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Abstract: Neutrosophic set theory was initiated as a method to handle indeterminate uncertain data. It is identified via
three independent memberships represent truth 7', indeterminate I and falsity /' membership degrees of an element.
As a generalization of neutrosophic set theory, Q-neutrosophic set theory was established as a new hybrid model that
keeps the features of Q-fuzzy soft sets which handle two-dimensional information and the features of neutrosophic soft
sets in dealing with uncertainty. Different extensions of fuzzy sets have been already implemented to several algebraic
structures, such as groups, symmetric groups, rings and lie algebras. Group theory is one of the most essential
algebraic structures in the field of algebra. The inspiration of the current work is to broaden the idea of Q-neutrosophic
soft set to group theory. In this paper the concept of Q-neutrosophic soft groups is presented. Numerous properties
and basic attributes are examined. We characterize the thought of Q-level soft sets of a Q-neutrosophic soft set, which
is a bridge between Q-neutrosophic soft groups and soft groups. The concept of Q-neutrosophic soft homomorphism
is defined and homomorphic image and preimage of a Q-neutrosophic soft groups are investigated. Furthermore, the
cartesian product of Q-neutrosophic soft groups is proposed and some relevant properties are explored.
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1 Introduction

Neutrosophic sets (NSs), one of the fundamental models that deal with uncertainty, first appeared in mathe-
matics in 1998 by Smarandache [, 2] as an extension of the concepts of the classical sets, fuzzy sets [3] and
intuitionistic fuzzy sets [4]. A NS is identified via three independent membership degrees which are standard
or non-standard subsets of the interval |~0,17[ where =0 = 0 — 4,17 = 1 + §; 0 is an infinitesimal num-
ber. These memberships represent the degrees of truth (77), indeterminacy (/), and falsity (). This structure
makes the NS an effective common framework and empowers it to deal with indeterminate information which
were not considered by fuzzy and intuitionistic fuzzy sets. Molodtsov [5] raised the notion of soft sets, based
on the theory of adequate parametrization, as another approach to handle uncertain data. Since its initiation, a
plenty of hybrid models of soft sets have been produced, for example, soft multi set theory [6], soft expert sets
[7], fuzzy soft sets [¢] and neutrosophic soft sets (NSS) [9]. Recently, NSs and NSSs were studied deeply by
different researchers [10]-[19].

Majdoleen Abu Qamar and Nasruddin Hassan, Characterizations of Group Theory under Q-Neutrosophic
Soft Environment.



115 Neutrosophic Sets and Systems, Vol.27, 2019

However, none of the above models can deal with two-dimensional indeterminate, uncertain and incom-
patible data. This propelled researchers to amplify them to have the capacity to deal with such circumstances,
for example, Q-fuzzy soft sets [20, 21], Q-neutrosophic soft sets (Q-NSSs) [22] and Q-linguistic neutrosophic
variable sets [23]. A Q-NSS is an expanded model of NSSs characterized via three two-dimensional indepen-
dent membership degrees to tackle two-dimensional indeterminate issues that show up in real world. It gave
an appropriate parametrization notion to handle imprecise, indeterminate and inconsistent two-dimensional
information. Hence, it fits the indeterminacy and two-dimensionality simultaneously. Thus, Q-NSSs were fur-
ther explored by Abu Qamar and Hassan by discussing their basic operations [24], relations [22], measures of
distance, similarity and entropy [25] and also extended it further to the concept of generalized Q-neutrosophic
soft expert set [26].

Hybrid models of fuzzy sets and soft sets were extensively applied in different fields of mathematics, in
particular they were extremely applied in classical algebraic structures. This was started by Rosenfeld in
1971 [27] when he established the idea of fuzzy subgroup, by applying fuzzy sets to the theory of groups.
Since then, the theories and approaches of fuzzy soft sets on different algebraic structures developed rapidly.
Mukherjee and Bhattacharya [28] studied fuzzy groups, Sharma [29] discussed intuitionistic fuzzy groups,
Aktas and Cagman [30] defined soft groups and Aygunoglu and Aygun presented the concept of fuzzy soft
groups [31]. Recently, many researchers have applied different hybrid models of fuzzy sets to several algebraic
structures such as groups, semigroups, rings, fields and BCK/BCl-algebras [32]-[38]. NSs and NSSs have
received more attention in studying the algebraic structures dealing with uncertainty. Cetkin and Aygun [39]
established the concept of neutrosophic subgroups. Bera and Mahapatra introduced neutrosophic soft groups
[40], neutrosophic soft rings [41], («, §,7)-cut of neutrosophic soft sets and its application to neutrosophic
soft groups [42] and neutrosophic normal soft groups [43]. Neutrosophic triplet groups, rings and fields and
many other structures were discussed in [44, 45, 46]. Moreover, two-dimensional hybrid models of fuzzy sets
and soft sets were also applied to different algebraic structures. Solairaju and Nagarajan [47] introduced the
notion of Q-fuzzy groups. Thiruveni and Solairaju defined the concept of neutrosophic Q-fuzzy subgroups
[48], while Rasuli [49] established Q-fuzzy and anti Q-fuzzy subrings.

