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Abstract: We present here a brief analysis on some properties of hemi-slant submanifold
of Kenmotsu manifold. After the introduction some preliminaries about this manifold have
been discussed. Necessary and sufficient condition for distributions to be integrable are
worked out. Some important results have been obtained in this direction. The last section

emphasizes the geometry of leaves of hemi-slant submanifold of Kenmotsu manifold.
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81. Introduction

The notion of Kenmotsu manifold was defined by K. Kenmotsu in 1972 [9]. Then several works
have been done on Kenmotsu manifold by G.Pitis [20] in 1988; J.B.Jun, U.C.De and G.Pathak
[8] in 2005; C.S. Bagewadi and Venkatesha in 2007.

An interesting topic in the differential geometry is the theory of submanifolds in space
endowed with additional structures [4], [5]. B.Y.Chen in 1990 initiated the study of slant
manifold of an almost Hermitian manifold as a natural generalization of both holomorphic
and totally real submanifolds. N.Papaghiuc have studied semi-invariant submanifolds in a
Kenmotsu manifold [17], [18]. He also studied the geometry of leaves on a semi-invariant -
submanifolds in a Kenmotsu manifolds [18]. Afterwords in 1994, N.Papaghiuc introduced a class
of submanifolds in an almost Hermitian manifold, called the semi-slant submanifolds, which
includes the class of proper CR-submanifolds and slant submanifolds. Then in 1996, A. Lotta
extended the notion of slant immersions in the setting of almost contact metric manifold. Later
slant submanifolds of K-contact and Sasakian manifolds have been characterized by Cabrerizo,
Carriazo and Fernandez in some papers (1999-2002).
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The idea of hemi-slant submanifold was given by Carriazo as a particular class of bislant
submanifolds and he called them anti slant submanifolds. After him B.Sahin in 2009 mentioned

anti-slant submanifolds as hemi-slant submanifolds.

82. Preliminaries

Let M @nt1) (g, €,1,G) be an almost contact Riemannian manifold where ¢ is a tensor field of
type (1,1), € is a vector field and 7 is a 1-form and § is the induced Riemannian metric on M

satisfying
no¢=0, ¢=0, n(§) =1, (2.1)
P*X = —X + (X, (2.2)
9(X,€) = n(X), (2.3)
9(6X, ¢Y) = §(X,Y) = n(X)n(Y), (2.5)
for all vector fields X,Y on M. Now if
(Vx9)Y = —n(Y)eX — g(X,6Y)g, (2.6)
Vxé =X —n(X)E, (2.7)
V is the Riemannian connection of §, then(M, ¢, &, 7, §) is called a Kenmotsu manifold.
In Kenmotsu manifold the following relations hold [9]:
(Vxn)Y = §(¢X,¢Y), (2.8)
R(X, V)€ = n(X)Y — 5(Y)X, (2.10)
S(X,§) = —2nn(X), (2.12)

where R is the Riemannian curvature tensor and S is the Ricci tensor.

Let M be a submanifold of M with Kenmotsu structure (¢,&,n,§) with induced metric
g and let V is the induced connection on the tangent bundle TM and V= is the induced

connection on the normal bundle T+ M of M.

The Gauss and Weingarten formulae are characterized by

VxY = VxY +h(X,Y), (2.14)
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VxN = —AyxX + V%N, (2.15)

for any X, Y € TM, N € T+ M, h is the second fundamental form and Ay is the Weingarten
map associated with N via

The mean curvature H is denoted by

k
1
H = E;h(ei,ei), (2.17)
where k& is the dimension of M and {ej,es,e3, -, e} is the local orthonormal frame on M.
For any X € I'(T'M) we can write,
pX =TX +FX, (2.18)

where T'X is the tangential component and F'X is the normal component of ¢ X. Similarly for
any V € I(T+M) we can put
oV =tV + fV, (2.19)

where tV denote the tangential component and fV denote the normal component of ¢V. The

covariant derivatives of the tensor fields T, F,t and f are defined as

(VxT)Y =VxTY — TVxY, (2.20)
(VxF)Y = VxFY — FVxY, (2.21)

(Vxt)V = VxtV —tVyV, (2.22)
(Vx )V =VxfV = [VxV, (2.23)

for all X,Y € TMand for all V. € T+M. A submanifold M is said to be invariant if F is
identically zero, i.e., X € I'(TM) for any X € I'(TM). On the other hand, M is said to be
anti-invariant if 7' is identically zero, i.e., X € I'(T+M) for any X € I'(TM).

A submanifold M of M is called totally umbilical if

hMX,Y) =g(X,Y)H, (2.24)

for any X,Y € I'(T'M), where H is the mean curvature. A submanifold M is said to be totally
geodesic if h(X,Y) =0 for each X,Y € I'(TM) and is minimal if H =0 on M.

