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Wolfenstein Matter Effect:

— coherent forward scattering

/: same for all flavors

Vo

W: v, only
Voo Ve e
%4
f e Ve

L. Wolfenstein, PRD 17 (1978)

V2G N, ~ Am’

2FE,

N, is # density of e's

e Solar neutrinos E, ~ 10 MeV e Accelerator neutrinos E, ~ 10 GeV

AmZ ~ 7.5 x 107° eV? and p ~ 150 g.cm™3 Am?2,

~25x 1073 eV? and p ~ 3 g.cm™3
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K V+

flavor 2

Solar Neutrinos: o 0

or

Mass

E, <1 MeV (pp & "Be)

< Pee >~ 0.58

Vac. Osc.

Stephen Parke

Ray Davis

E, > 10 MeV (SB & hep)
V2

/ Vo Vo

V9

® .-

\ V9

< Pee >~ 0.34

Matter Dominate
Flavor Transformations

MSW mechanism
Parke PRL (1986)
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Solar Neutrinos:

3 E

>ZZ_ Borexino

& .F PP 7Be

2 ook | pep .

§ 0.52 1 } 1 5

o :
Vacuum: ;‘Z:: | m
averaged osci
~ 68% v, @ E 5B SNO/SK MSW-
N3O%I/2 0§| ] ] . .
~ 2% Vs 107 ' Neutrino Enerég [MeV] > 90% Vo

matter effect

Nunokawa, SP, Zukanovich-Funchal
arXiv:hep-ph/0601198
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“for the discovery of neutrino oscillations,
which shows that neutrinos have mass™

' el
on Water _herenkov cetector

Sted at 1000m underg-ound
.

L

Art McDonald §
SNO i

Takaaki Kajita
SuperKamiokaNDE

“for the discovery of neutrino flavor transformations,
which shows that neutrinos have mass”

~ vacuum Wolfenstein matter
oscillations effects dominant flavor
See Smirnov arXiv:1609.02386 transformations

NOBEL 2015 ()
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Terrestrial Experiments:
where Matter Effects are Important
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Terrestrial Experiments:
with Matter Effects

Accelerator: v,, — Ve

Reactor: v, — U,

o T2K, T2HK (295 km)

e JUNO (52 km)
e NOvVA (810 km)

Atmospheric: v, — Ve

e T2HKK (1100 km)

e ICECUBE .... (13,000 km)
e DUNE (1300 km)

At 1st Osc. Peak F, ~ ( L /500 km) GeV
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¥ Correlations between "))

Normal Ordering — Inverted Ordering

T2K/HK NOVA DUNE o, L/E 2s NOWA

T2K/HK L=295 km, E=0.65 GeV SNOVA =810 km. E=2.0 GeV 8LBNE L= 1?00 kml F |3 2| GeV