Inspired by the above discussion, in the present work we combine the idea of Q-NSS and group theory
to conceptualize the notion of Q-neutrosophic soft groups (Q-NSGs) as a generalization of neutrosophic soft
groups and soft groups; it is a new algebraic structure that deals with two-dimensional universal set under
uncertain and indeterminate data. Some properties and basic characteristics are explored. Additionally, we
define the Q-level soft set of a Q-NSS, which is a bridge between Q-NSGs and soft groups. The concept of
Q-neutrosophic soft homomorphism (Q-NS hom) is defined and homomorphic image and preimage of a Q-
NSG are investigated. Furthermore, the cartesian product of Q-NSGs is defined and some pertinent properties
are examined. To clarify the novelty and originality of the proposed model a few contributions of numerous

authors toward Q-NSGs are appeared in Table 1.
Table 1: Contributions toward Q-NSG.

Authors Year Contributions
Rosenfeld [27] 1971 Introduction of fuzzy subgroup.
Aktas and Cagman [30] 2007 Introduction of soft group.
Aygunoglu and Aygun [31] 2009 Introduction to fuzzy soft groups.
Cetkin and Aygun [39] 2015 Introduction of neutrosophic subgroup.

Bera and Mahapatra [40] 2016 Introduction of neutrosophic soft group.
Solairaju and Nagarajan [47] 2009 Introduction of Q-fuzzy group.
Thiruveni and Solairaju [48] 2018 Introduction of neutrosophic Q-fuzzy subgroup.

Abu Qamar and Hassan This paper Introduction of Q-NSG.
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2 Preliminaries

We recall the elementary aspects of soft set, Q-NS and Q-NSS relevant to this study.

Definition 2.1. [5] A pair (f, E) is a soft set over X if f is a mapping given by f : ' — P(X). That is, the
soft set is a parametrized family of subsets of X.

Definition 2.2. [30] A soft set (f, E') over a group G is called a soft group over G if f(a) is a subgroup of G,
Va € E.

Definition 2.3. [31] A fuzzy soft set (F, E)) over a group G is called a fuzzy soft group over G if Va € E,
F(a) is a fuzzy subgroup of GG in Rosenfeld’s sense.

Abu Qamar and Hassan [22] proposed the notion of Q-neutrosophic set (Q-NS) in the following way.
Definition 2.4. [22] A Q-NS I'g in X is an object of the form

Lo = { {(5:7). Trg (5.). Irg (5,7). Frg (59) 1 5 € X.p € Q.

where Q # ¢ and T, I, Fr, : X x Q —]70,17] are the true, indeterminacy and false membership
functions, respectively with 0 < TFQ + IFQ + FFQ < 3.

Definition 2.5. [22] Let X be a universal set, () be a nonempty set and A C FE be a set of parameters. Let
QN S(X) be the set of all multi Q-NSs on X with dimension [ = 1. A pair (I'g, A) is called a Q-NSS over
X, where I'g : A — p!QNS(X) is a mapping, such that [g(e) = ¢ if e ¢ A.

A Q-NSS can be presented as

(Tg, A) = {(e,Tgle)) e € A,Tg € f'QNS(X)}.
Definition 2.6 ([24]). Let (I'g, A), (¥, B) € @ — NSS(X). Then, (I'g, A) is a Q-neutrosophic soft subset
of (U, B), denoted by (I'g, A) C (Vq, B),if A C Band'g(e) C Wq(e) forall e € A, thatis Tr,)(s,p) <
T\I’Q(e)(s7p)7 [FQ(e)(S7p) > [‘I’Q(e)(sap)a FFQ(6)<S>p) > F\I’Q(e)(s7p)> for all (S7p) € X X Q

Definition 2.7. [24] The union of two Q-NSSs (I'g, A) and (¥, B) is the Q-NSS (Ag, C) written as (I'g, A)U
(Vg, B) = (Ag,C),where C = AU Band Ve € C, (s,p) € X x @, the membership degrees of (Ag, C) are:

Tro(e)(5,p) ifce A— B,
Tag@(5,0) = § Twg© (s p) ifcc B— A,
max{Tt,)(5,p), Twy)(s,p)} ifce ANDB,