Now to study slant submanifolds let M be a Riemannian manifold,isometrically immersed
in an almost contact metric manifold (]\Zf ,0,€,m,9) and € be tangent to M.Then the tangent
bundle TM decomposes as TM = D® < £ > where D is the orthogonal distribution to £.Now
for each nonzero vector X tangent to M at x,such that X is not proportional to £, ,we denote
the angle between ¢X and D, by 0(X).M is said to be slant submanifold if the angle 8(X) is
constant,which is independent of the choice of z € M and X € T, M— < &, >. The constant
angle 0 € [0,7/2] is then called slant angle of M in M. If § = 0 the submanifold is invariant
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submanifold, if § = 7/2 then it is anti-invariant submanifold and if 8 # 0, 7/2 then it is proper
slant submanifold.
According to A. Lotta [16], when M is a proper slant submanifold of M with slant angle 6
then
T?X = —cos®0(X — n(X)¢), (2.25)

for all X € T'(T'M).
Cabrerizo et. al. [2] extended the above result into a characterization for a slant subman-

ifold in a contact metric manifold.

Theorem 2.1 Let M be a slant submanifold of an almost contact metric manifold M such
that £ € T(TM). Then M is slant submanifold if and only if there exists a constant \ € [0, 1]
such that T? = —\(I — n ® £). Furthermore, in such case, if 0 is the slant angle of M, then
A = cos®.

This theorem has the following consequences:
9(TX,TX) = cos*(g(X,Y) — n(X)n(Y)), (2.26)

g(FX,FY) = sin*0(g(X,Y) = n(X)n(Y)) (2.27)

for all X, Y e T(TM).

83. Hemi-slant Submanifolds of Kenmotsu Manifold

A.Carriazo [3] introduced hemi-slant submanifolds as a special case of bislant submanifolds and

he called them pseudo-slant submanifolds.

Definition 3.1([10]) A submanifold M of a Kenmotsu manifold M is said to be a hemi-slant
submanifold if there exist two orthogonal complementary distributions D? and D+ satisfying

the following properties from:

(1) TM =D’ & D*& < € >;
(2) DY is a slant distribution with slant angle 0 # 7/2;
(3) D* is totally real i.e., D+ C T+ M.

A hemi-slant submanifold is called proper hemi-slant submanifold if 6 # 0, 7.

It is clear from above that CR-submanifolds and slant submanifolds are hemi-slant sub-
3

In the rest of the paper, we use M as hemi-slant submanifold of a Kenmotsu manifold M.

manifolds with slant angle # = T and DY = 0, respectively.
If we denote the dimensions of the distribution D+ and DY by m; and my respectively, then
we have the following cases:

(7) If mg = 0 then M is anti-invariant submanifold;

(#i) If my =0 and 0 = 0, then M is an invariant submanifold;

(#4¢) If mq = 0 and 6 # 0, then M is a proper slant submanifold with slant angle 6;
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(iv) If mymay # 0 and 6 € (0, %), then M is a proper hemi-slant submanifold.

Suppose M to be a hemi-slant submanifold of a Kenmotsu manifold manifold M, then for
any X € TM, we put
X:P1X+P2X+77(X)§ (31)

where P; and P, are projection maps on the distribution D+ and D?. Now operating ¢ on

both sides of above equation, we arrive at
¢X = dP1X + ¢ X +n(X)gE.
Using (2.1) and (2.18) we have

TX+FX =FPX+TPRX+FRX.

Comparing we get
TX =ThP,X, FX =FP X + FPX.

If we denote the orthogonal complement of ¢T'M in T+ M by u, then the normal bundle
T+ M can be decomposed as

TM=FD") @ F(D) @ <pu>, (3.2)

as F(D+) and F(D?) are orthogonal distributions. Now g(Z, W) = 0 for each Z € D* and
W € DY. Thus by (2.5) and (2.18) we obtain

g(FZ, FX)=g(¢Z,¢X) =g(Z,X) =0,

which shows that the distributions F(D*) and F(D?) are mutually perpendicular. In fact, the

decomposition (3.2) is an orthogonal direct decomposition.

In this section we will derive some results on involved distributions of a hemi-slant sub-

manifold, which play a crucial role from a geometrical point of view.

Theorem 3.1 Let M be a hemi-slant submanifold of Kenmotsu manifold M then
AswZ = AgzW +n(Z)oW —n(W)oZ

for all Z,W € D*.

Proof On using (2.16) we get

9(AswZ,X) = g(h(Z,X), W) = —g(¢h(Z,X), W)
= —g(¢VXxZ W)+ g(¢VxZ, W) =—g(¢VxZ,W)
= —9(Vx¢Z — (Vx$)Z,W)
= —9(Vx¢Z, W) +g((Vx9)Z,W).
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Again using (2.6) and (2.15) we obtain
9(Agw 2, X) = —g(=AszX + Vx0Z, W) + g(=1(2)6X — 9(X,02)€, W)
After some steps of calculations we get
9(Asw Z, X) = g(h(W, X), ¢Z) + 1(Z)g(eW, X) — g(¢Z, X)n(W)
= 9(ApzW +0(Z)¢W —n(W)éZ, X).

