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Abstract. A food web on n living things =1, x2, -, zn, i.e., a biological n-system can be mathematically

. . L . . . .
characterized by action flow G " of order n with surplus flows of growth rates @; of population on vertices v;,
vector flow (x4, x;), end-operators x; fi;, T f]’l on edge (v;,vj), where f;j;, f]’l are 2 variable functions for integers
1 <4,7 < n holding with a system of conservation equations

di=ai | Y fulewa)— Y fal@sw) |, 1<i<n,

v ENT (v;) v ENT (v;)
which is a system of n differential equations. Certainly, 0 € R™ is one of its equilibrium points. But the system

Z fri(xp, i) = Z far(zs, 1), 1<i<n

v €N~ (v;) v ENT(v;)

of equations may be solvable or not. However, even if it is non-solvable, it characterizes biological systems also
if it can be classified into solvable subsystems. The main purpose of this paper is to characterize the biological
behavior of such systems with global stability by a combinatorial approach, i.e., establish the relationship
between solvable subsystems of a biological n-system with Eulerian subgraphs of labeling bi-digraph of @L,
characterize n-system with linear growth rate and the global stability on subgraphs, and interpret also the
biological behavior of GE-solutions of non-solvable equations, which opened a way for characterizing biological
system with species more than 3, i.e., mathematical combinatorics. As we know, nearly all papers discussed
biological system with species less or equal to 3 in the past decades.

§1. Introduction. There is a well-known biological law for living things in the natural
world, i.e., the survival of the fittest in the natural selection because of the limited resources
of foods. Thus, foods naturally result in connection with living things, i.e., food chain,
a linear network starting from producer organisms and ending at apex predator species or
decomposer species. And biologically, a food web is a natural interconnection of food chains,
a resultant by a simple ruler (Williams and Martinez, 2000), and generally a graphical
representation of what-eats-what in the ecological community such as those shown in Fig. 1
for 4 food chains: grass — ladybug— frog — snake — eagle, grass — ladybug — frog — egret,

grass — rabbit — snake—eagle and grass—rabbit—eagle.
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Fig. 1

Actually, a food web is an interaction system in physics (Mao, 2015, Quang and Pham,
1998) which can be mathematically characterized by the strength of what action on what. For
a biological 2-system, let z, y be the two species with the action strength F'(z — y), F(y — )
of z to y and y to x on their growth rate, respectively (Neuhauser, 2001). Then, such a system

can be quantitatively characterized by differential equations

{:’rF(ny)
y=F(x—y)

on the populations of species = and y.

Usually, we denote 2 competing things by a directed edge (u,v) labeling with vector flow
(z,y) and end-operators F, F’ respectively on its center and both ends, where F, F’ are action
operators with F(x — 0) = F/(0 — y) = 0if y = 0 or 2 = 0 and the growth rates &,y of
populations on vertices, such as those shown in Fig.2. Particularly, F' = xf, F' = yf’ in the
Kolmogorov model, where f, f’' are 2 variable functions, and f = A — by, f' = pu + cx in the

Lotka-Volterra model (Brauer and Castillo-Chaver, 2012 and Murray, 2002).
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Then, a food web is nothing else but a topological digraph 6, a 2-tuple (V(a)7 E(E')))
with E(G) C V(G) x V(G) and a labeling L : G — R{JS on G with L: V(G) — R and
E(G) — S, where R and S are predetermined sets (Mao, 2016). Particularly, if R = {i,5},
the growth rates of populations and S = {(F, (z,y), F')}, a 3-tuple with action operator F' on
the initial, F’ on the end and vector (z,y) on the middle of edge (u,v), we get the biological

2-system shown in Fig. 2.

However, the law of conservation of matter concludes that matter is neither created nor
destroyed in chemical reactions. In other words, the mass of any one element at the beginning
of a reaction will equal to that of element at the end, i.e., the in and out-action must be
conservative with the surplus on each vertex of @L. Thus, a food web is an action flow (Mao,
2015) further, i.e., a topological digraph @L labeled with surplus flows of growth rates &; of
population on vertices v;, vector flow (x;,z;), initial and end operators F;;, FZ-’j on edge (v;,v;)

for integers 1 < 4,5 < n, where n > 2 holding with a system of conservation equations
@ = Z Fli(xp — x;) — Z Fy(z; —x), 1<i<n
vEEN = (v;) v ENT(vy)

and particularly,

gi=xi | Y falew) - Y. falwawm) |, 1<i<n (1.1)

v €N~ (v;) v ENT(v;)

in the Kolmogorov model. For example, a biological 4-system shown in Fig.3 is a system of 4

ordinary differential equations

z1 f5

(3?4;1?1)