(I 0)(5,P) ifce A— B,
Ing(e)(5,0) = § Twg o (s, 1) ifce B — A,
min{Ir, ¢ (5,p), v (s,p)} ifc€ ANDB,

(FFQ(C)(s,p) ifce A— B,
Fag@(5,0) = § Fug(o)(s,p) ifce B— A,
(min{Fr,)(s,p), Fuye(s;p)} ifce ANB.
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Definition 2.8. [24] The intersection of two Q-NSSs (I'g, A) and (¥, B) is the Q-NSS (Z¢, C') written as
(Tg, A) N (Vg, B) = (Eg,C), where C = AN Band Ve € C and (s,p) € X x @, the membership degrees
of (Eg, C) are:

Tzq(0)(8,p) =min{Trq ) (5, p), Twg ) (s, p) },
[EQ(C)<S7p) _maX{[FQ(C ( P )7I\PQ(C)(37P)}7
FEQ(C)<S7p) = maX{FFQ(C)(Sap>7 F‘I/Q(c)(sap)}'
Definition 2.9. [24]If (I'g, A) and (¥, B) are two Q-NSSs on X, then (I'g, A) AND (¥, B) is the Q-NSS

denoted by (I'g, A) A (Vq, B) and introduced by (I'g, A) A (¥, B) = (©¢g, A x B), where Og(a,b) =
Fo(a) N Wg(b) V(a,b) € Ax Band (s,p) € X x (, the membership degrees of (O, A x B) are:

T@Q(a,b) (87 p) - min{TFQ(a)<S7 p)u T\I!Q(b)<87p)}7
I@Q(a,b) (87 p) - maX{IFQ(a) (87 p>7 [\I!Q(b) (87 p)}7
F@Q(a,b) (Sap> = maX{FFQ(a) (Sap)7 F\IfQ(b)(Sap>}'
Definition 2.10. [24] If (I'g, A) and (¥, B) are two Q-NSSs on X, then (I'g, A) OR (¥, B) is the Q-NSS

denoted by (I'g, A) V (¥, B) and introduced by (I'g, A) V (¥, B) = (Yo, A x B), where Y(a,b) =
Fo(a) U¥qo(b) V(a,b) € A x Band (s,p) € X x @, the membership degrees of (Y, A x B) are:

TTQ(a,b) (Sa p) = maX{TFQ(a) (Sa p)7 T\I/Q(b) (Sa p)}a
]TQ(a,b) (Sa p) = min{]FQ(a)(S7 p)v ]‘IIQ(b) (8’p)}7
FTQ(a,b) (8,])) - min{FFQ(a)(S7p)7 F\I!Q(b)(87p)}'

Definition 2.11. [24] If (I'g, A) is a Q-NSS on X, then the necessity [1(I'g, A) and the possibility (I, A)
operations of (I'p, A) are defined as: foralle € A

T, A) = {{e,[(5:P)s Trg (5,0): Trg s,p). 1 = Trg(s.p)]) : (5.9) € X x Q}

and

O(Tg, A) = { (e [(5,0): 1 = Frg (5.9), Irg (5.9), Frg(s.1)] ) : (s,7) € X x Q.

3 Q-Neutrosophic soft groups

In the current section, we propose the notion of Q-NSG and investigate some related properties. In this paper
G will denote a classical group.

Definition 3.1. Let (I'g, A) be a Q-NSS over G. Then, (I'g, A) is said to be a Q-NSG over G if for all e € A,
['g(e) is a Q-neutrosophic subgroup of G, where T'g(e) is a mapping given by T'g(e) : G x Q — [0,1]>.

Definition 3.2. Let (I'g, A) be a Q-NSS over G. Then, (I'g, A) is said to be a Q-NSG over G if for all
s,t € G,p € Qande € A it satisfies:

L. TF@(@)(‘St?p) > min {TFQ(e) (Sap)vTFQ(e)(tvp)}u ]FQ(e) (Stup) < max {]FQ(G) (S7p)7 IFQ(e)(t7p)} and
FFQ(6)<St7p) < max {FFQ(G)(S>p)7 FFQ(e) (tap>}
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2. Trge) (575 0) = Troe)(8:0)s Irge) (571 p) < Irg(e)(s,p) and Fry, ) (s, p) < Fry(e)(s,p).

Example 3.3. Let G = (Z,+) be a group and A = 3Z be the parametric set. Define a Q-NSS (I'g, A) as
follows
forpe Qands,m € Z

0.50 ifz=06rm,3drcZ,

0 otherwise,

TFQ(Bm)<S7p) = {

0 if v = 6rm,dr € Z,
0.20 otherwise,

]I‘Q(3m)(sap) = {

0 if x = 6rm,3dr € Z,
0.25 otherwise.

