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ﬁﬂ Mathematical Model
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ﬁi Mathematical Model

ROMSOC

Direct problem

Given k € R*, he R", g € L?(T;,) and Tr € L2(T;,). Find T such that

—kAT(x) =0, W¥xeQ,

— kVT(x) n=g(x) Vx € i,
—kVT(x)-n=0 Vx € e,
—kVT(x)-n=h(T(x)— T¢(x)) Vxe€ Ty,
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&i Discrete Model
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Discretization by Finite Volumes Method
For any cell, C, of the mesh, T

—k Z FCJ + Z RO'TC = Z RO'ng - Z m(a)g07

c€€c\I ogeEcMlgf ogeEcMlgf oe€cMli,
where
> Ec is the set of faces of the cell C, o is the single face
T —T
> = T-Tc
FC,o . m(a) dC,L

_ _ hk
> Ro = fac. Tk
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“ Results
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f‘ Mathematical Formulation

ROM:

Inverse problem

Given the temperature measurements T(x;) € RT, i =1,2,
g(x) € L%(T';,) which minimizes the functional

M

Jigl = 5 SITlgl0x) — Te)P

i=1

where T[g](x) is solution of the direct problem.

Thermocouples measurements within the domain

Deterministic least-square approach

[ll-posed problem

Alifanov’s regularization

..., M, find
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W

ROM:

Alifanov’s Regularization

1 Set g%(x);

2 while n < nMax do

3 Solve direct problem;
4 Compute J;

5 if J < Jtol then

6 L Stop;

7 Solve adjoint problem;

n drg Hen(PPdx

S I A VN ) 75
9 | Search direction, P"(x) = Jga(x) +~"P" " (x);
10 Solve sensitivity problem;

n_ ; n_ gpn — 2 {Tle"(xi)=T(xi)}ST[P](xi)
1| f7 = argming Jig” = SF7] LTI
12 gn+1 — gn _ Bnpn;

13 | n=n+1
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f‘a Alifanov’s Regularization
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It is a conjugate gradient method applied to the adjoint problem.

The solution of the ajoint problem is the gradient of J evaluated at g, so it
gives us the search direction

Adjoint problem
1 M .
EA)\(X) + ;(T[g](x,-) — T(x))d(x—x;) =0, ¥xeQ,

TVA(X) n=0 Vx € [ip U Tex,
TVAX) -n+ HhA(x) =0 Vx €Ty
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ff; Alifanov’s Regularization
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It is a conjugate gradient method applied to the adjoint problem.

The step size along the search direction is given by the solution of the
sensitivity problem

Sensitivity problem
—kAST(x) =0, VxeQ,

— kVT(x) -n= P"(x) Vx € [ip,
*kV(ST(X) -n=20 VX € [Nex,
—kVoT(x)-n=h(6T(x)) VxeTlg.
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ﬁh Numerical Symulation
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— We want to estimate g at [,

.. . . E
— Finite Volume discretization for all =

problems
— Virtual thermocouples

— Measurements T taken from
solution of the direct problem

B S O OO
,é?,, O \\”’<)777<}’
a ‘ | | |
U3ﬁ%%ﬁhgb 7o R SN W
& i i i i
’ ©
S,

1.8 m

Thermocouples locations at the middleplane

of the plate

ROMSOC

Umberto Emil Morelli

14



v S

10° 2.
y

E 1o 125 — llellezen |

) 1 — llelle=en |
10 0.
\ 0.

10°°
0.
107 0.
Iteration Iteration
Convergence of the cost function J L? and L* norm of the relative error, €
m2 QWM Relative Error
s o o o,

04 0 o8

o6 o8 1 4 D % o2 04 06 08 1 2 14

o4 os 08 12 ha o is

g(x)=—x-y-10° Reconstructed BC Relative error, €

ROMSOC Umberto Emil Morelli 15



“, Measurements Interpolation
ROMSOC

— Radial Basis Function interpolation
T(x),i=1,2,....M

o
T(x)Vx €

Measurements interpolation plane
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ﬁ, Measurements Interpolation
ROMSOC

Measurements Cost functional
T(xi),i=12,....M Jlg]l=3>M [Tlgl(xi) — T(x:)]?
(3 A8

Tint(X)Vx € ¥ Jg]l = 3 5 (TIgl(x) — Tine(x))2dy
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f‘ Methodology

ROM:

— Parameters are the temperature measurements TerM
— Solve the inverse problem for different values of the parameters
— At each iteration obtain a solution (snapshot) for T, A and 6 T

VT = span(Tl, T2, ey Ts), V)\ = span()\l,/\g, e ,As),
V(;T = span(6T1,6T2, N ,(STs)
— POD on solution spaces to obtain orthonormal basis ¢, ¢,
Vr= Span(¢1>¢2> v 7¢5)7 V)\ = span(SOlaSO% v 7S05)>

V5T = Span("pl»"p% cee 7¢5)

ROMSOC Umberto Emil Morelli
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“ﬂ Methodology
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— Select the first few modes for each problem to have a reduced basis
spaces Vr.z, Vaps: ViTep

V1es =span(é1,@2,...,0n;) Vieg =span(e1,92,...,¢0nN,)

V(STRB = Span(¢1a¢27 s a¢N5T)

— Approximation of full order fields by linear combinations of the modes

Nst

TNqub, A~ Zaj@ (5T~25k¢k
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fla Methodology
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— Galerkin projection of the full order models on these basis to obtain
reduced models

Ly = ¢1 ¢NT EIRN”XNT,L)\ = (1 ... ©n, GIRN"XN’\
\ | | |
| \
LsT := |91 ... ’l,b/\/é.,. S IRNw>xNsT
| \
Full order Reduced order
ArT =br LIA7Lrd = LTby Ar.d = br,
A)\A:b/\ LIA)\L)\BZ L;’\—b)\ A,\,a:bA,

AsTOT, =bst LI AstLsT6T, = LlrbsT,  Ast,s = bs,
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&; Methodology
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» Offline

— Solve full problem, obtain snapshots
— Perform POD on snapshots
— Assemble linear systems
» Online
— Solve reduced conjugate gradient

ITHACA - FV
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ﬁ; Parameter Space Reduction
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10 samples per 15 parameters — 10> full order inverse problem solutions
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“ﬂ Parameter Space Reduction
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Experimental temperature measurements available T(x7¢, t;)

— T =
Q= : ., Q=UTxv,
— Tu —
1 N:i—
o ;i- = Z Ci0i7
-l i=1
. where 0; is the i-th column of U

Singular values
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‘ Results
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“ﬂ Conclusions
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Conclusions

— Implemented full order methodology

— Developed reduced method for inverse problem
Future Work

— Error estimate

— Study noise on input

— Bayesian approach
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