A

Zafs

S wem) wmh

Fig. 3
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@1 = a1 ((bs2 — a11 — a12)@1 — @122 — a22w3 + bs174)
&9 = x2 (b11x1 + (biz + be2 — asz1)T2 — agexs + be124)
&3 = x3 (bo121 + b3122 + (baz + b3z — a41)xs — aa2x4)

(

T4 = 24 (bs123 — asaw1 — a2 + (b42 — a51 — 061)174)

where,
fi(z1,22) = anwy + arawa,  fi(w1,72) = biiwy + brawa,
f2(z1,23) = a1@1 + azows,  f5(w1,73) = ba1w1 + baows,
f3(w2,23) = azg122 + azews,  f3(w2,23) = b3122 + b3aws,
fa(w3,04) = 173 + asezs,  fi(23,274) = barzs + baowy,
f5(za,21) = as174 + as2w1,  f5(w4, 1) = bs174 + bs2w1,
fo(x4,2) = ag174 + a2z,  f§(Ta,T2) = be124 + be2w2.

DEFINITION 1.1 Let 8L be a labeling topological digraph. A subgraph H ofa 1s said to be a
labeling subgraph of @)L if its vertices and edges are labeled by L|,;, denoted by ﬁL =< 6]; and

furthermore, if ﬁL = E*L‘V e such a labeling subgraph is said to be an induced subgraph of
E’L, denoted by <V(ﬁ)>c
. — L ﬁL . . .
For example, the 2 labeling graphs G, G, in Fig.4 are all labeling subgraphs but only

L
5)1 is an induced subgraph of the graph shown in Fig. 3.

(z1,29) xof]

lfl

Fig. 4

L
Clearly, a labeling subgraph of G s also consisting of food chains but it maybe not a

food web if it is not an action flow again. Even it is, the sizes of species are not the same as



BIOLOGICAL n-SYSTEM WITH GLOBAL STABILITY 407

they in @L because the conservative laws are completely changed. For example, the system of
conservation equations for the labeling subgraph @f is
@1 = 21 ((bs1 — a21)T1 — a22x3 + bs174)
&3 = w3 (ba171 + (bao — G41)T3 — a4274) (1.3)
B4 = 24 (ba173 — a5271 + (baz — a51)z4)
a very different system from that of (1.2).
The following terminologies are useful for characterizing food webs.
DEFINITION 1.2 Let G be a digraph with G a digraph reversing direction on every edge
in G. A bi-digraph of G is defined by el U G and a labeling bi-digraph (E’) U ﬁ)L of a
labeling digraph Glisa labeling graph on G \J G with a labeling L : V(a> U G)— L (V(E’))) ,

L:E (@Uﬁ) Ny (E (auﬁ)) by L: (u,v) = {0, (z,9), 4"} (v,u) — {zf, (x.y),0} if
L: (u,v) = {xf, (z,y),yf'} forV(u,v) € E(E’)), such as those shown in Fig. 5.

Fig. 5

DEFINITION 1.3 A circuit in a digraph G is a nontrivial closed trail with different edges in
G and an Bulerian circuit in digraph G is a circuit ofa) containing every edge of G.

A digraph G is Bulerian if it contains an Fulerian circuit.

Clearly, a bi-digraph of a digraph is an Eulerian graph. The main purpose of this paper
is to characterize the biological behavior of biological n-systems with global stability by
a combinatorial approach, i.e., establish the relationship between solvable subsystems of a

L
biological n-system with that of labeling Eulerian subgraphs of labeling bi-digraph (Eﬁ U 5)

L
of G , characterize conditions of an n-system with linear growth rate become distinct and

global stability, and interpret also the biological behavior of G'-solutions of non-solvable
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equations, which opened a way for characterizing biological system with species more than
3, i.e., mathematical combinatorics, or differential equations over graphs.

For terminologies and notations not mentioned here, we follow references Abraham and
Marsden, 1978) for mechanics, (Quang and Pham, 1998) for interaction particles, (Braur and
Castillo-Chaver, 2012) and (Murray, 2002) for biological mathematics, (HIrsch, Smale and
Devaney, 2006) for differential equations with stability, (Mao, 2007, 2011) for topological graphs,
digraphs and combinatorial geometry, (Mao, 2011) and (Smarandache, 1997) for Smarandache
multispaces.