N >
~—~~ N I~ ,\O
)] e r
2 IAO 5L I/h\
A N F |
4L 3
N 2 - I
~ |A - E:
Ay v 3r

1~ sin®26,3=0.09 —
O_IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII_

0 1 2 3 4 ) 6 7 8

P(v, —> v,) %

X pL sin2 023

O. Mena & SP  hep-ph/0408070
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T2K & NOVA. ¢

NOVA
_NOVA Preliminary

T2K

50 I 1 |
- NOVA FD - -
i 20 pOT , sin“20,,=0.082 |
T2K Run 1-9 preliminary c | 885¢10 N -equiv (v) |
ij T roroT LI I I B B LI L L Y L L L O N L m i 1233)(10 POT (V) |
= 24— n —] (¢b)
3 b e - © 40 =
S 2 e R — 2 I |
221 . N c i
g u : iﬁ{-&; ‘ {}\ ] E i AN
o 20 CES N = = ~ N\ N\ |
(a7 ~ L REL e ] o i NN R\ uo ]
B — S ] C 30 | \ N\ . ]
18 N . _ jra} LO \ NN in26 =0.56
= - N . c | 2. _ N 23 -
S 16 —sin®0,=050,045055  wo.® . © | Sin76,,=0.48 ) 1
E - — Am3, = 2.45x107 eVic? . — ! . N
= 14 ---- Am?, = -2.43x10” eV¥/c* o L s IH 3 P =
£ FE o spen - S ol AmE,=-254x10%V2 B
5 120 w 5= - > _
g L O 8("[’ =0 ] i) n NH 2 N
E 10F @ 3= - o | AMZ,=+2.48x10 e V> ]
< ¢ Data (stat. errors only) . @)
8I_l 1 l 11 1 1 l 1 1 1 l L1 1 1 l 11 1 1 l 11 1 1 l 11 1 1 l 11 1 1 l 11 1 l_ P 10_0 8CP= 0 L] SCP= n/2 ]
30 40 50 60 70 80 90 100 110 — _ ]
: . [0 0p=T ® §.p= 3m/2 % 2019 bestfit -
Neutrino mode 1Re candidates I W i R T S SR M S T

20 40 60 80
Total events - neutrino beam
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Neutrino Flavor or Interaction States:

W+ — etu, W+ — phy, W+t — 77u,

Ve Vi Vr

provided L/ E < 0.5 km/MeV = 500 km /GeV !

~ 1 picosecond in Neutrino rest frame !l
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iNeutrino Mass EigenStates or Propagation ¢
States:

2L
Propagator v; — v, = 01 €

V1

most 1/,

. e
5,023

ve = @@

Solar Exp, SNO
KamiLAND
Daya Bay, RENO, ...

Stephen Parke

2Ey

U9 V3

least v,

T e
8,023
Vp = "
SuperK, K2K,T2K Unitarity
MINOS, NOvA SK, Opera
ICECUBE ICECUBE ?
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unitary matrix 0
Ve Uei Ue2 Ues 4!
vV, — Uﬂl UMZ UM3 Vo
Vr UTl UT2 U1'3 Vs

by defn |Uei|? > |Uea|? > |Uesl|?

UPMNS — U23(923, 5) U13(313, O) U12(912, O) Why this order 777

1 . C13 513 Ci2 512
= C23 Sp3e 1 —S12  C12

—Sa3e” " C23 — 513 C13 1
. , .91 . 031
Sij = Sll’l(gf,;j, Ci; = COS (9@']' X dlag(l, e' 2 : el 2 )
I

Stephen Parke BNL/YITP
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©

Towards a better understanding of Osc. Prob.

Globes,

while a very useful tool,
is not enough !
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Hamiltonian:

flavor/interaction basis:

1 0 a
Am3, 0

vac. mass eigenstate basis

| 0 a
5 AmZ, + Ul 0 U
Am3, 0

a = 2vV2GrN,E

U = U23U13U12

¢¢_ %)

arbitrary “a
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0.006

0.004 F

m? (eV?)

—0.002 F

Eigenvalues: Analytically or Numerically ()

NO: m?®'s in Matter

0.002 F

0.000 F

a — 2\/§GFN6E

_ 2 2

with Minimum Am?25; = Am3, sin 205

_ 2
Occurs at a = Am?_cos 2613

with Minimum Am232 = Amge sin 2(913

5 _ 9 9 9 9
Am?, = ciyAmsg; + s75Ams,

Ve, average

directly measured
by Daya Bay/RENO

flavor basis:

1 0 a
Am3, 0

Stephen Parke BNL/YITP
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2 flavor mixing in matter
axr’ +bxr+c=0

simple, intuitive, useful

3 flavor mixing in matter
axr® +bx?*+cx+d=0

complicated, counter intuitive, ...
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e Solve Cubic Characteristic Eqn.

