NSS Neutrosophic Sets and Systems, Vol. 28, 2019

University of New Mexico

W
I X
Neutrosophic Bipolar Vague Set and its Application to

Neutrosophic Bipolar Vague Graphs

S. Satham Hussain *, R. Jahir Hussain!, Young Bae Jun? and Florentin Smarandache 3

1 PG and Research Department of Mathematics, Jamal Mohamed College, Trichy - 620 020, Tamil Nadu, India.
E-mail:sathamhussain5592@gmail.com, hssn_jht@yahoo.com
2 Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea.
E-mail: skywine@gmail.com 2
3 Department of Mathematics and Science, University of New Mexico, 705 Gutley Ave., Gallup, New Mexico 87301, USA.
E-mail: fsmarandache@gmail.com

* Correspondence: S. Satham Hussain; sathamhussain5592@gmail.com

Abstract: A bipolar model is a significant model wherein positive data revels the liked object, while
negative data speaks the disliked object. The principle reason for analysing the vague graphs is to
demonstrate the stability of few properties in a graph, characterized or to be characterized in using
vagueness. In this present research article, the new concept of neutrosophic bipolar vague sets are
initiated. Further, its application to neutrosophic bipolar vague graphs are introduced. Moreover,
some remarkable properties of strong neutrosophic bipolar vague graphs, complete neutrosophic
bipolar vague graphs and complement neutrosophic bipolar vague graphs are explored and the
proposed ideas are outlined with an appropriate example
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1. Introduction

Fuzzy set theory richly contains progressive frameworks comprising of data with various degrees of
accuracy. Vague sets are first investigated by Gau and Buehrer [30] which is an extension of fuzzy set
theory. Various issues in real-life problems have fluctuations, one has to handle these vulnerabilities,
vague set is introduced. Vague sets are regarded as a special case of context dependent fuzzy sets
and it is applicable in real-time systems consisting of information with multiple levels of precision.
So as to deal with the uncertain and conflicting data, the neutrosophic set is presented by the creator
Smarandache and studied widely about it [13, 21, 28, 31, 41, 42, 4, 5, 43, 44, 22, 23, 45]. Neutrosophic
sets are the more generalized sets, one can manage with uncertain informations in a more successful
way with a progressive manner when appeared differently in relation to fuzzy sets. It have the greater
adaptability, accuracy and similarity to the framework when contrasted with past existing fuzzy
models. The neutrosophic set has three completely independent parts, which are truth-membership
degree, indeterminacy-membership degree and falsity-membership degree with the sum of these
values lies between 0 and 3; therefore, it is applied to many different areas, such as algebra [32, 33]

and decision-making problems (see [46] and references therein).

Bipolar fuzzy sets are extension of fuzzy sets whose membership degree ranges from [—1,1]. The

membership degree (0,1] represents that an object satisfies a certain property whereas the
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membership degree [—1,0) represents that the element satisfies the implicit counter-property. The
positive information indicates that the consideration to be possible and negative information
indicates that the consideration is granted to be impossible. Notable that bipolar fuzzy sets and vague
sets appear to be comparative, but they are completely different sets. Even though both sets handle
with incomplete data, they will not adapt the indeterminate or inconsistent information which
appears in many domains like decision support systems. Many researchers pay attention to the
development of neutrosophic and bipolar neutrosophic graphs [39, 40]. For example, in [17], the
authors studied neutrosophic soft topological K-algebras. In [48], complex neutrosophic graphs are
developed. Bipolar single valued neutrosophic graphs are established in [25]. Bipolar neutrosophic
sets and its application to incidence graphs are discussed in [15]. In [16], bipolar neutrosophic graphs
are established.

Recently, a variety of decision making problems are based on two-sided bipolar judgements
on a positive side and a negative side. Nowadays bipolar fuzzy sets are playing a substantial role in
chemistry, economics, computer science, engineering, medicine and decision making problems (for
more details see [27, 28, 31, 34, 38, 46] and references therein). Akram [6, 8] introduced bipolar fuzzy
graphs and discuss its various properties and several new concepts on bipolar neutrosophic graphs
and bipolar neutrosophic hypergraphs have been studied in [7] and references therein. In [4], he
established the certain notions including strong neutrosophic soft graphs and complete neutrosophic
soft graphs. The authors [3] first introduces the concept of neutrosophic vague soft expert set which
is a combination of neutrosophic vague set and soft expert set to improve the reasonability of decision
making in reality. It is remarkable that the Definition 2.6 in [37] has a flaw and it not defined in a
proper manner. We focussed on to redefine that definition in aa proper way and explained with an
example and also we applied to neutrosophic bipolar vague graphs. Motivation of the mentioned
works as earlier [10], we mainly contribute the definition of neutrosophic bipolar vague set is
redefined. In addition, it is applied to neutrosophic bipolar vague graphs and strong neutrosophic
bipolar vague graphs. The developed results will find an application in NBVGs and also in decision
making. The objectives in this work as follows:

* Newly defined the neutrosophic bipolar vague set

¢ Introduce the operations like union and intersection with example in section 2.

® In section 3, neutrosophic bipolar vague graphs are developed with an example.
Further, the concepts of neutrosophic bipolar vague subgraph, adjacency, path, connectedness and
degree of neutrosophic bipolar vague graph are evolved.

