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Abstract—Network slicing to enable resource sharing among
multiple tenants —network operators and/or services— is consid-
ered a key functionality for next generation mobile networks.
This paper provides an analysis of a well-known model for
resource sharing, the ‘share-constrained proportional allocation’
mechanism, to realize network slicing. This mechanism enables
tenants to reap the performance benefits of sharing, while
retaining the ability to customize their own users’ allocation. This
results in a network slicing game in which each tenant reacts to
the user allocations of the other tenants so as to maximize its own
utility. We show that, for elastic traffic, the game associated with
such strategic behavior converges to a Nash equilibrium. At the
Nash equilibrium, a tenant always achieves the same, or better,
performance than under a static partitioning of resources, hence
providing the same level of protection as such static partitioning.
We further analyze the efficiency and fairness of the resulting
allocations, providing tight bounds for the price of anarchy
and envy-freeness. Our analysis and extensive simulation results
confirm that the mechanism provides a comprehensive practical
solution to realize network slicing. Our theoretical results also
fill a gap in the literature regarding the analysis of this resource
allocation model under strategic players.

Index Terms—Wireless Networks, 5G, Network Slicing, Game
theory, Resource allocation, Multi-tenant networks.

I. INTRODUCTION

HERE is consensus among the relevant industry and

standardization communities [1], [2] that a key element
in 5G mobile networks will be network slicing. The idea is
to allow the mobile infrastructure to be “sliced” into logical
networks, which are operated by different entities and may be
tailored to support specific services. This provides a basis for
efficient infrastructure sharing among diverse entities, ranging
from classical or virtual mobile network operators to new
players that simply view connectivity as a service. Such new
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players could be, for instance, Over-The-Top (OTT) service
providers which use a network slice to ensure satisfactory
service to their customers (e.g., Amazon Kindle’s support
for downloading content or a pay TV channel including a
premium subscription). In the literature, the term tenant is
often used to refer to the owner of a network slice.

A network slice is a collection of resources and functions
that are orchestrated to support a specific service. This includes
software modules running at different locations as well as the
nodes’ computational resources, and communication resources
in the backhaul and radio network. The intention is to only
provide what is necessary for the service, avoiding unneces-
sary overheads and complexity. Thus, network slices enable
tenants to compete with each other using the same physical
infrastructure, but customizing their slices and network oper-
ation according to their market segment’s characteristics and
requirements. For instance, slices can be geared at supporting
various IoT or M2M applications, such as the connectivity
required to realize ‘intelligent’ vehicular systems.

A key problem underlying network slicing is enabling
efficient sharing of mobile network resources. One of the
frameworks considered in 3GPP suggests that resources could
be statically partitioned based on fixed ‘network shares’ asso-
ciated to each slice [3]. This framework fits very well some
scenarios like, e.g., the case where several operators jointly
contribute to a common infrastructure with a fraction of the
overall cost and share this infrastructure with the others while
being entitled to use an amount of resources that depends
on their monetary contribution. For other network slicing
scenarios, such as the case where some tenants only need to
use a fixed amount of network resources for some limited
period of time, other frameworks considered in the standards
may be more appropriate.

The focus of this paper is on network slicing for the share-
based framework mentioned above. However, given that slices’
loads may be spatially inhomogenous and time varying, rather
than statically partitioning the resources at each base station,
it is deemed desirable to allow resource allocations to be
dependent on the slices’ loads at different base stations. At
the same time, tenants should be protected from one another,
and retain the ability to autonomously manage their slice’s
resources, in order to better customize allocations to their cus-
tomers. To that end, it is desirable to adopt resource allocation
models in which tenants can communicate their preferences
to the infrastructure (say by dynamically subdividing their
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network share amongst their customers) and then have base
stations’ resources allocated according to their preferences
(e.g., proportionally to the customers’ shares).

Under such a dynamic resource allocation model, a tenant
might exhibit strategic behavior, by adjusting its preferences
depending on perceived congestion at resources, so as to max-
imize its own utility. Such behavior could in turn have adverse
effects on the network; for instance, the overall efficiency may
be harmed, or one may see instability in slice requests. The
focus of this paper is on (z) the analysis and performance of
this simple resource allocation model, and (i¢) the validation
of its feasibility as a means to enable tenants to customize
resource allocation within their slice while protecting them
from one another. The analysis of this paper concentrates on
elastic traffic; the case of inelastic traffic has been addressed
by the authors in [4].

Related work

The resource allocation mechanism informally described
above, aligned with the fixed ‘network shares’ model con-
sidered in 3GPP, corresponds to a Fisher market. This is a
standard framework in economics; in such markets, buyers (in
our case slices) have fixed budgets (in our case network shares)
and (according to their preferences) bid for resources within
their budget, which are then allocated to buyers proportionally
to their bids. Analysis of the Fisher market shows that, as
long as buyers are price-taking (i.e., they do not anticipate the
impact of their bids on the price — in our case, the impact
of the slices’ preferences on the overall congestion), the Nash
equilibrium is socially optimal, and distributed algorithms can
be easily devised to reach it [5]. This assumption may be
reasonable for markets where the impact of a single buyer on
a resource’s price is negligible, but does not apply to our case
where a relatively small number of active tenants might be
sharing resources.

There is a substantial literature on Fisher markets with
strategic buyers, which, as will be studied in this paper,
anticipate the impact of their bids [6]. The analysis, so far, has
been limited to the case of buyers with linear utility functions
of the allocated resources, which can lead to extremely unfair
allocations. While such utility functions may be suitable for
goods, they are not an appropriate model for tenants wishing
to customize allocations amongst their customers. This paper
includes a comprehensive analysis for a wide set of slice
utility functions, including the convergence of best response
dynamics and other results which to our knowledge are new.

A related resource allocation model often considered in the
networking field is the so-called ‘Kelly’s mechanism’ [7]; this
mechanism allocates resources to players proportionally to
their bids and, assuming that they are price-taking, converges
to a social optimum. Follow-up work has considered price-
anticipating players in this setting; for example, [8] ana-
lyze efficiency losses, while [9] devise a scalar-parametrized
modification that is once again socially optimal for price-
anticipating players. However, in Kelly’s mechanism players
respond to their payoff (given by the utility minus cost)
whereas in our model tenants’ behavior is only driven by their
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utilities (since they have a fixed budget: the network share).
Consequently, results on the analysis of Kelly’s mechanism
are not applicable to our setting

In the context of the existing resource allocation models
described above, this paper addresses the following gap in the
literature: the analysis of budget-constrained resource allo-
cation under price-anticipating users with nonlinear utilities.
This requires novel analysis that differs substantially from
previous work in the literature. Table I summarizes some of the
main resource allocation models for this problem, highlighting
the most relevant contributions for each case and situating the
contribution of this work.

