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Symmetric Properties of
Nested Magic Squares

Inder J. Taneja’|

Abstract

The idea of nested magic squares is well known in the literature, generally known by bordered magic squares. In
this work, nested magic squares are studied for the consecutive natural numbers for the orders 5 to 25. Properties like,
sub-magic squares sums, total entries sums, borders entries sums, etc. are studies. Final results lead us to symmetric
properties. The nested magic squares for the consecutive odd numbers entries refer author’s another work [12].

Contents

1 Intr i 2

2 Nested Magic Squares| 3
2.1 Nested Magic Squares of Orders 25]. . . . . . . . . . . . i e e 3
2.2 Nested Magic Square of Order 24| . . . . . . . . . . . .. e e 6
2.3 Nested Magic Square of Order23|. . . . . . . . . ... . . e 9
2.4 Nested Magic Square of Order22|. . . . . . . . . . . . . e e 13
2.5 Nested Magic Square of Order 21| . . . . . . . . . .. . e 16
2.6 Nested Magic Square of Order 20/ . . . . . . . . . . . . i i e e 19
2.7 Nested Magic Square of Order 19 . . . . . . . . . . . . . e 22
2.8 Nested Magic Squareof Order 18] . . . . . . . . . ... .. . e 25
2.9 Nested MagicSquareof Order 17]. . . . . . . . . . . . e 28
2.10 Nested Magic Square of Order 16]. . . . . . . . . . . . . . e 30
2.11 Nested Magic Squareof Order 15/ . . . . . . . . . . . .. . e 33
2.12 Nested Magic Square of Order 14| . . . . . . . . . . . . 35
2.13 Nested Magic Square of Order 13| . . . . . . . . . . . .. . . e 37
2.14 Nested Magic Square of Order 12| . . . . . . . . . . . . . e 39
2.15 Nested Magic Squareof Order 11] . . . . . . . . . .. . .. . 41
2.16 Nested Magic Square of Order 10] . . . . . . . . . . . . . e e 43
2.17 Nested Magic Square of Order 9| . . . . . .. .. .. . . . . e 45

! Formerly, Professor of Mathematics, Federal University of Santa Catarina, Floriandpolis, SC, Brazil (1978-2012). Also worked at Delhi University, India (1976-
1978); E-mail:ijtaneja@gmail.com; Web-site: https://inderjtaneja.com; Twitter: @[JTANEJA; Instagram: @crazynumbers.



Inder J. Taneja Zenodo, June 29, 2019, pp. 1-55,http://doi.org/10.5281/zenodo.3262170

2.18 Nested Magic Square of Order 8| . . . . . . . . . . . . . . . e 47
2.19 Nested Magic Square of Order 7| . . . . . .. .. . . . . . . 48
2.20 Nested Magic Square of Order 6 . . . . . . . . . . . . i e e 50
2.21 Nested Magic Square of Order 5| . . . . . . . . . . . . . . e 51
3 _Final Results 53

1 Introduction

It is well-known that sum of positive natural numbers and odd numbers series are given by
nn+1)
Nn::1+2+3+...+n=T,n€N+ (D
and

F,:=1+3+5+...+2n-1)=n*neN, 2)

Since, we are working with magic squares, let’s write n = k. This gives
,  KA(K*+1)
N2 =1+2+3+...+k :T,n€N+ (3)
and

Fie=F(k):=1+34+5+...+2k*-1) =k* ke N, (4)

Since k is the order of magic square, then the magic square sum S and total entries for positive natural
numbers are

k(k*+1)
Sp:=——— neNn, (5)
2
and
K> (k?+1)
Tk2 = T,nEN_F (6)

The number k is the order of the magic square. Thus, for all k = 3, we can always have a consecutive odd
numbers magic square with sum entries a perfect square.
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Let’s write last member of (2) as m, then n = mT” This gives

m+1)\°
Fm):=1+3+5+...+m= , Mme N, (7)
The magic square sum of order 7 is given
n(n®+1)
Spxni= —. (8)
2

The sum of all entries of a magic square of order 7 is given by

n*x (n*+1)
Thsn:= — 9)

There are many types of bordered magic squares. Here we are working with bordered magic squares, where
there are sub-magic squares one contained in another. Due to this we called this category as nested magic
squares. For study in this direction, refer to [1, 2, 3, 4, 5,6, [7, 10, 11].

Recently, Walkington [6] gave an idea of concentric rings. The concentric rings works with difference
among consecutive magic squares. For simplicity, let’s call it borders of nested magic squares. In this paper,
we shall work with nested magic squares of orders 5 to 25. It includes the results even and odd orders nested
magic squares. Some properties of these nested magic squares are studied Interestingly, these properties turns
out to be symmetric. In [12], the author worked with consecutive odd numbers entries in nested magic squares.

2 Nested Magic Squares

This section brings study and properties of nested magic squares of orders 5 to 25. These are studied in sub-
sections below in decreasing orders. The first two nested magic squares of orders 25 and 24 are derived from
the site by H. White [1].

2.1 Nested Magic Squares of Orders 25

Let’s consider following two Nested Magic Square of order 25 obtained from the site by H. White [1].

Example 2.1. Nested magic square of order 25 with consecutive natural numbers, {1,2,3,.....,624,625} is given by
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1825
26 | 625 | 623 | 621 | 619 | 617 | 615 | 613 | 611 | 609 | 607 | 605 | 25 | 27 | 29 | 31 | 33 | 35 | 37 | 39 | 41 | 43 | 45 | 47 | 602 | 7825
48 |55 | 91 | 89 | 87 | 85 | 83 | 81 | 79 | 77T | 75 | 73 | T | 559 | 561 | 563 | 565 | 567 | 569 | 571 | 573 | 575 | 577 | 72 | 5718|7825
46 | 534 92 | 580 | 7825
4h | 536 90 | 582 | 7825
42 | 538 88 | 584 | 7825
40 | 540 86 | 586 | 7825
38 | 542 84 | 588 | 7825
36 | S44 82 | 590 | 7825
34 | 546 80 | 992 | 7825
32 | 548 18 | 594 | 7825
30 | 550 16 | 596 | 7825
28 | 552 14 | 998 | 7825
603 | 69 557 | 23 | 7825
604 | 68 558 | 22 | 7825
606 | 66 560 | 20 | 7825
608 | 64 562 | 18 | 7825
610 | 62 564 | 16 | 7825
612 | 60 566 | 14 | 7825
614 | 58 568 | 12 | 7825
6lo | 56 570 | 10 | 7825
618 | 54 572 | 8 | 7825
620 | 52 8741 6 | 7825
622 | 50 576 | 4 | 7825
624 | 554 | 535 | 537 | 539 | BA1 | 543 | B45 | 547 | 549 | 551 | 553 | 555 | 67 | 65 | 63 | 61 | 59 | 57 | 55 | B3 | 51 | 49 | 70 | 2 |7825
26 01 3 05 [T 9 B 17|19 21 | 601 | 599 | 597 | 595 | 593 | 591 | 589 | 587 | 585 | 583 | 581 | 579 | 600 | 7625

7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825 7825

Above we have a nested magic square of order 25. There are total 625 numbers, and the middle number
is 313. It is as a central point of a magic square and remains at the center of first magic square of order 3. It
has total 9 members, the there are four each side, i.e., {309, 310, 311, 312,313,314, 315, 316, 317}. Based on this
philosophy, the other magic squares are constructed. See below the distributions in each case:

Distribution 2.1. In each case, the nested magic square of order 25 is formed by the following entries:

Ds.3:=1{309,310,311,312,313,314,315,316,317}; 0+9+0; Total 9 entries
Ds.5:=1{301,302,...,307,308,D33,318,319,...,324,325}; 8+9+38; Total 25 entries

4
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D7.7:=1{289,290,...,299,300,D5«5,326,327,...,,336,337}; 12+25+12;  Total 49 entries
Dgyq:=1{273,274,...,287,288,D7.7,338,339,...,352,353}; 16+49+16; Total 81 entries
Dy1x11:=1253,254,...,271,272,Dg«9,354,355, ...,372,373}; 20+81+20; Total 121 entries
Di3x13 :=1229,230,...,251,252,D11 11,374,375, ...,396,397}; 24 + 121+ 24; Total 169 entries
Dis5x15:=1201,202,...,227,228,D13x13,398,399, ...,424,425} ; 28+ 169+ 28; Total 225 entries
Dy7x17:=1{169,170,...,199,200,Dy5x15,426,427, ...,456,457}; 324225+ 32; Total 289 entries
Digx19:=1{133,134,...,167,168,D17.17,458,459, ...,492,493}; 36 + 289+ 36; Total 361 entries
Do1x21:=193,94,...,131,132,D19x19,494,495, ...,532,533};  40+361+40; Total 441 entries
D23403:=149,50,...,91,92,D2) x21,534, 535, ...,576,577}; 444+ 441 +44; Total 529 entries
Dis5y05:=11,2,...,47,48,D23x23,578,579, ...,624, 625} ; 48 +529+48; Total 625 entries

According to above distributions of magic squares entries, we have the following result.

Result 2.1. The nested magic square of order 25 has the following properties:

i. The magic square sums are given by

S3x3:=939 =3 x313 S15x15:=4695=15x%x 313
S5x5:=1565=5x%x 313 S17x17:=5321=17%x 313
S7x7:=2191=7x%x313 S19x19:=95947 =19 x 313
Sgx9:=2817=9x 313 S21x21:=6573 =21 x 313
S11x11:=3443=11x313 So3x23:=7199 =23 x 313
S13x13:=4069 =13 x 313 So5x25 1= 7825 =25 x 313.

ii. The total entries sums are given by

Tye5:=3x939 =2817 =3°x313 Tisx15 = 15 x 4695 = 70425 =15 x 313
Tsys5:=5x 1565 =7825 =5°x313 Ti7x17 =17 x 5321 =90457 =17%x 313
Tyw7:=7x2191 =15337=7°x313 Tiox19 =19 x 5947 = 112993 = 19% x 313
Tovg:=9x2817 =25353=9%x313 Tyixo1 =21 x 6573 = 138033 = 21% x 313
Tiixi1:=11x 3443 =37873 =11 x 313 Tosxos =23 x 7199 = 165577 = 23% x 313
Tisx13 1= 13 x 4069 = 52897 = 13 x 313 Tosx5 1= 25 x 7825 = 195625 = 25% x 313

iii. The borders entries sums for the nested magic square of order 25 are given by

Cosxos 1= Tosxos — Tozxoz = 4 % (So5x25 — So3x23) =30048 = 12 x 8 x 313

5
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Ca3x23 := T23x23 — T21x21 =4 X (S23x23 — S21x21) =27544 =11 x 8 x 313
Ca1x21 := To1x21 — T19x19 = 4 X (S21x21 — S19x19) = 25040 =10 x 8 x 313
Ci9x19 := Thax19 — T17x17 = 4 % (S19x19 — S17x17) = 22536 =9 x 8 x 313
C17x17 := Ti7x17 — Tisx15 = 4 X (S17x17 — S15x15) = 20032 =8 x 8 x 313
Cisx15 := T15x15 — T13x13 =4 X (S15x15 — S13x13) = 17528 =7 x 8 x 313
Ci3x13:= T13x13 — T11x11 =4 % (S11x11 — Sox9) =15024=6x8 x 313
Crixi1:= Ti1x11— Toxg =4 % (Sowg— S7x7)  =12520=5x8x313
Cox9:=Toxg— T7x7 =4 % (Sgxg—S7x7)  =10016=4x8 x 313
Crx7:=Tx7 = Tsxs =4 % (5747 Ssx5)  =7512 =3x8x313
Csxs5:=Tsx5— T3xg =4 % (Ss5x5—S3x3)  =5008 =2x8x313
Csxg:=Taxz—Tia  =4%(S3x3—S11) =2504 =1x8x313,

where Ty, = S1x1 = 313 is the central value. In this case, the fixed difference among the consecutive
borders is dy,; ., :== 2504 = 8 x 313.

Finally, we get the following symmetric results

Result 2.2. According to Result[2.1] the nested magic square of order 25 for the consecutive entries 1 to 625, has
the following symmetric results:

I Sixr:=kxTix1;

ii. Tixi:=Kk*>x Tix1;

k-1

1il. Crxp:= x8x T1x1.
iv. dpordger := 8% Tix1.

where k =3,5,7,... 21,23 and 25 orders of magic squares appearing nested magic square of order 25, and T, :=
313 is the central value of the magic square.