® Further we presented some remarkable properties of strong neutrosophic bipolar
vague graphs in section 5, followed by a remark by comparing other types of bipolar graphs. The

obtained results will improve the existing result [37].
2. Preliminaries

Definition 2.1 [5] A vague set A on a non empty set X is a pair (Ty, F,), where Ty: X — [0,1] and Fp: X —
[0,1]are true membership and false membership functions, respectively, such that

0<Ty(x)+F(y)<1 forany x € X.
Let X and Y be two non-empty sets. A vague relation R of X to Y isavagueset R on X XY that
is R = (Tg, Fr), where Tg: X XY — [0,1], Fz: X X Y = [0,1] which satisfies the condition:
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0 < Tr(x,y) + Fr(x,y) <1 forany x € X.
Let G = (V,E) be a graph. A pair G = (J,K) is called a vague graph on G* or a vague graph where
] = (T}, F)) isavagueseton V and K = (T, Fy) isavagueseton E €V XV such that for each xy €
E,
Te(y) < (1,00 ATy ) and Fe(xy) = (T;(0) V ().
Definition 2.2 [4] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A € B if Vx €
X, Ty(x) < Tg(x),I4(x) = Ig(x)and F,(x) = Fg(x).
Definition 2.3 [27, 30] Let X be a space of points (objects), with a generic elements in X denoted by x. A
single valued neutrosophic set (SVNS) A in X 1is characterized by truth-membership function T,(x),
indeterminacy-membership function I,(x) and falsity-membership-function F,(x).
For each point x in X, T,(x),F4(x),14(x) € [0,1], A= {(x,Tp(x),Fa(x),[,(x))} and 0 < T,(x) +
Li(x) + Fy(x) < 3.
Definition 2.4 [24] A neutrosophic graph is defined as a pair G* = (V,E) where
(i) V={v1,v,,..,v,} such that T, =V - [0,1], =V - [0,1] and F, =V - [0,1] denote
the degree of truth-membership function, indeterminacy function and falsity-membership function,
respectively and
0<T () +L,(x)+Fy(x) <3
(ii) E€SV XV where T, =E - [0,1], I, =E - [0,1] and F, = E — [0,1] are such that
Ty (uv) < {T1(w) ATy (v)},
Lw) <{Lw) AL(v)},
F(uwv) < {Fi(w) v F,(v)},
and 0 < T,(uv) + L (uv) + F,(uv) < 3,Vuv € E.
Definition 2.5 [46] A bipolar neutrosophic set A in X is defined as an object of the form
A={<x, TP (x), 17 (x), FF (x), TN (x), 1" (x), FN(x) >:x € X}, where T?,I?,FF:X - [0,1] and
TVN,IN,FN:X > [-1,0] The Positive membership degree TF(x),I7(x),FF(x) denotes the truth
membership, indeterminate membership and false membership of an element x € X corresponding
to a bipolar neutrosophic set A and the negative membership degree TV (x),I"(x), FN¥(x) denotes
the truth membership, indeterminate membership and false membership of an element x € X to
some implicit counter-property corresponding to a bipolar neutrosophic set A.
Definition 26 [6] Let X be a  non-empty set. Then we call A=
{(x, TP (), I7 (x), FP (x), TN (x), IV (x), F¥ (x)), x € X}abipolar single valued neutrosophic relation on X
such that TF(x,y)€[0,1],If(x,y) € [0,1],Ff(x,y) €[0,1] and TV(x,y)€[-1,0],I¥(x,y) €
[—1,0], E¥ (x,y) € [-1,0].
Definition 2.7 [6] Let A = (T#, 1§, F&, Ti, I, F{) and B = (TE, I8, FE, T, I8, F§) be bipolar single valued
neutrosophic set on X. If B = (TE, 1§, FE, T, 15, FY) is a bipolar single valued neutrosophic relation on A =
(T4 I8, F&, T, 14, F{) then
Ty (xy) < (T3 () ATL (), T8 () = (T () V TR ()
Ig (xy) = (U5 () VIO IF (xy) < (I () AL ()
Fg (xy) 2 (Ff () V F{ (), Fg' (xy) < (FY () AFY ()
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A Dbipolar single valued neutrosophic relation B on X is called symmetric if TZ(xy) =
Tg ), 15 (xy) = I5(yx), Fg (xy) = Fg(yx)  and T (xy) = Tg'(yx), Ig (xy) = I (yx), Fg'(xy) =
F¥(yx) forall xy € X.

