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Symmetric Properties of
Nested Magic Squares

Inder J. Taneja1

Abstract

The idea of nested magic squares is well known in the literature, generally known by bordered magic squares. In
this work, nested magic squares are studied for the consecutive natural numbers for the orders 5 to 25. Properties like,
sub-magic squares sums, total entries sums, borders entries sums, etc. are studies. Final results lead us to symmetric
properties. The nested magic squares for the consecutive odd numbers entries refer author’s another work [12].
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1 Introduction

It is well-known that sum of positive natural numbers and odd numbers series are given by

Nn := 1+2+3+ . . .+n = n(n +1)

2
,n ∈ N+ (1)

and

Fn := 1+3+5+ . . .+ (2n −1) = n2,n ∈ N+ (2)

Since, we are working with magic squares, let’s write n = k2. This gives

Nk2 := 1+2+3+ . . .+k2 = k2(k2 +1)

2
,n ∈ N+ (3)

and

Fk2 = F (k) := 1+3+5+ . . .+ (2k2 −1) = k4,k ∈ N+ (4)

Since k is the order of magic square, then the magic square sum S and total entries for positive natural
numbers are

Sk := k(k2 +1)

2
,n ∈ N+ (5)

and

Tk2 := k2(k2 +1)

2
,n ∈ N+ (6)

The number k is the order of the magic square. Thus, for all k ≥ 3, we can always have a consecutive odd
numbers magic square with sum entries a perfect square.
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Let’s write last member of (2) as m, then n = m+1
2 . This gives

F (m) := 1+3+5+ . . .+m =
(

m +1

2

)2

, m ∈ N+ (7)

The magic square sum of order n is given

Sn×n := n(n2 +1)

2
. (8)

The sum of all entries of a magic square of order n is given by

Tn×n := n2 × (
n2 +1

)
2

. (9)

There are many types of bordered magic squares. Here we are working with bordered magic squares, where
there are sub-magic squares one contained in another. Due to this we called this category as nested magic
squares. For study in this direction, refer to [1, 2, 3, 4, 5, 6, 7, 10, 11].

Recently, Walkington [6] gave an idea of concentric rings. The concentric rings works with difference
among consecutive magic squares. For simplicity, let’s call it borders of nested magic squares. In this paper,
we shall work with nested magic squares of orders 5 to 25. It includes the results even and odd orders nested
magic squares. Some properties of these nested magic squares are studied Interestingly, these properties turns
out to be symmetric. In [12], the author worked with consecutive odd numbers entries in nested magic squares.

2 Nested Magic Squares

This section brings study and properties of nested magic squares of orders 5 to 25. These are studied in sub-
sections below in decreasing orders. The first two nested magic squares of orders 25 and 24 are derived from
the site by H. White [1].

2.1 Nested Magic Squares of Orders 25

Let’s consider following two Nested Magic Square of order 25 obtained from the site by H. White [1].

Example 2.1. Nested magic square of order 25 with consecutive natural numbers, {1,2,3, .....,624,625} is given by
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Above we have a nested magic square of order 25. There are total 625 numbers, and the middle number
is 313. It is as a central point of a magic square and remains at the center of first magic square of order 3. It
has total 9 members, the there are four each side, i.e., {309, 310, 311, 312,313,314, 315, 316, 317}. Based on this
philosophy, the other magic squares are constructed. See below the distributions in each case:

Distribution 2.1. In each case, the nested magic square of order 25 is formed by the following entries:

D3×3 := {309,310,311,312,313,314,315,316,317}; 0+9+0; Total 9 entries

D5×5 := {301,302, ...,307,308,D3×3,318,319, ...,324,325} ; 8+9+8; Total 25 entries
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D7×7 := {289,290, ...,299,300,D5×5,326,327, ...,336,337} ; 12+25+12; Total 49 entries

D9×9 := {273,274, ...,287,288,D7×7,338,339, ...,352,353} ; 16+49+16; Total 81 entries

D11×11 := {253,254, ...,271,272,D9×9,354,355, ...,372,373} ; 20+81+20; Total 121 entries

D13×13 := {229,230, ...,251,252,D11×11,374,375, ...,396,397} ; 24+121+24; Total 169 entries

D15×15 := {201,202, ...,227,228,D13×13,398,399, ...,424,425} ; 28+169+28; Total 225 entries

D17×17 := {169,170, ...,199,200,D15×15,426,427, ...,456,457} ; 32+225+32; Total 289 entries

D19×19 := {133,134, ...,167,168,D17×17,458,459, ...,492,493} ; 36+289+36; Total 361 entries

D21×21 := {93,94, ...,131,132,D19×19,494,495, ...,532,533} ; 40+361+40; Total 441 entries

D23×23 := {49,50, ...,91,92,D21×21,534,535, ...,576,577} ; 44+441+44; Total 529 entries

D25×25 := {1,2, ...,47,48,D23×23,578,579, ...,624,625} ; 48+529+48; Total 625 entries

According to above distributions of magic squares entries, we have the following result.

Result 2.1. The nested magic square of order 25 has the following properties:

i. The magic square sums are given by

S3×3 := 939 = 3×313

S5×5 := 1565 = 5×313

S7×7 := 2191 = 7×313

S9×9 := 2817 = 9×313

S11×11 := 3443 = 11×313

S13×13 := 4069 = 13×313

S15×15 := 4695 = 15×313

S17×17 := 5321 = 17×313

S19×19 := 5947 = 19×313

S21×21 := 6573 = 21×313

S23×23 := 7199 = 23×313

S25×25 := 7825 = 25×313.

ii. The total entries sums are given by

T3×3 := 3×939 = 2817 = 32 ×313

T5×5 := 5×1565 = 7825 = 52 ×313

T7×7 := 7×2191 = 15337 = 72 ×313

T9×9 := 9×2817 = 25353 = 92 ×313

T11×11 := 11×3443 = 37873 = 112 ×313

T13×13 := 13×4069 = 52897 = 132 ×313

T15×15 := 15×4695 = 70425 = 152 ×313

T17×17 := 17×5321 = 90457 = 172 ×313

T19×19 := 19×5947 = 112993 = 192 ×313

T21×21 := 21×6573 = 138033 = 212 ×313

T23×23 := 23×7199 = 165577 = 232 ×313

T25×25 := 25×7825 = 195625 = 252 ×313

iii. The borders entries sums for the nested magic square of order 25 are given by

C25×25 := T25×25 −T23×23 = 4× (S25×25 −S23×23) = 30048 = 12×8×313

5



Inder J. Taneja Zenodo, June 29, 2019, pp. 1-55,http://doi.org/10.5281/zenodo.3262170

C23×23 := T23×23 −T21×21 = 4× (S23×23 −S21×21) = 27544 = 11×8×313

C21×21 := T21×21 −T19×19 = 4× (S21×21 −S19×19) = 25040 = 10×8×313

C19×19 := T19×19 −T17×17 = 4× (S19×19 −S17×17) = 22536 = 9×8×313

C17×17 := T17×17 −T15×15 = 4× (S17×17 −S15×15) = 20032 = 8×8×313

C15×15 := T15×15 −T13×13 = 4× (S15×15 −S13×13) = 17528 = 7×8×313

C13×13 := T13×13 −T11×11 = 4× (S11×11 −S9×9) = 15024 = 6×8×313

C11×11 := T11×11 −T9×9 = 4× (S9×9 −S7×7) = 12520 = 5×8×313

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 10016 = 4×8×313

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 7512 = 3×8×313

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 5008 = 2×8×313

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 2504 = 1×8×313,

where T1×1 = S1×1 = 313 is the central value. In this case, the fixed difference among the consecutive
borders is dbor der := 2504 = 8×313.

Finally, we get the following symmetric results

Result 2.2. According to Result 2.1, the nested magic square of order 25 for the consecutive entries 1 to 625, has
the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

iv. dbor der := 8×T1×1.

where k = 3,5,7, . . . 21,23 and 25 orders of magic squares appearing nested magic square of order 25, and T1×1 :=
313 is the central value of the magic square.

2.2 Nested Magic Square of Order 24

Let’s consider following two Nested Magic Square of order 24 obtained from the site by H. White [1].