2.2 Nested Magic Square of Order 24

Let’s consider following two Nested Magic Square of order 24 obtained from the site by H. White [1].

Example 2.2. Nested magic square of order 24 is given by
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6924

554 | 34 | 544 | 32 | 546 | 30 | 548 | 28 | 27 | 551 | 552 | 565 | 542 | 22 | 21 | 557 | 19 | 559 | 17 | 561 | 15 | 563 | 13 | 24 4924
975 | 67 | 519 | 59 | 817 | 61 | 515 | 63 | 513 | 65 | 511 | &7 | 520 | 69 | 507 | 71 | 505 | 73 | 503 | 75 | 501 | 77 | 509 | 2 |4924
3 | 79 | 469 | 461 | M5 | 463 | M3 | 465 | 466 | T10 | 109 | 98 | M7 | 471 | 472 | 104 | 474 | 102 | 476 | 100 | 478 | 107 | 498 | 574 | 6924
ST3 | 497 | M8 | 433 | 151 | 427 | 149 | 429 | 147 | 431 | 145 | 442 | 127 | 435 | 141 | 437 | 139 | 439 | 137 | 441 | 143 | 459 | 80 | 4 |4924
9 | 81 | 458 | 424 | 401 | 395 | 181 | 397 | 398 | 178 | 177 | 168 | 183 | 403 | 404 | 172 | 406 | 170 | 408 | 175 | 153 | N9 | 496 | 572 | 6924
971 | 495 | 120 | 154 | 184 393 | 423 | 457 | 82 | 6 | 4924
T | 83 | 456 | 422 | 392 185 | 195 | 121 | 494 | 570 | 4924
569 | 493 | 122 | 156 | 186 391 | 421 455 84 | 8 |4924
9 | 85 [ 454 | 420 | 390 187 | 157 | 123 | 492 | 568 | 4924
567 | 491 | 124 | 158 | 188 389 | 419 | 453 | 86 | 10 | 4924
1 | 87 | 452 | 418 | 388 189 | 159 | 125 | 490 | 566 | 4924
1 | 489|126 | 160 | 190 387 | 41T | 451 | 88 | 576 | 6924
4o | 499 | 89 | 152 | 161 416 | 425| 488 | 78 | 531 | 4924
932 | 521 | 97 | 134 | 167 410 | 443 ) 480 | 56 | 45 | 4924
44 | 55 | 481 | 444 | 411 166 | 133 | 96 | 522 | 533 | 6924
934 | 523 | 95 | 132 | 165 412 | 445) 482 | 54 | 43 | 4924
42 | 53 | 483 | 446 | 413 164 | 131 | 94 | 524 | 535 | 4924
936 | 525 | 93 | 130 | 163 414 | 44T 484 | 52 | 41 | 4924
40 | 51 | 485 | 448 | 415 162 | 129 | 92 | 526 | 537 | 4924
938 | 527 | 91 | 128 | 402 | 182 | 396 | 180 | 179 | 399 | 400 | 409 | 394 | 174 | 173 | 405 | 171 | 407 | 169 | 176 | 449 | 486 | 50 | 39 | 4924
38 | 49 | 487 | 434 | 426 | 150 | 428 | 148 | 430 | 146 | 432 | 135 | 450 | 142 | 436 | 140 | 438 | 138 | 440 | 136 | 144 | 90 | 528 | 539 | 4924
540 | 529 [ 470 | M6 | 462 | N4 | 464 | M2 | 1M | 467 | 468 | 479 | 460 | 106 | 105 | 473 | 103 | 475 | 101 | 477 | 99 | 108 | 48 | 37 4924
36 | 68 « 58 | 518 | 60 | 516 | 62 | 514 | 64 | 512 | 66 | 530 | 57 | 508 | 70 | 506 | 72 | 504 | 74 | 502 | 76 | 500 | 510 | 541 | 4924
553 | 543 | 33 | 545 | 31 | 547 | 29 | 549 | 550 26 | 25 | 12 | 35 | 555 | 556 | 20 | 558 | 18 | 560 | 16 | 562 | 14 | 564 | 23 4924

6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924 6924

Above we have a nested magic square of order 24. There are total 576 numbers. In this case we don’t have
a middle number. In order to start with magic square of order 4, let’s consider 16 numbers in the middle. This
means we have 280 numbers each side. Thus the magic square of order 4 starts from 281 and goes up to 296,
i.e., {281, 282, ..., 295, 296}. Based on this philosophy the other magic squares are constructed. See below the
distributions in each case:

Distribution 2.2. In each case, the nested magic square of order 24 is formed by the following entries:

Dyy4:=1{281,282,...,295,296}; 0+16+0; Total 16 entries
Dgxe:=1271,272,...,279,280,D444,297,298,...,305,306}; 10+16+10; Total 36 entries
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Dgyg:= {257,258, ...,269,270,Dgx6,307,308, ...,319,320}; 14+36+14; Total 64 entries
Diox10:= {239,240, ...,255,256,Dg«g,321,322,...,317,338}; 18+64+18; Total 100 entries
Diox12:=1{217,218,...,265,266,D19x10,339, 340, ...,359,360}; 22 + 100 +22; Total 144 entries
Di4x14:=1{191,192,...,215,216,D12x12,361,375, ...,385,386} ; 26 + 144 + 26; Total 196 entries
Digx16:=1{161,162,...,189,190,D14x14,387,388, ...,415,416}; 30+ 196 +30; Total 256 entries
Digx18:=1{127,128,...,159,160,D16x16,417,418,...,449,450}; 34 + 256 +34; Total 324 entries
D20 :=189,90,...,,125,126,D;18x18,451,452,...,487,488}; 38+324+38; Total 400 entries
Doy y00 :=1{47,48,...,87,88,D20x20,489,490,...,531,530}; 42 +400 +42; Total 484 entries
Doyyoq:=11,2,...,45,46,D22422,531,532,...,575,576}; 46 +484 +46; Total 576 entries

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.3. The nested magic square of order 24 has the following properties:

i. The magic square sums are given by

Syxg:=1154 =2 x 577 S16x16:=4616 =8 x 577

Sexe:=1731 =3 x 577 S18x18:=5193 =9 x 577

Sgxg:=2308 =4 x 577 So0x20:=5770 =10 x 577
S10x10 := 2885 =5 x 577 Soox00:=6347 =11 x 577
S12x12:=3462 =6 x 577 Soaxos :=6924 =12 x 577

Sl4><14 :=4039 =7 x577

ii. The sum of entries are given by

Tyvs:=4x1154 =4616 =2°x2x577 Tiaxia:= 14 x 4039 = 56546 =7°x2x 577

Toxe:=6x1731 =10386=3°x2x 577 Ti6x16:= 16 x 4616 = 73856 = 8° x 2 x 577

Toxg:=8x2308 =18464 =4°x2 x 577 Tigx1s:= 18 x 5193 = 93474 =9° x 2 x 577
Thiox10:= 10 x 2885 = 28850 = 5° x 2 x 577 Toox20 1= 20 x 5770 = 115400 = 10 x 2 x 577
Tioxi2 =12 x 3462 = 41544 = 6° x 2 x 577 Tooxoo 1= 22 x 6347 = 139634 = 11 x 2 x 577

Tosxos i=24 x 6924 = 166176 = 12° x 2 x 577

iii. The borders entries sums are given by

Coax24 1= Togxoq — Toox22 =4 % (So4x24 — Soox02) = 26542 =23 x 2 x 577
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Co2x22 := Tooxoz — Togxzo0 = 4 X (S22x22 — So0x20) = 24234 =21 x 2 x 577
C20x20 := Togx20 — Tigx18 =4 X (S20x20 — S18x18) = 21926 =19 x 2 x 577
Cigx18:= Tigx18 — Ti6x16 = 4 X (S1gx18 — S16x16) = 19618 = 17 x 2 x 577
Ci6x16 := Tiex16 — T1ax1a =4 X (S16x16 — S14x14) = 17310 =15 x 2 x 577
Crax14 := Thax1a — Ti2x12 =4 % (S14x14 — S12x12) = 15002 =13 x 2 x 577
Ciox12 := Ti2x12 — Thox10 = 4 % (S12x12 — S10x10) = 12694 = 11 x 2 x 577

Crox10 := Thox10 — Tgxg =4 % (Sj0x10 — Sgxg) =10386=9x 2 x 577

(
(
(
(

Cgxg:= Tgxg — Tsxe =4 x (Sgxg — Sex6) =8078 =7x2x577
Cox6:= Toxe — Tuxa =4 % (Sexs—Saxa)  =5770 =5x2x577
Caxs = Tyxs— Toxo =3462 =3 x2x577,

where Ty, = 285+ 288 + 289 + 292 = 1154 = 2 x 577 are four central or middle values of nested magic
square. In this case, the fixed difference among the consecutive borders is dy,,;q.r := 2308 =2x2x577. The
expression Sy« is taken out as we don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.4. According to Result[2.3, the nested magic square of order 24 for the consecutive entries I to 576, has
the following symmetric results:
k T2><2 .

I. Spxpi=—x

)

.. k)’
1. Tixp:= E X Toxo;

iii. Cixp:=(k—=1)x Tyyo.
V. dpordger := 2% Taxo.

where k =4,6, and 22,24 orders of magic squares appearing nested magic square of order 24, and T,,, := 1154
is sum of four central values of magic square.

The magic squares given in Examples [2.1/and [2.2] of orders 25 and 24 are of consecutive natural numbers,
and are derived from H. White’s site [1]. Based on above two examples[2.1jand 2.2} we shall obtain lower order
nested magic squares up to order 4.

2.3 Nested Magic Square of Order 23

In Example 2.1/ remove the external border, then we are left with nested magic square of order 23 for the en-
tries 49 to 577. Subtracting 48, we get following distribution for the nested magic square of order 23 for the
consecutive natural numbers 1 to 529.
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Distribution 2.3.

Ds.3:={261,262,263,264,265,266,267,268,269}

D55 := {253,254, ...,259,260,D3.3,270,271, ...,276,277}

D-.7:=1{241,242,...,251,252,D55,278,279, ...,288, 289}

Dg.qg:= {225,226, ...,239,240,D7.7,290,291, ...,304,305}
Di1x11:=1{205,206,...,223,224,Dg9, 306,307, ...,334,325}
D353 :=1{181,182,...,203,204, D1 11,326,327, ...,348,349}
D15x15 :={153,154,...,179,180,D43.13,350, 351, ...,376,377}
Di7.17:=1{121,122,...,,151,152,D15x15,378,379,...,408,409}
Di9x19:=185,86,...,119,120,D17x17,410,411, ...,444,445}
Dy1401 :=145,46,...,83,84,D19x19,446,447, ...,484,485}
Dys3.03:=11,2,...,43,44,D2; x21,486,487, ...,528, 529}

According to above distribution, the nested magic square of order 23 for the consecutive natural numbers

entries from 1 to 529 is given by

Example 2.3. Nested magic square of order 23 is given by

10
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6095
908 | 43 | &4 | 39 | 37 35|33 31|29 |27 | 25|23 5N |53 |55 |57 | 519 521|523 | 525|527 | 529 | 24 | 6095
b | 6095
42 | 6095
40 | 5095
38 | 6095
36 6095
34 | 6095
32 | 6095
30 | 6095
28 | 6095
26 | 6095
309 | 6095
910 | 6095
912 | 6095
314 | 6095
516 | 6095
918 | 6095
920 | 6095
922 | 6095
924 | 6095
926 | 6095
528 | 6095
906 | 487 | 489 | 491 | 493 | 495 | 497 | 499 | 501 | 503 [ 505|507 | 19 (17 [ W& | W W | 9 | T & [ 3 |1 | 22609
6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095 6095

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.5. The nested magic square of order 23 for the entries 1 to 529 has the following properties:

i. The magic square sums are given by

11
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S3x3:=795 =3 x5x53 Si5x15:=3975=15x5x 53
S545:=1325=5x5x53 S17x17:=4505 =17 x5 x 53
S747:=1855=7x5x%x53 S19x19:=5035=19 x5 x 53
Sg9x9:=2385=9x5x53 Ss1x21:=5565 =21 x5x53
S11x11:=2915=11x5x53 So3x23 := 6095 = 23 x 5 x 53,