Definition 2.8 [20] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X written as
Any = {(x, Tayy, (0), Ly, (), Eayppy (X)), x € X} whose truth-membership, indeterminacy membership
and falsity-membership function is defined as Tapy () =
[T=C), TY)], [~ (), [T ()], [F~(x), F*(x)], where T*(x) =1—F (x),F*(x) =1-T"(x), and 0 <
T=)+I"(x)+F (x) <2
Definition 2.9 [20] The complement of NVS Ay is denoted by A%y, and it is defined by
T () = [1 =T (0),1 - T~ ()],
I5, 00 = [1 = I* ()1 - I"(x)],
B, () = [1— F*(0),1 - F~ ()],
Definition 2.10 [20] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U, TANV(ui) =
Tony W), Layy (W) = Ipyy, (U, Eay (wp) = Fyyp, (w;) then the NVS Ay, are included by Byy, denoted
by Ayy € Byy where 1 <i <n.
Definition 2.11 [20] The union of two NVSs Ayy and Byy is a NVSs, Cyy, written as Cyy = Ayy U Byy,
whose truth membership function, indeterminacy-membership function and false-membership function are
related to those of Any and Byy by
Ty @) = [Ty () V T, (O, (T, () V T, ()]
Ty () = [Ty () A iy GO, Ty () A Ty, ()]
Py () = [(Finyy () A By, (00D, (Bl () A By, ()]
Definition 2.12 [20] The intersection of two NVSs Ayy and Byy is a NVSs Cyy, written as Cyy = Ayy N
Byy, whose truth membership function, indeterminacy-membership function and false-membership function
are related to those of Ayy and Byy by
Tewy () = [(Tay, (00 A Ty, (), (T, () A T3y, ()]
Ty GO = [Uayy (O V 5, (), (I, (O V Iy, ()]
Feyy () = [(Fayy () V Fiy, (), (Fiy, 0 V By, (60)]
Definition 2.13 [39] Let G* = (V,E) be a graph. A pair G = (J,K) is called a neutrosophic vague graph
(NVG) on G* or a neutrosophic graph where | = (T),1;,F)) is a neutrosophic vague set on V and K =
(Tx, Ix, Fx) is a neutrosophic vague set E €V X V where
(DV = {vy,v5,...,v,} such that T;:V - [0,1],I;:V - [0,1], F;: V — [0,1] which satisfies the
condition F;” = [1 —T}']
T;":V - [0,1], I:V - [0,1], F}*: V — [0,1] which satisfies the condition Fj* = [1 —T;]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v; € V, and
0T/ (w)+Iy(v)+F (v) <2
0<T/"(vy) + Iy (v;) + Fjf (vy) < 2.
(2) E €V xV where
Te:V xV > [0,1],Iz:V XV > [0,1], Fg: V x V - [0,1]
TE:V XV - [0,1],1#:V XV - [0,1], FF:V XV - [0,1]
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denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v;, v; € E respectively and such that
0 <Tg )+ 1)+ Fg(vy) < 2.
0<T{W) +I{(w) +F(vy) < 2.

such that
T (xy) <{T; (x) AT; (¥)}
I (xy) < {I; () AT (0)}
Fe(xy) < {F; () VF ()},
similarly

T (xy) < {T; () AT ()}
Ig (xy) < {If ) A I ()}
F¢ (xy) < {F () v FF (1)}
Example 2.14 Consider a neutrosophic vague graph G = (J,K) such that | = {a,b,c} and K = {ab, bc, ca}
defined by
@ = T[0.5,0.6],1[0.4,0.3], F[0.4,0.5], b = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6],
¢ =T[0.4,0.4],1[0.5,0.3], F[0.6,0.6]
a” = (0.5,0.4,0.4),b~ = (0.4,0.7,0.4),c” = (0.4,0.5,0.6)
a* = (0.6,0.3,0.5),b* = (0.6,0.3,0.6),c* = (0.4,0.3,0.6)

(0.5.04,04)”
(0.6.0.3.05)%

(0.4.0.5,0.6)" (0.4.0.4.0.5)" (0.4,0_?,0_4):
(0.4.0.3.0.6)* (0.4,03,05* (0.6.0.3.0.6)

Figure 1 neutrosophic vague graph

3. Neutrosophic Bipolar Vague Set
In this section, the definition of NBVS, complement of NBVS, operations like union,
intersection are elaborated with an example.
Definition 3.1 In a universe of discourse X, the neutrosophic bipolar vague set (NBVS), denoted as Aypys
represented as,
Angy = {6 T8 5y OO, Iy, GO, Fiypy GO, TaY GO IR 5, (0, B, (1), X € X}
whose truth-membership, indeterminacy membership and falsity-membership function is

expanded as
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Tiusy () = (TP (), (TP ()], Ly, () = [ATP GO, UHP D], by, () = [(FTP (), (FF)P ()],
where (TH)P(x) =1—(F)P(x), FHP(x) =1 - (T7)"(x), and provided that,
0<(THP)+UDP )+ (FHP(x) < 2.

Also

Tiey ) = [T (), (THN L Ry, ) = [N (), ANV O Bl 6) = [FON ), FHN ()],

where (T*)N(x) = -1 — (F)N(), FHY(x) = -1 - (TH¥(x),
and provided that,
0= (THV)+ U HVX) + (FHVXx) = -2

Example 3.2 Let U = {x, x5, %3} be a set of universe we define the NBV set Aypgy as follows
Aygy = !
NBV {[0.3,0.6]1’, [0.5,0.5]7,[0.4,0.7],[—0.3, —0.5]", [—0.4, —0.4]N, [-0.5, —0.7]"’

X2
[0.4,0.6]7,[0.4,0.6]7,[0.4,0.6]7,[—0.4, —0.4]N, [-0.5, —0.5]%, [-0.6, —0.6]"’

X3

[0.3,0.7]7,[0.6,0.4]7,[0.3,0.7]7, [-0.4, —0.6]", [-0.5, —0.6]", [—0.4, —O.6]N}

Definition 3.3 IN NBVS, the complement of A§py be expanded as,
(Thpy GNP ={A =T (", (A =T~ ()} (T, DN = {(=1 = T* D", (-1 =T~ ()"}
gy CNT = {A =17, (A = 17, Uy CDN = {(=1 = I )", (=1 = 7 ()"}
(Fiyy GNP = {@ = F* ()P, (1 = F~ ()™}, (Fiyp, G = {(=1 = F* ()", (-1 = F~ ()"}
Example 3.4 Considering above example we have
X1
Ansy = {[0.7,0.4]1’, [0.5,0.5]7,[0.6,0.3]7,[—0.7, —0.5]¥, [-0.6, —0.6]", [—0.5, —0.3]"’