§2. Geometry Over Equilibrium Points

2.1 Equilibrium Sets. We consider the generalized Kolmogorov model on biological
n-system ((Brauer and Castillo-Chaver, 2012 and Murray, 2002), i.e., the system (1.1) of

differential equations

T1 =T ( Yo fa(ekx) — Y f1l($1,$z)>

v €N~ (v1) v ENT(v1)

v €N~ (v2) v ENT(v2)

Tg = T2 ( > fralmk, ) — Y f21($2,$z)>

Tn = Tn, ( E fén(xkaxn) - Z fnl(xnvxl>>

v EN~ (vy) v ENT(vy,)

satisfying conditions following :

(1) fiz, fij € @ for integers 1 < 1,5 < n;

(2) For any integer i, 1 <i < n, there is (z,29,---,2%) € R hold with
Y AR = Y falalad)
v EN~(v;) v ENT(v;)
but

#Za—fj

(@2:22)  weN+(v)

(2,29)

3 O
85(}7;
v EN~(v;)

For any integer i, 1 < i < n, define

Fi= Y fulwez)— Y falw,x)

v EN~(v;) v ENT (v;)
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Then it concludes that
(1) F; € @ for integers 1 < i < n;

(2) FZ|(m?,xg,a:91) = 0 but

OF, 5 ofl. o

ofi
-2 af 0

Til(29,29,,29)

0

(29,23,2%)  vpeN— (v 2

(2,29, 20)  yeN+(v;)

Applying the implicity function theorem, each equation
Fi(x17x27“'7xn) =0

is solvable, i.e., there is a solution manifold Sg, in R™ for any integer 1 < i < n, and in this
case furthermore, there is a unique solution on the Cauchy problem of system (1.1) prescribed
with an initial condition (z1(t), z2(to), -+, zn(to)) = (29,29, -, 20).

n

An equilibrium set of system (1.1) are all points (29,23, ---,2%) € R” holding with

x‘f( > @) - 2 fu(fﬂ?,ff?)>=0

v €N~ (v1) v ENT(v1)

968( > Jielwpa) = X fzz(fvgvx?)>=0 (2.1)

w%( X fia@Rah) - 2 fnz(xﬁvx?)>=0

vk EN~ (vn) v eNT(vy)

Clearly, only those solutions z¥ > 0,1 < i < n of system (2.1) have the biological meaning,
and (0,0,---,0) € R™ is an obvious equilibrium point. We classify all equilibrium points of

system (2.1) into 3 categories following :
C1) Only (0,0,---,0) € R™ hold with system (2.1), i.e., the system
( y y y

> fu@Ra) = X fuld,a))

’UkENf(’Ul) ULEN+(U1)
> fre@lad) = X fu(af,a])
v EN~ (v2) v ENT(v2) (22)

v EN~ (vy) v EN*(vy,)

is non-solvable in R™.
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(C2) Ouly (0,---,0,Ky,0,---,0,K5,0,---,0,K;,0,---,0) € R" hold system (2.1) with
numbers Ky, Ky, -+, K > 0 on columns iy,1is,---,is respectively, i.e., for any integer j &

{1,492, -+ ,is}, the system

> fin@hel) = X fiu(ad,a))
UREN*(vil) ULENJF(UH)

S fGlal) = Y fuledad) 23)
v EN~ (viy) v ENT(viy)

> fidal) = X fu(a,a])
v €N~ (vj) v ENT(v))

is non-solvable in R™.

(C3) There are (K, Ko, -+, K,) € R" hold system (2.1) with K; > 0 for integers 1 < i <

2.2 Geometry Over Equations. Usually, one applies differential equations to characterize
the reality of things by their solutions. But can this notion describes the all behavior of things?
Certainly not ((Mao, 2012, 2013, 2014, 2015, 2016), particularly in biology follows by the

discussion following.

For an integer n > 1, let u : R™ — R” be differentiable mapping. Its n-dimensional graph

['[u] is defined by the ordered pairs

F[u} = {((wla"'7xﬂ)’u(x1>"'axn))) |(m17""$n)}

in R"*1. Clearly, the assumption on fijs fl-’j, 1 <4,7 < n concludes that the solution manifold

Sp, is nothing else but a graph I'[F;] in R™.