Slgxlg :=3445=13x5x53

ii. The total entries sums are given by

T5.3:=3x795 =2385 =3°x5x53 Ti5015:= 15 x 3975 = 50625 =15°x5x 53
Tsvs5:=5%1325 =6625 =5°x5x53 Ti7417:= 17 x 4505 = 76585 =17°x5x 53
T;.7:=7x 1855 =12985=7"x5x 53 Tigx19 := 19 x 5035 = 95665 =19% x5 x 53
Tyvg:=9x 2385 =21465=9"x5x53 To1x01:=21 x 5565 = 116865 = 21° x 5 x 53
Ti1xi1:= 11 x 2915 = 32065 = 11° x 5 x 53 Togro3 := 23 x 6095 = 140185 = 23° x 5 x 53

Tigx13:= 13 x 3445 = 44785 = 13° x 5 x 53

iii. The borders entries sums for the nested magic square of order 23 are given by

Cazx23 1= Tozxos — Torxa1 = 4 % (Sagxa3 — Saix21) = 11 x2° x 5x 53
Corxz1:= Torxa1 — Thigx19 = 4 % (Sa1x21 — S19x19) = 10 x 2° x 5 x 53
Ciox19 := Ti9x19 — T17x17 = 4 % (S19x19 — S17x17) = 9% 2° x 5 x 53
Ci7x17:= Ti7x17 = Tisx1s = 4 % (S17x17 — S15x15) = 8 x 2° x 5 x 53
Cisx15 = Tisx15 — Ti3x13 =4 % (Sisx15 — S13x13) = 7 % 2° x 5 x 53
Cisx13:= Tisx13 — Tiixa1 =4 % (Si3x13 — S11x11) =6 x 2° x 5 x 53
Crix11:= Tiixi1 — Toxg =4 % (S11x11 — Soxg) =5x2%x5x53
Coxg:= Toxg— Trxz =4 (Sgxg—S7x7)  =4x2°x5x53
Crx7:=Truz— Tsxs =4 % (S77—Ssx5)  =3x2°x5x%x53
Csxs:= Tsuxs— Tsxz =4 % (Ssx5—S3x3)  =2x2°x5x%x53
C3x3:= T3x3 — T1x1 =4 x (S3x3 — S1x1) =1x23x5x53

where T1x1 = S1x1 = 265 is the central value. In this case, the fixed difference among the consecutive
borders is dyy, g0, 1= 2120 = 23 x 5 x 53.

Finally, we get the following symmetric results

12
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Result 2.6. According to Result[2.5, the nested magic square of order 23 for the consecutive entries 1 to 529, has
the following symmetric results:

i. Skxk :: k X Tl)(l;

ii. Tkxk = kZ X Tlxl;

k-1

iil. Crxp:= x8x T1x1.

where k =3,5,7,... 21,23 orders of squares appearing nested magic square of order 23, and T, := 265 is the
central value of the magic square.

2.4 Nested Magic Square of Order 22

In example [2.2]if we remove the external border, we are left with nested magic square of order 22 for the en-
tries 47 to 530. Subtracting 46, we get following distribution for the nested magic square of order 22 for the
consecutive natural numbers 1 to 484.

Distribution 2.4.

Dyy4:=1{235,236,...,249,250}

Dgyo:=1{225,226,...,233,234,D4,4,251,252,...,259, 260}

Dg.g:=1{211,212,...,223,224,Dgx¢,261,262,...,273,274}
Diox10:=1{193,194,...,209,210,Dg,g,275,276,...,291,292}
Dioy12:=1{171,172,...,191,192,D1¢x10,293,294,...,313,314}
Disx14:=1{145,146,...,169,170,D2.12,315,316,...,339,340}
Digx16:=1{115,116,...,285,287,D14x14,341,342,...,369,370}
Digx15:=1{81,82,...,113,114,Dy6x16,371,372,...,403,404}
Dooxoo:=1{43,44,...,79,80,D18x15,405,406,...,441,442}
Dysy00:=11,3,...,41,42,D2¢x20,443,444,...,483,484}

According to above distribution, the nested magic square of order 22 for the consecutive natural numbers
entries from 1 to 484 is given by

Example 2.4. Nested magic square of order 22 is given by

13
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9335
21 | 473 | 13 | 4TI | 15 | 469 | 17 | 467 | 19 | 465 | 1 | 474 | 23 | 461 | 25 | 459 | 27 | 407 | 29 | 455 | 31 | 463 |5335
33 | 423 | 415 | 69 | 417 | 67 | 419 | 420 | 64 | 63 | 52 | T1 | 420 | 426 | 58 | 428 | 56 | 430 | 54 | 432 | 61 | 452 {5335
4511 72 | 387 | 105 | 381 | 103 | 383 | 1001 | 385 | 99 | 396 | 81 | 389 | 95 | 391 | 93 | 393 | 91 | 395 | 97 | 413 | 34 |5335
35 | 412 | 378 | 353 | 349 | 135 | 351 | 352 | 132 | 131 | 122 | 137 | 357 | 358 | 126 | 360 | 124 | 362 | 129 | 107 | 73 | 430 {5335
449 | 74 | 108 | 138 347 | 377 | 411 | 36 |5335
37 | 410 | 376 | 346 139 | 109 | 75 | 448 | 5335
4471 76 | 10 | 140 345 | 375 | 409 | 38 | 5335
39 | 408 | 374 | 344 141 | 1 | 77 | 446 | 5335
4a5 | 78 | 2 | 142 343 | 373 | 407 | 40 |5335
41 | 406 | 372 | 342 143 | 113 | 79 | 444 | 5335
443 | 80 | N4 | 144 341 | 37 | 405 [ 42 |5335
453 | 43 | 106 | M5 370 | 379 | 442 | 32 |5335
475 [ 51 | 88 | 121 364 | 397 | 434 | 10 |5335
9 | 435|398 | 365 120 | 87 | 50 | 476 | 5335
4771 49 | 86 | 119 366 | 399 | 436 | B |[5335
7 | 437 | 400 | 367 18 | 85 | 48 | 478 | 5335
479 | 47 | 84 | 117 368 | 401 | 438 | & (5335
5 | 439 [ 402 | 369 M6 | 83 | 46 | 480 |5335
481] 45 | 82 | 356 | 136 | 350 | 134 | 133 | 353 | 354 | 363 | 348 | 128 | 127 | 359 | 125 | 361 | 123 | 130 | 403 | 440 | 4 |5335
3 | 441388 | 380 | 104 | 382 | 102 | 384 | 100 | 386 @ B9 | 404 | 96 | 390 | 94 | 392 | 92 | 394 | 90 | 98 | 44 | 482 5235
483 | 424 | 70 | 416 | 68 | 418 | 66 | 65 | 421 | 422 | 433 | 414 | 60 | 59 | 427 | 57 | 429 | 55 | 431 | 53 | 62 | 2 |5335
22 | 12 | 472 | 14 | 470 | 16 | 46B | 18 | 466 | 20 | 4B4 | T1 | 462 | 24 | 460 | 26 | 458 | 28 | 456 | 30 | 404 | 464 {5335
5335 5330 5330 5335 0335 5335 5335 5335 5330 5330 5335 5335 5335 5335 5335 5335 5335 5335 5335 5335 53D 5335 533

The nested magic square given in Example or Distribution [2.4] satisfies some interesting properties
summarized in a result below.

Result 2.7. The nested magic square of order 22 has the following properties:

i. The magic square sums are given by

14
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Sixq: =970 =2x485 S14x14:=3395 =7 x 485

Sexe := 1455 =3 x 485 S16x16 := 3880 =8 x 485

Sgxg :=1940 =4 x 485 S18x18 :=4365 =9 x 485
S1ox10:=2425=5x 485 S20x20 := 4850 = 10 x 485
S12x12:=2910 =6 x 485 S22x22:=5335 =11 x 485

ii. The sum of entries are given by

Tivs:=4x970 =3880 =2%x2x485 Tiaxia:= 14 x 3395 = 47530 =7 x 2 x 485

Tove:=6x 1455 =8730 =3°x2x485 Tiex16 = 16 x 3880 = 62080 = 8° x 2 x 485

Tovg:=8x1940 =15520 =4 x 2 x 485 Tigx1s = 18 x 4365 = 78570 = 9° x 2 x 485
Tiox10 := 10 x 2425 = 24250 = 5 x 2 x 485 Toox20 := 20 x 4850 = 97000 = 10° x 2 x 485
Tiox12 1= 12 x 2910 = 34920 = 6° x 2 x 485 Tooxoo 1= 22 %5335 =117370 = 11° x 2 x 485

iii. The borders entries sums are given by

Coox22 := Toox22 — Taox20 = 4 % (S22x22 — S20x20) =21 x 2 x 485
C20x20 := Toox20 — T1gx18 = 4 % (S20x20 — S18x18) = 19 x 2 x 485
Cigx18:= Tigx18 — Ti6x16 = 4 % (S18x18 — S16x16) = 17 x 2 x 485
Ciex16 := Ti6x16 — T14x14 = 4 % (S16x16 — S14x14) = 15 % 2 x 485
Crax14:= Tiax1a — Tiax12 = 4 X (S1ax14 — S12x12) = 13 x 2 x 485
Cr2x12:= Ti2x12 = Thox10 = 4 % (S12x12 — S10x10) = 11 X 2 x 485
Crox10:= Tiox10— Tgxg =4 % (S10x10 — Sgxg) =9 x2x485
Cgxg:= Tgxg — Toxe ~ =4 % (Sgxg — Sexs) =7 %x2x485
Cox6:= Toxe— Taxa =4 % (Sexe— Saxa)  =5%x2x485
Caxa = Tyxg — Toxz =3 x 2 x485,

where Ty, = 2414242+243+244 = 970 = 2 x485 are four central or middle values of nested magic square.
In this case, the fixed difference among the consecutive borders is dy,q.r := 1940. The expression Sy is
taken out as we don't have magic square of order 2.

Finally, we get the following symmetric results

Result 2.8. According to Result[2.7, the nested magic square of order 22 for the consecutive entries 1 to 484 has
the following symmetric results:

15
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k T2><2
I. Spxp:i=—x
kxk 2 2

. k)’
1. Tixp:= 5 X Toxo;

)

iii. Cixp:=(k—=1)x Tyo.

where k =4,6, and 20,22 orders of magic squares appearing nested magic square of order 22, and T, ., := 970 is
sum of four central values of magic square.

2.5 Nested Magic Square of Order 21

In Example [2.3|remove the external border, then we are left with nested magic square of order 21 for the en-
tries 45 to 485. Subtracting 44, we get following distribution for the nested magic square of order 21 for the
consecutive natural numbers 1 to 441.

Distribution 2.5.
Ds,3:=1{217,218,...,224,225}

Ds,5:=1{209,210,...,215,216,D3.3,226,227,...,232,233}

D7.7:=1{197,198,...,208,209,Ds5.5,234,235,...,244,245}

Dg,9:=1{181,182,...,195,196,D-.7,246,247,...,260,261}
D411 :=1161,162,...,179,180,Dg.9g,262,263,...,280,281}
Di3,13:=1{137,138,...,159,160,D;;+11,282,283,...,304,305}
Di5415:=1109,110,...,135, 136,D13x13,306,307, ...,332,333}
D17417:=177,78,...,107,108,D15x15,334, 335, ...,364, 365}
Digyx19:=141,42,...,75,76,D17417,366,367,...,400,401}
Dj1y01:=11,2,...,39,40,D19419,402,403, . ..,440,441} .

According to above distribution, the nested magic square of order 21 for the consecutive natural numbers

entries from 1 to 441 is given by

Example 2.5. Nested magic square of order 21 is given by

16
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4641 4641 4641 4641

4ok
4641
4b41
4641
4641
4641
4641
4641
4641
4641
4641
4641
4641
4641
4641
4641
4641
4641
464l
4641
464l
4641

Go41 4641 4641 4641 L4641 4641 4641 G641 G641 4641 4641 4641 4641 4641 4641 4641 4641 4641

According to above distribution of magic squares entries, we have the following properties written as a

result.