FFQ(?)m)(Sap) = {
It is clear that (I, 3Z) is a Q-NSG over G.

Theorem 3.4. Let (I'g, A) be a Q-NSG over G. Then, for all s € G and p € Q) the following valid:
1. TFQ(e)(S_lap) = TFQ(6)<57p)7 IFQ(e) (S_lvp) = IFQ(e)(Sup) and FFQ(6)<S_17p) = FFQ(e) (Sap)‘
2. TFQ(e)(éyp) > TFQ(e)(Sap>7 IFQ(B)(é7p) < ]FQ(e)(sap) and FFQ(e)(é7p) < FFQ(e)(Sap>'

Proof. 1. TFQ(Q)(S,p) = TFQ(Q)((S_I)_I,Z?) > TFQ(e)(3_17p>7 IFQ(e)(37p> = [FQ(e)<(S_1)_17p) < IFQ(e)(S_lap)a
and Fry,()(5,1) = Tro(e)((s71) 71 p) < Fry(e) (s~ p). Now, from Definition 3.2 the result follows.

2. For the identity element é in G

Tro(e)(é,0) = Troe (ss ™, p)
> min { Ty e) (8, 2)s Trg(e) (5. 1) }
= TFQ(G)(S7p)7

Irge)(€,p) = Irge (ss™,p)
< max {Ir,()(s,p), Iro () (5, 1) }
= [FQ(e)(S;p)

and
FFQ(e) (é,p) = FFQ(e) (88717]7)
< max {FFQ(E) (87 p)u FFQ(6)<S7 p)}
= FFQ(e)(37p>'
Therefore, the result is proved. ]
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Theorem 3.5. A O-NSS (L', A) over G is a Q-NSG if and only if for all s,t € G,p € Qande € A
1. TFQ(G)(st_l,p) > min {TFQ(e)(s,p),TpQ(e) (t,p)},
2. IFQ(E)(stfl,p) < max {IpQ(e)(s,p), Ity (e) (t,p)} and
3. Froe(st™,p) < max { Fry (s, ), Froe(t,p) }-

Proof. Suppose that (I'g, A) is a Q-NSG over GG. By Definition 3.2 we have

Trge)(st™",p) = min {Trge)(5,0), Trge) (¢, p) } = min {Trge)(s,0), Trge) (£ )},
er(e)(St_l,p) < maX{er(e ,0), Irg (o) ( t_l,p } < maX{er(e 5,0); Irg () (t P)}
Froe)(st™1,p) < max { Fro(e)(5, D), Fro (t7p) } < max {Frqe)(s,p), Frge (t,p) }-

Thus, conditions 1,2 and 3 hold.

Conversely, suppose conditions 1,2 and 3 are satisfied. We show that for each e € A (I'g, A) is a Q-
neutrosophic subgroup of G. From Theorem 3.4 we have Tt )(s™",p) > Try(e)(5,0), Irge)(s7',p) <
Iry(e)(s,p) and FFQ(G)(S_l,p) < Fr,(e)(s, p)- Next,

Troe)(st,p) = Trge (s(t™) ™, p)

>mm{TrQ (e)(5,9); Trg e (t_l,p)}
{Tr (5,0), Troe)(t ,p)},
Irg(e)(st,p) = Irg e (s(t™1) 7", p)

SmaX{IFQ S p [FQ(6)< 7p)}

> min o(e)

< max § Ir,(e)(8, 1), Irg e (t, p)}
and
Fro(e)(st,p) = Froe (st p)
< max {FFQ(e)(s,p), Froe) (t_l,p)}
< max {FFQ(Q)(8>p)7 Frg e (t,p)}-
This completes the proof. [

Theorem 3.6. Let (I', A) and (Y, B) be two Q-NSGs over G. Then, (I'g, A) A (¥g, B) and (I'g, A) N
(Y, B) are also Q-NSGs over G.

Proof. We know that (I'g, A) A (W, B) = (Op, A x B), where for all (a,b) € A x Band (s,p) € X x Q
Q Q Q
Tog(ab)(s,p) = min {TFQ(a)(&p), T@Q(b)(sap)},
IGQ(a,b)(Sap) = nax {IFQ(Q)(87p>7 I\I/Q(b)(sap)}a

F®Q(a,b)(87p) = max {FFQ(a)(Sap)7 F\I/Q(b)(svp)}‘
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Now, since (I'g, A) and (U, B

and

Also,

Toy(ap)(st,p)

I@Q (a,b) (5t7 p)

Foy(ap (st, p)

are Q-NSGs over G, Vs,t € G,p €  and (a,b) € A x B, we get

I
=
=

TPQ@(st,p),T%(b)(st,m}
min {Tr(a) (5, ), TFQ(a> (t,p) 1 min { Tug) (s, p), Twge) (t P)}}
min {TFQ(G 5,0); Twg (v } min {TFQ @ (t:p), Twyw (1, p)}}

