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Abstract

In this article, we study some new functions (namely [, ,(z) = T,,,(z) and B, ,(s,t) = T,,,(s,t)) and we will
show how these functions are relevant to (p,q)-Gamma function and (p,q)-Beta function.
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1. Introduction

The g-deformed algebras [14, 15] and their generalizations ((p,q)-deformed algebras [11, 12] attract much attention
these last years. The main reason is that these topics stand for a meeting point of today’s fast developping areas in
methematics and physics like the theory of quantum orthogonal polynomials and special functions, quantum groups,
conformal field theories and statistics. From these works, many generalizations of special functions arise. There is a
considerable list of references.

In this work, we give a new generalization of the Gamma and the Beta functions, namely, the (p,¢)-Gamma and the
(»,q)-Beta functlons and we study the relation between them. In the last section we study a new functions (namely

[q(2) = (z) and B q(s,t) =Ty (s,t)) and we will show how these functions are relevant to (p,q)-Gamma
ﬁlnctlon angi &7 q)-Beta unctlon

2. Notations and miscellaneous relations

Before we study the new generalization of Gamma function and Beta Function, which is (p,g)-analogue for each

one. As of now some notations and definitions of (p,g)-calculus will be introduced in this section.

Definition1: for any positive integer number, the (p,g)-numbers define as:

(1], =P +P7q+P7q +..tpg” +q" = rd.

@.1)
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o)
L(p-pe) (p p

b ]

Clearly, we can also write [t], qas: [t], , = pt_l[t]q/p

Definition2: For t € Nthe (p, q)-factorial is given by:

1

(7] =T1l] . e=1[0] !=1

=l pa (2.2)

Definition3: the (P.9) -binomial coefficient is defined as:

H L), 0<bh<a.

“Taz ! I’
b X [a b]p,q '[b]p,q ’ (2.3)
Clearly, we can see by definition that:
a a
[ } _ [ } . o0sbza
b p.q a _b pP.q
Definition4: The (p.q) -powers is given by:
(z@® b)q = (z+b)(pz+bq)...(2p* " + bg*™") = [1[Z5(zp’ + ¢’b) (2.4)
(z© b)q = (z—b)(pz—bq) ...(2p* " — bg*™") = [1}Z5(zp’ — ¢’b) (2.5)
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and these definitions are extended to the following expressions:

(z @ b)pq = (z+ b)(pz + bq)(zp® + bq?) ... = [2(zp’ + q’b) (2.6)

(z© b)yq = (z—b)(pz — bq)(zp* — bq?) ... = [1%o(zp’ — q’b) 2.7

Note that, the convergence is required in these equations.

Definition5: the (p.9) -derivative of the function g is given by:

(p—q)z ' (2.8)

D =g'(0).
and if g is differentiable at 0, then p’qg( ) g ( ) Also notice that for p=1, the (p.9) -derivative minimize to

the g-derivative.

The following is the product rules for the (p.q) -derivative:

(2.9)
D, (8()(2)) =/ (72) D, (=) +£(42) D,/ (2). oo

Proposition 2.1: For any integert = 1, we have:
(D, q(z © b)y g = [t]yq(pz © b))y g, (2.11)
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2)(1)Dp,q(b © 2)},4 = —tlp,e (b © q2)57, (2.12)

Note that, D, ,(z © b)} 4 = 0,

Proof(1):

By using the (p.9) -derivative definition (2.8) we have:

(pz © b),,, — (qz S b)},
e 00 = PO L0z O Db

_ (pz—b)(p*z—qb) ... (p'z — q""b) — (qz — b)(qpz — qb) .. (qp"""z — q"'b)
-9z '

_(pz-b)p*z—qb) ... (p""'z — q"*b)(p'z — ¢"""b) — (92 — b)q(pz — b)q(P*z — qb) ... q(P"""z — q"*h)
r—qz

_(pz-b)p*z—qb) .. 0"z~ q"*b)(p'z — ¢""'b — q" "' (qz - b))
—-a)z '

_(pz=b)(p’z—qb) .. (p" 2 —q"*b)(p'z — q"'b — q'z + ¢"'D)
®—q)z ’

3 . g, @2 —q2)
= (pz — b)(PZZ —qb)..(p 1z - q ’b) W’
— n-—1 (pt — qt) — n-1

Proof(2):

(b B p2)y, — (O q2),
= s
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_ (b —p2)(bp — pq2) (bp® — pq*z) ... (bp"™" —pq"™"'z) — (b — qz)(bp — q*2)(bp* — ¢°2) ... (bp"™" — q"2)
-z '

_(gz—b)(q*z—bp) ... (¢""z — bp"*)(q"z — bp"™") — (pz — b)p(qz — b)p(q*z — bp) ...p(q¢""'z — bp"™*)
-z '