Example 2.2. Nested magic square of order 24 is given by
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Above we have a nested magic square of order 24. There are total 576 numbers. In this case we don’t have
a middle number. In order to start with magic square of order 4, let’s consider 16 numbers in the middle. This
means we have 280 numbers each side. Thus the magic square of order 4 starts from 281 and goes up to 296,
i.e., {281, 282, ..., 295, 296}. Based on this philosophy the other magic squares are constructed. See below the
distributions in each case:

Distribution 2.2. In each case, the nested magic square of order 24 is formed by the following entries:

D4×4 := {281,282, ...,295,296}; 0+16+0; Total 16 entries

D6×6 := {271,272, ...,279,280,D4×4,297,298, ...,305,306} ; 10+16+10; Total 36 entries

7



Inder J. Taneja Zenodo, June 29, 2019, pp. 1-55,http://doi.org/10.5281/zenodo.3262170

D8×8 := {257,258, ...,269,270,D6×6,307,308, ...,319,320} ; 14+36+14; Total 64 entries

D10×10 := {239,240, ...,255,256,D8×8,321,322, ...,317,338} ; 18+64+18; Total 100 entries

D12×12 := {217,218, ...,265,266,D10×10,339,340, ...,359,360} ; 22+100+22; Total 144 entries

D14×14 := {191,192, ...,215,216,D12×12,361,375, ...,385,386} ; 26+144+26; Total 196 entries

D16×16 := {161,162, ...,189,190,D14×14,387,388, ...,415,416} ; 30+196+30; Total 256 entries

D18×18 := {127,128, ...,159,160,D16×16,417,418, ...,449,450} ; 34+256+34; Total 324 entries

D20×20 := {89,90, ...,125,126,D18×18,451,452, ...,487,488} ; 38+324+38; Total 400 entries

D22×22 := {47,48, ...,87,88,D20×20,489,490, ...,531,530} ; 42+400+42; Total 484 entries

D24×24 := {1,2, ...,45,46,D22×22,531,532, ...,575,576} ; 46+484+46; Total 576 entries

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.3. The nested magic square of order 24 has the following properties:

i. The magic square sums are given by

S4×4 := 1154 = 2×577

S6×6 := 1731 = 3×577

S8×8 := 2308 = 4×577

S10×10 := 2885 = 5×577

S12×12 := 3462 = 6×577

S14×14 := 4039 = 7×577

S16×16 := 4616 = 8×577

S18×18 := 5193 = 9×577

S20×20 := 5770 = 10×577

S22×22 := 6347 = 11×577

S24×24 := 6924 = 12×577

ii. The sum of entries are given by

T4×4 := 4×1154 = 4616 = 22 ×2×577

T6×6 := 6×1731 = 10386 = 32 ×2×577

T8×8 := 8×2308 = 18464 = 42 ×2×577

T10×10 := 10×2885 = 28850 = 52 ×2×577

T12×12 := 12×3462 = 41544 = 62 ×2×577

T14×14 := 14×4039 = 56546 = 72 ×2×577

T16×16 := 16×4616 = 73856 = 82 ×2×577

T18×18 := 18×5193 = 93474 = 92 ×2×577

T20×20 := 20×5770 = 115400 = 102 ×2×577

T22×22 := 22×6347 = 139634 = 112 ×2×577

T24×24 := 24×6924 = 166176 = 122 ×2×577

iii. The borders entries sums are given by

C24×24 := T24×24 −T22×22 = 4× (S24×24 −S22×22) = 26542 = 23×2×577
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C22×22 := T22×22 −T20×20 = 4× (S22×22 −S20×20) = 24234 = 21×2×577

C20×20 := T20×20 −T18×18 = 4× (S20×20 −S18×18) = 21926 = 19×2×577

C18×18 := T18×18 −T16×16 = 4× (S18×18 −S16×16) = 19618 = 17×2×577

C16×16 := T16×16 −T14×14 = 4× (S16×16 −S14×14) = 17310 = 15×2×577

C14×14 := T14×14 −T12×12 = 4× (S14×14 −S12×12) = 15002 = 13×2×577

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 12694 = 11×2×577

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 10386 = 9×2×577

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 8078 = 7×2×577

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5770 = 5×2×577

C4×4 := T4×4 −T2×2 = 3462 = 3×2×577,

where T2×2 = 285+ 288+ 289+ 292 = 1154 = 2× 577 are four central or middle values of nested magic
square. In this case, the fixed difference among the consecutive borders is dbor der := 2308 = 2×2×577. The
expression S2×2 is taken out as we don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.4. According to Result 2.3, the nested magic square of order 24 for the consecutive entries 1 to 576, has
the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

iv. dbor der := 2×T2×2.

where k = 4,6, and 22,24 orders of magic squares appearing nested magic square of order 24, and T2×2 := 1154
is sum of four central values of magic square.

The magic squares given in Examples 2.1 and 2.2 of orders 25 and 24 are of consecutive natural numbers,
and are derived from H. White’s site [1]. Based on above two examples 2.1 and 2.2, we shall obtain lower order
nested magic squares up to order 4.

2.3 Nested Magic Square of Order 23

In Example 2.1 remove the external border, then we are left with nested magic square of order 23 for the en-
tries 49 to 577. Subtracting 48, we get following distribution for the nested magic square of order 23 for the
consecutive natural numbers 1 to 529.
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Distribution 2.3.
D3×3 := {261,262,263,264,265,266,267,268,269}

D5×5 := {253,254, ...,259,260,D3×3,270,271, ...,276,277}

D7×7 := {241,242, ...,251,252,D5×5,278,279, ...,288,289}

D9×9 := {225,226, ...,239,240,D7×7,290,291, ...,304,305}

D11×11 := {205,206, ...,223,224,D9×9,306,307, ...,334,325}

D13×13 := {181,182, ...,203,204,D11×11,326,327, ...,348,349}

D15×15 := {153,154, ...,179,180,D13×13,350,351, ...,376,377}

D17×17 := {121,122, ...,151,152,D15×15,378,379, ...,408,409}

D19×19 := {85,86, ...,119,120,D17×17,410,411, ...,444,445}

D21×21 := {45,46, ...,83,84,D19×19,446,447, ...,484,485}

D23×23 := {1,2, ...,43,44,D21×21,486,487, ...,528,529}

According to above distribution, the nested magic square of order 23 for the consecutive natural numbers
entries from 1 to 529 is given by

Example 2.3. Nested magic square of order 23 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.5. The nested magic square of order 23 for the entries 1 to 529 has the following properties:

i. The magic square sums are given by

11



Inder J. Taneja Zenodo, June 29, 2019, pp. 1-55,http://doi.org/10.5281/zenodo.3262170

S3×3 := 795 = 3×5×53

S5×5 := 1325 = 5×5×53

S7×7 := 1855 = 7×5×53

S9×9 := 2385 = 9×5×53

S11×11 := 2915 = 11×5×53

S13×13 := 3445 = 13×5×53

S15×15 := 3975 = 15×5×53

S17×17 := 4505 = 17×5×53

S19×19 := 5035 = 19×5×53

S21×21 := 5565 = 21×5×53

S23×23 := 6095 = 23×5×53.

ii. The total entries sums are given by

T3×3 := 3×795 = 2385 = 32 ×5×53

T5×5 := 5×1325 = 6625 = 52 ×5×53

T7×7 := 7×1855 = 12985 = 72 ×5×53

T9×9 := 9×2385 = 21465 = 92 ×5×53

T11×11 := 11×2915 = 32065 = 112 ×5×53

T13×13 := 13×3445 = 44785 = 132 ×5×53

T15×15 := 15×3975 = 50625 = 152 ×5×53

T17×17 := 17×4505 = 76585 = 172 ×5×53

T19×19 := 19×5035 = 95665 = 192 ×5×53

T21×21 := 21×5565 = 116865 = 212 ×5×53

T23×23 := 23×6095 = 140185 = 232 ×5×53

iii. The borders entries sums for the nested magic square of order 23 are given by

C23×23 := T23×23 −T21×21 = 4× (S23×23 −S21×21) = 11×23 ×5×53

C21×21 := T21×21 −T19×19 = 4× (S21×21 −S19×19) = 10×23 ×5×53

C19×19 := T19×19 −T17×17 = 4× (S19×19 −S17×17) = 9×23 ×5×53

C17×17 := T17×17 −T15×15 = 4× (S17×17 −S15×15) = 8×23 ×5×53

C15×15 := T15×15 −T13×13 = 4× (S15×15 −S13×13) = 7×23 ×5×53

C13×13 := T13×13 −T11×11 = 4× (S13×13 −S11×11) = 6×23 ×5×53

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×5×53

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×5×53

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×5×53

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×5×53

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×5×53

where T1×1 = S1×1 = 265 is the central value. In this case, the fixed difference among the consecutive
borders is dbor der := 2120 = 23 ×5×53.