Too(ab)(5:1), Tog(ap) (t:p) },

W%
=
:j

I
E.
=

I
=
5

IFQ(a) (St7 p)7 I\I/Q(b) (Stv p)

AN
3
i
B
o]
3
——
ol
&)

(a)(svp)a IFQ(a) (t7p)}7 max {]\I/Q(b)(87p)7 ]‘IIQ(b) (t7p>}}

max{[pQ( )(5,0), Lwom) (s, p } max{[pQ tp),]q,Q(b)(t,p)}

I
:
=

I
:
=

I
=,
=
NS S -, A A \‘/

[@Q(ab)(s p [@Q ab t P }

maX{FpQ(a) (st,p), Fugym)(st,p)
< max { max { Froa)(5, ), Fro @ (t.p) }, max { Fu, @) (s, ), Fugm (t,p) }
= max{max{FpQ 5,0); Fuou(s,p } maX{FpQ (t p),F\pQ(b)(t,p)}
ZmaX{F@Qab $,1), Foy(ab) tp}

TGQ(a,b)(S_lap) = min {TFQ(UL) (5_17p)7T\I/Q(b) (5_17]9)}

> min {TFQ(a)(Sap>a T‘I’Q(b)(57p>}

= T@Q(a,b) (87 p)a

Iogap)(s!,p) = max {]FQ(a)<S_17p)7 prQ(b)(S_17p)}

< max {IFQ(a)(87p)7 I\IJQ(b)(SaP)}

= I@Q(a,b)(s7p)a

)
j
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Fou(ap (s, p) = max {FFQ(a)(Siap)? F\yQ(b)(Sfl,P)}

< max {FFQ(Q)(S,I?), qu@(b)(sap)}
= Foy(ap) (5 D)

This shows that (I'g, A) A (¥, B) is a Q-NSG. The proof of (I'g, A) N (¥, B) is similar to the proof of
(Tq, A) A (Vq, B). O
Remark 3.7. For two Q-NSGs (I'g, A) and (¥, B) over G, (I'g, A) U (Vq, B) is not generally a Q-NSG
over G.

For example, let G = (Z,+) and E = 27Z. Define the two Q-NSGs (I'g, E) and (¥, E') over G as the
following for s, m € Z,p € @

0.50 ifx =4rm,dr € Z,
TFQ(Qm)(S p)= otherwise

I 0 if v = 4rm,dr € 7Z,
m) 5 .
Fa(2 P) otherwise,

2 0 ifx =4rm,dr € Z,
ro(zm) (5 ) 0.10 otherwise,

and

T\I/Q(Qm) $,D)

o

otherwise,

o

if v = 6rm,dr € Z,
Ly 3m) (5, p)

o

20 otherwise,

o

2 if v = 6rm,dr € Z,
m S .
Yol ) P) 0.17 otherwise.

.
-
{06 if £ = 6rm, 3r € Z,
:
{

Let (g, A) U (¥Yg, B) = (Ag, E). Form = 3,s = 12,¢t = 18 we have

Tao(6)(12.1871,p) = Tay6)(—6,p) = maX{TpQ 6)(=6, 1), T 6) (— 6,p)} — max{0,0} = 0
and
min {TAQ(G)(12>p)vTAQ(6)<18ap)}
= min{max {TFQ(G)(H,p),T\pQ( (12,p } max {TFQ (18,p), Tw,(6) (18, p)}}
— min { max {0.50, 0,67}, max {0,067} }

— min {0.67, 0.67} — 0.67.
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Hence, Ty, (12.1871,p) = 0 < min{TAQ(G)(IQ,p),TAQ(G)(l&p)} = 0.67; ie. (Ao, E) = (Do, A) U
(Vq, B) is not a Q-NSG.

Theorem 3.8. If (I'g, A) is a Q-NSG over G, then (L', A) and (L', A) are Q-NSGs over G.
Proof. Let (I'g, A) be a Q-NSG over G. Then, foreache € A, s, € G and p € () we have

FDFQ(G)(st_l,p) =1—Trye(st™",p)
< 1 —min {TFQ(€)<Svp)7 Trq(e) (tap)}
= max {1 —Try(e)(8,0), 1 = Trye) (t,p)}
= max {FDFQ(e)(Svp)7 Forge) (t,p)}.