A3 — (a+ Ams, + Am%l) 22

+[Am3,Am3; +a {(C%Q + $719575)Am3; + C%3Am§1}] A
2 2 2 2
— Cl2clgaAm21Am31 — O
See Zaglauer & Schwarzer, Z. Phys. C 1988

)\1=%s—%\/s2—3t[u+\/3(1—u2)], - .
e then calculate mixing

1 1
M= 35— V5P =3u—3(1-u))], angles in matter
M%ng,ﬁz_% or mixing matrix, V:
s=Ay+Ay+a, eg Kimura Takamura
1= A5+ alAy(1-shed) + Ap(1-s3)], & Yokomakura PLB, PRD 2002
1 . 2s3—9st+27aA21A31c?2c%3
U=COS gcos 2(52—3t)3’2 ,

here Aj; = Amj,

both analytic & numerical are black boxes
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H. Minakata + SP arXiv:1505.01826

Hamiltonian: P. Denton + H. Minakata + SP arXiv:1604.08167
. 0 0 0 a 0 0
H=_-{U|0 AmZ, 0 U'+10 0 0
00 Am2, 0 0 0

Rewrite as H = Hyg + H;

solvable perturbation

where Hj 1s diagonal
and H; is off-diagonal.

2 ()
small #'s Amy L 0.03 sin’ @3 ~ 0.02

€E —
Amge
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Neutrino Evolution in Matter:

©

U§3(923, 0) HUs3(023,0) = Hp + Hop D=diagonal OD= off-diagonal
- a+ s Am?, | 1
(2E) Hp = (ct — s12) Am3, , , :23
i ClSAmee |
> a
naturally appears:  Amg, = cf,Ami; + si,Ams, 1! level crossing !!!
_ | -
(2E) HOD/Amie = S13C13 0
L 1 —
/-I- Am3, . ! 0
C13 S12C
0.15 13;12 Am?, _ 0 _
_ . i,
Am3
0.015 — 813 S12C12 2 0 1
Am?2, 1
0.002
Stephen Parke BNL/YITP 10/23/2019 # 19
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The Method:

e Rotation in 1-3 sector to diagonalize that sector: 63
— removes 1-3 level crossing

e Rotation in 1-2 sector to diagonalize that sector: 615
— removes 1-2 level crossing

e Perform Perturbation expansion in Hpp after these two rotations:

vacuum rot. matter rot. pert. exp. _
Ist |
: | order |: :
v v v

same order as vac rot; €’ (6’)2 (6,)3

~ 2
e/ = Sin(913 — 913) (812012) (2:Z§l) < 0.015

Stephen Parke BNL/YITP 10/23/2019 # 20
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¥ The Method (conti): ©

(2FE) Hop
Am?

ee

Amz ) — sin 912
21

— Sin(913 — (913) S12C12 <Am2 COS (912
ee

— sin (912 COS (912

e \Vanishes in vacuum, as 513 — 013 (same order important)
e Is small, <0.015

(arXiv:1907.02534)

e And diagonal (by construction) plus one other element is zero :
—> Implies ALL odd perturbative corrections to eigenvalues are zero !l!
Therefore for eigenvalues expansion parameter is < 2 x 10~*
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Corrections to Eigenvalues:

—_
T
[\

NO
rp=3g/cc

Oth

—_
T
(@)

- 2nd

|A)\exact — A)\approx|/A)\exact
=

—_

.t
—_
B
Bt

Denton, SP, Xining Zhang: arXiv:1907.02534
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Mixing Angles (eigenvectors) from Eigenvalues:

)1 @

Ug)= | ° %

—S¢ %
. o
U] = cos® ¢ = @ \U12\2:Sin2¢:)\ ’
)\O'_ P Ao — p

arXiv:1604.08167: Appendix A

Can this be generalized to 3x3 ?
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Generalization to 3x3:

()\z — ga)()‘z — on)
(Ai = Aj)(Ai — Ap)

|ﬁai‘2 —

e )\; are eigenvalues of original matrix, 3x3

e £, and Y, are eigenvalues of original matrix
with a row & a column removed, 2x2

Can this be generalized to nxn ?