Hence the theorem. O

Theorem 3.2 Let M be a hemi-slant submanifold of Kenmotsu manifold M. Then the distri-
bution D® @ D+ is integrable if and only if g([X,Y],€) =0 for all X,Y € D’ © D*.

Proof For X,Y € DY @ D+ we have
g([X,Y],€) = g(VxY,€) — g(Vy X, &) = —g(Vx&,Y) + g(VyE, X)

= —g(X —n(X)&Y) +g(Y —n(Y)E, X) = 0.
Since TM = D? @ D@ < € >, therefore [X,Y] € DY @ D*. So, DY @ D" is integrable.

Conversely, let D? @ D+ is integrable. Then for all X,Y € D@ D+ [X,Y] € D@ D*.
As TM = DY @ D+ @ < £ > therefore g([X,Y], &) = 0. O

Theorem 3.3 Let M be a hemi-slant submanifold of Kenmotsu manifold M. Then the anti-
invariant distribution D+ is integrable if and only if n(Z)FW = n(W)FZ for any Z,W € D*.

Proof For Z,W € D+ we have from (2.6),
(V2o)W = —n(W)oZ — g(Z, $W)C. (33)
After some steps of calculations and using Gauss and Weingarten formula we can obtain
—ApwZ + N5 FW =TV ;W — FN ;W — th(Z, W) — fh(W, Z) (3.4)

=—n(WTZ—-qy(W)FZ — g(Z,TW + FW)E.

Comparing the tangential components, we have
—ApwZ =TV W —th(Z,W) = —n(W)TZ — g(Z, TW)E. (3.5)
Interchanging Z and W, we get

—Ap W = TVwZ —th(W, Z) = —n(Z)TW — g(W,TZ)¢. (3.6)
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Subtracting equation (3.6) from (3.5) and using the fact that h is symmetric we get
ApwZ — ApzW +T (VW —=VwZ) =nf(W)TZ + g(Z, TW), —n(Z)TW — g(W, TZ)E. (3.7)

Notice that D+ is integrable iff [Z, W] € D*. Now D+ is anti-invariant, i.e. D+ C T+M.
Hence T(Z) =0, T(W) =0, T[Z,W] = 0.

Again from (4.7)
ApwZ — ApzW +T[Z, W] = 0. (3.8)

So D% is integrable <= Apw Z — ApzW = 0. By Theorem 3.1 we get the result. O

Theorem 3.4 Let M be a hemi-slant submanifold of Kenmotsu manifold M. Then the slant
distribution D? is integrable if and only if

P (VxTY —VyTX + R, TX)Y — R, TY)X) =0 (3.9)

for any X,Y € D?.

Proof We denote by P, and P, the projections on D+ and D? respectively. For any vector
fields X,Y € D’ we have from (2.6),

(Vx9)Y = —n(Y)$X — g(X, 9Y)E. (3.10)
On applying (2.14), (2.15), (2.18) and (2.19) we get

(Vx0)Y = VxTY +h(X,TY) = Apy X+ V5 FY — (TVxY + FVxY) = (th(X,Y)+ fh(X,Y)).

(3.11)
Therefore from (3.10) and (3.11)
VxTY + WX, TY)— ApyX +VxFY — (TVxY + FVxY)
— (th(X,Y) + fA(X,Y)) = —n(Y)(T + F)X — g(X, (T + F)Y)¢. (3.12)
Comparing the tangential components
VxTY — Apy X —TVxY —th(X,Y) = —n(Y)TX — g(X,TY)E. (3.13)
Interchanging X and Y and subtracting from above equation we obtain
VxTY = VyTX —Apy X + ApxY —TVxY +TVy X (3.14)

= (V)TX +9(X)TY — g(X,TY)¢ + g(Y, TX)E.