Result 2.9. The nested magic square of order 21 for the entries 1 to 441 has the following properties:

i. The magic square sums are given by
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S3x3:=663 =3x13x17 S13x13:=2873 =13 x13 x 17
S545:=1105=5x13 x 17 S15x15:=3315=15x13 x 17
S747:=1547=7x13 x 17 S17x17:=3757=17%x13 x 17
Sgx9:=1989=9 x 13 x 17 S19x19:=4199=19x 13 x 17
S11x11:=2431=11x13x 17 So1x21:=4641 =21 x13 x 17

ii. The total entries sums are given by

Tye3:=3%x663 =1989 =3*x13x17 Tisx13:=13 x 2873 =37349=13°x 13 x 17
Tse5:=5x1105 =5525 =5°x13x17 Tisx15:=15x 3315 =49725 =15 x 13 x 17
Tyy7:=7x1547 =10829=7°x13x 17 Ti7x17:=17x 3757 =63869 = 17° x 13 x 17
Torg:=9x 1989 =17901=9%x13x 17 Tiox19:=19x 4199 = 79781 = 19* x 13 x 17
Tiixi1:=11x2431=26741=11°x 13 x 17 Toixor =21 x 4641 =97461 =21* x 13 x 17

iii. The borders entries sums for the nested magic square of order 23 are given by

Corx21:= Torxa1 — Thgx19 = 4 % (Sa1x21 — S19x19) = 10 x 2° x 13 x 17
Ciox19 := Th9x19 — T17x17 =4 % (S19x19 — S17x17) = 9% 2° x 13 x 17
Ci7x17:= Ti7x17 = Tisx1s =4 % (S17x17 — S15x15) = 8 x 2° x 13 x 17
Cisx1s:= Tisx15 — Ti3x13 =4 % (Sisx15 — S13x13) = 7x 2° x 13 x 17
Cizx13:= Ti3x13 = Thix11 =4 % (S13x13 — S11x11) =6x2° x 13 x 17
Ciix11:= Thixin — Toxg =4 % (S11x11 — Soxg) =5x2°x13x17
Coxg:= Toxg— Trxz =4 (Sgxg— S7x7)  =4x2°x13x17
Crx7:= Trxr— Tsxs =4 % (Szx7—Ssxs)  =3x2°x13x17
Csxs:= Tsxs— Taxz =4 (Ssx5— Saxz) =2x2°x13x17
Cix3:= Taxz— Tix1 =4 (S3x3—Six1) =1x2°x13x17

where Ty, = S1x1 = 221 is the central value. In this case, the fixed difference among the consecutive
borders is dyorqer := 1768 =23 x 13 x 17.

Finally, we get the following symmetric results

Result 2.10. According to Result[2.9, the nested magic square of order 21 for the consecutive entries 1 to 441, has
the following symmetric results:

18
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i. Skxk :: k X Tl)(l;

il. Tixp:= k? x Tix15

k-1

iii. Ckxkiz ><8><T1x1.

where k =3,5,7,... 19 and 21 orders of squares appearing nested magic square of order 21, and Ty, := 221 is
the central value of the magic square.

2.6 Nested Magic Square of Order 20

In example [2.4|if we remove the external border, we are left with nested magic square of order 20 for the en-
tries 43 to 443. Subtracting 42, we get following distribution for the nested magic square of order 20 for the
consecutive natural numbers 1 to 400.

Distribution 2.6.

Dyys:=1{193,194,...,207,208}

Dgyo:=1{183,184,...,191,192,D4,4,209,210,...,217,218}

Dg.s:=1{169,170,...,181,182,D¢.¢,219,220,...,231,232}
Diox10:=1{151,152,...,167,168,Dg.g,233,234,...,249, 250}
Dioy12:=1{129,130,...,149,150,D19x10,251,252,...,271,272}
Disx14:=1{103,104,...,127,128,D12+12,273,274,...,297,298}
Digx16:=1{73,74,...,101,102,D14x14,299,300,...,327,328}
Digx18:=1{39,40,...,71,72,Dygx16, 329, 330,...,361,362}
Dooxoo:=11,2,...,37,38,D13x18,363,364,...,399, 400}

According to above distribution, the nested magic square of order 20 for the consecutive natural numbers

entries from 1 to 400 is given by

Example 2.6. Nested magic square of order 20 is given by
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4010
381|373 |27 375 | 25 | 377|378 22 | 21 | 10 | 29 | 3B3 |3B4| 16 |3B6| 14 | 388 | 12 | 390 | 19 [4010
30 | 345 | 63 | 339 | 61 | 341 | 59 | 343 | 57 | 354 | 39 | 347 | 53 | 349 | 51 | 351 | 49 | 353 | 55 | 3N [u000
370 [ 336 | 313 | 307 | 93 | 309 | 310 | 90 | 89 | 80 | 95 | 315 | 316 K 84 | 318 | 82 | 320 | 87 | 65 | 31 4010
32 | 66 | % 305 | 335 | 369 [ 4010
368 | 334 | 304 97 | 67 | 33 [4010
34| 68 | 98 303 | 333 | 367 [ 4010
366 | 332 | 302 99 | 69 | 35 [4010
36 | 70 | 100 301 | 331 [ 365 | 4010
364 | 330 | 300 100 [ 71 | 37 [4010
38 | 12 |02 299 | 329 | 363 [ 4010
1 164|73 328 | 337 | 400 [ 4010
9 146 |79 322 | 355 | 392 [ 4010
393 | 356 | 323 78 | 45 | 8 [4010
T 1 46| T 324 | 357 | 394 [ 4010
395 | 358 | 325 76 | 43 | 6 [4010
5 |42 |7 326 | 359 | 396 [ 4010
397 | 360 | 327 74 | 41 | 4 [4010
3 |40 [ 34| 94 (308 92 M | 3N |32 321 306 86 | 85 | 317 | 83 | 319 | 81 | 88 | 36l [ 398 | 4010
399 | 346 | 338 | 62 | 340 | 60 | 342 | 5B | 344 | 47 362 | 54 | 348 | 52 | 350 | 50 | 352 | 4B | 56 | 2 |4UIC
382 | 28 | 374 | 26 | 376 | 24 | 23 | 379 | 380 | 3M | 372 | 18 | 17 (385| 15 | 387 | 13 | 389 | N | 20 | 4010
4010 4010 4010 4010 4010 4010 4010 4010 4010 4010 4010 4010 4010 4070 4070 4070 4010 40100 4070 4010 4010

The nested magic square given in Example[2.6|or Distribution 22 satisfies some interesting properties sum-
marized in a result below.

Result 2.11. The nested magic square of order 20 has the following properties:

i. The magic square sums are given by

S4x4:=802 =2x401
Sexe:=1203 =3 x 401
Sgxg :=1604 =4 x 401
S10x10 :=2005 =5 x 401
S12x12:=2406 =6 x 401

S14x14:=2807 =7 x 401
S16x16:=3208 =8 x 401
S18x18:=3609 =9 x 401
S20x20:=4010=10 x 401

20
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ii. The sum of entries are given by

Tyvs:=4x970 =3880 =2%x2x401 Tiaxia = 14 x 3395 = 47530 = 7° x 2 x 401

Tsve:=6x 1455 =8730 =3°x2x401 Thex16 = 16 x 3880 = 62080 = 8° x 2 x 401

Toxg:=8x1940 =15520=4%x 2 x 401 Tigx1s := 18 x 4365 = 78570 = 9% x 2 x 401
Tiox10 := 10 x 2425 = 24250 = 5° x 2 x 401 Thox20 = 20 x 4850 = 97000 = 10 x 2 x 401

Tiox1s := 12 x 2910 = 34920 = 6% x 2 x 401

iii. The borders entries sums are given by

C20x20 := T20x20 — Tigx18 = 4 % (S20x20 — S18x18) = 19 x 2 x 401
Cigx18 := Tigx18 — Tiex16 = 4 % (S18x18 — S16x16) = 17 x 2 x 401
Ci6x16 := T16x16 — T14x14 =4 % (S16x16 — S14x14) = 15 %2 x 401
Crax14:= Tiax1a — Ti2x12 =4 % (S14x14 — S12x12) = 13 x 2 x 401
Ci2x12 := Ti2x12 — Thox10 = 4 % (S12x12 — S10x10) = 11 x 2 x 401
C1ox10:= Thox10— Texg =4 % (S10x10 — Sgxg) =9 x2x401
Cgxg:= Tgxg— Toxe ~ =4 % (Sgxg— Sexs)  =7%x2x401
Cox6:= Toxe— Taxa =4 % (Sexe— Saxa) =5%x2x401
Cixa = Tyxa— Toxo =3 x2x401,

where Tryo =199+ 200 + 201 + 202 = 802 are four central or middle values of nested magic square. In this
case, the fixed difference among the consecutive borders is d} 4., := 1604. The expression S,, is taken
out as we don't have magic square of order 2.

Finally, we get the following symmetric results

Result 2.12. According to Result|2.11} the nested magic square of order 20 for the consecutive entries 1 to 400 has
the following symmetric results:
k T2><2 .

I. Sixpi=—x ;
kxk 5 5

k 2
. Tixr:=|=| % Toxo;
kxk (2) 2x2
iii. Ckxk:: (k—l)x szz.

where k =4,6, and 18,20 orders of magic squares appearing nested magic square of order 20, and T, := 802 is
sum of four central values of magic square.
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2.7 Nested Magic Square of Order 19

In Example 2.5/remove the external border, then we are left with nested magic square of order 19 for the en-
tries 41 to 401. Subtracting 40, we get following distribution for the nested magic square of order 19 for the
consecutive natural numbers 1 to 361.

Distribution 2.7.
D33 :=1{177,178,...,184,185}

Ds,s5:=1{169,170,...,215,216,D3.3,186,187,...,192,193}

D77 :=1{157,158,...,167,168,D5.5,194,195,...,204,205}

Dg,q:=1{141,142,...,155,156,D7.7,206,207,...,220,221}
D111 :=1{121,122,...,139,140,Dg.g,222,223,...,240,241}
Di3413:=197,98,...,119,120,D1,+11,242,243,...,264, 265}
Di5415:=169,70,...,95,96,D13.13,266,267,...,292,293}
D17417:=137,38,...,67,68,D15+15,294,295,...,324,325}
Digx19:=11,2,...,35,36,D,7+17,326,327,...,360,361}

According to above distribution, the nested magic square of order 19 for the consecutive natural numbers

entries from 1 to 361 is given by

Example 2.7. Nested magic square of order 19 is given by

22
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3429
366035 | 33 N 29 27| 25| 23 N |19 | 347 349 | 351 | 353 | 355 | 357 | 359 | 361 | 20 3439
3261310 | 67 | 65 | 63 | 61 | 59 | 57 | 55 | 53 | 313 | 315 | 317 | N9 | 321 | 323 | 325 | 54 | 36 [3439
328 | 294 | 280 | 266 | 268 | 270 | 272 | 274 276 | B1 | BO (78 | 76 | 74 | 72 | 70 | 278 | 68 | 34 3439
330 [ 296 | 95 | 108 | 97 | 99 | 101 | 103 | 105 | 253 | 251 | 249 | 247 | 245 | 243 | 252 | 267 | 66 | 32 |3439
332 (296 | 93 | 264 | 130 | 121 | 123 | 125 | 127 | 231 | 229 | 227 | 225 223 | 230 | 98 | 269 | 64 | 30 | 3439
334 (300 | 91 | 262 | 240 | 212 | 142 | 144 | 146 | 147 | 210 | 208 | 206 @214 | 122 | 100 | 271 | 62 | 2B |3439
336 | 302 | 89 | 260 [ 238 | 207 | 198 | 158 | 160 | 161 | 196 | 194 | 200 [ 155 | 124 | 102 | 273 | 60 | 26 |3439
338 [ 304 | 87 | 258 [ 236 | 209 | 195 167 | 153 | 126 | 104 | 275 | 58 | 24 3439
340 | 306 | 85 | 256 [ 234 | 211 | 197 165 | 151 | 128 | 106 | 277 | 56 | 22 3439
17 [ 51 | 83 | 255 (233 | 213 | 199 163 | 149 | 129 | 107 | 279 | 31 | 345 | 3439
16 [ 50 | 283 | M2 [ 134 | 145 | 159 203 | 217 [228 | 250 | 79 | 312 | 346 | 3439
14 | 48 | 285 | 14 | 136 | 143 | 157 205 | 219 | 226 | 248 | 77 | 314 | 348 | 3439
12 | 46 | 287 | 116 | 138 | 141 | 162 | 204 | 202 | 201 | 166 | 168 | 164 | 221 | 224 | 246 | 75 | 316 | 350 | 3439
10 | 44 | 289 | 118 | 140 | 148 | 220 | 218 | 216 | 215 | 152 | 154 | 156 | 150 [ 222 | 244 | 73 | 318 | 352 [ 3439
B | 42 | 291|120 | 132 | 241 | 239 | 237 | 235 | 131 | 133 | 135 | 137 | 139 | 232 | 242 | T1 | 320 | 354 | 3439
6 | 40 | 293 | 10 | 265 | 263 | 261 | 259 | 287 | 109 | M | M3 | N5 | M7 | N9 | 254 | 69 | 322 | 336 | 3439
4 | 38 | 84 | 9 | 94 | 92 | 90 | BB | 86 | 281 | 282 | 284 | 286 | 288 | 290 | 292 | B2 | 324 | 358 | 343
2 |308| 295|297 | 299 | 301 | 303 | 305 | 307|309 49 | 47 | 45 | 43 | 41 | 39 | 37 | 52 | 360 | 3437
342 | 327 | 329 | 331 | 333 | 335|337 | 339 341|343 |15 ¥ || 9| T |5 | 3 |1 |18 |3439
3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439 3439