Denton, SP, Xining Zhang; arXiv:1907.02534

Stephen Parke BNL/YITP 10/23/2019
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Generalization to nxn: 0

e Let H be an nxn Hermitian matrix
with eigenvalues \;(H) and eigenvectors v;

o Let h; be the (n-1)x(n-1) Hermitian matrix from H
with j-th row and j-th column deleted with eigenvalues \;(h;)

0= (N\(H) — Mi(hy))
Zzl,k;éi ()‘z(H) _ )‘k(H))

v 517 =

e Phase information is a more complicated expression.

e Numerator is characteristic function for h; evaluated at \;(H)

e Normalized Y . |v; ;| =1 = Zj vi,5|7

Denton, SP, Terrence Tao, Xining Zhang: arXiv:1908.03759 [math.RA]
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)

The eigenvalues then give us the eigenvectors
(mixing angles)

NO: m?®'s in Matter NO: Mixing Angles in Matter

0.006 oI I T T T T T T T T T T T T T T T T T T T T T T T IIIIIIIII|IIIIIIIII TTTT T T T T T[T T T T T T T T T[T TTTTTTT

: | | | | E 1.0 F [( | | :

0.0045— E 0.8 — I ' —]

- N2 — C ~J ' ~y -

- - : .2 .2 -

- s . - sin®0 45 [sin®0,5 3

—  0.002 — - ' =
N> C 3 il 0.6F .
QO - 3 o C ]
~ - ] - - =
(W} [ . o p— o ]
C ] T E 2 7

= ] S Y sin"6p 7

—0.0025— E 0.2 —

= 5 : z

- . C - : 29 .
—0.004_""""|""'""|""""'|""""'|"""'“_ i ___:___Sln_g —

—-20 —10 0 10 20 30 0.0 TERRERENE ENEEENEEN 111111111|1‘11111111T11111111
—-20 —-10 0 10 20 30

E, (GeV)
E, (GeV)

(9137 (912
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Oscillation Probabilities:

0.1
Q%
0.
10—9_
10—4_ Oth
Q% 1070}
= I
By 10—8_
aby |
ﬂ 10—10_
-~ —— Zeroth
10—12_ = Ea
_ Second & =
10—14 l . A = . l
—20 —10 0 10 20

17 E |GeV] 1
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Adding Sterile Neutrinos: 3+

/

I I '
i Matter i Perturbahon
Vacuum ! Rotations E EXpantIOnS

Rotations : ; ! :

: i | !

I : : :

! ! " 1 st ! 2['1d

| N L

: : i | order [i | order

e s s s

I 1 !

E E Correctioni Correctioni Correction

' ! N P

E i ~ O(¢) E v () E ~ D)

' 1 1 .

SP, Xining Zhang: arXiv:1905.01356

Stephen Parke BNL/YITP 10/23/2019 # 28



het

Stephen Parke

Intrinsic CP Violation:

BNL/YITP
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Jarlskog Invariant in Matter:

J = 8236238136%3812612 sin o0

* V % V mz-k
CPV: v} e Ay, = Bmak
in Vacuum: 8J sin Asq sin Ags sin Aoy
in Matter: 8J sin Asq sin Ao sin Aoy
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J ~ J ¢
S@ (a) Satm(a)

S's are two flavor resonance factors: a Solar and an Atmospheric one

ci3a ciza : caa 20
So(a) =14/1— 20082912(&}231) + (A?L%l) — ‘ 1 (A122 ) et4012

21

C%S correction to matter potential is important

2 .
Satm(&) — \/1 — 2 oS 2913(ATC;L26> | (ATC:L26) — | 1 (A%Q ) 612913

ee

Am?_ not Am§1/32 for position of the resonance is important

Denton + SP arXiv: 1902.07185
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)

Fractional error for this approximation is 0.04%:

S%S(Amgl/Amge) and (Am§1/Amge)2

107 ]
- NO 2% | WZ: without both
Ll v T | c%3 and Am?,
10 ' _______ 7, y E
(~ — WYZ
= 1073
4 _ DP
107 AN ';
107 Sy =3 =2 /1
10 10 10 10 10 10
a [eV?]
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)

In Terms of Angles

S 2 .
J = 523€23513C13512C12 sin o0

sin 2053 sin 0 = sin 2093 sin § . Toshev ID exact

ST3CT3 ~ 513€13 / Satm DMP2016: +0.4%

@ﬁcﬁ ~ 12¢12 / S DP2019: -0.4%

Combined 0.04%

(cancellation)
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P,(Ve > ve) =1 — sin? 263 (

2
) sin?