TABLE I: Resource allocation models.

price taking price anticipating

scalar bid scalar bid vector bid
non [7]1 Kelly’s VCG-Kelly mechanism Johari/Tsitsiklis
fixed mechanism [9] Hajek/Yang [8] Efficiency of
budget  (conv, efficiency) [10] Johari/Tsitsiklis congestion games
concave utilities linear utilities concave utilities

fixed [5] Zhang [6] Feldman This work
budget (convergence) (conv, efficiency) (conv, efficiency)

All the analyses mentioned above, as well as that conducted
in this paper, consider concave utility functions, which reflects
the behavior of elastic traffic [11]. In contrast to elastic ap-
plications, inelastic applications typically require a minimum
amount of resources to provide an acceptable experience to the
users, and their performance degrades drastically if resources
fall below this minimum. The case of inelastic traffic has been
addressed by the authors in [4], leading to quite different
outcomes; indeed, in contrast to the results obtained in this
paper, for inelastic traffic the existence of a Nash Equilibrium
is not guaranteed, best response dynamics may not converge
and the Price of Anarchy is not bounded.

Beyond the Fisher market model, there have been a number
of works in the literature that address game theory and a-
fairness, as we do in this paper. The work in [12] analyzes
the game resulting from allowing users to select the access
network, when resources in each network are allocated based
on «-fairness; in contrast, our game is played by selecting the
bid submitted by each tenant, rather than the access network.
In [13], the authors prove the convergence of games where
individual user choices are driven by a convex optimization
(as in our case); however, they require some properties not
met by our game. The analysis of [14] shows the convergence
of a game with some similarities to ours, building on potential
game theory which cannot be applied in our case. In [15], a
number of methodologies are proposed to analyze equilibria in
wireless games, yet none of those games coincides with ours.
To the best of our knowledge, even though there is a vast
literature addressing equilibria and convergence of wireless
games, none of the existing tools can be applied to the specific
problem addressed here.

In order to design algorithms that converge to a Nash Equi-
librium, some work in the literature has proposed leveraging
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reinforcement learning techniques [16]-[20]. A key advan-
tages of such approaches is that they do not require all the
knowledge involved in computing the best response. However,
while this is an essential feature for the systems addressed
by those papers, where best response requires substantial
information, in our system the best response requires only
limited information, and hence a practical approach can be
built based on best responses without having to resort to
reinforcement learning.

From a more practical perspective, multi-tenant sharing has
been studied from different points of view, including planning,
economics, coverage, performance, etc. [21], [22]. This paper
focuses specifically on the design of algorithms for resource
sharing among tenants, which has been previously addressed
by [23]-[26]. The work of [26] considers sharing via a bid-
based auction, which may incur substantial overhead and
complexity; in contrast, our approach relies on fixed (pre-
negotiated) network shares. The works of [23]-[25] also fix a
network share per slice, but consider approaches where the
infrastructure makes centralized decisions on the resources
allocated to each tenant’s customers; hence, these approaches
do not enable tenants to make their own decisions on how to
allocate resources to their customers.

Network slicing has emerged as a desirable feature for
5G [1]. 3GPP has started work on defining requirements for
network slicing [2], whereas the Next Generation Mobile
Network (NGMN) alliance has identified network sharing
among slices (the focus of this paper) as a key issue [27]. In
spite of these efforts, most of the work so far has addressed
architectural aspects with only a limited focus on resource
allocation algorithms [28], [29]. To the best of our knowledge,
this is the first work investigating how to enable tenants to
customize their allocations in a dynamic slicing model; there
is wide consensus that such an ability to custumize tenants’
allocations is needed to efficiently satisfy their very diverse
requirements (see, e.g., [30] for examples of vertical tenants).

Key contributions

The rest of the paper is organized as follows. After in-
troducing our system model (Section II), we show that with
the resource sharing model under study, each slice has the
ability to achieve the same or better utility than under static
resource slicing irrespective of how the other slices behave,
which confirms that this model effectively protects slices from
one another (Section IV-A). Next we show that if tenants
exhibit strategic behavior (i.e, optimize their utilities), then
(¢) a Nash equilibrium exists under mild conditions; and (%)
the system converges to such an equilibrium when tenants
sequentially take their best response (Sections III-B and III-C).
The resulting efficiency and fairness among tenants are then
studied, providing: (¢) a tight bound on the Price of Anarchy of
the system, and (z¢) a bound on the Envy-freeness (Section IV).
Our results are validated via simulation, confirming that the
approach provides substantial gains, protects network slices
from each other, operates close to optimal performance and is
effectively envy-free (Section V).

II. SYSTEM MODEL

We consider a wireless network consisting of a set of
resources B (the base stations or sectors) shared by a set
of network slices O (the tenants). At a given point in time,
each slice supports a set of users (the customers or devices).
The wireless network is operated by an infrastructure provider
(hereafter the ‘infrastructure’). Each tenant is the owner of a
slice and requests resources for this slice to the infrastructure
provider. The network resources allocated to the slice are
then shared among the users of that slice (according to the
preferences expressed by the tenant of the slice).

A. Resource allocation model

As indicated in the introduction, we focus on a well estab-
lished resource sharing model known in economics as a Fisher
market; we will refer to this model as the ‘Share-Constrained
Proportional Allocation’ (SCPA) mechanism.

Hereafter, we refer to the set of users supported by the
network as U, which can be divided into subsets U{;, (the users
at base station b), U° (the users of slice o) and U (their
intersection). For any user u € U, we let b(u) denote the base
station it is currently associated with.

In our setting, each slice o is allocated a network share s,
(corresponding to its budget) such that ) _,s, = 1. The
slice is at liberty in turn to distribute its share amongst its
users, assigning them weights (corresponding to the bids): w,,
for u € U°, such that Zueuo Wy = So. Welet w2 = (wy,: u €
U,) be the weights of slice 0, w = (w,,: u € U) those of all
slices and w™° = (w,: u € U \ U°) the weights of all users
excluding those of slice o.

In this paper, we adopt a generic formulation for resources
that can be applied to a variety of technologies. The specific
definition of resource will depend on the underlying technol-
ogy; for instance, in LTE/LTE-A resources refer to physical
Resource Blocks, in FDM to bandwidth and in TDM to the
fraction of time. We shall assume users are allocated a fraction
of resources at their base station proportionally to their weights
w,,. Thus, the rate of user u is given by
Wy Wy,

Cq —
2wty W by (W)

where l,(W) = >, o, wu denotes the overall load at b and
¢, 1s the user’s achievable rate, defined as the rate that the
user would see if she had the entire base station to herself.
Note that ¢, depends on the modulation and coding scheme
selected for the current radio conditions, which accounts for
noise as well as the interference from the neighboring base
stations. Following similar analyses in the literature (see, e.g.,
[23], [25]), we shall assume that c,, is fixed for each user at
a given time.

To implement the above resource allocation, a slice needs to
communicate the weights of its users w? to the infrastructure.
In turn, the infrastructure needs to communicate to the slice
the overall load at each base station, so that the slice can select
the weights of its users.! We argue that this is a relatively light

Tu (W) = Cuy

INote that, even if the load was not communicated by the infrastructure, a
slice could infer it by varying its users’ weights and observing the resulting
resource allocations.



exchange of information; as a matter of fact, there are already
some interfaces defined in 3GPP, such as the X2 interface,
which share this kind of information. Note that, by sharing
information in this way, the weights of a given tenant are not
disclosed to the others, but only the overall load at each base
station.