Hence, ()(I', A) is a Q-NSG. Similarly, we can prove the second part. [
Definition 3.9. Let (I'g, A) be a Q-NSG over G. Let o, 5,7 € [0, 1] with a4+ 8 + v < 3. Then (I'g, A)(a,8.4)
is a Q-level soft set of (I'g, A) defined by
T, A)asm = {8 €G,p€Q: Trye)(s,p) > a, Iry(e)(5,0) < B, Frge)(s,p) < 7}
forall e € A.
The next theorem provides a bridge between Q-NSG and soft group.

Theorem 3.10. Let (I'g, A) be a Q-NSS over G. Then, (I'g, A) is a Q-NSG over G if and only if for all
a, B, € [0, 1] the Q-level soft set (I'g, A)(a,5) # ¢ is a soft group over G.

Proof. Let (I'g, A) be a Q-NSG over G, s,t € (I'g(€))(a,34) and p € Q, for arbitrary o, 8,y € [0, 1] and
e e A

Then we have Tt ¢)(s,p) > @, Irge)(5,p) < B, Fry(e)(s,p) < 7. Since (I'g, A) is a Q-NSG over G, then we
have

TFQ(e)(St7p> 2 min {TFQ(e)(Sap)7TFQ(e)(t7p)} > {Oé,Oé} = Q,
]FQ(e)(Stap) < maX{]I‘Q(e)(87p)a]FQ(e)(tap)} < {ﬁ)ﬁ}

FFQ(e)(Stap) < maX{FFQ(e)<3>p)a FFQ(e)(t?p)} < {777} =7.

Therefore, st € (Ug(€))(a,8,9)- Furthermore 1, (¢)(s™,p) > a, Ity )(s7',p) < B, Frye)(s™,p) < 7. So,
st € (Pg(e)) (a8, Hence (T'g(€))(a,s,) is a subgroup over G, Ve € A.

Conversely, suppose (I'g, A) is not a Q-NSG over G. Then, there exists e € A such that I'g(e) is not a
Q-neutrosophic subgroup of GG. Then, there exist s;,¢; € G and p € () such that

TFQ(e) (81t1_17p) < min {TFQ(E) (817p)7 TFQ(e) (thp)}?

]FQ(G) (Sltl_17p) > max {]FQ(G) (Slﬂp)7 IFQ(C) (tlﬂp)}
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and
FFQ(6)<81tI17p> > max {FFQ(e)(Slap)a FFQ(e) (tlap)}'

Let us assume that, TFQ(e)(sltl’l,p) < min {TFQ(e)(sl,p), Tt e (tl,p)}. Let Tt ey (51, p) = ou,

Trqe)(t1,p) = as and TFQ(C)(Sltl_17p) = a3. If we take a = min{ay, s}, then s;t; " ¢ (To(€)) s But,
since

Tro(e)(s1,p) = a1 > min{an, a} = @
and

Try(e)(t1,p) = ag > min{ay, ag} = a.

For I, e)(51,0) < B, Irg(e)(t1,p) < B, Froe)(51,0) < 7, Frge) (t1,p) < 7, we have 51,1, € (T'g(€))(a,5.4)-
This contradicts with the fact that (I, A)(4,5,4) is a soft group over G.

Similarly, we can show that Ir,((sit;',p) > max{[FQ(Q)(sl,p),IFQ(e)(tl,p)} and Fp,)(sit; ' p) >
max {FFQ(e)(51>p)7 FFQ(e)(tlap)}' u

4 Homomorphism of Q-neutrosophic soft groups
In the following, we define the Q-neutrosophic soft function (Q-NS fn), and then define the image and preimage

of a Q-NSS under Q-NS fn. Moreover, we define the Q-neutrosophic soft homomorphism (Q-NS hom) and
prove that the homomorphic image and pre-image of a Q-NSG are also Q-NSGs.

Definition 4.1. Letg: X x Q — Y x Q and h : A — B be two functions where A and B are parameter sets
for the sets X x ) and Y x @, respectively. Then, the pair (g, h) is called a Q-NS fn from X x Qto Y x Q.

Definition 4.2. Let (I'g, A) and (¥, B) be two Q-NSSs defined over X x () and Y x @, respectively, and
(g,h) be a Q-NS fn from X x QtoY x Q. Then,

1. The image of (I'g, A) under (g, h), denoted by (g, h)(I'g, A), is a Q-NSS over Y x () and is defined by:

(9.0)(Tq. 4) = (9(T). h(4)) = {{b.9(Ta)(b) : b € h(A)) }.

where forall b € h(A),t € Y,p € Q,

T ; ) MaXg(s,p)=(t,p) maXh(a)zb[TFQ(a)(Sap)] if (S,p) € gil(tvp)v
sy (LP) =9 otherwise

I t = ming(S,p)=(t,p) minh(a)=b[lFQ(a)(3>p)] if (s,p) € gil(t’p)’
o) (t:p) =4 otherwise

F,

g

) ming (s p)—(tp) Minp@)=s[Fro@ (s, )] if (s,p) € g7 (t,p),
T (t:p) = .
1 otherwise,
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2. The preimage of (¥(, B) under (g, k), denoted by (g,h) " (¥q, B), is a Q-NSS over X x @ and is
defined by:

(9.0)7 (Wq. B) = (97 (o). ™ (B)) = { (@, (Wo) (@) : a € h7(B) ) |.
where, foralla € h™(B),s € X,p € Q,

To-1(wo) (@) (8:0) = Twgn(a) (9(s: P)),
L)) (5, ) = Twgnay(9(s,p)),
Fy1wg)@)(8,P) = Fugn)(9(s,p)).