AN

A

2
Am?Z,

Am?,_,

AN

Aee Y

e = Am2,.L/(4F)

N
Am266 ~ Am?_ 1/ (cos 2013 — a/Am2,)? + sin” 20,3 ,

21

©

0.12
2 E[GGV]
® -- 20
~ 0.10} _
0 _
. —_ 2 ,
ig 0.08) — 5 ’A\
_|{ 0.06] \
N/\ \‘\\ lll
Y 8 0.04+ \ :l
<N§ E I ’l
4q1<4 0.02} / /
N— _~ / \ //
,// \\Jl
0005 /2 - 37/2
AN
Denton, SP 1808.09453 A
A
Stephen Parke BNL/YITP
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Am?_ and Daya Bay
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L. 2

— Rate+Spectrum
- - Rate-only

e Rate+Spectrum
+ Rate-only

[199.7% C.L.
[ 95.5% C.L.
I 68.3% C.L.

Stephen Parke

=
RENO 2200 days g3
1: """""""""""""""""""""""""""""""""""""""""""""""" i % 3—
1 E ?3 .
Lijogs /‘/:: 5‘32'5:_
= ¢ Far Data ] g i
09— ¢ Near Data _ _— _
- — Prediction from near data . 21
o o2 - 04 06 os o
L /E, (km/MeV) 0
What is
Daya Bay 1958 days
T T
5 1h }
s ! t
= 095 N +
g | i .
£ 09 4 6 8 0 12
prompt[MeV]

BNL/YITP

AXZ
2 4 6 8 10

[x10° eV

2
ee

Am
)
=Y

N ! ! ! ! !
W
TTT TTTT TTTT TTTT TTTT TTTT T

N
N
T T
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_ _ 1 — cos® 013 sin? 2615 sin? Aoy
P ( )

— Sil’l2 2(913 (C082 (912 Sin2 Agl —+ SiIl2 912 SiIl2 Agg)

AmZ, = Am?2_+si,Am3,  and Ami, = Am?2, Ams3,

— Cl2

2
where Am:. = clefm31 - slem32

DB: A ~ /2 and 2721

66

003, then Agl ~ 7'('/60
perform Taylor Series expansion:

4 (913 SiIl2 2(912 SiIl2 Agl

sin® |Age| + sin® 19 cos® 0193, cos(2|Ace|) |

szhort(pe — pe) = 1—c

— Sil”l2 2(913

No linear term in Aoq \
105

Mass Ordering comes in at A3,
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e P. ~ 1—cos*#3sin®2015sin? Ag;— sin® 26,3sin” A,

2 __ 2 2 2 2
where Am:. = ci,Amz, + sj,Amz,

AP —4
=5 ~ 107" for Daya Bay and RENO

H. Nunokawa, S. J. Parke and R. Zukanovich Funchal,
“Another possible way to determine the neutrino mass hierarchy,”
Phys. Rev. D 72, 013009 (2005), hep-ph/0503283

SP arXiv:1601.07464
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Daya Bay I: ¢

o Pee ~ 1 — COS4 913 SiIl2 2(912 SiIl2 Agl— SiIl2 2(913 SiIl2 AYY

fit with constant Am3-

L

Am%—Y = (%) arcsin |:\/(C082 019 sin? Agq + sin? 019 sin? ASZ)}

(or sin? Ayy = cos? 615 sin® A3y + sin® 615 sin” Aso)

Am?Z, v Am*®
2.55 T T T | T T T | T I.Y-IY | T T T e|el T T L T T

- NO:

| sin®6,,=0.30 i
2.50 — : L
i T Am? =2.475 T ]