Finally, we get the following symmetric results
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Result 2.6. According to Result 2.5, the nested magic square of order 23 for the consecutive entries 1 to 529, has
the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5,7, . . . 21,23 orders of squares appearing nested magic square of order 23, and T1×1 := 265 is the
central value of the magic square.

2.4 Nested Magic Square of Order 22

In example 2.2 if we remove the external border, we are left with nested magic square of order 22 for the en-
tries 47 to 530. Subtracting 46, we get following distribution for the nested magic square of order 22 for the
consecutive natural numbers 1 to 484.

Distribution 2.4.
D4×4 := {235,236, . . . ,249,250}

D6×6 := {225,226, . . . ,233,234,D4×4,251,252, . . . ,259,260}

D8×8 := {211,212, . . . ,223,224,D6×6,261,262, . . . ,273,274}

D10×10 := {193,194, . . . ,209,210,D8×8,275,276, . . . ,291,292}

D12×12 := {171,172, . . . ,191,192,D10×10,293,294, . . . ,313,314}

D14×14 := {145,146, . . . ,169,170,D12×12,315,316, . . . ,339,340}

D16×16 := {115,116, . . . ,285,287,D14×14,341,342, . . . ,369,370}

D18×18 := {81,82, . . . ,113,114,D16×16,371,372, . . . ,403,404}

D20×20 := {43,44, . . . ,79,80,D18×18,405,406, . . . ,441,442}

D22×22 := {1,3, . . . ,41,42,D20×20,443,444, . . . ,483,484}

According to above distribution, the nested magic square of order 22 for the consecutive natural numbers
entries from 1 to 484 is given by

Example 2.4. Nested magic square of order 22 is given by
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The nested magic square given in Example 2.4 or Distribution 2.4 satisfies some interesting properties
summarized in a result below.

Result 2.7. The nested magic square of order 22 has the following properties:

i. The magic square sums are given by

14
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S4×4 := 970 = 2×485

S6×6 := 1455 = 3×485

S8×8 := 1940 = 4×485

S10×10 := 2425 = 5×485

S12×12 := 2910 = 6×485

S14×14 := 3395 = 7×485

S16×16 := 3880 = 8×485

S18×18 := 4365 = 9×485

S20×20 := 4850 = 10×485

S22×22 := 5335 = 11×485

ii. The sum of entries are given by

T4×4 := 4×970 = 3880 = 22 ×2×485

T6×6 := 6×1455 = 8730 = 32 ×2×485

T8×8 := 8×1940 = 15520 = 42 ×2×485

T10×10 := 10×2425 = 24250 = 52 ×2×485

T12×12 := 12×2910 = 34920 = 62 ×2×485

T14×14 := 14×3395 = 47530 = 72 ×2×485

T16×16 := 16×3880 = 62080 = 82 ×2×485

T18×18 := 18×4365 = 78570 = 92 ×2×485

T20×20 := 20×4850 = 97000 = 102 ×2×485

T22×22 := 22×5335 = 117370 = 112 ×2×485

iii. The borders entries sums are given by

C22×22 := T22×22 −T20×20 = 4× (S22×22 −S20×20) = 21×2×485

C20×20 := T20×20 −T18×18 = 4× (S20×20 −S18×18) = 19×2×485

C18×18 := T18×18 −T16×16 = 4× (S18×18 −S16×16) = 17×2×485

C16×16 := T16×16 −T14×14 = 4× (S16×16 −S14×14) = 15×2×485

C14×14 := T14×14 −T12×12 = 4× (S14×14 −S12×12) = 13×2×485

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 11×2×485

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×2×485

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×485

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×485

C4×4 := T4×4 −T2×2 = 3×2×485,

where T2×2 = 241+242+243+244 = 970 = 2×485 are four central or middle values of nested magic square.
In this case, the fixed difference among the consecutive borders is dbor der := 1940. The expression S2×2 is
taken out as we don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.8. According to Result 2.7, the nested magic square of order 22 for the consecutive entries 1 to 484 has
the following symmetric results:
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i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6, and 20,22 orders of magic squares appearing nested magic square of order 22, and T2×2 := 970 is
sum of four central values of magic square.

2.5 Nested Magic Square of Order 21

In Example 2.3 remove the external border, then we are left with nested magic square of order 21 for the en-
tries 45 to 485. Subtracting 44, we get following distribution for the nested magic square of order 21 for the
consecutive natural numbers 1 to 441.

Distribution 2.5.
D3×3 := {217,218, . . . ,224,225}

D5×5 := {209,210, . . . ,215,216,D3×3,226,227, . . . ,232,233}

D7×7 := {197,198, . . . ,208,209,D5×5,234,235, . . . ,244,245}

D9×9 := {181,182, . . . ,195,196,D7×7,246,247, . . . ,260,261}

D11×11 := {161,162, . . . ,179,180,D9×9,262,263, . . . ,280,281}

D13×13 := {137,138, . . . ,159,160,D11×11,282,283, . . . ,304,305}

D15×15 := {109,110, . . . ,135,136,D13×13,306,307, . . . ,332,333}

D17×17 := {77,78, . . . ,107,108,D15×15,334,335, . . . ,364,365}

D19×19 := {41,42, . . . ,75,76,D17×17,366,367, . . . ,400,401}

D21×21 := {1,2, . . . ,39,40,D19×19,402,403, . . . ,440,441} .

According to above distribution, the nested magic square of order 21 for the consecutive natural numbers
entries from 1 to 441 is given by

Example 2.5. Nested magic square of order 21 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.9. The nested magic square of order 21 for the entries 1 to 441 has the following properties:

i. The magic square sums are given by
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S3×3 := 663 = 3×13×17

S5×5 := 1105 = 5×13×17

S7×7 := 1547 = 7×13×17

S9×9 := 1989 = 9×13×17

S11×11 := 2431 = 11×13×17

S13×13 := 2873 = 13×13×17

S15×15 := 3315 = 15×13×17

S17×17 := 3757 = 17×13×17

S19×19 := 4199 = 19×13×17

S21×21 := 4641 = 21×13×17

ii. The total entries sums are given by

T3×3 := 3×663 = 1989 = 32 ×13×17

T5×5 := 5×1105 = 5525 = 52 ×13×17

T7×7 := 7×1547 = 10829 = 72 ×13×17

T9×9 := 9×1989 = 17901 = 92 ×13×17

T11×11 := 11×2431 = 26741 = 112 ×13×17

T13×13 := 13×2873 = 37349 = 132 ×13×17

T15×15 := 15×3315 = 49725 = 152 ×13×17

T17×17 := 17×3757 = 63869 = 172 ×13×17

T19×19 := 19×4199 = 79781 = 192 ×13×17

T21×21 := 21×4641 = 97461 = 212 ×13×17

iii. The borders entries sums for the nested magic square of order 23 are given by

C21×21 := T21×21 −T19×19 = 4× (S21×21 −S19×19) = 10×23 ×13×17

C19×19 := T19×19 −T17×17 = 4× (S19×19 −S17×17) = 9×23 ×13×17

C17×17 := T17×17 −T15×15 = 4× (S17×17 −S15×15) = 8×23 ×13×17

C15×15 := T15×15 −T13×13 = 4× (S15×15 −S13×13) = 7×23 ×13×17

C13×13 := T13×13 −T11×11 = 4× (S13×13 −S11×11) = 6×23 ×13×17

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×13×17

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×13×17

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×13×17

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×13×17

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×13×17

where T1×1 = S1×1 = 221 is the central value. In this case, the fixed difference among the consecutive
borders is dbor der := 1768 = 23 ×13×17.