In the case where a slice o is the only one with users at a
given base station b, we shall assume that the slice’s users are
allocated the entire capacity at that base station independent
of their weights. Thus such a slice would set w,, = 0 for these
users, allowing them to receive all the resources of this base
station without consuming any share. In order to avoid dealing
with this special case, and without loss of generality, we will
make the following assumption for the rest of the paper.

Assumption 1. (Competition at all resources) We assume that
all resources have active users from at least two slices.

B. Network Slice Utility and Service Differentiation

Network slices may support services and customers of
different types and needs. Alternatively, competing slices with
similar customer types may wish to differentiate the service
they provide. To that end, we assume each network slice has
a private utility that reflects the benefit obtained by the slice
from a given allocation and is given by

Uo(w) = Z Gu fulru(w)), (D

ueU°

where ¢,, is the relative priority of user u, with ¢, > 0 and
Zuel/lo ¢u = 1, and f,(+) is a utility function associated with
the user. In the sequel, we will often focus on the following
well-known class of utility functions [31]:

Definition 1. A network slice o has a homogenous o,-fair
utility if for all uw € U° we have that

(ra)!
fulry) = (1—ao)
(re) log(ry),

a, # 1

a, = 1.

With the above setting, a slice is free to choose different
fairness criteria in allocating resources across its users, by
selecting the appropriate «, parameter. Note that o, = 1 cor-
responds to the widely accepted proportional fairness criterion,
while o, = 2 corresponds to potential delay fairness, o, — o0
to max-min fairness and a, = 0 to linear sum utility.

Note that the chosen utility function f, (r,) is concave, with
a concavity level that can be adjusted with the «, parameter.
Such a utility is appropriate to represent the behavior of elastic
traffic, the performance of which mainly depends on rate
and exhibits diminishing utility improvements as throughput
increases [11].

C. Baseline allocations

Next, we introduce some resource allocation comparative
baselines.
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a) Socially Optimal Allocations (SO): If slices were to
share their utility functions with a centralized authority, one
could in principle consider a socially optimal allocation of
weights and resources. These would be given by the maximizer
to the overall network utility U(w) given by (see [25]):

max U(w):= Z soU° (W)

w>0
0eO
st ru(w) = Lcu, Yu €U,
Z Wy, = 8o, VoeO.
ueU°

Note that (as in [25]) we have weighted the slices’ utilities to
reflect their shares (thus prioritizing those with higher shares).
We shall denote the resulting optimal weight and resource
allocations under the socially optimal allocations by w* and
r* = (r} : u € U), respectively.

b) Static Slicing (SS): By static slicing (also known as
static splitting [32]) we refer to a complete partitioning of
resources based on the network shares s,,0 € O. In this
setting, each slice o receives a fixed fraction s, of each
resource and can unilaterally optimize its weight allocation
as follows:

o o\ __ o
g}%}é Uo(w?) = Z Gufulru(w?))
- ueu°
o Wy, o
st Ty (Wo) = =——s,¢, YuelU’,
Zveug(u) Wy
Z Wy, = So,

ueU°

where we have abused notation to indicate that, in this case,
U? and r,, depend only on w°. We shall denote the resulting
optimal weight and resource allocations under static slicing

for all slices by w®® and r** = (r3° : u € U) respectively,

where
wSS
ref = 5 U — SoCu Yu € U°, Vo € O. 2)
ueug(u) v

c) Optimal Dynamic Pricing: An alternative resource
allocation model to the one considered in Section II-A, where
slices have a fixed budget, is to let slices bid for individual
base station resources and let the infrastructure provider set a
price to the slices. Under such a model, the payoff obtained
by the slice is given by II° = U° —p,, where U° is the utility
obtained by slice o with the allocated resources, given by (1),
and p, is the total price set to the slice for such resources.

A particularly interesting strategy within dynamic pricing is
the optimal dynamic pricing approach proposed in [8], which
sets the price for slice o equal to the total utility loss caused
to the other slices, i.e., p, = Zo,eo\o ye'—o — U"/, where
U° ¢ and U are the utility of slice o’ with and without slice
o participating in the game, respectively. This strategy drives
the system to the social optimal (SO) allocation; thus, when
comparing the performance of our system against the SO in
Sections IV and V, the results also apply to the performance
attained by an optimal dynamic pricing approach.
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Fig. 1: Allocated resources for the three benchmark ap-
proaches.

While dynamic pricing may yield optimal system perfor-
mance, it also suffers from significant drawbacks as compared
to our model involving a fixed budget: (i) to set the optimal
prices, the infrastructure provider needs to know the utility
function of all slices, which involves a significant complexity
and overhead; and (¢7) as argued in [33], for practical purposes
tenants typically prefer to deal with predictable pricing strate-
gies and costs driven by market considerations, rather than by
the instantaneous demands of the other tenants.

Figure 1 shows the allocation corresponding to each of the
above baseline allocations for a network with two base stations
and two slices with equal shares (s; = so = 0.5). We observe
that static slicing allocates one half of each base stations’
resources to each slice, independent of the number of users of
each slice, while the other two allocations take into account
the number of users of the slices at each base station.

III. NETWORK SLICING GAME

Under the SCPA resource allocation model, it is reasonable
to assume that a player (network slice) would ‘strategically’
optimize the weight allocation of its users to maximize its own
utility (and thus the service delivered to its customers). In the
following, we analyze the game resulting from such a strategic
behavior.

A. Game formulation

Since the resources allocated to a user depend on the weight
allocations of the other slices, the behavior of a slice will be
predicated on the aggregate weight of the other slices at each
resource. From the point of view of slice o, the overall load
at resource b can be decomposed as

lp(w) = ap(w™°) + dy(w°)
where

W)= Y

o'eO\{o} ueuy’

Z w, and dj(w°) = Z Wy,

wEUy

correspond to the aggregate weight of the other slices and that
of slice o, respectively. In our model, each slice is informed
by the infrastructure of the overall load at each base station
1= (ly : b € B); from this, the slice can obtain a° = (af : b €
B), by subtracting df from the [, values. Then, based on a°,

it can choose the weight setting w° that maximizes its utility.
This leads to the following game.

Definition 2. In the network slicing game, each slice o is
aware of the aggregated weight of the other slices at each
base station, a® = (af : b € B), and chooses the weight
allocation w° that maximizes its utility.

B. Existence and Uniqueness of Nash Equilibrium

Next we study whether there exists a Nash equilibrium (NE)
under which no slice can benefit by unilaterally changing its
weight allocation. To that end, we first characterize the best
response of a slice. Given the weights of the other slices, w™°,
the best response of slice o is the unique maximizer w° of its

utility, i.e.,

w! e,
max buf —=
w”’ZOu;o o az(u)(w O)+dg(u)(wlo)
s.t Z wl, = s,
ueU,

The following lemma characterizes the best response for a
network slice with homogenous a,-fair utility (see [6] for the
best response when «, = 0).