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.13. The nested magic square of order 19 for the entries 1 to 361 has the following properties:

i. The magic square sums are given by

S3x3:=543 =3 x 181 S13x13:=2353 =13 x 181
S5x5:=905 =5x181 S15x15:=2715=15x 181
S7x7:=1267 =7 x 181 S17x17:=3077 =17 x 181
S9x9:=1629 =9 x 181 S19x19:=3439=19 x 181

Sllxll =1991=11x181
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ii. The total entries sums are given by

Tye3:=3x543 =1629 =3%x181 Tisx13 := 13 x 2353 = 30589 = 13° x 181
Tse5:=5x905 =4525 =5°x181 Tisx15:= 15 x 2715 = 40725 = 15° x 181
Ty7:=7x 1267 =8869 =7°x181 Ti7x17 1= 17 x 3077 = 52309 = 17° x 181
Ty =9 x 1629 =14661 = 9% x 181 Thigx19:= 19 x 3439 = 65341 = 19° x 181

Tiixin:=11x1991=21901=11°x 181

iii. The borders entries sums for the nested magic square of order 23 are given by

Ci9x19:= Tigx19 — T17x17 = 4 X (S19x19 — S17x17) = 9 x 2° x 181
Ci7x17:= Thzx17 — Tisx1s = 4 X (S17x17 — S15x15) = 8 x 2° x 181
Cisx15:= Tisx15 — Ti3x13 = 4 X (S15x15 — S13x13) = 7 x 2° x 181
Cizx13:= Tisx13 — Tiix11 = 4 % (S13x13 — S11x11) =6 x 2° x 181
Ciix11:= Tiix11 — Toxg =4 % (Si1x11— Soxg) =5x2° x 181
Coxg:= Toxg— Trxz  =4x (Sgxg—S7x7)  =4x2°x181
Crx7:= Trxz— Tsxs =4 % (Sgx7—Ssxs) =3 x2°x 181
Csxs5:= Tsxs— T3x3 =4 % (Ssx5—S3x3) =2x2°x181
Csx3:= Tax3— Tix1  =4%(S3x3—S1x1) =1x2°x181

where Ty, = S1x1 = 181 is the central value. In this case, the fixed difference among the consecutive
borders is dyy,q., 1= 1448 = 23 x 181.

Finally, we get the following symmetric results

Result 2.14. According to Result[2.13, the nested magic square of order 19 for the consecutive entries 1 to 361,
has the following symmetric results:

I Skxk =k x Tlxl;

P e 1.2 .
122 Tkxk-—k XTIXl)

k-1
1il. Crxp:=

X8 X Tixi.

where k =3,5,7,... 17 and 19 orders of squares appearing nested magic square of order 19, and Ty, := 181 is
the central value of the magic square.
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2.8 Nested Magic Square of Order 18

In Example 2.6/remove the external border, then we are left with nested magic square of order 18 for the en-
tries 39 to 362. Subtracting 38, we get following distribution for the nested magic square of order 18 for the
consecutive natural numbers 1 to 324.

Distribution 2.8.
Dy, :={155,156,...,169,170}

Dy :=1{145,146,...,153,154,D4.4,171,172,...,179,180}

Dg.g:=1{131,132,...,143,144,D¢.¢,181,182,...,193,194}
Diox10:=1113,115,...,129,130, Dg.g, 195,196,...,211,212}
Disx12:=191,92,...,111,112,Dj¢x10,213,214,...,233,234}
D14x14:=165,66,...,89,90,D12412,235,236,...,259,260}
Digx16:=135,36,...,63,64,D14x14,261,262,...,289,290}
Digxi18:=11,2,...,33,34,D16x16,291,292,...,323,324}

According to above distribution, the nested magic square of order 18 for the consecutive natural numbers

entries from 1 to 324 is given by

Example 2.8. Nested magic square of order 18 is given by
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2925
30725 | 30123 (303 20 305 19 [36| 1 (30915 |3m |16 [3w| 0 |3s| 0 |nn
298 275 | 269 | 55 | am [212 | 52 | 51| 42 | 57 | 217|278 | 46 280 | 44 | 282 | 49 | 27 {2925
28 267 | 297 [ 2925
29 59 | 29 |2925
30 265 | 295 | 2925
9 61 | 31 {2925
/) 263 | 293 | 2925
292 63 | 33 2925
34 261 | 291 | 2925
2 290 | 299 | 2925
8 284 | 317 | 2925
318 0| 7 |25
6 286 | 319 [ 2925
320 38| § |95
b 2688 | 321 | 2925
322 3 | 3 2925
2 276 | 56 | 270 | 54 | 53 | 273 | 274 | 283 | 268 | 48 | 47 | 279 | 45 | 281 | 43 | 50 | 323 {2925
308 (300 | 24 302 22 (304 20 |306| 9 |324| 16 [ 310 14 [312| 12 |34 | 10 | 18 |2905
2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925 2925

The nested magic square given in Example or Distribution [2.8| satisfies some interesting properties
summarized in a result below.

Result 2.15. The nested magic square of order 18 has the following properties:

i. The magic square sums are given by

Sixa:=650 =2x325
Sex6:=975 =3 x325
Sgxg:=1300=4 x 325
S10x10 := 1625 =5 x 325

S12x12 := 1950 = 6 x 325
Siax14:=2275=7 x 325
S16x16 := 2600 = 8 x 325
Sigx1g := 2925 = 9 x 325

ii. The sum of entries are given by
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Tys:=4x650 =2600 =2%x2x325 Tiox12:= 12 x 1950 = 23400 = 6° x 2 x 325
Tovs:=6x975 =5850 =3”x2x325 Tisx1s:= 14 x 2275 = 31850 = 7% x 2 x 325
Ty :=8x 1300 =10400 = 4% x 2 x 325 Ti6x16:= 16 x 2600 = 41600 = 8° x 2 x 325
Tiox10:= 10 x 1625 = 16250 = 5% x 2 x 325 Tigx1g:= 18 x 2925 = 52650 = 9% x 2 x 325

iii. The borders entries sums are given by

Cigx18 := T1gx18 — Tiex16 = 4 % (S18x18 — S16x16) = 17 x 2 x 325
Ci6x16 := T16x16 — Thax14 =4 % (S16x16 — S14x14) = 15 x 2 x 325
Crax14 := Tiax1a — Thax12 = 4 % (S14x14 — S12x12) = 13 x 2 x 325
Ci2x12 := Ti2x12 — Thox10 = 4 % (S12x12 — S10x10) = 11 x 2 x 325
Crox10:= Tiox10— Tgxg =4 % (S10x10 — Sgxg) =9 x2x325
Cgxg:= Tgxg— Toxe ~ =4 x (Sgxg— Sex6) =7 %x2x325
Cox6:= Toxe6— Taxa =4 x(Sexe—Saxa) =5x2x325
Cixa 1= Tyxa— Toxo =3 x 2 x 325,

where Ty, = 161+162+163+164 = 650 = 2 x 325 are four central or middle values of nested magic square.
In this case, the fixed difference among the consecutive borders is d},,; 4., := 1300. The expression Sy, is
taken out as we don't have magic square of order 2.

Finally, we get the following symmetric results

Result 2.16. According to Result[2.15, the nested magic square of order 18 for the consecutive entries 1 to 324,
has the following symmetric results:
k T2><2 .

I. Sixpi=—x ;
ke =5 5

]C 2
. Tixi:==| x Toxo;
kxk (2) 2x2
1ii. C]ka:: (k—l)XTgxz.

where k =4,6, and 16,18 orders of magic squares appearing nested magic square of order 18, and T, := 650 is
sum of four central values of magic square.
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2.9 Nested Magic Square of Order 17

In Example 2.7|remove the external border, then we are left with nested magic square of order 17 for the en-
tries 37 to 325. Subtracting 36, we get following distribution for the nested magic square of order 17 for the
consecutive natural numbers 1 to 289.

Distribution 2.9.
Dsy3:=1{141,142,...,148,149}

Ds.5:=1{133,134,...,139,140,D3.3,150,151,...,156,157}

D7.7:=1{121,122,...,131,132,D5.5, 158,159,...,168, 169}

Dg,9:=1{105,106,...,119,120,D7.7,170,171,...,184,185}
D111 :=185,86,...,103,104,Dg9, 186,187,...,204,205}
Dy3413:=161,62,...,83,84,D11+11,206,207,...,228,229}
Di5415:=133,34,...,59,60,D13.13,230,231,...,256,257}
Di7417:=11,2,...,31,32,D15415,258,259,...,288,289}

According to above distribution, the nested magic square of order 17 for the consecutive natural numbers

entries from 1 to 225 is given by

Example 2.9. Nested magic square of order 17 is given by
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2565
206 | 31 | 29 | 27| 25| 28 2|19 | 277 279 | 281 | 283 | 285 | 287 | 289 | 18 2465
258 | 244 | 230 | 232 | 234 | 236 | 238 | 240 | 45 | 44 | 42 | 40 | 3B | 36 | 34 | 242 | 32 2465
260 1 59 | 72 | 61 | 63 | 65 | 67 | &9 | 217 | 215 | 213 | 211 | 209 | 207 | 216 | 231 | 30 |Z465
262 | 57 | 228 62 | 233 | 28 2465
264 | 55 | 226 64 | 235 | 26 2465
266 | 93 | 224 66 | 237 | 24 | 7465
268 | 51 | 222 68 | 239 | 22 2465
210 | 49 | 220 70 | 241 | 20 | 2465
15 | 47 | 219 T | 243 | 275 | 2465
14 | 247 | 76 214 | &3 | 276 | 2465
12 | 249 78 212 | 41 | 278 | 2465
10 | 251 | 80 210 | 39 | 280 | 2465
8 | 253 | 82 208 | 37 | 282 | 2465
6 | 255 84 206 | 35 | 284 (2465
& | 257 | 74 229 | 227|225 | 223 |21 | 73 |75 | 77 | 79 | 81 | 83 | 218 | 33 | 286 [ 2465
2 | 48 60 | 58 | 56 | 54 | 52 | 50 | 245 | 246 | 248 | 250 | 252 | 254 | 256 | 46 | 288 | 2465
272|259 | 261 | 263 | 265 | 267 | 269 | 2N | 273 | 13 | W | 9 | 7 | 5 | 3 | 1 | 16 [2465

2465 2465 2465 2465 2465 2465 2463 2465 2465 2465 2465 2465 2465 2465 2465 2465 2465 2465

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.17. The nested magic square of order 17 for the entries 1 to 289 has the following properties:

i. The magic square sums are given by

S3x3:=435 =3 x5x29
S5.5:=725 =5x5x29
S7x7:=1015=7x5x29
Sgx9:=1305=9 x5 x 29

S11x11:=1595=11x5x%x29
S13x13:=1885=13 x5 x 29
S15x15:=2175=15x5x 29
S17x17:=2465 =17 x5 x 29

ii. The total entries sums are given by
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Tye5:=3x435 =1305 =3°x5x29 Ti1x11:=11x1595=17545=11° x5 x 29
Tsv5:=5x725 =3635 =5°x5x29 Tisx13 := 13 x 1885 = 24505 = 13° x 5 x 29
Tyr7:=7%x1015=7105 =7°x5x29 Tisx1s:= 15 x 2175 = 32625 = 15° x 5 x 29
Toxg =9 x 1305 =11745=9% x5 x 29 Tizx17:= 17 x 2465 = 41905 = 17° x 5 x 29

iii. The borders entries sums for the nested magic square of order 23 are given by

Ci7x17:= Ti7x17 — Tisx1s =4 % (S17x17 — S15x15) = 8 x 2° x 5 x 29
Cisx1s = Tisx15 — Ti3x13 =4 % (Si5x15 — S13x13) = 7 x 2° x 5 % 29
Cizx13 := Ti3x13 — Ti1x11 =4 % (S13x13 — S11x11) = 6 x 2° x 5 x 29
Ciixi1:= Tiix11— Toxg =4 % (Si1x11— Soxg)  =5x2° x5x 29
Coxo:= Toxg— Trxz =4 % (Sgxg—S7x7)  =4x2°x5x29
Crx7:= Trxz— Tsxs =4 % (Syx7—Ssxs) =3 x2°x5x29
Csxs5:= Tsxs— Tsxzg =4 (Ssx5—Saxz) =2x2°x5x29
Cax3:=Tsxz— Tix1  =4x(Szx3—S1x1) =1x2"x5x%x29

where Ty, = S1x1 = 145 is the central value. In this case, the fixed difference among the consecutive
borders is dy,,, 4., 1= 1160 = 23 x 145.