Finally, we get the following symmetric results

Result 2.10. According to Result 2.9, the nested magic square of order 21 for the consecutive entries 1 to 441, has
the following symmetric results:
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i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5,7, . . . 19 and 21 orders of squares appearing nested magic square of order 21, and T1×1 := 221 is
the central value of the magic square.

2.6 Nested Magic Square of Order 20

In example 2.4 if we remove the external border, we are left with nested magic square of order 20 for the en-
tries 43 to 443. Subtracting 42, we get following distribution for the nested magic square of order 20 for the
consecutive natural numbers 1 to 400.

Distribution 2.6.
D4×4 := {193,194, . . . ,207,208}

D6×6 := {183,184, . . . ,191,192,D4×4,209,210, . . . ,217,218}

D8×8 := {169,170, . . . ,181,182,D6×6,219,220, . . . ,231,232}

D10×10 := {151,152, . . . ,167,168,D8×8,233,234, . . . ,249,250}

D12×12 := {129,130, . . . ,149,150,D10×10,251,252, . . . ,271,272}

D14×14 := {103,104, . . . ,127,128,D12×12,273,274, . . . ,297,298}

D16×16 := {73,74, . . . ,101,102,D14×14,299,300, . . . ,327,328}

D18×18 := {39,40, . . . ,71,72,D16×16,329,330, . . . ,361,362}

D20×20 := {1,2, . . . ,37,38,D18×18,363,364, . . . ,399,400}

According to above distribution, the nested magic square of order 20 for the consecutive natural numbers
entries from 1 to 400 is given by

Example 2.6. Nested magic square of order 20 is given by
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The nested magic square given in Example 2.6 or Distribution ?? satisfies some interesting properties sum-
marized in a result below.

Result 2.11. The nested magic square of order 20 has the following properties:

i. The magic square sums are given by

S4×4 := 802 = 2×401

S6×6 := 1203 = 3×401

S8×8 := 1604 = 4×401

S10×10 := 2005 = 5×401

S12×12 := 2406 = 6×401

S14×14 := 2807 = 7×401

S16×16 := 3208 = 8×401

S18×18 := 3609 = 9×401

S20×20 := 4010 = 10×401
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ii. The sum of entries are given by

T4×4 := 4×970 = 3880 = 22 ×2×401

T6×6 := 6×1455 = 8730 = 32 ×2×401

T8×8 := 8×1940 = 15520 = 42 ×2×401

T10×10 := 10×2425 = 24250 = 52 ×2×401

T12×12 := 12×2910 = 34920 = 62 ×2×401

T14×14 := 14×3395 = 47530 = 72 ×2×401

T16×16 := 16×3880 = 62080 = 82 ×2×401

T18×18 := 18×4365 = 78570 = 92 ×2×401

T20×20 := 20×4850 = 97000 = 102 ×2×401

iii. The borders entries sums are given by

C20×20 := T20×20 −T18×18 = 4× (S20×20 −S18×18) = 19×2×401

C18×18 := T18×18 −T16×16 = 4× (S18×18 −S16×16) = 17×2×401

C16×16 := T16×16 −T14×14 = 4× (S16×16 −S14×14) = 15×2×401

C14×14 := T14×14 −T12×12 = 4× (S14×14 −S12×12) = 13×2×401

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 11×2×401

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×2×401

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×401

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×401

C4×4 := T4×4 −T2×2 = 3×2×401,

where T2×2 = 199+200+201+202 = 802 are four central or middle values of nested magic square. In this
case, the fixed difference among the consecutive borders is dbor der := 1604. The expression S2×2 is taken
out as we don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.12. According to Result 2.11, the nested magic square of order 20 for the consecutive entries 1 to 400 has
the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6, and 18,20 orders of magic squares appearing nested magic square of order 20, and T2×2 := 802 is
sum of four central values of magic square.
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2.7 Nested Magic Square of Order 19

In Example 2.5 remove the external border, then we are left with nested magic square of order 19 for the en-
tries 41 to 401. Subtracting 40, we get following distribution for the nested magic square of order 19 for the
consecutive natural numbers 1 to 361.

Distribution 2.7.
D3×3 := {177,178, . . . ,184,185}

D5×5 := {169,170, . . . ,215,216,D3×3,186,187, . . . ,192,193}

D7×7 := {157,158, . . . ,167,168,D5×5,194,195, . . . ,204,205}

D9×9 := {141,142, . . . ,155,156,D7×7,206,207, . . . ,220,221}

D11×11 := {121,122, . . . ,139,140,D9×9,222,223, . . . ,240,241}

D13×13 := {97,98, . . . ,119,120,D11×11,242,243, . . . ,264,265}

D15×15 := {69,70, . . . ,95,96,D13×13,266,267, . . . ,292,293}

D17×17 := {37,38, . . . ,67,68,D15×15,294,295, . . . ,324,325}

D19×19 := {1,2, . . . ,35,36,D17×17,326,327, . . . ,360,361}

According to above distribution, the nested magic square of order 19 for the consecutive natural numbers
entries from 1 to 361 is given by

Example 2.7. Nested magic square of order 19 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.13. The nested magic square of order 19 for the entries 1 to 361 has the following properties:

i. The magic square sums are given by

S3×3 := 543 = 3×181

S5×5 := 905 = 5×181

S7×7 := 1267 = 7×181

S9×9 := 1629 = 9×181

S11×11 := 1991 = 11×181

S13×13 := 2353 = 13×181

S15×15 := 2715 = 15×181

S17×17 := 3077 = 17×181

S19×19 := 3439 = 19×181
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ii. The total entries sums are given by

T3×3 := 3×543 = 1629 = 32 ×181

T5×5 := 5×905 = 4525 = 52 ×181

T7×7 := 7×1267 = 8869 = 72 ×181

T9×9 := 9×1629 = 14661 = 92 ×181

T11×11 := 11×1991 = 21901 = 112 ×181

T13×13 := 13×2353 = 30589 = 132 ×181

T15×15 := 15×2715 = 40725 = 152 ×181

T17×17 := 17×3077 = 52309 = 172 ×181

T19×19 := 19×3439 = 65341 = 192 ×181

iii. The borders entries sums for the nested magic square of order 23 are given by

C19×19 := T19×19 −T17×17 = 4× (S19×19 −S17×17) = 9×23 ×181

C17×17 := T17×17 −T15×15 = 4× (S17×17 −S15×15) = 8×23 ×181

C15×15 := T15×15 −T13×13 = 4× (S15×15 −S13×13) = 7×23 ×181

C13×13 := T13×13 −T11×11 = 4× (S13×13 −S11×11) = 6×23 ×181

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×181

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×181

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×181

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×181

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×181

where T1×1 = S1×1 = 181 is the central value. In this case, the fixed difference among the consecutive
borders is dbor der := 1448 = 23 ×181.

Finally, we get the following symmetric results

Result 2.14. According to Result 2.13, the nested magic square of order 19 for the consecutive entries 1 to 361,
has the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5,7, . . . 17 and 19 orders of squares appearing nested magic square of order 19, and T1×1 := 181 is
the central value of the magic square.
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2.8 Nested Magic Square of Order 18

In Example 2.6 remove the external border, then we are left with nested magic square of order 18 for the en-
tries 39 to 362. Subtracting 38, we get following distribution for the nested magic square of order 18 for the
consecutive natural numbers 1 to 324.

Distribution 2.8.
D4×4 := {155,156, . . . ,169,170}

D6×6 := {145,146, . . . ,153,154,D4×4,171,172, . . . ,179,180}

D8×8 := {131,132, . . . ,143,144,D6×6,181,182, . . . ,193,194}

D10×10 := {113,115, . . . ,129,130,D8×8,195,196, . . . ,211,212}

D12×12 := {91,92, . . . ,111,112,D10×10,213,214, . . . ,233,234}

D14×14 := {65,66, . . . ,89,90,D12×12,235,236, . . . ,259,260}

D16×16 := {35,36, . . . ,63,64,D14×14,261,262, . . . ,289,290}

D18×18 := {1,2, . . . ,33,34,D16×16,291,292, . . . ,323,324}

According to above distribution, the nested magic square of order 18 for the consecutive natural numbers
entries from 1 to 324 is given by

Example 2.8. Nested magic square of order 18 is given by

25



Inder J. Taneja Zenodo, June 29, 2019, pp. 1-55,http://doi.org/10.5281/zenodo.3262170

The nested magic square given in Example 2.8 or Distribution 2.8 satisfies some interesting properties
summarized in a result below.