Lemma 1. Suppose slice o has a homogeneous o,-fair utility
(with a, > 0). Given the weights of the other slices w—° >
0, slice o’s best response wW° is the unique solution to the
following nonlinear set of equations:

1
(ag(u)(wfo)) %o
ﬁu( )l_l
ap . (W=e)+dg . (we)) “e
Wy = b(u) ( b(u) S
ap ., (w=e)) e
> Bo . 7

=1
vEU, (ag(v)(Wfo)erg(v)(wu)) a0

where Bu = (¢u)i(0u)71071

Note that slice o need only know a’(w~°) to compute
its best response. Building on this characterization, we will
study the game in which all slices choose to allocate their
weights based on their best response. The following theorem
proves that this game admits a Nash equilibrium, i.e., there is
a weight allocation w such that no slice can improve its utility
by modifying its weights unilaterally.?

Yu e U, (3)

So;

Theorem 1. Suppose all slices have homogenous o,-fair
utilities (with possibly different «, > 0). Then, there exists
a (not necessarily unique) Nash equilibrium satisfying (3) for
each slice.

The above theorem covers any finite «,, value, but leaves out
the case o, — oo, which yields a utility function U°(w) =
min,eye (1,(w)) and corresponds to max-min fairness. The
following lemma shows that in this case the existence of a NE
is not guaranteed.

Lemma 2. Let U°(w) = minyeyo (r,,(W)) for two or more
slices. Then, the existence of a NE cannot be guaranteed.

2The existence of a NE had already been proven by [5] for the case v, =
0 Vo. Here we extend this result to any combination of «, values.



C. Convergence of Best Response Dynamics

Below, we will consider best response dynamics wherein
slices realize their best responses in rounds, either (¢) updating
their weights (w?°) sequentially, one at a time and in the same
fixed order, in response to the other slices’ weights (a?); or (i)
having all slides update their weights simultaneously in each
round in response to the other slices’ weights in the previous
round.

Theorem 2. If slices have homogeneous o,-fair utilities,
possibly with different o, € [1,2] for o € O, then the best
response game converges to a Nash equilibrium. This result
holds both for sequential and for simultaneous updates.

Note that the value of «, impacts a slice’s best response
and consequently the game dynamics. As seen in Lemma 1,
the best response weights are proportional to:

1
9) ag
wy, x g(ag,dy) = A -,
(af +dp) =
where we have suppressed the dependency of ay on w—
and dj on w°. The function g(-,-) has different properties
depending on «, which are shown in Table II. The regime
where 1 < a, < 2, considered in Theorem 2, is of particular
interest since it includes proportional (o, = 1) and potential
delay (o, = 2) fairness. It is known that convergence is
not ensured when «, = 0 for all slices (see [6]); for other
regimes, we resort to the simulations results of Section V,
which suggest convergence for any «, > 0 since they are
different problems in nature and therefore the analysis require
a distinct approach.

o

TABLE II: Impact of «, on slice’s Best Responses.

| ao=0 0<ap<l 1<ap<2 2<ap<oo
g w.rt. dp linear convex convex concave
g w.rt. ap linear convex concave concave
NE existence v [6] v'Theorem 1 for heterogeneous a,
convergence X [6] v'simulations  v'Theorem 2 v'simulations

Perhaps surprisingly, the above result is quite challenging to
show. The key challenge lies in the “price-anticipating” aspect
of the best response, in which players anticipate the impact of
their own allocation (indeed, as mentioned in the introduction,
there are very few results in the literature on the convergence
of price-anticipating best response dynamics).

IV. PERFORMANCE ANALYSIS

In this section we analyze the performance of the Nash
equilibrium in terms of: (¢) the gain over static slicing, which
is the benchmark allocation where resources are statically
partitioned, (i7) the price of anarchy, which gives the loss
in overall utility resulting from slices’ strategic behavior, and
(iit) envy-freeness, which captures the degree to which a slice
would prefer another slice’s allocations across the network
resources. The first result holds for any utility function, while
the other two assume that slice utilities are 1-fair homogeneous
e, U(w) = > cyo dulog(ru(w)) Vo € O — a widely
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accepted case leading to the well-known proportionally fair
allocations.

A. Protection: Gain over Static Slicing

We first analyze if strategic behavior on the part of network
slices may result in allocations that are worse that those under
static slicing. Note that static slicing provides complete iso-
lation among slices but potentially poor utilization. A critical
question is whether dynamic sharing, which achieves a higher
resource utilization, also provides the same level of protection.
This is confirmed by the following result.?

Lemma 3. Consider slice o and any feasible weight allocation
w ¢ for other slices satisfying the network share constraints.
Then, there exists a weight allocation w° for slice o, possibly
dependent on w~°, such that the resulting weight allocation
w satisfies v, (w) > r5° for all u € U,

The lemma is easily shown by choosing w° such that
ws aZ(u) (w=?)

3
w2y eB, O (w=°)

Zuebf”

b(u)

S0, Vu € U°

Wy =

where 3 is the set of base stations where slice o has users. The
intuitive interpretation for this choice is that by distributing its
weights proportionally to the load at each base station, slice
o can achieve the same resource allocation as static slicing at
each base station. Further, by redistributing these allocations
amongst its user in the same manner as static slicing, it
achieves at least as much rate per user.

It follows immediately from the above lemma that under
the SCPA resource allocation model, if all slices exhibit
strategic behavior attempting to maximize their utilities, they
necessarily achieve a higher utility than under static slicing.
This result does not require slices to have homogenous or
concave utilities, just that they be increasing in the users’ rate
allocations.

Theorem 3. If the game where each network slice maximizes
its utility has a Nash equilibrium, then each slice achieves a
higher utility than under static slicing.

The above results guarantee a form of resource isolation,
since they show that (¢) a slice can always choose a weight
assignment that provides its users with the same or higher
rates than those provided by static slicing (i.e., full isolation),
and (i7) by choosing a smarter weight allocation, a slice is
guaranteed to experience better performance than that achieved
with full isolation.

B. Efficiency: Price of Anarchy

In the following, we analyze the price of anarchy for o, =
1 (i.e., 1-fair homogenous utilities). We define the price of
anarchy as the difference between the overall network utility
resulting from the socially optimal allocation, U (w*), and that
obtained at a Nash equilibrium of the SCPA resource allocation
mechanism, U (w); such a notion captures the efficiency of the

3The proofs of all lemmas and theorems are provided in the Appendix or
as supplementary material.
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proposed approach as it shows how far it performs from the
optimal.*

The following result characterizes the socially optimal allo-
cation of resources considered in the above definition for the
price of anarchy (see [34]).

Fact 1. For slices with 1-fair homogenous utilities, the so-
cially optimal allocation of resources w* is such that w;, =
DuSo, Yu € U° and Yo € O.

Building on the above result, the following theorem bounds
the price of anarchy — the proof is provided in the Appendix.