Geometrically, the system

(2.4)

n n
is solvable or not dependent on [ Sg, # @ or not, and conversely, if (| Sp, # 0 or not, we
i=1 i=1
n
can or can not choose point (1,22, -, 2,) in () Sg, a solution of (2.4). We therefore get a
i=1

simple but meaningful conclusion following.
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THEOREM 2.1 A system of equations

under previous assumption is non-solvable or not if and only if m Sp, =0 or £ 0.
i=1

n
If the intersection () Sg, # 0, it is said to be a A-solution of equations (2.4).
i=1

Usually, one characterizes a system S of things 11,75, - -+, T, by equations (2.4) with their
solutions to hold on the dynamical behavior of these things. Is it always right? The answer is
negative at least in the non-solvable case of equations (2.4), and even if they are solvable, it can
be used only to characterize those of coherent behaviors of things in S, not the individual such
as those of discussions on multiverse of particles in (Mao, 2015) and (Mao, 2015). Then, what is
its basis in philosophy? It results deeply in an assumption on things, i.e., the behavior of things
discussed is always consistent, i.e., the system (2.4) is solvable. If it holds, the behavior of
these things then can be completely characterized by the intersection ﬁ SF,, i.e., the solution
of system (2.4). However, this is a wrong understanding on things ble:clause all things are in
contradiction in the nature even for human ourselves, and further on different species. This
fact also concludes that characterizing things by solvable system (2.4) of equations is only part,

not the global, and with no conclusion if it is non-solvable in classical meaning.
n
Philosophically, things T3, Ts,- -+, T, consist of a group, or a union set |J T;, and if T;

i=1
is characterized by the ith equation in (2.4), they are geometrically equivalent to the union
n

n
U SF,, i.e., a Smarandache multispace, not the intersection [\ Sg,.
i=1 i=1

For example, if things T4,T»,T5,T4 and Ty,Ty,T4,T, are respectively characterized by

systems of equations following

r+y= 1 =1y
r+y=-1 r+y=2
(LESN) ' wess) {7
r—y=—1 r=1
r—y = 1 y=1

then it is clear that (LESY) is non-solvable because = +y = —1 is contradictious to = +y = 1,
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and so that for equations © —y = —1 and = — y = 1, i.e., there are no solutions zq,yo hold
with this system. But (LESY) is solvable with # = 1 and y = 1. Can we conclude that
things 77,7y, 74,7, are = 1,y = 1 and T3,7T%,T5, Ty are nothing? Certainly not because
(z,y) = (1,1) is the intersection of straight line behavior of things T4, T5, T4, T; and there are
no intersection of Ty, Ty, T3, Ty in plane R?. However, they are indeed exist in R? such as those

shown in Fig. 6.

Yy Y
z=1 =1y
A
- T P y=1
z+y=1 g
(LESN) (LESY)

Fig. 6
Denoted by the point set
La,b,c - {(‘ra y)|ax + by =, ab 7é O}

in R%. Then, we are easily know the straight line behaviors of Ty, Ty, T3, Ty and T}, Ty, T4, T}
are nothings else but the unions Ly, 10 J L1,1,2U L1010 U Lo,iand Ly y 0 ULy, -1 ULt —1,-1
\UL1,-1,1, respectively.

DEFINITION 2.2 A V-solution, also called G-solution of system (2.4) is a labeling graph G*
defined by

E(G) = {(Sr..Sr,) if Sr.(\Sr, # 0 for integers 1 <i,j < n} with a labeling
L: Sg, — Sk, (SFNSFJ')_)SFI'HSFJ'

ExAMPLE 2.3 The V-solutions of (LESY) and (LESY) are respectively labeling graphs CF
and KL shown in Fig.7 following.
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Ly 1,1 B Ly Lo, p Ly 10
P P
D B P P
Ll,l,—l C Ll,—],l Ll:]12 P LO,I,]
z
aF K
Fig. 7

THEOREM 2.4 A system (2.4) of equations is \V-solvable if F; € @ and Fi|(a:(f,xg,~~,x0) =0
OF;

OLi [(40 40 ... 0)

but

# 0 for any integer i, 1 <i <n.

Proof: Applying the implicity function theorem, the proof is completed by definition.

L
THEOREM 2.5 A system (1.1) of differential equations on food web G s uniquely \V-solvable
if fij, i'j c ¢ for integers 1 <i,7 <n and (21(0),22(0),---,2,(0)) = (29,29, ---,29) € R"™.

Proof: Applying the existence and uniqueness theorem on the Cauchy problem of differential

equations,
di=a | D falewe)— Y fulziw)
’UkENf(’Ui) ULEN+(11i)
with (z1(0),22(0),--+,2,(0)) = (29,29,---,2%) € R", it is uniquely solvable for any integer

1 <4 < n. Consequently, the system (1.1) is uniquely V-solvable in R™ by definition.

2.3 Equilibrium Sets of Linear Equations. Certainly, the Lotka-Volterra model on
biological 2-system is a system of linear growth rates. Generally, if all f;;, fi’j are linear for
integers 1 < 4,5 < n, then it is a generalization of Lotka-Volterra model on biological n-system.

We can further characterize the equilibrium sets of linear system (2.4) by linear algebra.