Finally, we get the following symmetric results

Result 2.18. According to Result[2.17, the nested magic square of order 17 for the consecutive entries 1 to 289,
has the following symmetric results:

I. Sixr:i=kxTix;
ii. Tixi:=k*x Tix1;

k-1

iii. Ckxk:: X8XT1><1.

where k = 3,5,7,... 15 and 17 orders of squares appearing nested magic square of order 17, and Ty, := 145 is
the central value of the magic square.

2.10 Nested Magic Square of Order 16

In Example 2.8/ remove the external border, then we are left with nested magic square of order 16 for the en-
tries 35 to 290. Subtracting 33, we get following distribution for the nested magic square of order 16 for the
consecutive natural numbers 1 to 256.
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Distribution 2.10.

According to above distribution, the nested magic square of order 16 for the consecutive natural numbers

Dyyq:=1121,122,...,135,136}

Dgye:=1{111,112,...,119,120,D4.4,137,138,...,145,146}
Dg,5:=197,98,...,109,110, D6, 147,148, ...,159, 160}
Diox10:=179,80,...,95,96,Dg.s,161,162,...,177,178}

D141 :=157,58,...,77,78,D10x10,179,180,...,199, 200}
D14x14:=131,32,...,55,56,D12x12,201,202,...,225,226}

Digx16:=11,2,...,29,30,D14x14,227,228,...,255,256}

entries from 1 to 256 is given by

Example 2.10. Nested magic square of order 16 is given by

The nested magic square given in Example or Distribution [2.10| satisfies some interesting properties

21 | 237

238

18

1

23

243

244

12

246

233

231

236 | 20

19

239

240

249

234

14

13

245

n

2056 2056 2056

summarized in a result below.

Result 2.19. The nested magic square of order 16 has the following properties:

i. The magic square sums are given by

31

2056 2056 2056 2056 2056 2056 2056 2056 2056 2056 2056 2056 2056

2036
2036
2036
2056
2056
2056
2056
2036
2056

2026
2056

2056
2056
2036
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2036
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Sixq:=514 =2x257 S12x12 := 1542 = 6 x 257
SGX(;Z: 771 =3 x257 Sl4><14:: 1799 =7 x 257
SngZ: 1028 =4 x 257 SIGXIG:: 2056 = 8 x 257

SlO><10 :=1285 =5 x 257

ii. The sum of entries are given by

Tyxa:=4x514 =2056 =2%x2x257 Tiox1z:= 12 x 1542 = 18504 = 6% x 2 x 257
Texg:=6%x771 =4626 =3%x2x257 Tiaxis:=14x 1799 = 25186 = 7% x 2 x 257
Toxg:=8x1028 =8224 =4?x2x257 Tiex1s := 16 x 2056 = 32896 = 8% x 2 x 257

Tiox10:= 10 x 1285 = 12850 = 5% x 2 x 257

iii. The borders entries sums are given by

Ciex16 := Ti6x16 — T14x14 =4 X (S16x16 — S14x14) = 15 x 2 x 257
Craxi14:= Tiax1a — Tiax12 = 4 X (S1ax14 — S12x12) = 13 x 2 x 257
S12x12 = S10x10) = 11 x 2 x 257
Crox10:= Tiox10— Tgxg =4 % (S10x10 — Sgxg) =9 x 2 x 257
Cgxg:= Tgxg — Toxe ~ =4 % (Sgxg — Sexs) =7 %x2x257
Cox6:= Toxe— Taxa =4 % (Sexe— Saxa)  =5%x2x257
Cixa:= Taxa— Toxo =3 x 2 x 257,

Ci2x12:= T12x12 — Thox10 =4 X

(
(
(
(
(
(

where Tryo =127+ 128 + 129+ 130 = 514 are four central or middle values of nested magic square. In this
case, the fixed difference among the consecutive borders is dy, 4., := 1028. The expression S, ., is taken
out as we don't have magic square of order 2.

Finally, we get the following symmetric results

Result 2.20. According to Result[2.19, the nested magic square of order 16 for the consecutive entries 1 to 256,
has the following symmetric results:

k T,y
I Skxk5:§x 222'

. k\*
il. Tixp:= > X Thyo;

)

iii. Ckxk = (]C— 1) X Tgxz.

where k = 4,6,8,10,12,14 and 16 orders of magic squares appearing nested magic square of order 16, and
T,«2 := 514 is sum of four central values of magic square.
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2.11 Nested Magic Square of Order 15

In Example 2.9/ remove the external border, then we are left with nested magic square of order 15 for the en-
tries 33 to 257. Subtracting 32, we get following distribution for the nested magic square of order 15 for the
consecutive natural numbers 1 to 225.

Distribution 2.11.
Ds.3:=1{109,110,...,116,117}
Ds,5:=1{101,102,...,107,108,D3,3,118,119,...,124,125}

D7.7:=189,90,...,99,100,D55,126,127,...,136, 137}

Dg,q:=1{73,74,...,87,88,D7,7,138,139,...,152,153}
D11411:=153,54,...,71,72,Dgy9,154,155,...,172,173}
D3.15:=129,30,...,51,52,D11x11,174,175,...,196,197}

Di5.15:=11,2,...,27,28,D13x13,198,199,...,224,225}

According to above distribution, the nested magic square of order 15 for the consecutive natural numbers
entries from 1 to 225 is given by

Example 2.11. Nested magic square of order 15 is given by

1695
212 | 198 | 200 | 202 | 204 | 206 | 208 | 13 | 12 | 10 | 8 | &6 | & | 2 | 210 | 1695
27 | 40 | 29 | 31 | 33 | 35 | 37 185|183 | 181 | 179 | 177 | 175 | 184 | 199 | 1595
25 | 196 30 | 201 | 1695
23 | 194 32 | 203 {1695
21 | 192 34 | 205 | 1695
19 1190 36 | 207 | 1695
17 | 188 38 | 209 [ 1695
15 | 187 39 | 21 | 1695
215 | 44 182 | 1 |1695
207 | 46 180 | 9 1695
219 | 48 178 | 7 [1695
221 | 50 176 | § |16%5
223 | 52 174 | 3 | 1695
225 | 42 | 197 (195 | 193 | 191 [ 189 | 41 | 43 | 45 | 47 | 49 | 51 [ 186 | 1 |1695
16 | 28 | 26 | 24 | 22 | 20 | 18 | 213 | 214 | 216 | 218 | 220 | 222 | 224 | 14 |1693
1695 1695 1695 1695 1695 1695 1695 1695 1695 1695 1695 1695 1695 1695 1695 1695
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.21. The nested magic square of order 15 for the entries 1 to 225 has the following properties:

i. The magic square sums are given by

83X3::339 =3x113 Sllxll :=1243=11x113
S5><5:: 565 =5x113 813X13:: 1469=13x113
S7><7:: 791 =7x113 815X15:: 1695=15x113

Sgx9:=1071=9x 113

ii. The total entries sums are given by

Tye3:=3x339 =1017=3%x113 Tiix1r:=11x1243=13673=11?x113
Teys:=5%x565 =2825=5%x113 Ti3x13:= 13 x 1469 = 19097 = 13 x 113
T7><7 :=7x791 =5537= 72 x 113 T15><15 =15 x 1695 = 25425 = 152 x 113

Toxo:=9%x 1071 =9153 =9?x 113

iii. The borders entries sums for the nested magic square of order 23 are given by

Cisx1s = Tisx15 — Ti3x13 =4 % (Sisx15 — S13x13) =7 x 2° x 113
Cisx13:= Tisx13 — Tiix11 =4 % (S13x13 = S11x11) =6 x 2° x 113
Ciixi1:= Thiix11 — Toxg =4 % (Si1x11— Soxg) =5x2°x 113
Coxg:= Toxg— Trx7 =4 x (Sgxg—S7x7) =4x2°x113
Crx7:=Trxz— Tsxs =4 % (S7x7—Ssx5) =3 x2°x113
Csxs5:=Tsus— T3x3 =4 % (Ssx5—S3x3) =2x2°x113

where T1x1 = S1x1 = 113 is the central value. In this case, the fixed difference among the consecutive
borders is dj,y; g0 1= 904 =23 x 113.

Finally, we get the following symmetric results

Result 2.22. According to Result|2.21}, the nested magic square of order 15 for the consecutive entries 1 to 221,
has the following symmetric results:

i. Skxk :: k X Tl)(l;
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ii. Tixr:=k?>x Tix1;

k-1

iii. Ckxk:: X8X Tlxl.

where k =3,5,... 13 and 15 orders of squares appearing nested magic square of order 15, and T, := 113 is the
central value of the magic square.

2.12 Nested Magic Square of Order 14

In Example remove the external border, then we are left with nested magic square of order 14 for the
entries 31 to 226. Subtracting 30, we get following distribution for the nested magic square of order 14 for the
consecutive natural numbers 1 to 196.

Distribution 2.12.
Dysya:=191,92,...,105,106}

Dgy6:=181,82,...,89,90,D4.4,107,108,...,115,116}

Dg.g:=1{67,68,...,79,80,D¢x¢,117,118,...,129,130}
Diox10:=149,50,...,65,66,Dg«g,131,132,...,147,148}
Dioy12:=127,28,...,47,48,D19x10, 149, 150,...,169,170}
Digxi14:=11,2,...,25,26,D12412,171,172,...,195,196}

According to above distribution, the nested magic square of order 14 for the consecutive natural numbers

entries from 1 to 196 is given by

Example 2.12. Nested magic square of order 14 is given by
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1379
1379
1379

1379

1379

1379
1379
1379
1379
1379
1379

1379

1379

1379 1379 1379 1379 13719 1379

According to above distribution of magic squares entries, we have the following properties written as a

result.

1379
1379

1379 1379 1379 1379 1379 1379 1379 1379 1379

Result 2.23. The nested magic square of order 14 has the following properties:

i. The magic square sums are given by

Six4:=394=2x197
Sex6:=9591 =3 x 197
Sgxg:=788=4x197

ii. The sum of entries are given by

Tuvs:=4x394=1576=2%x2x 197
Toxg:=6x591 =3546 =3° x 2 x 197
Taxg :=8x788=6304=4°x2x197

SlOXlO =985 =5x197
Slgxlg :=1182=6x197
Sl4><14 =1379=7x197

Tiox10:=10x985 =9850 =5x2x 197
Tiox1:=12x1182=14184 =6 x 2 x 197
Tiaxia:=14x 1379 = 19306 = 7> x 2 x 197
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iii. The borders entries sums are given by

Crax14 := Tiax1a — Thax12 = 4 X (S14x14 — S12x12) = 13 x 2 x 197

Ci2x12 := Ti2x12 — Thox10 = 4 % (S12x12 — S10x10) = 11 x 2 x 197

Crox10:= Thox10— Texg =4 % (S10x10 — Sxg) =9 x2x197
Coxg:=Toxg— Toxe =4 x(Sgug—Sexe) =7x2x197
Cox6:= Toxe6— Taxa =4 x(Sexe—Saxa) =5x2x197
Cixa 1= Tyxa— Toxo =3 x2x197,

where Tyy» = 97+98+99+ 100 = 394 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dj,, 4., := 788. The expression S, is taken out as we
don'’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.24. According to Result[2.23, the nested magic square of order 14 for the consecutive entries I to 196,
has the following symmetric results:

. k)
1. Tixp:= 5 X Toyxo;

1ii. Ckxk = (]C— 1) X Tgxz.

where k =4,6,8,10,12 and 14 orders of magic squares appearing nested magic square of order 14, and T, :=
394 is sum of four central values of magic square.