X2
[0.6,0.4]7,[0.6,0.4]7,[0.6,0.4]7,[-0.6, —0.6]", [-0.5, —0.5]", [—0.4, —0.4]"’

X3
[0.7,0.3]%,[0.4,0.6]%,[0.7,0.3]7,[—0.6, —0.4]¥,[—0.5, —0.4]",[—-0.6, —0.4]N}

Definition 3.5 Two NBVSs Aygy and Bygy of the universe U are said to be equal, if for all u; € U,
Tanp)" W) = Toyp,)" @), Unygy)? @) = Upypy ) (), Faypy ) () = Py, )” (i)
and
Tang )" W) = Ty )V ), Taypy )V W) = gy )Y W), (Faypy )V (W) = (Fpygy )N ().
Definition 3.6 In the Universe U, two NBVSs, Aypy, Bypy be given as,
Tanp)" ) < oy, )" @), Unygy)? @) = sy, ) (i), Faypy ) () 2 (P, )" (i)
and
Tanp ) @) = Ty )V W), Ty )V (W) < gy ) @), (Fayp )V () < (B O™ ()
then the NBVS (Aypy)” are included by (Bygy)?, denoted by (Aypy)” S (Bysy)® where 1 <i<n

and (Aygy)" areincluded by (Bygy)", denoted by (Aygy)" S (Bygy)" where 1 < i <n.
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Definition 3.7 The union of two NVSs Aygy and Bygy isa NBVSs, Cypy, writtenas Cygy = Aypy U Byay,
whose truth membership function, indeterminacy-membership function and false-membership function are
related to those of Angy and Bygy by
(Teng)” () = [((Taypy )" )V Ty, )" ), (T )7 () V (T, )7 ()]
Uenp )T () = [(Uaygy)? O A Uy )T GO, (Ui, )7 ) A U y,)7 (D]
Feng)? () = [(Faygy )" O A Fyy )7 (), (Faly 5, )7 () A (Fiyp, )" (x))], and
(Tepp)" () = [((Taygy )" O A (Tay)™ (), (T )N () A (T, ) ()]
Uenp )" () = [y )V Uz )" (), (U Y () V Uy )N ()]
Feyp)" () = [((Fayg )Y (O V Faypy )" 00D, (FElyp )V () V (Fy g )V O]
Definition 3.8 The intersection of two NVSs Aygy and Bygy is a NBVSs Cygy, written as Cygy = Aypy N
Bypy, whose truth membership function, indeterminacy-membership function and false-membership function
are related to those of Aygy and Bygy by
(Tenpy)” () = [Ty, )" ) A (T )7 ), (Tl )F () A (T, )7 ()]
Uesy)? () = [(Uaygy )" )V Uy )" ), (Ui )T () V Uy, )7 ()]
Fengy)" () = [((Faygy )" () V (Fiy )° ), (il )T () V (Fy, )7 (X)), and
Tens)™ () = [((Tayp )" OV (T )Y ), (T )Y () V (T, )Y ()]
Uepp )V () = [y )™ ) A Uy )V ), (U, )V () A Uy O (D]
Feng )" () = [(Fayp, )V ) A (Fgpp )V GO, (Fiygy )V () A (g )Y (D))
Definition 3.9 Let U be a set of universe and let Aygy and Bygy be NBVSs, then the union Aygy N Bygy

is defined as follows:
Angy = il
NBV {[0.3,0.6]”, [0.6,0.6]7,[0.4,0.7]7, [—0.4, —0.7]N, [-0.6, —0.6]", [—0.3, —0.6]"’

X2
[0.4,0.6]7,[0.6,0.4]%,[0.4,0.6]7,[-0.5,—0.5]",[-0.7, —0.3]%,[-0.5, —0.5]"’

X3
[0.7,0.8]%,[0.6,0.6]%,[0.2,0.3]7,[—0.5, —0.4]¥,[—0.5, —0.5]%,[—-0.6, —O.S]N}

X1
Bygy = ,
NBV {[0.2,0.8]1", [0.5,0.4]7,[0.2,0.8]7,[-0.5,—0.7]¥, [-0.7, —0.7]N, [-0.3, —0.5]¥

X2
[0.3,0.8]7,[0.6,0.5]7,[0.2,0.7]%,[-0.5, —0.6]", [-0.4, —0.3]¥,[-0.4, —0.5]"’

X3

[0.2,0.5]7,[0.5,0.2]7, [0.5,0.8]7, [-0.5, —0.5]", [—0.4, —0.3]¥, [-0.5, —0.5]N}

Anpy N Bygy = Hypy
= {02,0617,10.6,0.6], [04,08]7, [=04 —0.7]", [=0.7, —0.7]", [=0.3, —0.6]"

X2
[0.3,0.6]7,[0.6,0.5]7,[0.4,0.7]7, [-0.5, —0.5]", [-0.7, —0.3]%,[-0.5, —0.5]"’