If g and K are injective (surjective), then (g, h) is injective (surjective).

Definition 4.3. Let (g, 1) be a Q-NS fn from X x Q to Y x Q. If g is a homomorphism from X x Qto Y x @,
then (g, k) is said to be a Q-NS hom. If g is an isomorphism from X x @ to Y x @ and h is a one-to-one
mapping from A to B, then (g, h) is said to be a Q-neutrosophic soft isomorphism.

Theorem 4.4. Let (I'g, A) be a Q-NSG over a group G, and (g, h) be a Q-NS hom from G1 x Q to Gy X Q.
Then, (g,h)(I'g, A) is a Q-NSG over Gs.

Proof. Letb € h(E),t1,ts € Gyand p € Q. For g~ (t1,p) = ¢ or g~ (t2, p) = ¢, the proof is clear.
So, suppose there exist s1, s2 € G and p € @ such that g(s1,p) = (¢1,p) and g(s2, p) = (t2,p). Then,

T tito,p) = max maX[T ) (8, }
g(FQ)(b)( 1t2,p) o(5p)=(ix t2.p) ha)ob Lo )(5,p)

> hI(IlE)%X [TI‘Q( )(5132,]7)]

> mmex, [mm {Tm( )(Sl,p),TFQ@(sQ,p)H

= min { Inax [TFQ@ (51, p)} ) ax, [TFQ(G)(Sz,p)} }

T, t7t p) > max max [T s,p]
s (t,p) 2 max, max | Troe(s:p)

> r&f)ixb |:T1"Q(a)(81 ,p)}

> I(I(ll(;iXb [TFQ(Q)(sl,p)].

Since, the inequality is hold for each s1, s, € G and p € @, which satisfy g(s1,p) = (¢1,p) and g(s2,p) =
(t2,p). Then,

T, tits, Zmin{ max max[T o) (81, ], max  max [T o) (S92, }}
sy (tatz:P) st gy | Ta@ (S0P o A%, ) s, [TPa(o (52, 2)

= min {Tg(FQ)(b) (t1,p), Tg(FQ)(b) (t%p)}'
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Also,

Tyro)w(ti',p) > max  max [TFQ(a)(Slap)} = Tyro)) (1, p)-

g(s1,p)=(t1,p) h(a)=b

Similarly, we can obtain

Ly (tit2,p) < max { gy (t1,0): Lce)) (t2:7) | ey (1574P) < Lyrqyo (1, ),
Fyron(hitz, p) < max {

Fyro)v)(t1: ), Fyro)m) (tzvp)} Fyrg)) (1, 0) < Fyrgya (t, p)-
This completes the proof. ]

Theorem 4.5. Let (U, B) be a Q-NSG over a group G5 and (g, h) be a Q-NS hom from G x Q) to Go X Q.
Then, (g,h)" (g, B) is a Q-NSG over G.

Proof. Fora € h™'(B), s1,s € Gy and p € Q, we have

Tg—l(\pQ)(a)(8152,P) = Twyn(a)] (9(s152,p))
= T\I/Q[h(a)] (9(s1,p)9(s2,p))

> min {TmQ[h(a)] (9(51,1)); Twolna) (9(82,10))}

= min {Tg—1(q,Q)(a)(51,p), Tg—l(\I/Q)(a)(327p)}

Tyt wo)@) (57 0) = Tugna) (9

Similarly, we can obtain

Iy-1(w5)(a) (8182, p) < min { 91 (o) (a )(81,19)7[g—l(\pQ)(a)(SmP)},
L1 wg)@ (51, P) = Ly-1wg)(@) (51, D),
Fo-1w6)(a (31827 p) =<m {F 1(\I/Q)()(31>p)aFg—l(\l/Q)(a)(Smp)},
Fy1wo)a) (515 p) = 0)(@)(51,D).
Thus, the theorem is proved. [