Result 2.15. The nested magic square of order 18 has the following properties:

i. The magic square sums are given by

S4×4 := 650 = 2×325

S6×6 := 975 = 3×325

S8×8 := 1300 = 4×325

S10×10 := 1625 = 5×325

S12×12 := 1950 = 6×325

S14×14 := 2275 = 7×325

S16×16 := 2600 = 8×325

S18×18 := 2925 = 9×325

ii. The sum of entries are given by
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T4×4 := 4×650 = 2600 = 22 ×2×325

T6×6 := 6×975 = 5850 = 32 ×2×325

T8×8 := 8×1300 = 10400 = 42 ×2×325

T10×10 := 10×1625 = 16250 = 52 ×2×325

T12×12 := 12×1950 = 23400 = 62 ×2×325

T14×14 := 14×2275 = 31850 = 72 ×2×325

T16×16 := 16×2600 = 41600 = 82 ×2×325

T18×18 := 18×2925 = 52650 = 92 ×2×325

iii. The borders entries sums are given by

C18×18 := T18×18 −T16×16 = 4× (S18×18 −S16×16) = 17×2×325

C16×16 := T16×16 −T14×14 = 4× (S16×16 −S14×14) = 15×2×325

C14×14 := T14×14 −T12×12 = 4× (S14×14 −S12×12) = 13×2×325

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 11×2×325

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×2×325

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×325

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×325

C4×4 := T4×4 −T2×2 = 3×2×325,

where T2×2 = 161+162+163+164 = 650 = 2×325 are four central or middle values of nested magic square.
In this case, the fixed difference among the consecutive borders is dbor der := 1300. The expression S2×2 is
taken out as we don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.16. According to Result 2.15, the nested magic square of order 18 for the consecutive entries 1 to 324,
has the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6, and 16,18 orders of magic squares appearing nested magic square of order 18, and T2×2 := 650 is
sum of four central values of magic square.
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2.9 Nested Magic Square of Order 17

In Example 2.7 remove the external border, then we are left with nested magic square of order 17 for the en-
tries 37 to 325. Subtracting 36, we get following distribution for the nested magic square of order 17 for the
consecutive natural numbers 1 to 289.

Distribution 2.9.
D3×3 := {141,142, . . . ,148,149}

D5×5 := {133,134, . . . ,139,140,D3×3,150,151, . . . ,156,157}

D7×7 := {121,122, . . . ,131,132,D5×5,158,159, . . . ,168,169}

D9×9 := {105,106, . . . ,119,120,D7×7,170,171, . . . ,184,185}

D11×11 := {85,86, . . . ,103,104,D9×9,186,187, . . . ,204,205}

D13×13 := {61,62, . . . ,83,84,D11×11,206,207, . . . ,228,229}

D15×15 := {33,34, . . . ,59,60,D13×13,230,231, . . . ,256,257}

D17×17 := {1,2, . . . ,31,32,D15×15,258,259, . . . ,288,289}

According to above distribution, the nested magic square of order 17 for the consecutive natural numbers
entries from 1 to 225 is given by

Example 2.9. Nested magic square of order 17 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.17. The nested magic square of order 17 for the entries 1 to 289 has the following properties:

i. The magic square sums are given by

S3×3 := 435 = 3×5×29

S5×5 := 725 = 5×5×29

S7×7 := 1015 = 7×5×29

S9×9 := 1305 = 9×5×29

S11×11 := 1595 = 11×5×29

S13×13 := 1885 = 13×5×29

S15×15 := 2175 = 15×5×29

S17×17 := 2465 = 17×5×29

ii. The total entries sums are given by
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T3×3 := 3×435 = 1305 = 32 ×5×29

T5×5 := 5×725 = 3635 = 52 ×5×29

T7×7 := 7×1015 = 7105 = 72 ×5×29

T9×9 := 9×1305 = 11745 = 92 ×5×29

T11×11 := 11×1595 = 17545 = 112 ×5×29

T13×13 := 13×1885 = 24505 = 132 ×5×29

T15×15 := 15×2175 = 32625 = 152 ×5×29

T17×17 := 17×2465 = 41905 = 172 ×5×29

iii. The borders entries sums for the nested magic square of order 23 are given by

C17×17 := T17×17 −T15×15 = 4× (S17×17 −S15×15) = 8×23 ×5×29

C15×15 := T15×15 −T13×13 = 4× (S15×15 −S13×13) = 7×23 ×5×29

C13×13 := T13×13 −T11×11 = 4× (S13×13 −S11×11) = 6×23 ×5×29

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×5×29

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×5×29

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×5×29

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×5×29

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×5×29

where T1×1 = S1×1 = 145 is the central value. In this case, the fixed difference among the consecutive
borders is dbor der := 1160 = 23 ×145.

Finally, we get the following symmetric results

Result 2.18. According to Result 2.17, the nested magic square of order 17 for the consecutive entries 1 to 289,
has the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5,7, . . . 15 and 17 orders of squares appearing nested magic square of order 17, and T1×1 := 145 is
the central value of the magic square.

2.10 Nested Magic Square of Order 16

In Example 2.8 remove the external border, then we are left with nested magic square of order 16 for the en-
tries 35 to 290. Subtracting 33, we get following distribution for the nested magic square of order 16 for the
consecutive natural numbers 1 to 256.
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Distribution 2.10.
D4×4 := {121,122, . . . ,135,136}

D6×6 := {111,112, . . . ,119,120,D4×4,137,138, . . . ,145,146}

D8×8 := {97,98, . . . ,109,110,D6×6,147,148, . . . ,159,160}

D10×10 := {79,80, . . . ,95,96,D8×8,161,162, . . . ,177,178}

D12×12 := {57,58, . . . ,77,78,D10×10,179,180, . . . ,199,200}

D14×14 := {31,32, . . . ,55,56,D12×12,201,202, . . . ,225,226}

D16×16 := {1,2, . . . ,29,30,D14×14,227,228, . . . ,255,256}

According to above distribution, the nested magic square of order 16 for the consecutive natural numbers
entries from 1 to 256 is given by

Example 2.10. Nested magic square of order 16 is given by

The nested magic square given in Example 2.10 or Distribution 2.10 satisfies some interesting properties
summarized in a result below.

Result 2.19. The nested magic square of order 16 has the following properties:

i. The magic square sums are given by
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S4×4 := 514 = 2×257

S6×6 := 771 = 3×257

S8×8 := 1028 = 4×257

S10×10 := 1285 = 5×257

S12×12 := 1542 = 6×257

S14×14 := 1799 = 7×257

S16×16 := 2056 = 8×257

ii. The sum of entries are given by

T4×4 := 4×514 = 2056 = 22 ×2×257

T6×6 := 6×771 = 4626 = 32 ×2×257

T8×8 := 8×1028 = 8224 = 42 ×2×257

T10×10 := 10×1285 = 12850 = 52 ×2×257

T12×12 := 12×1542 = 18504 = 62 ×2×257

T14×14 := 14×1799 = 25186 = 72 ×2×257

T16×16 := 16×2056 = 32896 = 82 ×2×257

iii. The borders entries sums are given by

C16×16 := T16×16 −T14×14 = 4× (S16×16 −S14×14) = 15×2×257

C14×14 := T14×14 −T12×12 = 4× (S14×14 −S12×12) = 13×2×257

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 11×2×257

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×2×257

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×257

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×257

C4×4 := T4×4 −T2×2 = 3×2×257,

where T2×2 = 127+128+129+130 = 514 are four central or middle values of nested magic square. In this
case, the fixed difference among the consecutive borders is dbor der := 1028. The expression S2×2 is taken
out as we don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.20. According to Result 2.19, the nested magic square of order 16 for the consecutive entries 1 to 256,
has the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6,8,10,12,14 and 16 orders of magic squares appearing nested magic square of order 16, and
T2×2 := 514 is sum of four central values of magic square.
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2.11 Nested Magic Square of Order 15

In Example 2.9 remove the external border, then we are left with nested magic square of order 15 for the en-
tries 33 to 257. Subtracting 32, we get following distribution for the nested magic square of order 15 for the
consecutive natural numbers 1 to 225.