X3
[0.2,0.5]7,[0.6,0.6]7,[0.5,0.8]7,[—0.5, —0.4]¥,[-0.5,—0.5]¥,[-0.6, —0.5]¥

}
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4 Neutrosophic Bipolar Vague graphs
In this section, neutrosophic bipolar vague graphs are defined. The concepts of neutrosophic
bipolar vague subgraph, adjacency, path, connectedness and degree of neutrosophic bipolar vague
graph are discussed.
Definition 4.1 In a crisp graph G* = (V,E). A pair G = (J,K) is called a neutrosophic bipolar vague graph
(NBVG) on G* or a neutrosophic bipolar vague graph where ] is a neutrosophic bipolar vague set and K is a
neutrosophic bipolar vague relation in G* such that J* = ((T)F, (NP, (F)P),JN = (THN, DN, (EDV) is a
neutrosophic bipolar vague set on V and K = (T, TP, (EOP), KN = (TN, LN, (EY)) is a
neutrosophic Bipolar vague set E €V XV where
(1) V ={v,,v,,...,v,} such that
(T)P:V = [0,1], ()P V = [0,1], (F7)P:V = [0,1]
which satisfies the condition (F;)" = [1 — (T}")"]
(TP V - [0,1], (1P V > [0,1], (FH)P:V - [0,1]
which satisfies the condition (F}*)” = [1 — (T;)"], and
(TN:V = [=1,0], )NV - [=1,0], (F)N:V - [-1,0]
which satisfies the condition (F;)" = [-1 — (T}")"]
(THN:V - [-1,0], DNV = [-1,0], (F)N:V - [-1,0] which satisfies the condition
(F)N = [-1 — (T/)"] denotes the degree of truth membership function, indeterminacy membership
and falsity membership of the element v; € V, and
0.< (T7) @) + ())" W) + (F) () < 2
0.< (T} @) + U W) + (' () < 2
02 (1) (W) + UM @) + EV (W) 2 -2
0= (T W) + U @) + EDw) = -2
(2) E €V xV where
(TP V XV > [0,1], Ug)P:V X V > [0,1], (F)P:V X V > [0,1]
(THPV XV > [0,1], UF)P:V X V > [0,1], (FH)P:V X V > [0,1]and
(TON:V XV > [-1,0], TNV x V = [-1,0], (FO)N:V x V - [—1,0]
(THN:V XV > [-1,0], DNV XV - [-1,0], (FHN:V x V - [-1,0]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v;,v; € E respectively and such that
0 < (TR)P (i, v) + U (v, v) + (F)P (v, vy) < 2
0 < (THP (W v) + U (v, v) + (FEF (v, vy) < 2
0= (T (i, v) + U (Wi vp) + FRON (v, vy) = -2
02 (TN (W) + U (W v) + FD (v, 7)) = -2,
such that
(T () < {T7)° ) A (1) ()}
T Gxy) = {UD ) AUD )}
FO" ) < {FED @V EFEDH ()}
(T () < (T ) A (1) ()}
TOF Gey) < {UH ) AT}
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FO" @) < {FEH )V E O}
and

(TN ) =2 {THY @) v (THY ()}

T ) 2 {UD" () v U ()}

FON ) 2 {EFED ) AEDY O

(TON ) 2 {(THY ) v (THY )}

DY y) 2 (A ) v DY)

FON @) 2 (ED ) A ED ).
Example 4.2 Consider a neutrosophic bipolar vague graph G = (J,K) such that | ={a,b,c} and K =
{ab, bc, ca} defined by

(&)" = T[0.5,0.6],1[0.4,0.3], F[0.4,0.5],

(b)* = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6],

(&)’ =T[0.4,0.4],1[0.5,0.3], F[0.6,0.6]

(a7)? =(0.5,0.4,0.4), (b7)* = (0.4,0.7,0.4), (c7)* = (0.4,0.5,0.6)

(a*)P = (0.6,0.3,0.5), (b*)P = (0.6,0.3,0.6), (c*)* = (0.4,0.3,0.6)

@V = T[-0.6,—0.5],1[—0.3, —0.4], F[-0.5, —0.4],

(b)Y = T[—-0.6,—0.4],1[—0.7, —0.3], F[—0.6, —0.4],

(&N = T[—-0.4,—0.4], I[-0.3,—0.5], F[—0.6, —0.6]

(@ )N = (—0.6,—0.3,—0.5), (b")" = (—0.6,—0.7,—0.6), (c )" = (—0.4,—0.3,—0.6)
(a")N = (—0.5,—0.4,—0.4), (b*)? = (=0.4,—0.3,—0.4), (c*)? = (—0.4,—0.5,—0.6)

[(0.5, 0.4, 0.4)~ (0.6, 0.3, 0.5)*]°
[(-0.6.-0.3,-0.5)™ (-0.5.-0.4,-0.4)*]¥

[(04, 07 04)" (06,03 06)*]°

0.4.0.5.0.6)~ (0.4, 0.3 0.6)*]° 0.4,0.5,0.5)" (0.4, 0.2. 0.2)%]°
[04.05.0.6) " ¢ )] [« >-09)" ¢ )] [(-0.6.-0.7.-0.6) (-0.4,-0.3,-0.4)*]"

[(-0.4.-0.3,-0.6)" (-0.4,-0.5,-0.6)*]¥  [(-0.2,-0.2,-0.5)™ (-0.2,-0.2,-0.5)* ¥

Figure 2 NEUTROSOPHIC BIPOLAR VAGUE GRAPH
Definition 4.3 A neutrosophic bipolar vague graph H = (J'(x), K'(x)) is said to be a neutrosophic bipolar
vague subgraph of the NVG G = (J,K) if J'(x) € J(x) and K'(xy) € K'(xy), in other words, if
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(TH" () < (THF )
NP < 1" ()
FHP(x) < (F)P(x)vx eV
(TP (xy) < (TP (xy)
()" (xy) < TP (xy)
(FOP (xy) < (F)P (xy), Vxy € E.