2.13 Nested Magic Square of Order 13

In Example remove the external border, then we are left with nested magic square of order 13 for the
entries 29 to 197. Subtracting 28, we get following distribution for the nested magic square of order 13 for the
consecutive natural numbers 1 to 169.

Distribution 2.13.
Ds.3:=1{81,82,...,88,89}
Ds.5:=1{73,74,...,79,80,D3,3,90,91,...,96,97}
D.7:=1{61,62,...,71,72,D55,98,99,...,108,109}
Doy := {45,46,...,59,60,D5,-,110,111,...,124,125}
Di1x11:=125,26,...,43,44,Dg.9,126,127,...,144,145}
Dis3.a3:=11,2,...,23,24,Dq1x11, 146,147, ...,168,169}

37



Inder J. Taneja

Zenodo, June 29, 2019, pp. 1-55,http://doi.org/10.5281/zenodo.3262170

According to above distribution, the nested magic square of order 13 for the consecutive natural numbers

entries from 1 to 169 is given by

Example 2.13. Nested magic square of order 13 is given by

14 | 169 | 167 | 165 | 163 | 161 | 13

1105

149 | 147 | 156 | 1105
2 | 105

4 | 1035

6 | 105

57 8 | 105
35 10 | 1105
33 1 | 1105
121 154 | 1105
123 152 | 1105
125 150 | 1105
54 148 | 1105
146 | 1105

19 | 21 | 23 | 158 | 1105

1105 M05 1105 M05 105 105 M05 M05 105 M05 105 105 NM05 105

According to above distribution of magic squares entries, we have the following properties written as a

result.

Result 2.25. The nested magic square of order 13 for the entries 1 to 169 has the following properties:

i. The magic square sums are given by

S343:=255=3x5x17
S5yx5:=425=5x5x17
S747:=595=7x5x%x17

ii. The total entries sums are given by
T3x3:=3%x255=765 =3°x5x17

Texs:=5%x425=2125=5°x5x 17
Tow7:=7%595=4165=7°x5x 17

38

Soxg:=765 =9x5x%x17
Sllxll =935 =11x5x%x17
Sl3><13 :=1105=13x5x 17

Toxg:=9%x765 =6885 =9°x5x%x17
Tiix11:=11%x935 =10285=11°x5x17
Ti3x13:=13 x 1105 = 14365 =13* x5 x 17
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iii. The borders entries sums for the nested magic square of order 23 are given by

Cisx13:= Tisx13 — Tiix11 =4 X (S13x13 — S11x11) =6 x 27 x5 x 17
Ciixi1:= Thix11— Toxg =4 % (S11x11— Soxg) =5x2° x5x 17
Coxg:= Toxg— Trx7  =4%(Soxg—S7x7)  =4x2°x5x17
Crx7:= Trxz— Tsxs =4 (S7x7—Ssx5)  =3x2°x5x17
Csxs:= Tsxs— Tsxg =4 (Ssus—Sax3) =2x2°x5x17

where T+, = S1x1 = 85 is the central value. In this case, the fixed difference among the consecutive borders
is dporder := 680 =23 x5x 17,

Finally, we get the following symmetric results

Result 2.26. According to Result[2.25, the nested magic square of order 13 for the consecutive entries 1 to 169,
has the following symmetric results:

i- Skxk::kx Tl)(l;
ii. Tkxk = kZ X Tl><l;

k-1

iii. Crxp:= x8x T1x1.

where k = 3,5,... 11 and 13 orders of squares appearing nested magic square of order 13, and Ty, := 85 is the
central value of the magic square.

2.14 Nested Magic Square of Order 12

In Example remove the external border, then we are left with nested magic square of order 12 for the
entries 27 to 170. Subtracting 26, we get following distribution for the nested magic square of order 12 for the
consecutive natural numbers 1 to 144.

Distribution 2.14.
Dy,4:=1{65,66,...,79,80}
D¢y :={55,56,...,63,64,D4.4,81,82,...,89,90}
Dg.g:=1{41,42,...,53,54,Dgx¢,91,92,...,103,104}
Diox10 :=1{23,24,...,39,40,Dg,s,105,106,...,121,122}
Disx12:=11,2,...,21,22,D10x10, 123,124, ...,143,144}

According to above distribution, the nested magic square of order 12 for the consecutive natural numbers
entries from 1 to 144 is given by
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Example 2.14. Nested magic square of order 12 is given by

870
133 (129|130 14 | 13 | 6 | 17 |135|136| B8 |138| T |870
18 {113 108 | 38 | 106 40 | 36 | 26 | 120 24 | 114 [ 127 | 870
126 | 35 | 98 (103 | 43 | &1 | 54 | 92 | 52 | 97 | 110 | 19 | 870
20 (1M [ 95| 85| 61 | 88 | 55 | BT | 59 | 30 | 34 [ 125|870
124 | 33 | 96 | 82 63 | 49 | 12| 21 | 870
22 | N8 | 101 | 64 81 | 44 | 27 (123 | 870
1123 ] 51| 62 83 | 94 | 122 | 144 | 870
9 | N5 46| 36 89 | 99 | 30 [ 140870
1411 29 | 45 | 86 | 84 | 57 | 90 | 58 | 60 | 100 | N6 | &4 |870
3 | N7 |48 | 42 [ 102 | 104 | 91 | 33 | 93 | 47 | 28 | 142870
143 31 | 37 (107 | 39 (105|109 | M9 | 25 | 121 | 32 | 2 |870
134 16 | 15 (131|132 139|128 | 10 | 9 (137 7 | 12 | 870
870 870 870 870 870 870 870 870 870 870 B70 870 870

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.27. The nested magic square of order 12 has the following properties:

i. The magic square sums are given by

S4x4::290:2><5><29 SlelO::725:5X5X29
86x6::435:3x5><29 512x12::870:6><5><29
ng8::580:4><5><29

ii. The sum of entries are given by

T4x4::4x290:1160:22><2><5><29 T10x10:= 10 x 725 =7250 =5°%x2x5x29
Texe:=6x435=2610=3%x2x5x 29 Tiox12 := 12 x 870 = 10440 = 6 x 2 x 5 x 29
Toxg :=8x580=4640=4%x2 x5 x 29

iii. The borders entries sums are given by

Ciox12 1= T12x12 — Tiox10 =4 *x (S12x12 — S10x10) =11 x2x 5% 29
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Ciox10 := Tiox10 — Tgxg =4 X (S10x10 — Sgxg) =9 %x5%x29
Cgxg:= Tgxg— Toxe ~ =4 % (Sgug— Sexs)  =7%x2x5x%x29
Cox6:= Toxe— Taxa =4 x (Sex6 — Saxa) =5x2x5x%x29
Caxa = Tyxa— Toxr =3 x2x5x29,

where Ty, =71 +72+73+74 = 290 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dj,,, 4., := 580. The expression S, is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.28. According to Result[2.27, the nested magic square of order 12 for the consecutive entries 1 to 144,
has the following symmetric results:
k T2><2 .

I. Spxpi=—x

. k)
1. Tixp:= 5 X Toxo;

)

iii. Crxr:=(k—=1)x Tyyo.

where k =4,6,8,10 and 12 orders of magic squares appearing nested magic square of order 12, and T, := 290
is sum of four central values of magic square.

2.15 Nested Magic Square of Order 11

In Example remove the external border, then we are left with nested magic square of order 11 for the
entries 25 to 145. Subtracting 24, we get following distribution for the nested magic square of order 11 for the
consecutive natural numbers 1 to 121.

Distribution 2.15.
D5, :=1{57,58,...,64,65}

Ds,5:=149,50,...,55,56,D3.3,66,67,...,72,73}

D7.7:=137,38,...,47,48,D55,74,75,...,84,85}

Dyq,9:=121,22,...,35,36,D7.7,86,87,...,100,101}
Di1x11:=11,2,...,19,20,Dg49,102,103,...,121,121}

According to above distribution, the nested magic square of order 11 for the consecutive natural numbers
entries from 1 to 121 is given by
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Example 2.15. Nested magic square of order 11 is given by

671
671
120 52 | 72 26 26 27| %0 o5 o6 9] 2 |en

135 | 4 |em
671
671
671
671
671
671
671
671
671 671 671 671 671 671 671 671 671 671 6T1 671

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.29. The nested magic square of order 11 for the entries 1 to 121 has the following properties:

i. The magic square sums are given by

S3x3:=183 =3 x61 Sgx9:=549 =9 x 61
S5><5Z= 305=5x61 SlleZ: 671=11x61
S7><7 =427 =7 x61

ii. The total entries sums are given by

Tyes:=3x183=549 =3°x61 Toxo:=9x549 =4941 = 9% x 61
Tsys:=5x 305 = 1525 =5 x 61 Ti1x11:=11x671=7381=11°x61
Tyyq =7 x 427 =2989 = 7° x 61

iii. The borders entries sums for the nested magic square of order 23 are given by

Crix11:= Ti1x11 — Toxg = 4 % (S11x11 — Soxg) = 5 % 2° x 61
Coxg := Towg — Trx7 =4 % (Sgxg—S7x7) =4x2°x61
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Crx7:= Trxz— Tsxs =4 % (Szx7—Ssx5) =3x2°x61
Csxs:= Tsxs — Tsxg =4 % (Ssx5—S3x3) =2x2°x61

where Ty« = S1x1 = 61 is the central value. In this case, the fixed difference among the consecutive borders
is dporaer := 488 = 23 x 61.

Finally, we get the following symmetric results

Result 2.30. According to Result[2.29, the nested magic square of order 11 for the consecutive entries 1 to 121,
has the following symmetric results:

i. Sk‘xk::kx Tlxl;

ii. Tixi:=k*x Tix1;

k-1

iii. Ckxk:: X8X Tlxl.

where k = 3,5,7,9 and 11 orders of squares appearing nested magic square of order 11, and T, := 61 is the
central value of the magic square.

2.16 Nested Magic Square of Order 10

In Example remove the external border, then we are left with nested magic square of order 10 for the
entries 23 to 122. Subtracting 22, we get following distribution for the nested magic square of order 10 for the
consecutive natural numbers 1 to 100.

Distribution 2.16.
Dy :={43,44,...,57,58}
Dgy6:=1{33,34,...,41,42,D4,4,59,60,...,67,68}
Dg.gs:=1{19,20,...,31,32,D¢.¢,69,70,...,81,82}
Diox10:=11,2,...,17,18,Dg.g,83,84,...,99,100}

According to above distribution, the nested magic square of order 10 for the consecutive natural numbers

entries from 1 to 100 is given by

Example 2.16. Nested magic square of order 12 is given by
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505
9 | B6| 16 B4 18 14| & | 98| 2 | 92 |505
13|76 |8 | 21| 19 |32 |70 | 30 | 75 | 88 | 505

89 | 73 | 63 37 | 28 | 12 | 505
N |74 | 60 41 | 27 | 90 | 505
9% | 19 | 42 59 | 22| 5 |505

T 129 | 40 61 | 72 | 100 | 505
93 | 24 | 34 67 | 77| 8 |505
7 123 | 64| 62| 35|68 | 36 38| 78| 94505
95|26 | 20 (80 [ 82 | 6% | 31 | 71 | 25| 6 |505
9 |15 | 85|17 | 83|87 |97 3 |99 10 |505
505 505 505 505 505 505 505 505 505 505 505

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.31. The nested magic square of order 10 has the following properties:
i. The magic square sums are given by

Sixq:=202=2x101 Sgxg =404 =4 x 101
Sﬁx6:: 303 =3 x 101 SlelO:: 505=5x101

ii. The sum of entries are given by

Tuxs:=4%x202=808 =2°x2x101 Texg:=8%x404 =3232=4>x2x101
Texg:=6x303=1818=3°x2x 101 Tiox10:= 10 x 505 =5050 = 5% x 2 x 101

iii. The borders entries sums are given by

Crox10 := Tiox10 — Tgxg =4 x (S10x10 — Sgxg) =9 x 101
Cexg:=Tgxg — Toxe =4 % (Sgxg— Sexs) =7x2x101
Cox6:= Toxe — Taxa =4%(Sexe—Saxa) =5x2x101
Caxs:= Taxa— Touo =3 x2x101,

where Ty, =49 +50+ 51+ 52 = 202 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dp, ., := 404. The expression S, is taken out as we
don’t have magic square of order 2.
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Finally, we get the following symmetric results

Result 2.32. According to Result|2.31}, the nested magic square of order 10 for the consecutive entries 1 to 100,
has the following symmetric results:

k Ty
i Skku:EX 222'

)

k 2
il. Tixp:= (5) X Toxo;

iii. Ckxk = (k— 1) x Tgxg.

where k = 4,6,8 and 10 orders of magic squares appearing nested magic square of order 10, and T,, := 202 is
sum of four central values of magic square.