Theorem 4. If all slices have 1-fair homogenous utilities, then
the Price of Anarchy (PoA) associated with a Nash equilibrium
w satisfies

PoA :=U(w*) — U(w) < log(e).

Furthermore, there exists a game instance for which this bound
is tight.

Note that, with 1-fair utilities, if we increase the capacity
of all resources by a factor Ac, we have a utility increase
of log(Ac). Thus, the performance improvement achieved by
the socially optimal allocation over SCPA is (in the upper
bound) equivalent to having a capacity e times larger, i.e.,
almost the triple capacity. While there are some (pathological)
cases in which such a bound can be achieved, our simulation
results show that for practical scenarios the actual performance
difference between the two allocations is much smaller, con-
firming that (for a,, = 1) the flexibility gained with the SCPA
mechanism comes at a very small price in performance.

C. Fairness: Envy-freeness

Next we consider a Nash equilibrium w and analyze
whether a slice, say o, with utility U°(w), might have a better
utility if it were to exchange its resources with those of another
slice, say o’. To that end, we denote by w the resulting weight
allocation when the users of slices o and o' exchange their
allocated resources. It is easy to see that w? is such that

Pu
ZDEU};’ ¢v

i.e., slice o takes the aggregate weight of o’ at base station b
under the Nash equilibrium, dg/ (w), and allocates it propor-
tionally to its user priorities. Clearly, w is defined similarly
and the remaining slices weights remain unchanged under w.

We define the envy of slice o for o’s resources under the
Nash equilibrium w by

B = U°(W) — U°(w).

dg (w) for all b€ B and all u € U, (4)

~0
w,, =

Note that envy is a “directed” concept, i.e., it is defined from
slice o’s point of view. When E°° < 0, we say slice o is not
envious. The following theorem provides a bound on E° .

4Note that the price of anarchy is typically defined as the ratio of the social
optimal network utility and the network utility under the NE. However, since
with o, = 1 we have logarithmic shaped utilities, the utility loss in this case
is better expressed by the subtraction rather than by the ratio; as a matter of
fact, the ratio in linear scale corresponds to a subtraction in the logarithmic
scale.

Theorem 5. Consider a slice o with 1-fair homogeneous
utilities and the remaining slices O\ {o} with arbitrary slice
utilities. Consider a slice o' such that s, = s.'. Let w denote
a Nash equilibrium and w denote the resulting weights when
o and o' exchange their resources. Then, the envy of slice o
for o satisfies

E*°" = U°(W) — U°(w) < 0.060.
Furthermore, there is a game instance where 0.041 < E,, .

Given that, if one increases the rates of all users by a factor
Ar this yields a utility increase of log(Ar), one can interpret
this result as saying that, by exchanging resources with o,
slice 0 may see a gain equivalent to increasing the rate of all
its users by a factor between 4.1% and 6.1% (given by the
lower and upper bounds of the above theorem). This is quite
low and, moreover, simulation results show that in practical
settings there is actually (almost) never any envy, confirming
that our system is (practically) envy-free.

V. PERFORMANCE EVALUATION

Next, we evaluate the performance of the SCPA resource
allocation mechanism via simulation. The mobile network
scenario considered is based on the IMT-A evaluation guide-
lines for dense ‘small cell” deployments [35], which consider
base stations with an intersite distance of 200 meters in a
hexagonal cell layout with 3 sector antennas and a network
size |B| of 57 sectors.’ Unless otherwise stated, users move
according to the Random Waypoint Model (RWP) and user
association follows the strongest signal policy. The Signal
Interference to Noise Ratio of user u (SINR,) is computed
based on physical layer network model specified in [35]:
SINR,, = Pbgub/(zkeg’k# Pigur + 0%), where P, is the
transmit power and g,,;, denotes the channel gain between user
u and base station b, which includes path loss, shadowing,
fast fading and antenna gain. Following [35], we set P, = 41
dBm, 02 = —104dB, a path loss equal to 36.7 log;(dist) +
22.7 4 26log((f.) for carrier frequency f. = 2.5GHz, and
an antenna gain of 17 dBi. The shadowing factor is given by
a log-normal function with a standard deviation of 8dB (as in
[36]) updated every second, and fast fading follows a Rayleigh
distribution dependent of the user speed and the angle of
incidence (as in [37]). Achievable rates are then computed with
the Shannon formula, BW log,(1 + SINR,,), for the average
SINR, and a channel bandwidth of BW = 10MHz [38].
Finally, the modulation-coding scheme is selected according to
the SINR,, thresholds reported in [39]. For all our simulation
results, we obtained 95% confidence intervals with relative
errors below 1% (not shown in the figures).

Given the nature of elastic traffic, the performance of which
mainly depends on rate, the evaluation conducted in this
section primarily focuses on this metric. However, we note that
as long as users are allocated a sufficiently high rate for the
traffic they generate, a slice can ensure low delays and drop
rates for its users. This can be achieved, e.g., by acquiring

SNote that, in this setting, users associate with sectors rather than the base
stations we used in the mechanism description and analysis.
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Fig. 2: Average Gain over Static slicing and Loss against
Social optimum for different scenarios.

an appropriate share sy and/or performing proper admission
control on the users entering the slice.

A. Overall performance

Throughout the paper we have used static slicing and the
socially optimal resource allocations as our baselines. In order
to confirm our analytical results and gain additional insights,
we have evaluated the performance of the SCPA mechanism
versus these two baselines via simulation. As an intuitive met-
ric for comparison, we have used the extra capacity required
by these baseline schemes to deliver the same performance
as SCPA: (i) Gain over SS: additional resources required by
static slicing to provide the same utility as SCPA (in %); and
(i1) Loss versus SO: additional resources required by SCPA to
provide the same utility as the socially optimal allocation (in
%). Note that the latter metric is closely related to the Price
of Anarchy analyzed in Section IV-B; indeed, while the Price
of Anarchy reflects the loss of efficiency in terms of utility,
the Loss versus SO reflects the loss of efficiency in terms of
resources.

The results shown in Figure 2 are for different user densi-
ties (|U|/|B]) and different slice utilities (e, parameter). As
expected, the SCPA mechanism always has a gain over static
slicing and a loss over the social optimal. However, for a, = 1
the loss is well below the bound given in Section IV-B. We
further observe that performance is particularly good as long
as «, does not exceed 1 (Gain over SS up to 50% and Loss
over SO below 5%), and it degrades mildly as «, increases.

B. Fuairness

In addition to overall performance, it is of interest to
evaluate the fairness of the resulting allocations. While in
Section IV-C we derived analytically a bound on the envy,
we have further explored this via simulation by evaluating
up to 107 randomly generated scenarios, with parameters
drawn uniformly in the ranges: |O| € [2,12], |B| € [10,90],
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[4)/1B] € [3,15], a, € [0.01,30] and ¢ vectors in the simplex.
Our results show that £%° < 0 holds for all the cases
explored, confirming that in practice the system is envy-free.