Also,
(THY () = (THY (x)
ANV e = AN ()
FEM @) = (FYV@),vx eV
and

(T" () = (T)™ (xy)
TN Cey) = T (xy)
(FON (xy) = (FON (xy), ¥xy € E.
Definition 4.4 The two vertices are said to be adjacent in a neutrosophic bipolar vague graph G = (J,K) if
(Tg)? () = {((T7)P ) A (1) (00}
I (ey) = (U ) AU )}
(FO (ey) = {(FDP () v (FP O}
(T)" (xy) = (T} () A (T ()}
IO Cey) = {UH ) A IO )}
(FOT (ey) = {(FH () v (FHT O}
TV Cey) = {(THY ) v TV )}
TN Cey) = {UDV ) vV TV ()}
(F)V Cey) = {(FDN ) A FDHN 003,
(TN Cey) = {(THY ) v (THY ()}
IO Cey) = {TOY ) v IOV ()}
FON Cey) = {FDHN ) A FEDN 003,
Here, x is the neighbour of y and vice versa, also (xy) isincidentat x and y.
Definition 4.5 In a neutrosophic bipolar vague graph G = (J,K), a path p is meant to be a sequence of
different points xq, %1, ..., X, Such an extent that
(TP (i1, 1) > 0, (I) (xi-1, x1) > 0, (Fg)" (xi—1,%1) > 0,
(TP (i1, 1) > 0, ()7 (xim1, x1) > 0, (FE)" (xi—1,%1) > 0,
and
(T )V (i1, 1) < 0, ()N (-1, 1) < 0, (Fg)" (xi-1,%1) <0,
(TN (-1, %) < 0, IV (xim1, 1) < 0, (FON (xi-1, %1) <0,
for every i lies between 0 and 1. n <1 is known as the path length.. A single vertex x; can
represent as a path.
Definition 4.6 A neutrosophic bipolar vague graph G = (J,K), if every pair of vertices has at least one

neutrosophic bipolar vague path between them is known as connected, otherwise it is disconnected.
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Definition 4.7 A vertex x; € V of neutrosophic bipolar vague graph G = (J,K) is said to be isolated vertex
if there is no effective edge incident at x;.
Definition 4.8 A vertex in a neutrosophic bipolar vague graph G = (J,K) having exactly one neighbours is
called a pendent vertex. Otherwise, it is called non-pendent vertex. An edge in a neutrosophic bipolar vague
graph incident with a pendent vertex is called a pendent edge other words it is called non-pendent edge. A
vertex in a neutrosophic bipolar vague graph adjacent to the pendent vertex is called an support of the pendent
edge.
Definition 4.9 A neutrosophic bipolar vague graph G = (J,K) that has neither self loops nor parallel edge is
called simple neutrosophic bipolar vague graph.
Definition 4.10 Let G = (J, K) be a neutrosophic bipolar vague graph. Then the degree of a vertex x € G is
a sum of degree truth membership, sum of indeterminacy membership and sum of falsity membership of all
those edges which are incident on vertex x denoted by
(@)’ = (7P ), (dF )’ L [(di)” G, (@) (I [(dr P (), (d )" (D)
(@dCN™ = ([(dr YN (@), (d7 N COL [(di)" (), (di)V ()], [(dr)" (), (dE NN D
where (d;])P(x) = Yrsy (T,(')P(xy),(d}“])P(x) = Yy (TE)F(xy) denotes the positive degree of truth
membership vertex, (dj,)”(x) = Zyzy ()" (xy), (d}))" (x) = Xrsy ()7 (xy) denotes the positive
degree of indeterminacy membership vertex, (d,?])P (%) = Xpzy FOP(xy) (d;f])P (x) =
Yxzy (F&)P(xy) denotes the positive degree of falsity membership vertex for all x,y € J.

Similarly, (d;])N(x) = Yuey TN (xy), (d}“])N(x) = Yrzy (TN (xy) denotes the negative
degree of truth membership vertex, (d,'])N (%) = Tpsy TV (xy) , (d;’])N (%) = Tray UDV (xy)
denotes the negative degree of indeterminacy membership vertex, (d;])N x) =
Twy (FR)V (xy), (df)Y (%) = Zsy (F$)"(xy) denotes the negative degree of falsity membership
vertex for all x,y € J.

Definition 4.11 A neutrosophic bipolar vague graph G = (J,K) is called constant if degree of each vertex is
A= (A1, Ay Az) thatis d(x) = (A, Ay, As) forall x €V.