_ (az—=b)(g*z—bp) .. (q"'z = bp"™*)(q'z — bp" ™" — (pz — b)p" ™)
®-qz '

_(qz=b)(q’z—bp) .. (a2 = bp") (" —p")
- '

_ (' —q") _ _ 2 t-2 _ t-1
ETET) (b —q2)(bp — q*2) ... (bp q"'2),

= _[t]p,q (b © CIZ);,_ql

Proposition 2.2: It’s easily to verify the following identities:

(s©tpq
k k 0
ey,

() (O 5, =

(2) (s © O = (5 © O 4(sD* © t4)},

(3) (sp* © ¢*t)’ _ GovhGrietal),,

PrOaY,, = Govfa
j j k—j — (Set)i;,q

@) (PO a0pq = 5

Proof (1):

(S (=) t);o'q _ (S — t)(Sp — qt) (Spk_l - qk_lt)(spk S) tqk);:q — (S =) t)k
(sp* © tq)5, (sp* © tq“)pq o
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Proof (2):
(s OO =(5—0(sp —qt) .. (sp* T — g 1)(sp* — tq¥) ... (sp* =1 — tg*H D),
= (s © O)f o(sp* = t@") ... (sp*I7! — tg** 1),
= (s © Ok ,(sp* O tg")} ,,
Proof (3):

(s OO = (O] ,(sp) ©ta)k,

(s © Ok, (sp* © tg")] , = (s © )], (sp’ © ta)k,

(s © ), (sp) © ta)k,
(s© f)lﬁ,q ’

(sp* ©t4")},, =

Proof (4):

(sp? © /)y = (sp) © Ok ,(sp™** © ¢/ 1)),

_6rOdn, 00, 805, _ O,
spkO gk, ol et sevl,

Definition 6: The (p, q)-integral of g(x) on [0, b] is given by:

b gl q’
f g(x)dp'qx=(p—q)bz ].Hg( j+1b>, 0<g<px<l1
0 j=op p

Definition 7: The (».9) -IBP is given by:
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[ 1(p2)D,,2(2)d, 2= 1 (c)2(c)- 1 (b) 2(b)-] €(42)D, ./ ()4, =

3. The Definitions of (p, q)-Gamma function and(p, q)-Beta Function

(r.q)

Definition 1:The -GF for a nonnegative integer z is given by :

_ @ODFq . N1-z
Fp,q(z) - (pZqu);o'q (p q)

_ PODE

-’ O<q<p

(3.1)

Remark 1: Notice that if p = 1, then [}, ;(2) is reduces to I[};(2).

Lemma 3.1: For all z € N, the (p, q)- Gamma function obtain the fundamental relation:

Fp,q(z + 1) = [Z]p,qrp,q(z)’

proof :

(ASX )
(pz+1 e qz+1)§<iq

Lpe(z+1) = -7

PO Dpg »* © q4%)pq
@? 0 q)5, P 0 ¢ V5,0 —q)

=@-9'*

®* © 9%)pq @* = q4) P © 4"},

=Ipq(2) =Tpq(2)

(P O " g, —q) (=1 6 q#*)3,(p — Q)

(»*—q*) _

=Tpq(2) = [2]p,qTp,q4(2).

p—

we obtain also:

(2.13)

(3.2)
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@ewn)i
ez +1) = % = [z][z = 11T, 4(2) = [z],,!, 0<q<p,4.23)

Definition 2: The (p, q) —BF for s,t € N is given by:

B,q(s,t) = fol(pz)s_l(P © PaD)py dpqz-

(3.4)
Theorem 3.1: The relation between (p, ¢)-Gamma function and(p, q)-Beta Function for s,t € N is defined by:

— o [t@s+t—2)+t-2]/2 Tp.a)Tpq®
Bpq(s,t) =p T (4D (3.5)

Proof:

First, for s,t € N we have:

1
Byq(s,t) = f P2)* ' (p © PaD)y4 dp g2
0

_ @Op2)hq

Now, apply (p, q)-integral by parts for f(x) = z5!and (x) = o]
p.q

>

t—-1

whereD,, ;(p © p2)pq = —[tlpp( © Pa2)p g,
Then we get :

[s —1],4

1
mfo (p2)**(p © qu)é,q dpqZ,

Byq(s t) =

_ [s-1lpq
ps~1 [t]p,q

Bpq(s — 1t + 1), (3.6)
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We can write, for positive integer :

1 1
Byg(s,t+1) = f P2 ' (p O paD)yy trdpez = f (P2)* ' (p © P9D)5g @° © Pq‘2)dy ez,
0 0

1 1
=pt f P2)* '(p © P92y dy ez —q* f (P2)°*(p © Pa2)yq dpqz,
0 0

=p'B,g(s,t) —q'By (s +1,0) 3.7)
After that, using (3.6) to get:
[s]
By (s, t +1) = p'B,4(s,t) — quj[;]":q Byq(s,t +1), (3.8)
Which mean :
[s]p,q