2.17 Nested Magic Square of Order 9

In Example remove the external border, then we are left with nested magic square of order 9 for the en-
tries 21 to 101. Subtracting 20, we get following distribution for the nested magic square of order 9 for the
consecutive natural numbers 1 to 91.

Distribution 2.17.
Ds,5:=1{37,38,...,44,45}

Ds.5:=129,30,...,35,36,D3.3,46,47,...,52,53}
D7.7:=1{17,18,...,27,28,D55,54, 55, ...,64, 65}
Dq,9:=11,2,...,15,16,D7.7,66,67,...,80,81}

According to above distribution, the nested magic square of order 9 for the consecutive natural numbers
entries from 1 to 81 is given by

Example 2.17. Nested magic square of order 9 is given by

369
72 74 | 369
67 15 | 369
69 13 | 369
n n | 369
73 g | 369
5 77 | 369
3 79 | 369
1 81 | 369
8 10 | 369

369 36F 369 369 367 369 369 369 369 369
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.33. The nested magic square of order 9 for the entries 1 to 81 has the following properties:

i. The magic square sums are given by

S3x3:=123=3x41 S747:=287=7x41
S5x5:=205=5x41 Sgx9:=369=9 x 41

ii. The total entries sums are given by

Tsx3:=3%x123=369 =3°x41 Tou7 =7 %287 =2009 = 7 x 41
Tsxs:=5%x205=1025 =5 x 41 Toxo:=9%x369=23321=9°x41

iii. The borders entries sums for the nested magic square of order 23 are given by

Coxg := Towg — Trx7 =4 % (Sgxg — S7x7) =4 x 2% x 41
Cru7:= Truz — Tsxs =4 % (S7x7— Ssx5) =3 x 2° x 41
Csxs:= Tsus — Taxz =4 X (Ssx5— Sgx3) =2 x 2° x 41
C3u3:= T3uz3— T1x1 =4 % (S3x3— S1x1) = 1 x 2% x 41

where T+, = S1x1 = 61 is the central value. In this case, the fixed difference among the consecutive borders
is dporder := 328 = 23 x 41.

Finally, we get the following symmetric results

Result 2.34. According to Result[2.33, the nested magic square of order 9 for the consecutive entries I to 81, has
the following symmetric results:

i. Sk‘xk::kx T]_xl;

ii. T]ka = k.Z X Tl><l;

k-1

iil. Crxp:= x 8% T1x1.

where k =3,5,7 and9 orders of squares appearing nested magic square of order 9, and T, ., := 41 is the central
value of the magic square.
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2.18 Nested Magic Square of Order 8

In Example remove the external border, then we are left with nested magic square of order 8 for the entries
19 to 82. Subtracting 18, we get following distribution for the nested magic square of order 8 for the consecutive
natural numbers 1 to 64.

Distribution 2.18.
Dy, :=1{25,26,...,39,40}
Dgye:=115,16,...,23,24,D,.4,41,42,...,49,50}
Dg.s:=11,2,...,13,14,Dg.¢,51,52,...,63,64}

According to above distribution, the nested magic square of order 8 for the consecutive natural numbers
entries from 1 to 64 is given by

Example 2.18. Nested magic square of order 8 is given by

260
58 | 63 12 | 57 | 260
55 | 45 19 | 10 | 260
56 | 42 23 | 9 | 260
61 | 24 41 | & | 260
n |22 43 | 54 | 260
6 | 16 49 | 5% | 260
S | 46 | 44 | 17 | 50 | 18 | 20 | 60 | 260
8 | 2 |62 | 64|51 |13 53| 7 |z260

260 260 260 260 260 260 260 260 260

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.35. The nested magic square of order 8 has the following properties:

i. The magic square sums are given by

Syxs:=130=2x5x13
Sex6:=195=3x5x13
ng8::260:4x5><13
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ii. The sum of entries are given by

Tuvs:=4%x202=808 =2°x2x5x13
Tex:=6x303=1818=3%>x2x5x%x13
Toxg:=8%x404=3232=4>x2x5x13

iii. The borders entries sums are given by

Cgxg := Tgxg — Toxg =4 % (Sgxg — Sexp) =7 x2x5x13
Cox6 := Toxe = Taxa =4 % (Sgx6 — Saxa) =5x2x5x 13
Cyxa = Tyna— Toxz =3x2x5x13,

where Tyx, =31 +32+ 33+ 34 = 130 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dj,,, 4., := 260. The expression S, is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.36. According to Result[2.35 the nested magic square of order 8 for the consecutive entries 1 to 64, has
the following symmetric results:
k T2x2 .

I. Sixpi=—x ;
kxk 2 2

k 2
. Tixr:==| x Toyo;
(8] <1
1. Ckka: (k—l)XT2x2.

where k = 4,6 and 8 orders of magic squares appearing nested magic square of order 8, and T,,, := 130 is sum
of four central values of magic square.

2.19 Nested Magic Square of Order 7

In Example remove the external border, then we are left with nested magic square of order 7 for the entries
17 to 65. Subtracting 16, we get following distribution for the nested magic square of order 7 for the consecutive
natural numbers 1 to 49.

Distribution 2.19.
Ds.3:=1{21,22,...,28,29}

Ds.5:=113,14,...,19,20,D33,30,31,...,36,37}
D7.7:=11,2,...,11,12,D545,38,39,...,48,49}
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According to above distribution, the nested magic square of order 7 for the consecutive natural numbers
entries from 1 to 49 is given by

Example 2.19. Nested magic square of order 7 is given by

175
175
175
175
175
175
175
175
175 175 175 175 175 175 175 175

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.37. The nested magic square of order 7 for the entries 1 to 49 has the following properties:

i. The magic square sums are given by

ngg =75 =3x25
S5><5 =125=5x25
S7><7 =175=7x25

ii. The total entries sums are given by

Tyx3:=3%x75 =225 =3?x25
Tsxs:=5%x125=625 =5°x25
Tow7:=7%x175=1225=7°x25

iii. The borders entries sums for the nested magic square of order 23 are given by

Crx7:= Tru7— Tsxs =4 % (S7x7— Ssxs5) =3 x 27 x 25
Csxs:= Tsxs— Tsxz3 =4 % (Ssx5 — S3x3) =2 x 27 x 25
Cax3:= Taxz — Tix1 =4 % (Sax3 — S1x1) = 1 x2° x 25

where T« = S1x1 = 25 is the central value. In this case, the fixed difference among the consecutive borders
is dporder := 200 = 23 x 25,
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Finally, we get the following symmetric results

Result 2.38. According to Result[2.37, the nested magic square of order 7 for the consecutive entries 1 to 49, has
the following symmetric results:

I Skxk =k x Tlxl;

ii. Tixi:=Kk>x Tix1;

k-1

iii. Ckxk:: X8XT1X1.
where k = 3,5 and 7 orders of squares appearing nested magic square of order 7, and T, := 25 is the central
value of the magic square.

2.20 Nested Magic Square of Order 6

In Example remove the external border, then we are left with nested magic square of order 6 for the entries
15 to 50. Subtracting 14, we get following distribution for the nested magic square of order 6 for the consecutive
natural numbers 1 to 36.

Distribution 2.20.
D4><4 = {11, 12, .. ,25,26}

Dgys:=11,2,...,9,10,D444,27,28,...,35,36}

According to above distribution, the nested magic square of order 6 for the consecutive natural numbers
entries from 1 to 36 is given by

Example 2.20. Nested magic square of order 6 is given by

m
m
m
111
m
111
1
m 11 1M 111 1M 1M mMm

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.39. The nested magic square of order 6 has the following properties:
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i. The magic square sums are given by

S4><4:: 74 =2 x37
SGX(;I: 111 =3x37

ii. The sum of entries are given by

Tyxa:=4x74 =296=2°x2x37
Texe:=6x111 =666 =3 x 2 x 37

iii. The borders entries sums are given by

Cox6:= Toxe — Taxa =4 % (Sex6 — Saxa) =5 %2 x37
Caxa 1= Tyxa— Toxo =3x2x37,

where Ty, =17+ 18+ 19+ 20 = 74 are four central or middle values of nested magic square. In this case,

the fixed difference among the consecutive borders is dj,,, 4., := 148. The expression S, is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.40. According to Result2.39, the nested magic square of order 6 for the consecutive entries 1 to 36, has
the following symmetric results:

k T2><2
I. Spxp:=—xX ;
kxk 2 2

k 2
0. Tixp:= (E) X Toxz;
iil. Crxp:=(k—1)x Toyxs.
where k =4 and 6 orders of magic squares appearing nested magic square of order 6, and T, := 74 is sum of

four central values of magic square.

2.21 Nested Magic Square of Order 5
In Example remove the external border, then we are left with nested magic square of order 5 for the entries

13 to 37. Subtracting 12, we get following distribution for the nested magic square of order 5 for the consecutive
natural numbers 1 to 25.
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Distribution 2.21.
Ds.5:=19,10,...,16,17}
Ds,.5:=1{1,2,...,7,8,D3,3,18,19,...,24,25}

According to above distribution, the nested magic square of order 5 for the consecutive natural numbers
entries from 1 to 25 is given by

Example 2.21. Nested magic square of order 7 is given by

65 65 65 65 65 65

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.41. The nested magic square of order 9 for the entries 1 to 81 has the following properties:
i. The magic square sums are given by
ngg :=39=3x13
S5x5 =65=5x13
ii. The total entries sums are given by
T3x3:=3x39=117=3"x 13
Tsxs5:=5x65=325=5"x 13
iii. The borders entries sums for the nested magic square of order 23 are given by

Csxs:= Tsxs— Tsx3 =4 % (Ss5x5— S3x3) =2 x 27 x 13
C3x3:= Tax3— T1x1 =4 X (S353— S151) = 1 x2° x 13

where Ty« = S1x1 = 13 is the central value. In this case, the fixed difference among the consecutive borders
is dporder := 114 =23 x 13.

Finally, we get the following symmetric results
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Result 2.42. According to Result|2.41), the nested magic square of order 5 for the consecutive entries 1 to 25, has
the following symmetric results:

i. Sk‘xk::kx T]_x]_;

ii. Tiexi:=Kk?>x Tix1;

k-1

11l. Cirxp:= x 8 x Tyx7.

where k =3 and5 orders of squares appearing nested magic square of order 5, and Ty« := 13 is the central value
of the magic square.

3 Final Results

In view of nested magic squares studied above, we have two main results summarized below. One is for even
orders and another is for odd orders nested magic squares. Let’s consider the following notations.

Skxk — Imagic square sums;
Twxr — total entries sums;
Crxx — borders entries sums;

dporder — difference among borders value.

We have following two results.

Result 3.1. The nested magic squares of even orders constructed according to Section[d, for consecutive numbers
starting from 1 satisfy the following properties:

Ty
iii. Cixp:=(k—1)x4x 12;

. T2><2
iv. dpordger :=8 % 1

where k is the order of nested magic square and T,, is the sum of four central or middle values.

Result 3.2. The nested magic squares of odd orders constructed according to Section[d, for consecutive numbers
starting from 1 satisfy the following properties:
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I Sixr:=kx Tix;
ii. Tiexi =k x Tixq;
iil. Cixp:=(k—1)x4x Ty41;
iv. dporder :=8x T1x1.
where k is the order of nested magic square and T4, is the central value.

Remark 1. T5,; is the sum of for values and T, is single value. If we understand that Ty, is same as %, then
both the Results[3.1] and[3.23 turns to be same. In view of this we can unify both the Results[3.1 and[3.2

Result 3.3. The nested magic squares constructed according to Section[3, for consecutive numbers starting from
1 satisfy the following properties:

i. Spxr:=kxL;

ii. Tiexy:=Kk>xL;
iii. Cixp:=(k—=1)x4x1L;
iv. dporder :=8x m.

where k is the order of nested magic square and

L:=T,.,, odd order magic squares

T2><2 .
L:= T, even order magic squares

Study on nested magic squares for the consecutive odd numbers can be seen in author’s another work
[12]. Its summary is given in result below.

Result 3.4. [12] For nested magic squares for consecutive odd numbers, the total entries sums are given by
Tixm:= k2 x mZ’

where k is the order of nested magic squares, and m is the order of each nested sub-magic square.
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