5 Cartesian product of Q-neutrosophic soft groups

In this section, we introduce the cartesian product of Q-NSGs and discuss some of its properties.
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Definition 5.1. Let (I'g, A) and (¥, B) be two Q-NSGs over the groups GG; and G, respectively. Then their
cartesian product is (I'g, A) x (Vg, B) = (29, A X B) where Qg(a,b) = I'g(a) x Yq(b) for (a,b) € A X B.
Analytically,
QQ(CL,b) =
{<((S7 t)7p)7 TQQ(a,b) ((37 t>7p> ) [QQ(a,b) <(S7 t)7p) ) FQQ(a,b) ((87 t>7p>> HENS G17 te G27p c Q}

where,

TQQ(a,b) <(Sa t)7p> = min {TFQ(a) (Sap)7 T\I/Q(b) (tvp)}a
[QQ(a,b) <(57 t)>p> = max {[FQ(a)<87p)7 [\IIQ(b) (tap)}a

FQQ(a,b) ((57 t)7p> = Inax {FFQ(a)<Svp)7 F\PQ(b)<t7p>}

Theorem 5.2. Let (I'g, A) and (Vq, B) be two Q-NSGs over the groups Gy and G5. Then their cartesian
product (I'g, A) x (Vg, B) = (g, A x B) is also a Q-NSG over G x Go.

Proof. Let (I'g, A) x (¥g, B) = (¢, A x B) where Qg(a,b) = I'g(a) x ¥(b) for (a,b) € A x B. Then
for ((81>t1)>]9>> ((527152),]9) € (G1 x Go) X Q

Tag(ab) ((51, t1)(s2, 752)»P>
= Tag(ab) ((81327 t1t2),p>

TFQ(a) (5152, p), T\yQ(b) (t1t2, p)}

jS]

min

min

(Y

min {Try @) (51, 1), Tro(a) (52, p) }, min { Ty ) (81, 2), Twgm) (t2, ) }}
min { Trg (o) (51, 2), Tag (t1, )} min { Trg(a (52, p), Tago(t2,p) } |

Tog(ab) ((317 tl);?)  Tag(ab) ((32, t2)>]9> },

min

[
)

lontun N ot Wanten Wandeny

m

also
Tagab) ((817751)(82,752)717)
= Iog(ab) ((81327 tlt?)aP)
= max {IFQ(G)(slsg,p), [\yQ(b)(tlt%p)}
< max { max { It (a) (51, 2): Irg(a) (52, p) } max { Ty, ) (t1. 0), Twg, ) (tQ,p)}}
= max { max { Irg (a) (51, )s Twg ) (t1,p) } max { Irg a) (2, ), wa<b)(t2aP)}}

= max {IQQ(a,b) ((51, t1)7p> s Lag (ab) ((52, t2)ap> }>
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similarly, Fo, (a0 ((317 t1)(s2, 752)719) < max {FQQ(mb) ((51, 751)7P> s Fag(ab) ((52, 152),29) }
Next,

TQQ(a,b) <(317 tl)_lap) = TQQ(a,b) ((31_17 t1_1)7p>
> min {TFQ(Q)(Sl_l,p), Tq/Q(b) (tflap)}
> min {TFQ(a)(Sl,p), T\DQ(b)<t17p)}

= Tag(ab) ((81,t1)7p>7
also

]QQ(a7b) ((51, tl)_l,p> = IQQ(a,b) ((51_17 t1_1)7p>
< max {[FQ(a)<SI1>p)7 [‘I’Q(b) (t;17p)}
< max {IFQ(G)(sl,p), I\IJQ(b)(tlap)}

= IQQ(a7b)((Slat1)7p>7

similarly, Fo,(a) ((sl, tl)_l,p) < Fag(ab) <(51,t1),p>. Hence, this proves that (I'g, A) x (¥q, B) is a Q-
NSG over G x Gs. O

6 Conclusions

A Q-NSS is a NSS over two-dimensional universal set. Thus, a Q-NSS is a set with three components that
can handle two-dimensional and indeterminate data simultaneously. The main goal of the current work is to
utilize Q-NSSs to group theory. This study conceptualizes the notion of Q-NSGs as a new algebraic structure
that deals with two-dimensional universal set. Some relevant properties and basic characteristics are explored.
We define the Q-level soft set of a Q-NSS, which acts as a bridge between Q-neutrosophic soft groups and soft
groups. Also, the concepts of image and preimage of a Q-NSG are investigated. Moreover, the cartesian prod-
uct of Q-NSGs is discussed. The defined notion serves as the base for applying Q-NSSs to different algebraic
structures such as semigroups, rings, hemirings, fields, lie subalgebras, BCK/BClI-algebras and in hyperstruc-
ture theory such as hypergroups and hyperrings following the discussion in [50, 51, 52, 53]. Moreover, these
topics may be discussed using ¢-norm and s-norm.
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