Byq(s,t+1) (1 +qt ) =p'B,(s,t),

psltlyq

p*(pt —q") +q*(* — q¢°)
ps(@* —q")

Bp,q(sl t + 1) ( > = pth,q(sl t):

t_,t
Byq(s,t+1) =pt—2=0) g (s¢), (3.9)

(pt+s_qt+5)

We know :

Bp’q(g, 1) = fol(pz)s—l dp,qZ P

[sTpq

(3.10)

For t positive integer we get:
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.
(pt+s—1 — gt+s-1) Bpq(s,t = 1),

Bp,q (S, t) — ps+t—1

-1 -1 -2 -2
— pStt—-1 (pt — qt ) s+t-2 (pt — qt ) B (S t — 2)
p (pt+s—1 — qt+s—1) p (pt+s—2 — qt+s—2) p,q\-? ’

e @@, 0707 -0 5,1)
p (pt+s—1 — qt+s—1) p (pt+s—2 — qt+s—2) P (ps+1 — qs+1) p,q\=r =~

iy @7P=adYH ., @7F—q"P) w @-9 pt

=p (pt+s—1 _ qt+s—1) p (pt+s—2 _ qt+s—2) P (ps+1 _ qs+1) [S]p,q !

_ p(s—1)+(s)+(s+1)+---+(s+t—1) (P e q)ztg—ql

- )’
p° @O a5, T 1
It mean that:
_ m (peq)ztf)._ql
B,q(s,t)=p m(l’—cﬂ, (3.11)
Letting m = [t(2s +t —2) +t — 2]/2.
By using proposition (2.2) part (2) and (3.11) we have :
O Dpy
B,,(s,t) =p"——F—(( —q),
p,q( ) p (ps e qs)g‘q (p Q)
n @O Dpd PO DG - (- —a)

- - T @O Dy SO a%hy,

W @O Vi PO DG - (O ()
-t -t PO P P [pa(s+1) °
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4. The analogous definition of (p, q)-Gamma Function and(p, q)-Beta Function

We defined the (p, q)-analogue for Gamma function and Beta Function and we found the relation between them in

L, (2)=T,,(2)
the previous section. In this section we want to study a new functions (namely 79 4P \"/ and

Bp,q (S’t) = Bq/p (S’t)

(p, q)-Beta function.

) and we will show how these functions are relevant to (p, q)-Gamma function and

Definition 1: for (0<g<p<l we get:

D, g(z2)=D,,g(z/p), (4.1)

Proof :By definition of the (p, g)-derivative we know:

g(pz)-g(qz)
(p-q)z

Dp,qg(z): , z#0 .

) g[% :zjlj g(pz) D el
9 1) pe

p

Definition 2: for (0<g<p<l we get :

b b
Jy 8@, 2= 8@ Pz e

Proof:
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b = g’ q’
[ e@d,,z=(p ‘q)bzo T b |

o322

b
= J.O g(z/p), 2.

Definition 3: The (¢/p) -Integration by parts is given by :

[ ¢@D,,/(2)d, 2= /@), -[ /LD, 80,z
p 4.2)

Definition 4: For (O <gq/p<l ) we get :

(1_%):;,, (1 _ 2)1—2

%@z%ﬂjw%” ) (4.3)
P/ Jq/p

Proposition 4.1: for positive integer z we have:

Bpq(2) =P ' T,e(2), 0<p<q<Ll. (4.4)

Proof:

(1 _ q)l_z ~ (- @/p) ( ~ q)l—z‘

fpa(2) = 1) = T —G@/p* )\ p
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w (Pi-d/ - i )
Hi=1( v ) -7 . =0 -4) —
® (p]'+z_q]'+2) pl—z - ;o_o(pj.;.z — q]'+z) (p - CI) )
j=o\" itz =

q

=p¥! S Q)p,q -9 7= pzz_lrp,q(z)' 0< ; <t

P © 993,

Definition 5:For s,t > 0, then:

_ 1 q\t1
B, q(s,t) = Ba(s,t) = f z°t (1 - _) dq/p?
P 0 Plamw
Also we can write the following expression as:
Tgq(s)Tq(®)
B — _p
B, 4 (s,t) = B%(S‘, t) = W‘ 4.5)
P

Proposition 4.2: For s,t > 0, we have:

= 1

Byq(s,t) = > By, q(s, 1), (4.6)
Proof: By using the equation (4.4) we get:

Ta(s)Tq(t - _
B, .(s,t) = Ba(s,t) = 5( 5( : = P2 g (S)P™ T (6)
p,q\> ; ) Fﬂ(s + t) p25+2f—1rp‘q(s + t) ’
P

O 1,
p Dpa(s+1t) p P
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