C. Protection against other slices

One of the main objectives of our proposed framework is
to enable slices to customize their resource allocations. This
can be done by adjusting (i) the user priorities ¢,,, and (i)
the parameter «,, which regulates the desired level of fairness
among the slice’s users. In order to evaluate the impact that
these settings have amongst slices, we simulated a scenario
with three slices: Slice 1 has oy = 1, Slice 2 has as = 4, and
Slice 3 has a3 with varying values. For simplicity, we set the
priorities ¢,, equal for all users.

Figure 3 shows the rate distributions of the 3 slices. We
observe that the choice of «j is effective in adjusting the level
of user fairness for Slice 3; indeed, as a3 grows, the rate
distribution becomes more homogeneous. Such customization
at Slice 3 has a higher impact on Slice 1 than on Slice 2. This
is the case because, as «q is quite large, the distribution of
Slice 2’s rates remains homogeneous, making the slice fairly
insensitive to the choices of the other slices. As can be seen in
the subplots, the utilities of Slices 1 and 2 are not only larger
than the utility of static slicing, but remain fairly insensitive
to a3, showing that in both cases we have a good level of
protection between slices.

D. Gains over Static Slicing

In order to gain additional insight into the impact of the
various factors, Figure 4 displays the influence of the number
of slices (JO|) and the average load per base station sector
(|4]/]B]) on the gain over static slicing (given by the additional
resources in % required by static slicing to provide the same
performance as SCPA). The results show that the gains are
higher with a large number of slices and small load. This
is rather intuitive: (¢) if the slice has a large number of
users, its multiplexing gain is already high without sharing
the infrastructure, and hence there is little gain from sharing,
and (i7) if we have a small number of slices, each of them
is already using a large fraction of the network resources and
the impact of sharing is smaller. It is also worth noting that
@, has a relatively small impact on the gains.

E. File download times

To provide additional insights on the achieved gains from
an end-user perspective, we compare the file download times
achieved by SCPA against the static slicing baseline, when
base stations have the same capacity in both cases and users
download and endless sequence of files of fixed size. Let
us define the file download time gain as Gp = (Dgg —
Dscpa)/Dss, where Dgg is the average file download time
with the static slicing approach and Dgcpa with the SCPA
approach. The gains achieved are shown in Figure 5 for a
file size of 20 Mb (results with other file sizes, not reported
here for space reasons, show a similar trend). We observe the
gains are substantial, and (as above) they are larger for low
user densities and a large number of slices.
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F. Convergence speed

The existence of a Nash equilibrium and the convergence
of Best Response Dynamics are essential for the system
stability. While the existence of a Nash equilibrium has been
proven for all a, values, convergence has only been shown
for o, € [1,2]. In order to confirm the convergence for

Fig. 6: Average number of rounds until convergence for
different scenarios.

other «, values, we have conducted extensive simulations
implementing sequential best response updates for up to 107
randomly generated scenarios within the same parameter space
as in Section V-B. Our results confirmed the convergence
of the best response game in all cases. Moreover, they also
showed that convergence speed mainly depends on «,, while
it is fairly insensitive to the user priorities and the network
size. According to the results, convergence is very quick for
@, < 1 (about 8 rounds) and increases slightly as a, grows
(about 16 rounds for «, = 3). The average number of rounds
needed for the Best Response dynamics to converge are shown
in Figure 6.

G. Impact of user mobility

The above results assume a Random Waypoint mobility
model where users are (on average) uniformly distributed
across space. To understand the impact of other user dis-
tributions, we evaluated the Gain over SS for the following
user mobility patterns: (¢) uniform: all slices with a uniform
spatial load distribution; (#7) overlapping hotspots: all slices
with the same non-uniform spatial load distribution; (z¢7)
non-overlapping hotspots: different slices with different non-
uniform spatial load distributions; and (iv) mixed: half of
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the slices with a uniform spatial load distribution and the
other half with a non-uniform one. In all cases, we have 4
slices with equal shares. The results, depicted in Figure 7,
show that the gains are larger for scenarios with uneven and
complementary traffic loads; indeed, in this case different
slices need their resources at different base stations and thus
there is a higher gain from dynamically sharing the resources.
We further observe that larger o values result in smaller gain;
this is due to the fact that slices are less elastic with larger «,
which limits the ability to exploit statistical multiplexing.

VI. CONCLUSIONS

In this paper we have analyzed a ‘share-constrained propor-
tional allocation’ framework for network slicing. The frame-
work allows slices to customize the resource allocation to
their users, leading to a network slicing game in which
each slice reacts to the settings of the others. Our main
conclusion is that the framework provides an effective and im-
plementable scheme for dynamically sharing resources across
slices. Indeed, this scheme involves simple operations at base
stations and incurs a limited signaling between the slices
and the infrastructure. Our results confirm system stability
(best response dynamics converge), substantial gains over
static slicing, and fairness of the allocations (envy-freeness).
Moreover, as long as the majority of the slices do not choose
«, values larger than 1 (i.e., they do not all demand very
homogeneous rate distributions), the overall performance is
close to optimal (price of anarchy is very small). Thus, in this
case the flexibility provided by this framework comes at no
cost. If a substantial number of slices choose higher «,’s, then
we pay a (small) price for enabling slice customization.

APPENDIX

In the following, we give the proofs of Lemma 3 and
Theorems 3, 4 and 5. The proofs of Lemmas 1 and 2 and
Theorems 1 and 2 have been provided as supplementary
material.
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Proof of Lemma 3
, and

Given the weight allocation under static slicing, w*°
the weights of the other slices under dynamic sharing, w~°,
we consider the following weight allocation for slice o:

ws* Ay (W)

- 50, )]
Dueus, Wi Dpep, oy (W)

where B, is the set of base stations where slice o has
customers.

We define p2(w*®) as the ratio between the weight of user
u under static slicing and the sum of the weights of all the
users of the same slice in the base station, i.e.,

plw™) =

Wy, =
b(w)

EE]
Wy,

Zueu wzs

b(u)

° from

where we have dropped the terms w—° and w*°
ap(,y (W) and pg (w**) for readability purposes.
With the allocation given by (5), for two users u and u’ of

slice o it holds

(o]
Wy Py () ©)
Wy P a‘g(u’)
Furthermore, it also holds that
o b(u o ag(u) o Wy,
D I
weU? = b’ Pu
b b eB, b'eB,
for u € Up.