Distribution 2.11.
D3×3 := {109,110, . . . ,116,117}

D5×5 := {101,102, . . . ,107,108,D3×3,118,119, . . . ,124,125}

D7×7 := {89,90, . . . ,99,100,D5×5,126,127, . . . ,136,137}

D9×9 := {73,74, . . . ,87,88,D7×7,138,139, . . . ,152,153}

D11×11 := {53,54, . . . ,71,72,D9×9,154,155, . . . ,172,173}

D13×13 := {29,30, . . . ,51,52,D11×11,174,175, . . . ,196,197}

D15×15 := {1,2, . . . ,27,28,D13×13,198,199, . . . ,224,225}

According to above distribution, the nested magic square of order 15 for the consecutive natural numbers
entries from 1 to 225 is given by

Example 2.11. Nested magic square of order 15 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.21. The nested magic square of order 15 for the entries 1 to 225 has the following properties:

i. The magic square sums are given by

S3×3 := 339 = 3×113

S5×5 := 565 = 5×113

S7×7 := 791 = 7×113

S9×9 := 1071 = 9×113

S11×11 := 1243 = 11×113

S13×13 := 1469 = 13×113

S15×15 := 1695 = 15×113

ii. The total entries sums are given by

T3×3 := 3×339 = 1017 = 32 ×113

T5×5 := 5×565 = 2825 = 52 ×113

T7×7 := 7×791 = 5537 = 72 ×113

T9×9 := 9×1071 = 9153 = 92 ×113

T11×11 := 11×1243 = 13673 = 112 ×113

T13×13 := 13×1469 = 19097 = 132 ×113

T15×15 := 15×1695 = 25425 = 152 ×113

iii. The borders entries sums for the nested magic square of order 23 are given by

C15×15 := T15×15 −T13×13 = 4× (S15×15 −S13×13) = 7×23 ×113

C13×13 := T13×13 −T11×11 = 4× (S13×13 −S11×11) = 6×23 ×113

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×113

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×113

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×113

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×113

where T1×1 = S1×1 = 113 is the central value. In this case, the fixed difference among the consecutive
borders is dbor der := 904 = 23 ×113.

Finally, we get the following symmetric results

Result 2.22. According to Result 2.21, the nested magic square of order 15 for the consecutive entries 1 to 221,
has the following symmetric results:

i. Sk×k := k ×T1×1;
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ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5, . . . 13 and 15 orders of squares appearing nested magic square of order 15, and T1×1 := 113 is the
central value of the magic square.

2.12 Nested Magic Square of Order 14

In Example 2.10 remove the external border, then we are left with nested magic square of order 14 for the
entries 31 to 226. Subtracting 30, we get following distribution for the nested magic square of order 14 for the
consecutive natural numbers 1 to 196.

Distribution 2.12.
D4×4 := {91,92, . . . ,105,106}

D6×6 := {81,82, . . . ,89,90,D4×4,107,108, . . . ,115,116}

D8×8 := {67,68, . . . ,79,80,D6×6,117,118, . . . ,129,130}

D10×10 := {49,50, . . . ,65,66,D8×8,131,132, . . . ,147,148}

D12×12 := {27,28, . . . ,47,48,D10×10,149,150, . . . ,169,170}

D14×14 := {1,2, . . . ,25,26,D12×12,171,172, . . . ,195,196}

According to above distribution, the nested magic square of order 14 for the consecutive natural numbers
entries from 1 to 196 is given by

Example 2.12. Nested magic square of order 14 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.23. The nested magic square of order 14 has the following properties:

i. The magic square sums are given by

S4×4 := 394 = 2×197

S6×6 := 591 = 3×197

S8×8 := 788 = 4×197

S10×10 := 985 = 5×197

S12×12 := 1182 = 6×197

S14×14 := 1379 = 7×197

ii. The sum of entries are given by

T4×4 := 4×394 = 1576 = 22 ×2×197

T6×6 := 6×591 = 3546 = 32 ×2×197

T8×8 := 8×788 = 6304 = 42 ×2×197

T10×10 := 10×985 = 9850 = 52 ×2×197

T12×12 := 12×1182 = 14184 = 62 ×2×197

T14×14 := 14×1379 = 19306 = 72 ×2×197
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iii. The borders entries sums are given by

C14×14 := T14×14 −T12×12 = 4× (S14×14 −S12×12) = 13×2×197

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 11×2×197

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×2×197

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×197

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×197

C4×4 := T4×4 −T2×2 = 3×2×197,

where T2×2 = 97+98+99+100 = 394 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dbor der := 788. The expression S2×2 is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.24. According to Result 2.23, the nested magic square of order 14 for the consecutive entries 1 to 196,
has the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6,8,10,12 and 14 orders of magic squares appearing nested magic square of order 14, and T2×2 :=
394 is sum of four central values of magic square.

2.13 Nested Magic Square of Order 13

In Example 2.11 remove the external border, then we are left with nested magic square of order 13 for the
entries 29 to 197. Subtracting 28, we get following distribution for the nested magic square of order 13 for the
consecutive natural numbers 1 to 169.

Distribution 2.13.
D3×3 := {81,82, . . . ,88,89}

D5×5 := {73,74, . . . ,79,80,D3×3,90,91, . . . ,96,97}

D7×7 := {61,62, . . . ,71,72,D5×5,98,99, . . . ,108,109}

D9×9 := {45,46, . . . ,59,60,D7×7,110,111, . . . ,124,125}

D11×11 := {25,26, . . . ,43,44,D9×9,126,127, . . . ,144,145}

D13×13 := {1,2, . . . ,23,24,D11×11,146,147, . . . ,168,169}
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According to above distribution, the nested magic square of order 13 for the consecutive natural numbers
entries from 1 to 169 is given by

Example 2.13. Nested magic square of order 13 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.25. The nested magic square of order 13 for the entries 1 to 169 has the following properties:

i. The magic square sums are given by

S3×3 := 255 = 3×5×17

S5×5 := 425 = 5×5×17

S7×7 := 595 = 7×5×17

S9×9 := 765 = 9×5×17

S11×11 := 935 = 11×5×17

S13×13 := 1105 = 13×5×17

ii. The total entries sums are given by

T3×3 := 3×255 = 765 = 32 ×5×17

T5×5 := 5×425 = 2125 = 52 ×5×17

T7×7 := 7×595 = 4165 = 72 ×5×17

T9×9 := 9×765 = 6885 = 92 ×5×17

T11×11 := 11×935 = 10285 = 112 ×5×17

T13×13 := 13×1105 = 14365 = 132 ×5×17
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iii. The borders entries sums for the nested magic square of order 23 are given by

C13×13 := T13×13 −T11×11 = 4× (S13×13 −S11×11) = 6×23 ×5×17

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×5×17

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×5×17

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×5×17

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×5×17

where T1×1 = S1×1 = 85 is the central value. In this case, the fixed difference among the consecutive borders
is dbor der := 680 = 23 ×5×17.

Finally, we get the following symmetric results

Result 2.26. According to Result 2.25, the nested magic square of order 13 for the consecutive entries 1 to 169,
has the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5, . . . 11 and 13 orders of squares appearing nested magic square of order 13, and T1×1 := 85 is the
central value of the magic square.

2.14 Nested Magic Square of Order 12

In Example 2.12 remove the external border, then we are left with nested magic square of order 12 for the
entries 27 to 170. Subtracting 26, we get following distribution for the nested magic square of order 12 for the
consecutive natural numbers 1 to 144.

