

equations of rectilinear motion of the solid body (20), (21), and (22). 

Since the components of the field tensors become known, they can be used to calculate the 

stress-energy tensors of the fields in (3). 

 

6. Conclusion 

In Section (2) we presented equation (2), which follows from the equation for the metric 

and is expressed in terms of the stress-energy tensors of the gravitational and electromagnetic 

fields, the acceleration field and the pressure field. Inside the matter, equation (2) is equivalent 

to the equation of motion of the matter, written in the form of (5), (7), (13), (14). This becomes 

possible due to the fact that the fields’ energy fluxes transfer the fields’ momenta, which are 

transmitted to the matter’s particles during the interaction. 
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However, the meaning of equation (2) is much broader and it does not reduce only to the 

equation of motion. Indeed, equation (2) is valid for the space outside the matter’s limits, 

defining there the balance of the fields’ energy in accordance with the generalized Poynting 

theorem, as well as the corresponding field strengths in the space created by the energy fluxes. 

Moreover, equation (2) in the limit of the weak field and low velocities, where the effects of 

spacetime curvature can be neglected, can be integrated over the four-volume. The subsequent 

application of the divergence theorem reduces integration over the four-volume to integration 

of the time components of the fields’ total stress-energy tensor over the three-volume, if the 

instantaneous situation is considered at a certain given time point. This leads to the 

determination of the integral vector, which is conserved in closed systems. In contrast, the 

equation of motion of the matter in the form of (5) cannot be integrated over the volume and 

does not result in the integral vector. 

The equations of motion are simplified for the ideal solid body that does not rotate in its 

proper center-of-momentum frame and moves rectilinearly, parallel to itself. In order to 

describe such a motion, we can apply equations (17) and (18), where the field tensors are used, 

and equations (19) with the fields’ strengths and solenoidal vectors. In the flat Minkowski 

spacetime, the equations of motion are even more simplified and can be represented in the form 

of equations (20), (21) and (22), which show the rate of change of the energy density and the 

momentum density, respectively, depending on the value of the strengths and solenoidal vectors 

inside the matter. 

In Section 4, the equation of motion in the form of (24-27) was fully expressed in terms of 

the derivatives of the fields’ scalar and vector potentials taken with respect to time and 

coordinates. For the rectilinear motion of the solid body in the flat Minkowski spacetime, the 

equation of motion can be written in the form of two equations (28) and (29), equivalent to 

equations (20) and (21). 

The fact that equations of motion (26) and (27) coincide with equations (14) can be proved 

using the definitions of the strengths and solenoidal vectors in terms of the fields’ scalar and 

vector potentials indicated in (30). We provided this proof in Section 5. 

Due to the relationship between the strengths and solenoidal vectors on the one hand, and 

the fields’ scalar and vector potentials on the other hand, field equations (32) for the strengths 

and solenoidal vectors can be transformed into wave equations (35) for the fields’ scalar and 

vector potentials. For the field tensors, we also obtained wave equations (36) in the curved 

spacetime. For all these equations, we provided their expressions in the framework of the 

special theory of relativity. 
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Thus, the mutual complementarity of the field strengths and field potentials is manifested 

not only in case of their presence in the Lagrange function and their participation in the equation 

of motion, but also in the corresponding equations for the fields themselves. 

If we know the dependences of the mass density 
0  and the charge density 

0q , as well as 

the four-velocity u
 of the matter’s motion at each point of the system at any time, this is 

enough to determine all the characteristics of the system. Indeed, first we find the mass four-

current 
0J u =  and the charge four-current 0qj u = , and then, using the equations of the 

corresponding fields, we calculate the field tensors, as well as the four-potentials of the fields. 

After that, we can find the stress-energy tensors of the fields, the system’s metric, the densities 

of the four-forces, we can solve the equation of motion and also calculate the energy, 

momentum, angular momentum, and the integral vector of the system’s fields, which is 

associated with the fields’ energy fluxes and is found by integrating equation (2) over the four-

volume. In addition, we can also determine the four-acceleration of the matter as the derivative 

of the four-velocity with respect to the proper time in the curved spacetime:
Du

a
D





= . 

The solution of inverse problems, in which, for example, the dependence of the four-

velocity of the matter is unknown, but the fields’ distribution as well as the distribution of mass 

and charge are specified, can be more difficult. In this case, first it is necessary to reestablish 

the dependence of the four-velocity of the matter with the help of the field equations, and then 

to determine the remaining characteristics of the system, including the four-acceleration. 
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0F j  

  = − ,                0F F F       + + = ,                      (A1) 

 

where 
0  is the magnetic constant, j  is the charge four-current. 

 

Let us take in (A1) the second equation without the field sources, and apply the covariant 

derivative 
  to it: 

 

F F F  

        = −  −  .                                       (A2) 

 

Next, we will use the rule for the difference of the second-order covariant derivatives: 

 

, ,( ) F R F R F 

              −  = + , 

 

where ,R

    is the curvature tensor. 

 

In view of this rule, we find: 

 

, ,F g F F g R F g R F      

                −  = −   = −  − − .           (A3) 

 

, ,F g F F g R F g R F      

              −  = −   = −  − − .          (A4) 

 

Now we will take into account the first equation of the electromagnetic field from (A1) and the 

antisymmetry of the electromagnetic tensor: 

 

0F F j 

     = − = ,                       0F j

   = − . 

 

Consequently, in (A3) and (A4) we will have the following: 

 

0F j

    −  = −  ,                     0F j

    −  =  .                        (A5) 

 

For the curvature tensor, there is a rule: 
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, ,g g R R  

      = − . 

 

After multiplying this equality by g  we obtain the following: 

 

, , , ,g g g R g R g R g R         

             = = = − . 

 

Here if we assume that index  = , then the following relation will be valid: 

 

, ,g R g R g R R      

        = − = − = − .                                  (A6) 

 

With this in mind, the second term on the right-hand side of (A3) and the third term on the 

right-hand side of (A4) are transformed as follows: 

 

,g R F R F F R   

      − = = − ,            ,g R F F R  

      − = .              (A7) 

 

Let us transform the third term on the right-hand side of (A3) and the second term on the right-

hand side of (A4), in the latter case we will apply the operation of permutation of the indices 

  and  : 

 

, , , ,g R F R F g R F R F      

           − = − = − = − , 

 

, , , ,

, , , .

g R F R F g R F R F

R F R F R F

      

               

  

       

− = − = − = − =

= − = − = −
                   (A8) 

 

In view of (A5), (A7) and (A8), for the sum of (A3) and (A4) in (A2) we find the following: 

 

0 0 ,2F j j F R F R R F   

               =  −  + − − .                (A9) 

 

The last term on the right-hand side of (A9) can also be transformed: 

 



27 

 

, , , , , ,

, , , , , , ,

2

.

R F R F R F R F R F R F

R F R F R F R F R F R F R F

     

            

      

                

− = − − = − + + =

= − + + = − + + =
 

 

In this case for the curvature tensor we applied the rule 

 

, , , 0R R R      + + = , 

 

used the operation of permutation of the indices   and   in one of the tensor products, and 

took into account the antisymmetry of the electromagnetic tensor F F = − , as well as the 

antisymmetry of the curvature tensor in case of permutation of the adjacent indices in each pair 

of indices. 

 

Finally, we obtain the following: 

 

0 0 ,F j j F R F R R F   

               =  −  + − + .                (A10) 

 

In (A10), the scalar operator 

  represents the four-dimensional d'Alembertian in the curved 

spacetime. 