N
b e ] 3%

. Am%;=2.400

:<— experimentaél data —> ; arXiv: I 3 I 0.6732

2.35 11 | | 1l 1 | | ] I: ] | 11 | | 11 | |.Pl?rke|20ll5

ey + |505.03456v
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Daya Bay 2

Am? (DB2) =

2F
Ams3, 7 arctan(

Still L/E dependent:

OK for Daya Bay

arXiv:1505.03456v2, .. &

sin 2A21

but not useful JUNO

Am?2 (DB2) = AmZ (NPZ)

—I—Amgl (COS 26015 SiIl2 2912/6) A§1 + ...

Stephen Parke

cos 257 + tan® 615 )

2 2
Amg, v Am_,
|

Améz (1I0)

<= Juno, RENO50 => —

| | |Parke 2015:
| | | 1 1 1

10 20 o0 100

L/E (km/MeV)

BNL/YITP
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Daya Bay has three independent Am? analyses/measurements: 0
Amg,, |Amglno, [Amiio
if AmZ. =ciAm3, + st Ams, then
1 A 2 A 2 — A 2
(1AM [0+ [Amdylvo) = Am?
(DB) 2.523 £0.069 = 2.522+0.069 (DB), in units of 1072 eV~
2 2 2 2
‘Am32‘jo — ‘Amgz‘NO — 2cos 912 Ale

(DB) 0.10440.097 = 0.104 £0.004 (PDG’'18), in units of 1072 eV~

~93% ~4%

Not independent !
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Am3. and Daya Bay/RENO
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Dependence on Solar Parameters: (monte carlo) )
S.H.Seo and SP arXiv:1808.09150

P12

$1x 1

P .

0.95-

3 X

v

0.90 -

KamLAND value

o2 04 06 08 10
L/E (km/MeV)

If Am3, is 3 times bigger, Pi5 is 9 times larger !

. . 2
dependence is on sin 2012 Am3,
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Stephen Parke

—h

Far/Near(Weighted)
o
o
(3]

Daya Bay [958 days

111111111111111111

T

04 0.6
L /E, (km/MeV)
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Simultaneous Fit: sin” 63, Am?2_ and Am3, 0

Alvaro Hernandez-Cabezudo, SP, and Seon-Hee Seo arXiv:1905.09479

W
o

[ s S S S S S 7 30 30 N R N S o A B S B N S N 7
I — DB + RENO | : — DB + RENO : | — DB+ RENO ]
251 stat+syst 1 3.0 stat+syst - 25 stat+syst 1
—_ | . 28" o | ]
c\J> 20 i N> [ > 20 L ]
() L [} L o L 1
Yo L ™ 2 6‘ L? L i
= 157 = | = 15 ]
‘“S [ 824 &
10f E € 10 ]
< < 20 < / |
3 2.0} 7 °f « i
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0> L L L Il L L L 1 - L L L L 1_8 lllllllllllllllll 0 ||||||||||||||||||||||||||
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sin®20;3 sin?26;3 Am?e. [107%eV?]
30— 7
- Daya Bay+RENO
L stat+syst 1 8r
25¢ — -~ Daya Bay+RENO - — Daya Bay+RENO

N
(=}
T T T T T

x KamLAND
wnrs at 95% CL

'\ SNO/SK 10

Am221 [1 O_SGVZ]
o

—_
T T T T T T T T T

O | L L L L L L P T T H S NSNS | N T T Y T N SO SO SO N T
0.04 . . 0.10 0.12 0 5 10 15 20 25 30
Am221 [1 0_58V2]

Stephen Parke BNL/YITP 10/23/2019 # 45



het

Summary: ¢

from Nul998 to now, tremendous progress on nuSM

Wolfenstein matter effects play an extremely important role
in Neutrino Flavor Transformation Physics

3 flavor mixing in Matter (and vacuum) needs better
understanding as we enter the precision era

to discover New Physics we need to understand and stress
test the nuSM with superb precision
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