5 Strong Neutrosophic Bipolar Vague Graphs
In this section, we presented some remarkable properties of strong neutrosophic bipolar
vague graphs and a remark is provided by comparing other types of bipolar graphs. Finally
conclusion is given.
Definition 5.1 A neutrosophic bipolar vague graph G = (J,K) of G* = (V,E) is called strong neutrosophic
bipolar vague graph if
(T (xy) = (T ) A (T ()}
IO ey) = {UD" ) AU ()}
(FO)" ) = {(FDH" () v (FDP 00},
(T (xy) = (T} () A (T (1)}
IO y) = {UIH" ) AU ()}
(FO" () = {(FH7 () v (FDHP 00},
(TN Cey) = {THY ) v TV )}
TN Cey) = {UD" @) v T )}
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(FON Gey) = {FDY ) A FDHY D},
(TN (xy) = {(THY ) v (THY )}
DY) = (DO @)V AN 0))
(FON ) = {FOY ) A EDV 03 V(xy) € K)
Definition 5.2 The complement of neutrosophic bipolar vague graph G = (J,K) on G* is a neutrosophic
bipolar vague graph G¢ where
* U@ =N
© (17700 = (0, 07" @) = U0, (F)P () = (F)* (x) forall x € V.
© ()00 = (M0, 4D @) = 4N (0, (B (1) = (F)’ (x) forall x V.
T =T @ATH T ON - T y) GO = {U) @ AT )} -
(I)° Cey)
(Fe )P () = {(FDP () v (FDP )} = (Fio)P (xy) forall (xy) € E
T =TT @OATHON-TH @), GO @) =D ATH )} -
IOF (xy)
(FEOP (ey) = {(FHP () v (FDP (00} = (FF (xy) forall (xy) € E
* UMD =M"M™
© (7)Y = @DV, GO = DM@, FHVE) = (F)HV () forall x €V,
© ()Y@ = @@, @) = UHY@), FHVE) = (FHV () forall x €V,
© Ty = {TDN )V (TN O} = (T (xy)
U ) = (DN ) v ADY O}~ U™ (xy)
(Fe ) Ge) = {EDN @) A FDY )} = (F)V (xy) forall (xy) € E
© Ty = {(THY )V (THY O} = (TH" (xy)
UEW ey = (V@) v IO} = U9 (xy)
FEO (o) = {FHY ) A FY 00} = (F)N (xy) for all (xy) € E
Remark 5.3 If G = (J,K) is a neutrosophic bipolar vague graph on G* then from above definition, it follows
that G<° is given by the neutrosophic bipolar vague graph G = (J¢°,K°) on G* where
¢ (D) =JE)”
* (17HD"0) = (7)) (7)) @) = (7)) @), ((F))P () = (F)F(x) for all x €

o ((TF)P(x) = (TP (), (IF)DP (%) = IH)P (), ((FF)P (x) = (FH)P (x) for all x €

o (TeHHP(xy) = (TP ) A (TP )} — (TP ()
(YO @) = {UIDP @) AUD O} = TP @)
((FYOP Gey) = {(FDP () V (FDP )} — (F)P (xy) forall (xy) € E
o ((TFHP Gry) = (TP () A(THP O} — (TP (xy)
(UEYDP Cey) = {UIHP @) AU} = T (xy)
((FEHD" (xy) = {(FHP () V (P (3} — (FOF (xy) forall (xy) € E
o (UDIN) = JE)Y
o (T = (THY@), (A7) = DV @), (FFHIV @) = (F)V(x) for all

x€V.

S.Satham Hussain, R. Jahir Hussain, Young Bae Jun and Florentin Smarandache. Neutrosophic Vague set and its
Application to Neutrosophic Bipolar Vague Graphs.



Neutrosophic Sets and Systems, Vol. 28, 2019 81

© (@) = TV UFIDNE) = EGHYE, ((FFHINNG) = (F)@) for all
x€eV.
* (T y) = (TN @) v TV} = (T (xy)
(T ) = (AN VA0 = U™ ()
((FHN ) = {EDN @) A FDN )} = (F)N (xy) forall (xy) € E
© (TEW ) = (@Y )V (THY )Y = (TN (xy)
(I ) = (IO v EHY )Y = T ()
(FED (ey) = {FEDHN ) A FHN 00} = (F)V (xy) forall (xy) € E.
for any neutrosophic bipolar vague graph G,G¢ is strong neutrosophic bipolar vague graphand G €
G°.
Definition 5.4 Suppose G° is the complement of neutrosophic bipolar vague graph G. In a strong
neutrosophic bipolar vague graph G, G = G then it is called self-complementary.
Proposition 5.5 Let G = (J,K) be a strong neutrosophic bipolar vague graph if
(T () = (TP ) AT ()}
TO" Gxy) = {UD" @) AU )}
FO"(xy) ={FED )V EFEDH" O
(THF () = {(THP ) A (T )}
IOF (xy) = {UH" ) A IO O}
FOFxy) = {EFED @)V EFE O}
(TN (xy) = {THY ) v (THY )}
TN ) ={UN" @) v T (1}
(FONCey) = {FDHY ) A FEDHY O},
(TN (xy) = {(THY ) v (THY O}
IO Cey) ={IH" ) v IO )}
FON (xy) = {FOY @) A FEDHYODLV(xy) € K)
Then G is self complementary.