Distribution 2.14.
D4×4 := {65,66, . . . ,79,80}

D6×6 := {55,56, . . . ,63,64,D4×4,81,82, . . . ,89,90}

D8×8 := {41,42, . . . ,53,54,D6×6,91,92, . . . ,103,104}

D10×10 := {23,24, . . . ,39,40,D8×8,105,106, . . . ,121,122}

D12×12 := {1,2, . . . ,21,22,D10×10,123,124, . . . ,143,144}

According to above distribution, the nested magic square of order 12 for the consecutive natural numbers
entries from 1 to 144 is given by
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Example 2.14. Nested magic square of order 12 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.27. The nested magic square of order 12 has the following properties:

i. The magic square sums are given by

S4×4 := 290 = 2×5×29

S6×6 := 435 = 3×5×29

S8×8 := 580 = 4×5×29

S10×10 := 725 = 5×5×29

S12×12 := 870 = 6×5×29

ii. The sum of entries are given by

T4×4 := 4×290 = 1160 = 22 ×2×5×29

T6×6 := 6×435 = 2610 = 32 ×2×5×29

T8×8 := 8×580 = 4640 = 42 ×2×5×29

T10×10 := 10×725 = 7250 = 52 ×2×5×29

T12×12 := 12×870 = 10440 = 62 ×2×5×29

iii. The borders entries sums are given by

C12×12 := T12×12 −T10×10 = 4× (S12×12 −S10×10) = 11×2×5×29
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C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×5×29

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×5×29

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×5×29

C4×4 := T4×4 −T2×2 = 3×2×5×29,

where T2×2 = 71+72+73+74 = 290 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dbor der := 580. The expression S2×2 is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.28. According to Result 2.27, the nested magic square of order 12 for the consecutive entries 1 to 144,
has the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6,8,10 and 12 orders of magic squares appearing nested magic square of order 12, and T2×2 := 290
is sum of four central values of magic square.

2.15 Nested Magic Square of Order 11

In Example 2.13 remove the external border, then we are left with nested magic square of order 11 for the
entries 25 to 145. Subtracting 24, we get following distribution for the nested magic square of order 11 for the
consecutive natural numbers 1 to 121.

Distribution 2.15.
D3×3 := {57,58, . . . ,64,65}

D5×5 := {49,50, . . . ,55,56,D3×3,66,67, . . . ,72,73}

D7×7 := {37,38, . . . ,47,48,D5×5,74,75, . . . ,84,85}

D9×9 := {21,22, . . . ,35,36,D7×7,86,87, . . . ,100,101}

D11×11 := {1,2, . . . ,19,20,D9×9,102,103, . . . ,121,121}

According to above distribution, the nested magic square of order 11 for the consecutive natural numbers
entries from 1 to 121 is given by
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Example 2.15. Nested magic square of order 11 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.29. The nested magic square of order 11 for the entries 1 to 121 has the following properties:

i. The magic square sums are given by

S3×3 := 183 = 3×61

S5×5 := 305 = 5×61

S7×7 := 427 = 7×61

S9×9 := 549 = 9×61

S11×11 := 671 = 11×61

ii. The total entries sums are given by

T3×3 := 3×183 = 549 = 32 ×61

T5×5 := 5×305 = 1525 = 52 ×61

T7×7 := 7×427 = 2989 = 72 ×61

T9×9 := 9×549 = 4941 = 92 ×61

T11×11 := 11×671 = 7381 = 112 ×61

iii. The borders entries sums for the nested magic square of order 23 are given by

C11×11 := T11×11 −T9×9 = 4× (S11×11 −S9×9) = 5×23 ×61

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×61
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C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×61

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×61

where T1×1 = S1×1 = 61 is the central value. In this case, the fixed difference among the consecutive borders
is dbor der := 488 = 23 ×61.

Finally, we get the following symmetric results

Result 2.30. According to Result 2.29, the nested magic square of order 11 for the consecutive entries 1 to 121,
has the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5,7,9 and 11 orders of squares appearing nested magic square of order 11, and T1×1 := 61 is the
central value of the magic square.

2.16 Nested Magic Square of Order 10

In Example 2.14 remove the external border, then we are left with nested magic square of order 10 for the
entries 23 to 122. Subtracting 22, we get following distribution for the nested magic square of order 10 for the
consecutive natural numbers 1 to 100.

Distribution 2.16.
D4×4 := {43,44, . . . ,57,58}

D6×6 := {33,34, . . . ,41,42,D4×4,59,60, . . . ,67,68}

D8×8 := {19,20, . . . ,31,32,D6×6,69,70, . . . ,81,82}

D10×10 := {1,2, . . . ,17,18,D8×8,83,84, . . . ,99,100}

According to above distribution, the nested magic square of order 10 for the consecutive natural numbers
entries from 1 to 100 is given by

Example 2.16. Nested magic square of order 12 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.31. The nested magic square of order 10 has the following properties:

i. The magic square sums are given by

S4×4 := 202 = 2×101

S6×6 := 303 = 3×101

S8×8 := 404 = 4×101

S10×10 := 505 = 5×101

ii. The sum of entries are given by

T4×4 := 4×202 = 808 = 22 ×2×101

T6×6 := 6×303 = 1818 = 32 ×2×101

T8×8 := 8×404 = 3232 = 42 ×2×101

T10×10 := 10×505 = 5050 = 52 ×2×101

iii. The borders entries sums are given by

C10×10 := T10×10 −T8×8 = 4× (S10×10 −S8×8) = 9×101

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×101

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×101

C4×4 := T4×4 −T2×2 = 3×2×101,

where T2×2 = 49+50+51+52 = 202 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dbor der := 404. The expression S2×2 is taken out as we
don’t have magic square of order 2.
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Finally, we get the following symmetric results

Result 2.32. According to Result 2.31, the nested magic square of order 10 for the consecutive entries 1 to 100,
has the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6,8 and 10 orders of magic squares appearing nested magic square of order 10, and T2×2 := 202 is
sum of four central values of magic square.

2.17 Nested Magic Square of Order 9

In Example 2.15 remove the external border, then we are left with nested magic square of order 9 for the en-
tries 21 to 101. Subtracting 20, we get following distribution for the nested magic square of order 9 for the
consecutive natural numbers 1 to 91.

Distribution 2.17.
D3×3 := {37,38, . . . ,44,45}

D5×5 := {29,30, . . . ,35,36,D3×3,46,47, . . . ,52,53}

D7×7 := {17,18, . . . ,27,28,D5×5,54,55, . . . ,64,65}

D9×9 := {1,2, . . . ,15,16,D7×7,66,67, . . . ,80,81}

According to above distribution, the nested magic square of order 9 for the consecutive natural numbers
entries from 1 to 81 is given by

Example 2.17. Nested magic square of order 9 is given by
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According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.33. The nested magic square of order 9 for the entries 1 to 81 has the following properties:

i. The magic square sums are given by

S3×3 := 123 = 3×41

S5×5 := 205 = 5×41

S7×7 := 287 = 7×41

S9×9 := 369 = 9×41

ii. The total entries sums are given by

T3×3 := 3×123 = 369 = 32 ×41

T5×5 := 5×205 = 1025 = 52 ×41

T7×7 := 7×287 = 2009 = 72 ×41

T9×9 := 9×369 = 3321 = 92 ×41

iii. The borders entries sums for the nested magic square of order 23 are given by

C9×9 := T9×9 −T7×7 = 4× (S9×9 −S7×7) = 4×23 ×41

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×41

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×41

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×41

where T1×1 = S1×1 = 61 is the central value. In this case, the fixed difference among the consecutive borders
is dbor der := 328 = 23 ×41.

Finally, we get the following symmetric results

Result 2.34. According to Result 2.33, the nested magic square of order 9 for the consecutive entries 1 to 81, has
the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5,7 and 9 orders of squares appearing nested magic square of order 9, and T1×1 := 41 is the central
value of the magic square.
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2.18 Nested Magic Square of Order 8

In Example 2.16 remove the external border, then we are left with nested magic square of order 8 for the entries
19 to 82. Subtracting 18, we get following distribution for the nested magic square of order 8 for the consecutive
natural numbers 1 to 64.