From (2.11) we get

VXTY = VyTX — Apy X + ApxY = TVxY + TVy X = —R((, TX)Y + R(§,TY)X. (3.15)
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Since X,Y € DY, FX =0 and FY = 0. Hence applying P; to both sides of above equation

we conclude our theorem. O

Theorem 3.5 Let M be a hemi-slant submanifold of Kenmotsu manifold M. If the leaves of
D+ are totally geodesic in M, then

g(h(Z, X), FW) + g(th(Z,W),X) = 0 (3.16)
for all X € DY and Z,W € D*.
Proof From (2.6),(2.14) and (2.15) we get
V20W +h(Z, W)= Apw Z+VEFW — ¢V W — oh(Z, W) = —n(W)dZ — g(Z, sW)E. (3.17)

Comparing the tangential components and on taking inner product with X € D?, we

obtain
~9(Arw Z, X)) — g(th(Z, W), X) — g(TV zW, X) = 0. (3.18)

The leaves of D+ are totally geodesic in M if for Z, W € D+ VzW € D+.So TV zW = 0.
Hence we have
—g(ArwZ, X) — g(th(Z, W), X) = 0. (3.19)

This completes the proof. O

Theorem 3.6 Let M be a totally umbilical hemi-slant submanifold of Kenmotsu manifold M.
Then at least one of the following holds:

(i) dim D+ =1;
(ii) H € 13

(i4t) M is proper hemi-slant submanifold.
Proof In a Kenmotsu manifold for any 2 € D+ we have from (2.6),
(V20)Z = —0(2)$Z — g(Z, 6 Z)E. (3.20)
Using (2.14) and (2.18) we obtain
VyFZ - ¢(NzZ+h(Z,2)) = —n(Z2)FZ — g(Z,FZ)E. (3.21)
Since Z € D+, TZ = 0. Now from (2.15),(2.18) and (2.19)
~ApzZ +N%FZ —FN2Z —th(Z,Z) — fh(Z,2) = —n(Z2)FZ — g(Z,FZ)¢. (3.22)
Comparing the tangential components

—ApzZ —th(Z,Z) =0. (3.23)
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Taking inner product with W € D~ we get on using the fact that M is totally umbilical

submanifold
9(9(Z,W)H,FZ) + g(tg(Z, Z)H, W) = 0. (3.24)

After some brief calculations we get
9g(Z,W)g(H,FZ) = 0. (3.25)
Hence either g(Z, W) =0 or g(H,FZ) =0. If g(Z,W) = 0 then either Z =0 or Z = W.

As Z is arbitrary taken from D™, so if Z = 0 then D+ = 0. And if Z = W then dim D+ = 1.
Now, if g(H, FZ) =0, then H € p. ]

84. An Example of Hemi-slant Submanifold of a Kenmotsu Manifold

Let us consider a 9-dimensional submanifold M of R? defined by [7]
(u1, —v/2u2, ugsinby, uacosty, scoslls, —cosbs, ssinbly, —sinba, z).

The independent vector fields

L0
1= 8(1717
0 0
= — 2— + sinfi—— + cost
\/ 8y1 18 i) 18y2
e3 = costly — 025 + sznﬁga o’
eq = —ssinf 9 + sinb + scosb 9 — cost
T > D > s > 0z4 2 Oys’
0
es =& = 92

span the tangent bundle of M. Let ¢ be the (1,1) tensor field defined by

0 0 0 0 0
= _— )= —— = < <
o) = 7y gy = g ¥gs) =0 1S iS4,
For any vector field
0 0 0
X =g Ty, T Ve

where 4, j € {1,2,3,4}.

After calculations we have
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S
zaxi M]aij
o 2
8:1?1' ujayj

9(dX, 9Y) = NiX, + pjpt

DX = -\

X +nX)§=—-X\i

Again

n(X)n(Y) ="

Therefore we can see that ¢?>X = —X + n(X)¢ .Moreover equation (2.1) and (2.5) are also
satisfied. Hence (¢,7,£,¢g) is an almost contact structure.

By direct calculation we can infer D? = span{e;, ez} ia a slant distribution with slant angle
0= cos’l(%). Since ¢ez and ¢ey are orthogonal to M, D+ = span{es,es} is an anti-invariant
distribution. Thus M is a 5— dimensional proper semi-slant submanifold of R° with (¢, 7, £, g).

Let V be the Levi-Civita connection on R9. [e1, e2]f = 0. By similar calculation we get
lei,e;] =0, 4,7 € {1,2,3,4,5}. We can also calculate that

g(er,e1) = g(es,e3) = 1,g(e2,e2) = 3,

9(64764) = 82 + 179(65765) = 17
glei,ej) =0for i # j.

By using Koszul formula for g we can find the values of V.,e; and verify (2.6) and (2.7).
Therefore (¢,n, &, g) is a Kenmotsu manifold.

Let 2/, w’ € D+ so 2/ = Aze3 + Mgeq, w' = pses + pgeq for some A3, Ay, pis, 4.

n(Z)p(w') = g(Azes + \geq, e5) X {—;u;sin@za%s + u4cos6‘26%4 + 8%3(#30036‘2 — S148tnbs) +
%(ugsin%—kscos&gu@} = 0. Similarly we compute n(w’)¢(z’") = 0 which indicates n(z")p(w’) =
n(w)g(").

Now g([es,e4],e5) = g(les, ea],e1) = g([es, es],e2) = 0. Therefore [e3,e4] € D*. Hence
D+ is integrable.
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