Proof. Let G = (J,K) be a strong neutrosophic bipolar vague graph such that

N 1 ~
(T)"Gey) = S [T AT )]
. 1 . R
()" (xy) = 5 [AD" ) A U )]

(F)” (xy) = 2 [FDP () v (B D)),

and
. 1 . _
(TN (xy) = 3 [(THY () v (THN )]
R 1 . R
TN (xy) = 5 [NV ) v TNV )]
. 1 .
(FN (xy) = > [(FDN () A (DN (0]
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for all xy € ] then G ~ G, implies G is self complementary. Hence proved
Proposition 5.6 Assume that, G is a self complementary neutrosophic bipolar vague graph then

- 1 - A
> @@ =5 ) AT @ AT 0}

X+Yy X*+y

R 1 R R
> A" =5 ) (A @A) )

xX#y XEY

" 1 " "
D @) =5 ) {E @V B 0)
x+y xX+y

" 1 " -
D@V =5 ) AT @ v ANV
x£y ) 1x¢y ) A
> @) =5 ) 1 @V IO
XFYy X 1x¢y X X
D EN ) =5 ) {E @ AE )
L% xX*y

Proof. Suppose that G be an self complementary neutrosophic bipolar vague graph, by its
definition, we have isomorphism f:]; — J, satisfy
TP @) = T () = ()P ()
IR =GP FE) = I,)7 )
FPF@) = BIPF@) = (B @)
and
(TEDPF . F ) = (T )" (F (), fF () = (T )P (x9)
TP UL ) = U (F ). F ) = Ui)F (xy)
FEDPF ), fF) = (Fie) )P F (0, F)) = (Fie,)" (xy)
we have (T¢)P(f (), f () = (TP ) A (TDF ) = (T )" (F (), fF ).
ie, (Ti,)" (ey) = (TP () A (T ) = (Tie)P (F (. F ().
(Tie, )" () = (T () A (T[T (1)) — (T,)” (xy), hence
Tazy (Ti)7 C9) + By (Ti))? (9) = Ty (1,7 G A (T7)7 07D
Similarly, Xeey (T,)” (69) + Exay Ui)"(09) = sy (1,07 ) A (1,07 (0))
D EQT @)+ ) ) @) = Y (B )V () )

XFY XF+Y XF+Y

2> @) ) = ) (1,)" @) A D) 0)

X#FY X#FY

2> A" @) = ) (@)@ A D) O

x#y X+y

2> E)" @) = Y (B @V (B 0)

XFY XFY

Similarly one can prove for the negative condition, from the equation of the proposition (5.5) holds.
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Proposition 5.7 Suppose G, and G, is neutrosophic bipolar vague graph which is strong, G, ~
G, (isomorphism)

Proof. Assume that G; and G, are isomorphic there exist a bijective map f:]; = J;

satisfying,

(TP ) = TP,

@D = AP ),

(F1DP () = (F,)P(f (x)), for allx € J;

TN @) = TV (),

TN = TN ),

EON ) = FENN(F(x)), forallx € J;
and

(k)" (ey) = (T, )P (F GO, £ (1))
(i)? (ey) = (i, )" (F (), fF )
(Fx,)" () = (Fie )P (f (), f (1) Vxy € Ky
TV (xy) = T )N (FCO, F ()
k)" (xy) = UV F ), fF )
Fe )N (ey) = FEe )N (F (), f()Vxy € K
by definition (5.2) we have
(TP (xy) = ((T),)" ) A (1)) () — (Tie,)" (xy)
= (TP F) AT ) = (T, )" FOf (7))
= (TR Ff )
UgDTCey) = ([P ) A )" () — Uk,) (xy)
(P fFE) AT FO)) — Uk, )"FCOf )
IR FOf )
(Fe)f (o) = (FP ) v (D () — (Fie, )P (xp)
= (B fF)V FENfFO)) — F, )" (FOf )
= (F&)" (FOf )
Hence G{ = G5 forall (xy) € K;

Definition 5.8 A neutrosophic bipolar vague graph G = (J,K) is complete if
(T (ey) = (T ) A (T ()}
TO"Gy) = {UD" ) AU (1)}
(F)" (y) = {(FD () v (FDF 00},
(T (xy) = (T} () A (T ()}
IO @y) = {UIH ) A UH ()}
(FO" (ey) = {(FH ) v EDF 00},
(TN Cey) = {THY ) v TV )}
TN Cey) = {UD" @) v T}
FONCey) = {ED ) A ED O}
(TN Cey) = {THY ) v TV}
O Cxy) = {UH" @ v IHY )}
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FON ) = {EFED" @ A EFEDYODILY((xy) €])
Remark 5.9 The complement of NBVGs are NBVGs provided the graph is strong. According to [9],
the complement of Single-Valued Neutrosophic Graph (SVNG) is not a SVNG. By the same idea, we
implement the definition for NBVGs to obtain the proposed concepts. For other type of bipolar
graphs, the complement of Bipolar Fuzzy Graph (BFG) is BFG [6]. The complement of Bipolar Fuzzy
Soft Graph (BFSG) and Bipolar Neutrosophic Graph (BNG) are BFSG and BNG, [14, 16] respectively,
provided if the graph is strong. The complement of complete bipolar SVNG is bipolar SVFG [25].

Conclusion

This present work characterised the new concept of neutrosophic bipolar vague sets and its
application to NBVGs are introduced. Moreover, some remarkable properties of strong NBVGs,
complete NBVGs and complement NBVGs have been investigated and the proposed concepts are
illustrated with the examples. The obtained results are extended to interval neutrosophic bipolar
vague sets. Further we can extend to investigate the domination number, regular and isomorphic
properties of the proposed graph.
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