Distribution 2.18.
D4×4 := {25,26, . . . ,39,40}

D6×6 := {15,16, . . . ,23,24,D4×4,41,42, . . . ,49,50}

D8×8 := {1,2, . . . ,13,14,D6×6,51,52, . . . ,63,64}

According to above distribution, the nested magic square of order 8 for the consecutive natural numbers
entries from 1 to 64 is given by

Example 2.18. Nested magic square of order 8 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.35. The nested magic square of order 8 has the following properties:

i. The magic square sums are given by

S4×4 := 130 = 2×5×13

S6×6 := 195 = 3×5×13

S8×8 := 260 = 4×5×13
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ii. The sum of entries are given by

T4×4 := 4×202 = 808 = 22 ×2×5×13

T6×6 := 6×303 = 1818 = 32 ×2×5×13

T8×8 := 8×404 = 3232 = 42 ×2×5×13

iii. The borders entries sums are given by

C8×8 := T8×8 −T6×6 = 4× (S8×8 −S6×6) = 7×2×5×13

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×5×13

C4×4 := T4×4 −T2×2 = 3×2×5×13,

where T2×2 = 31+32+33+34 = 130 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dbor der := 260. The expression S2×2 is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.36. According to Result 2.35, the nested magic square of order 8 for the consecutive entries 1 to 64, has
the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4,6 and 8 orders of magic squares appearing nested magic square of order 8, and T2×2 := 130 is sum
of four central values of magic square.

2.19 Nested Magic Square of Order 7

In Example 2.17 remove the external border, then we are left with nested magic square of order 7 for the entries
17 to 65. Subtracting 16, we get following distribution for the nested magic square of order 7 for the consecutive
natural numbers 1 to 49.

Distribution 2.19.
D3×3 := {21,22, . . . ,28,29}

D5×5 := {13,14, . . . ,19,20,D3×3,30,31, . . . ,36,37}

D7×7 := {1,2, . . . ,11,12,D5×5,38,39, . . . ,48,49}
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According to above distribution, the nested magic square of order 7 for the consecutive natural numbers
entries from 1 to 49 is given by

Example 2.19. Nested magic square of order 7 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.37. The nested magic square of order 7 for the entries 1 to 49 has the following properties:

i. The magic square sums are given by

S3×3 := 75 = 3×25

S5×5 := 125 = 5×25

S7×7 := 175 = 7×25

ii. The total entries sums are given by

T3×3 := 3×75 = 225 = 32 ×25

T5×5 := 5×125 = 625 = 52 ×25

T7×7 := 7×175 = 1225 = 72 ×25

iii. The borders entries sums for the nested magic square of order 23 are given by

C7×7 := T7×7 −T5×5 = 4× (S7×7 −S5×5) = 3×23 ×25

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×25

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×25

where T1×1 = S1×1 = 25 is the central value. In this case, the fixed difference among the consecutive borders
is dbor der := 200 = 23 ×25.
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Finally, we get the following symmetric results

Result 2.38. According to Result 2.37, the nested magic square of order 7 for the consecutive entries 1 to 49, has
the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3,5 and 7 orders of squares appearing nested magic square of order 7, and T1×1 := 25 is the central
value of the magic square.

2.20 Nested Magic Square of Order 6

In Example 2.18 remove the external border, then we are left with nested magic square of order 6 for the entries
15 to 50. Subtracting 14, we get following distribution for the nested magic square of order 6 for the consecutive
natural numbers 1 to 36.

Distribution 2.20.
D4×4 := {11,12, . . . ,25,26}

D6×6 := {1,2, . . . ,9,10,D4×4,27,28, . . . ,35,36}

According to above distribution, the nested magic square of order 6 for the consecutive natural numbers
entries from 1 to 36 is given by

Example 2.20. Nested magic square of order 6 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.39. The nested magic square of order 6 has the following properties:
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i. The magic square sums are given by

S4×4 := 74 = 2×37

S6×6 := 111 = 3×37

ii. The sum of entries are given by

T4×4 := 4×74 = 296 = 22 ×2×37

T6×6 := 6×111 = 666 = 32 ×2×37

iii. The borders entries sums are given by

C6×6 := T6×6 −T4×4 = 4× (S6×6 −S4×4) = 5×2×37

C4×4 := T4×4 −T2×2 = 3×2×37,

where T2×2 = 17+18+19+20 = 74 are four central or middle values of nested magic square. In this case,
the fixed difference among the consecutive borders is dbor der := 148. The expression S2×2 is taken out as we
don’t have magic square of order 2.

Finally, we get the following symmetric results

Result 2.40. According to Result 2.39, the nested magic square of order 6 for the consecutive entries 1 to 36, has
the following symmetric results:

i. Sk×k := k

2
× T2×2

2
;

ii. Tk×k :=
(

k

2

)2

×T2×2;

iii. Ck×k := (k −1)×T2×2.

where k = 4 and 6 orders of magic squares appearing nested magic square of order 6, and T2×2 := 74 is sum of
four central values of magic square.

2.21 Nested Magic Square of Order 5

In Example 2.19 remove the external border, then we are left with nested magic square of order 5 for the entries
13 to 37. Subtracting 12, we get following distribution for the nested magic square of order 5 for the consecutive
natural numbers 1 to 25.
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Distribution 2.21.
D3×3 := {9,10, . . . ,16,17}

D5×5 := {1,2, . . . ,7,8,D3×3,18,19, . . . ,24,25}

According to above distribution, the nested magic square of order 5 for the consecutive natural numbers
entries from 1 to 25 is given by

Example 2.21. Nested magic square of order 7 is given by

According to above distribution of magic squares entries, we have the following properties written as a
result.

Result 2.41. The nested magic square of order 9 for the entries 1 to 81 has the following properties:

i. The magic square sums are given by

S3×3 := 39 = 3×13

S5×5 := 65 = 5×13

ii. The total entries sums are given by

T3×3 := 3×39 = 117 = 32 ×13

T5×5 := 5×65 = 325 = 52 ×13

iii. The borders entries sums for the nested magic square of order 23 are given by

C5×5 := T5×5 −T3×3 = 4× (S5×5 −S3×3) = 2×23 ×13

C3×3 := T3×3 −T1×1 = 4× (S3×3 −S1×1) = 1×23 ×13

where T1×1 = S1×1 = 13 is the central value. In this case, the fixed difference among the consecutive borders
is dbor der := 114 = 23 ×13.

Finally, we get the following symmetric results
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Result 2.42. According to Result 2.41, the nested magic square of order 5 for the consecutive entries 1 to 25, has
the following symmetric results:

i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := k −1

2
×8×T1×1.

where k = 3 and 5 orders of squares appearing nested magic square of order 5, and T1×1 := 13 is the central value
of the magic square.

3 Final Results

In view of nested magic squares studied above, we have two main results summarized below. One is for even
orders and another is for odd orders nested magic squares. Let’s consider the following notations.

Sk×k −→ magic square sums;

Tk×k −→ total entries sums;

Ck×k −→ borders entries sums;

dbor der −→ difference among borders value.

We have following two results.

Result 3.1. The nested magic squares of even orders constructed according to Section 2, for consecutive numbers
starting from 1 satisfy the following properties:

i. Sk×k := k × T2×2

4
;

ii. Tk×k := k2 × T2×2

4
;

iii. Ck×k := (k −1)×4× T2×2

4
;

iv. dbor der := 8× T2×2

4
.

where k is the order of nested magic square and T2×2 is the sum of four central or middle values.

Result 3.2. The nested magic squares of odd orders constructed according to Section 2, for consecutive numbers
starting from 1 satisfy the following properties:
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i. Sk×k := k ×T1×1;

ii. Tk×k := k2 ×T1×1;

iii. Ck×k := (k −1)×4×T1×1;

iv. dbor der := 8×T1×1.

where k is the order of nested magic square and T1×1 is the central value.

Remark 1. T2×2 is the sum of for values and T1×1 is single value. If we understand that T1×1 is same as T2×2
4 , then

both the Results 3.1 and 3.2 turns to be same. In view of this we can unify both the Results 3.1 and 3.2

Result 3.3. The nested magic squares constructed according to Section 2, for consecutive numbers starting from
1 satisfy the following properties:

i. Sk×k := k ×L;

ii. Tk×k := k2 ×L;

iii. Ck×k := (k −1)×4×L;

iv. dbor der := 8×m.

where k is the order of nested magic square and

L := T1×1, odd order magic squares

L := T2×2

4
, even order magic squares

Study on nested magic squares for the consecutive odd numbers can be seen in author’s another work
[12]. Its summary is given in result below.

Result 3.4. [12] For nested magic squares for consecutive odd numbers, the total entries sums are given by

Tk×m := k2 ×m2,

where k is the order of nested magic squares, and m is the order of each nested sub-magic square.
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