From the above expression, we have

Polyiy (W) Pu (aé’(w + d§<u>)

O/l ’ - o o o - o o
Pl (W) pe, (“b(u') + db(u')) Pus <ab(u

and combining this with (6):

o o A(u) Wyr
Polb(uy (W) Pu (ab(“) T pz/)
Pur (ao( “’:;’)

pz,lb(u/)(w)
pua/b(u ( b(u/)P /) . pzag(u)

P Qs
pu/ab(u ( b(u,)p /> W)

(ab(u) + 2 )
5)

From the above,

Wy, 5o
wu - SO = w,, -
D wreus W' doweuo o
So 5o
=i PLAY WSt P51 () (W)
Ol (W) ol (W)
Pulb(w) o — Polbw) )
= . )
Zu/EL{O pZ/lb(u’) (W) Zb/EBU lb’ (W)
Since B, C B:
Z lb(w) < E lb(w
beB, beB
and thus

Wy > pglb(u) (W)Sm
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from which

W Polb(u) (W) s,
ey (W) ™ 7 Iy (W)

The above holds for all u € U, which proves the lemma. B

— 0 __ .88
Ty (W Cuy = PLSeCy =Ty

Proof of Theorem 3

This result follows from Lemma 3. Given the configuration
of the other slices, there exists a configuration for a given slice
under which all its users obtain at least the same throughput
as with static slicing, and thus the slice’s utility with this
configuration is at least as high. As a consequence, in a NE
the slice will receive a utility no smaller than this value. ®

Proof of Theorem 4

We first show that an optimal (not necessarily unique)
solution to the centralized problem is given by w* which
assigns weights to all users of a given slice proportionally
to their priorities, i.e., W), = ¢, S,, Yu € U,. To prove this we
only need to show that U(w™*) > U(w) for any other feasible
weight vector w . To that end, consider

we Cu Wy Cy,
w=3 e (e (i)~ (i55)

0€O uEUl, w*) lo(w)
Let us denote the distributions induced by w* and w
respectively as: p®(w) = (pb(w) = eyt u € Uy) and

U(w") —

pP(w*) = (pb(w*) = T U € Up). Since ¢ = w*, we
have
W) Ulw) — AT
V() = Uw) = o ZOZ;p iog (22
= ly(w* w)|lp(w))
beB

where D(p?(w*)||p®(w)) is the Kullback-Leibler divergence,
between the distributions induced by w* and w respec-
tively, i.e., p®(w*) and p®(w). It is known [40] that
D(p®(w*)||p®(w)) > 0 and 0 only when p’(w) = p®(w*)
Hence it follows that w* is optimal.

We next show that U(w*) — U(w) < log(e) holds when
w is a Nash Equilibrium of the distributed resource allocation
game and w* an optimal solution. To show this, we proceed as
follows. Since in the Nash Equilibrium each slice maximizes
its utility given the allocation of the other slices,

W1 Wl Wy )
Z bulog (lb( (w) ) u;o(z) 8 (dg(u)(w*) +a§(u)(w)

ueU°
")+ agy (W) < Dy (W) + Ly (W),

Given that dj (W
w*
u | wl u
2.9 0g<lb(u > 2 dulog (lb<u>(W) +lb<u)(W*)>

u€eU® u€eEU°

From the above it follows that

Z du log(ry (W™ Z du log(ry(w))
uweU® u€U®
wcy

< Z (;Sulog(

ueU° lb(

) Z ¢ log ( wZCu >
wclio Ly(uy (W) + Ly () (W)

_ o lb(u) (W*)
2, dulog (zb<u><w> n zb(u>(w*>)

u€U®

Summing the above over all slices weighted by the corre-
sponding shares yields
7)

- Z d)uso IOg

ueU

Uw") —

Given w;, = ¢, S,, we have

. Iy(w™) Sueuy, wa
v =) bez;"g(m )
Tocuy, ¥y
_ w. 1o Ih(w™) Xveu, v
- ZXZ; . g( (W) + bo(w ))
Iy (w™)
- o Tog )/lo(w) \
ZZ; ol (1+zb<w*>/zb<w>)

and, given that (x/(1+ z))* > 1/e for z > 0, this yields

Uw")=U(w) < Z Z wy, log(e) = log(e).
beBuely
Finally, we show that there exists some scenario for which
U(w*)—U(w) = log(e). Let us consider a scenario with two
slices with shares s; and sq, respectively. There are two base
stations. Slice 1 has m + 1 users, m associated to base station
1 and one associated to base station 2. Slice 2 has one user
associated to base station 2. All users have c,;, = 1. Under

the optimal allocation:
S1
m—+1
(e

Uw") = —

5 mlo i + 51 lo
+1 gm m—0—1g

+ 5o log 872 )
(7n+1) + 82

and under the Nash equilibrium
Ulw) = —

S 1 1 n S1
mlog | —
m—+1 & m m +

1 °1

0

1 S S1 + 8o
s

+ s5 log (81 Jf52> .

*) = s1log () + s2log(1) and
. From this,

For m — oo this yields U(w
U(w) = s1log (&) + sz log (

Ulw) = U(w") = 52 log <sl fs2>

which tends to —log(e) when s; — 1 and s — 0.

Proof of Theorem 5

Let us consider two slices, o and o/, that have the same
share s,. Let the utility function of slice o be U°
> wcue Pulog(ry). We first show that it holds

U°(Wo) — U°(Wo) < 0.060

In order to bound the envy U°(w) — U°(w) at the NE, we
will construct a weight allocation m that satisfies U°(m) <
U°(w) and U°(m) > U°(w) — where w and m are the



allocations resulting from exchanging the resources of slices
o and o in w and m, respectively. It then follows that
U°(m) — U°(m) is an upper bound on the envy.

Specifically, the weight allocation m will be chosen such
that: (z) for all slices different from o, the weights remain the
same as in the NE, i.e, m™° = w™°; and (¢7) the weights
of slice o are chosen so as to maximize U°(m) subject to
df(m°) = Zueug m, < ag(m™°) Vb € B and slice o’s
share constraint. Note that with this weight allocation we have
g,y (m™%) = ap,, (w=?) — for readability purposes, we will
use just ag(u). Note also that the weights that slice o would
have with the resources of o’ remain the same, i.e. m° = w°.

By following a similar argument to that of Lemma 2, it
can be seen that the above leads to the weights m,, for u €
U° solving the set of equations below, which have a feasible
solution as long as so < )~ 40 Ap(,) (M%) (we deal with
the case ), 5 af < s, later).

o
ab (u 72 b aZ(u) = dg(u)(mo)
UEZ/lb( ) v
a
My, = ¢u - b(u)
o " +d° " (m )
R S Ap(u) > dg(u)(mo)
Z QS”%
+ m°
’Ueuo b(u) b(v)

where U° is the set of users of slice o for which ag(u) >
dp ) (m?) and s, = 56— 3, cpg0\i70 M-

It is clear that with this weight allocation we have U°(m) <
U®(w). Indeed, only the weights of slice o have changed and
(as mentioned before) w? is the best response of the slice o,
hence any other weight setting for this slice will provide a
lower utility.

To show U°(m) > U°(w) we proceed as follows. The base
stations that initially had a load for operator o larger than aj
(db(u (m°) > af) decrease their load with the new allocation,
wh1le the others increase it. Let us denote the first set of base
stations as [B; and the other set as 3>. Since the base stations
of set By decrease their load in the new allocation and the
base stations of set B, increase it, we can move from the
initial allocation to the new one by iteratively selecting one
base station of set 31 and one of set By and moving load
from the first one to the second until one of them reaches its
target load. When decreasing the load of base station b and
increasing that of base station b’ by J we have

) 2 Pu Y du
dU°(w) = weldy, w€UP
s ly(w) Iy (W)
If we can show at the beginning (before increasing/decreasing
the load of any base station), for any b € By and b’ € By it

holds
Z ¢u Z ¢u
UEU,? uEZ/(;’, (7)
Ip(W) ly (W)
we will have the value of Zueuo 7. for any base station of

set B; will always be larger than for any base station of set
B,, since it are larger at the beginning and it increases in the
intermediate steps, while it decreases for a base station of 5.
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With this, dU°(m)/dé is positive at the beginning and will
continue to be positive in the intermediate steps, yielding to
an increase in dU°(m).

To show (7), we proceed as follows. It holds that

dp(m®) _ Yueug Su Tragamizag
dy, - Zu'eug, Pur m
 Swgtn (14 (,,/ )
C Dweuy Sw \ 14+ 4% He)
For b € By and V' € B, (since aj < dg(m") and af, >
dg, (m?))
dp(m°) _ Y ueup Pu
a5, (%) = s
and thus
b ag+dm?)  2dg(m?)  2dy(m°)
Dueug v Lweug v Lueuy Pu 2 ueus, Pu
< ag, + dj,(m°) _ Iy
- ZUEMO ¢'U« ZUEL{O ¢u

which proves (7), and thus U°(m) > U°(w).

We now go back to the case ZbeBo ay < s,. Following the
above procedure, in this case we can find an allocation m® that
satisfies: (1) U°(m) < U°(w), (41) U°(m) > U°(w) and (4i¢)
d?(m?°) > af Vb. In this case we then have U°(w)—U°(w) <

U°(m) — U°(m) < 0.
To find an upper bound on U°(m) — U°(m), recall that
My Cy
= ulog ( )),
ueU°
and
My Cy
=> ¢u log< )
ueU° ! (m)
Given that [,(m) = l,(m) and 7, = m, for u ¢ U°, this
yields
Uo(ﬁl) - = Z bu IOg(mu) - Z Du IOg(mu)
u€Uf° u€ell®
Since ), 70 10g(M,) subject to D 7, 1y = s, takes a
maximum at 1, = (Z)us’ (where ¢, = ul D perro Po)s
U°(m) — U%(m) < Y ¢ulog(dusy) — Y ¢ulog(ma)
uehe© uell®
< Z ¢?u 10g(¢;uslo) - Z ngu log(mu) (8)
ueU° ueu©

In order to bound the term ) .. by log(m,,) above, we
look for a bound on *-. Given that aj > dj(m®) holds for

all b, we have for u,v € ue:

a;))(u) GZ(u) ~
My o ag(u)+dg(u)(m (bu bu )+a§(u) o 1 ¢u
— = Q0 —_— = — .
My by oabi{(f)o d)” b(v 2 6
a5y T oy (M) a5 ()

My
My

and Zueao ¢, = 1 is maximized when the % of

v u

v

It can be seen that ) . by log(m,,) subject to
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all users but one is equal to the lower bound given by the
constraint, which yields

Mu 1Mo o, 9)

¢u 2 ¢U
This is shown by contradiction. Let us imagine that in the
weight allocation that maximizes (8) there exists some other

user v for which 7:;— > 2”:; , where v is the user with the

largest m,,/ qASU of that allocation. Then, if we increase m,, by
¢ and decrease m, by & we have

d n qgus/ (ng (Zgu
_ ul I—C0 ) =_= — >0
dé Z(;S 08 My, mv+mu
ucl°

and thus (8) increases, which contradicts our assumption that
(8) was already maximum. From (9) we have

¢usf) —and m
> but20,

u’eU°\{v}

20050
S but 20,

u' eU°\{v}

m,, =

Combining this with (8) we obtain

U°(W;) =U°(ws) < > oulog

ueU°\{v}

Z qu + 2(%'0

u' €U \{v}

. 1 . .

toulog |5 D dut20
u’ €U \{v}

= IOg(l + ¢v) + (bv IOg(l/Q)

If we now compute the qASU that maximizes this expression

we obtain ¢, = @ — 1, and substituting this value
1
U°(wW') —U°(w*) < —log(log2) — | —— — 1| log2
(52) ~ U°(ow2) < ~logllog) ~ (s 1) og

As mentioned at the beginning, the above bounds also applies
to U°(Wo) — U°(wo).

We next show that the worst case envy is lower bounded
by 0.041, by finding a game instance for which U°(W,) —
U°(wo,) = 0.041. Let us consider a scenario with 2 base
stations. Let slice o have a share of s, and one user at each
base station with priorities ¢1 and ¢s. Let the loads of the
other slices in these two base stations be a; = 1 — s, — x2S,
and ay = xz¢2s,. for a fixed x > 0. Let s, be sufficiently
small such that a; > ¢3s,.

In this setting, the weights of slice o at each station are
given by

a1 _ a2 _
SoP1 a1 +di 50¢2 az+dl

dl = ,and di =

_ay az _ay as
¢1 ay+d} + ¢2 az+d} $1 a1+d} + ¢2 az+d}
We distinguish the cases (¢) x > 1 and (#7) * < 1.

(1) For x > 1, we consider slice o' with share s, = s, with
priorities ¢1 and ¢, where

az—paso+dy

$1_ $1 _ aawd]
i a1—¢1s0+di
G2 P2 moEn

We further consider a third slice with only one user in the first
base station with s3 = a; — ¢15, and a fourth slice with a

one user in the second base station with s4 = as — ¢25,. This
leads to d? = ¢15, and d3 = ¢a5,.
If we now let s, — O,

dy = $22¢250 _wdaso
27 o1 (vgas, + dY) + dazdas, TS, +dy
From the above, d% = Z¢25S,, Where Z is the unique solution

to the equation z = (z + #)#. Then, d} = s, — £¢25,. From
this, we have that in this case

So:(b?

(blso ¢230
= mgso) +g2log (a:«@so)

So
1_;%) — (1= ¢1)log(2)

_ (it) In case that z < 1, we consider slice o’ has priorities
¢1 and ¢2, where

U° (%) — U°(w) = 1 log (

= ¢ log<

a2 —T P25, +ws

@ _ ﬂ astws

T a1 —So—TPas,twi

2 %2 a1+wy
which leads to w; = (1 — x¢2)s, and Wy = xdas,. We
further consider a third slice in the first base station with
s3 = a1 — (1 — x¢a)s,. If we now let s, — 0, we have

the same expressions as above for w; and wse, from which

U°(Wo) = U°(wo) = 1 log (i) T dalog (m)

So — £¢250 57¢250
_ 1—x+axp1 x
=g (1= 50 ) - o0 ()

By putting together the cases x > 1 and = < 1, we can
obtain a lower bound for the worst-case envy by finding the
values of z and ¢; over z > 0 and ¢; € [0,1] that minimize
the following expression

#1 log Jﬁ — (1 — ¢1)log(&), for z > 1
¢1log ({Z522L) — (1—¢y)log (%), forz<1

By performing the above search numerically, we find a
scenario with the following envy level:

U°(W,) — U°(w,) = 0.041

which terminates the proof of the theorem. [ ]
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