DEFINITION 2.6 For any positive integers i, j, © # j, the linear equations

;171 + Qa2 + - Ain Ty = by,

aj121 -+ Aj2X2 + - AjnTn = bj
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are called parallel if there exists a constant ¢ such that
c=aj1/ain = ajo/ai2 = = ajn/ain 7 b;/b;.
The following criterion is known in (Mao, 2012).
THEOREM 2.7 (Mao, 2012) For any integers i,j, i # j, the linear equation system
a;171 + @2 + -+ A Tn = by,
{ 171 + QjaTo + - - AjnTy = bj
18 mon-solvable if and only if they are parallel.

By Theorem 2.7, we divide all linear equations L;, 1 < i < n in (2.4) into parallel families

1 Y s
by the property that all equations in a family ((; are parallel and there are no other equations

€| =n;, 1 <i<s. Then

7

parallel to equations in ((”)z for integers 1 < ¢ < s. Denoted by
we can characterize equilibrium sets of linear system (2.1) by Theorem 2.6 in (Mao, 2012)

following.

THEOREM 2.8 (Mao, 2012) The equilibrium sets of system (2.1) with linear growth rates
fijs f{j, 1 <i,57 <n can be classified into 3 classes following:
(LC1) there is only point (0,0,---,0) € R™ holding with linear system (2.1), i.e., its V-solution
L L
G _Knhnz,“wns

withny +n+24---4+ngs =n, where n; =
1<i<s, s>2.

(v 7]
6@'

and ((/l is the parallel family for integers

(LC2) there is only point (0,---,0,¢1,0,-+-,0,¢2,0,-+-,0,¢,-4,0,---,0) € R™ holding system
(2.1) with numbers cy,ca, -+, cn—; > 0 respectively on columns iq,ia, -+, in—; for 1 <1<

n, i.e., its \V-solution

L L
G = Mn1,Mm2, Nt
with ny +n+2+---+ny =1, where n; = [ ‘€| and €, is the parallel family for integers
I<i<t, s=>2.
(LC3) there is an unique point (c1,c2, -, ¢,) € R™ holding linear system (2.1) with constant

c; > 0 for integers 1 <1i < n.
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§3. Biology Over Equations. Classically, a solvable system (1.1) of differential equations
characterizes dynamical behaviors of a food web in area. However, the solvable systems are
individual but non-solvable systems are universal. Then what about biology over those of

non-solvable systems (1.1)7 Are there no biological significance? The answer is negative.

Firstly, let us think about a food web how to run. Certainly, a food chain only follows a
direct, linear pathway of one animal at a time, and different thing 7" has his own food chain for

living, even for the same kind of things.
Eagle
Fig. 8

For example, the eagle can lives respectively on the rabbit, on the snake or on the both via
its food chains snake — eagle or rabbit — eagle with interactions in Fig. 1, i.e., although the
eagle preys on the snake and the rabbit but it is also dependent on the 2 populations such as
those shown in Fig. 8, and its living web should be consisted of circuits eagle — snake — eagle,

eagle — rabbit — eagle or eagle—snake and rabbit — eagle, Eulerian subgraphs.

Generally, a predator P preys on a living thing 7', i.e., P action on T and there are also T'
reacts on P at the same time, which implies the interaction between living things, the in and

out action exist together. We therefore know a biological fact following.
L
FACT 3.1 A living thing must live in an FEulerian subgraph of bi-digraph of a food web G-

The following result characterizes action flows on Eulerian subgraphs with that of solvable

subsystems of equations (1.1).

L
THEOREM 3.2 Let G be a food web with solvable or non-solvable conservative equations (1.1)

L
on initial value (21(0), 22(0), -+, 2,(0)) = (29,29,--+,22) and "< (E')L U ((_}’) , a food web
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containing species T with solvable conservation equations

iy = Tig Yoo fh@ew) = > fui(@igm) | 1<ig<|H|  (3.1)

v €N~ (vig) v ENT(vig)

n ﬁL where L(v;,) = &;,. Then H is an Eulerian digraph and H is an action flow.
Proof: If ﬁL is a food web, by Fact 3.1 H must be an Eulerian digraph.

Now let z;, = f(z1,22, -+, Tn), 1 <i <|H| be the solution of (2.5). Notice that in solution

%, ¥; can be any chosen constant ¢, particularly, x; = 0if i & {ip, 1 <i < |H|} in (3.2), i.e.,
Li, :f(oﬂ"'aoaxloaoa'"aoaxQanv'"aovxnao"'70)a1Sig |H|

L
is also the solution of (2.5) with fix(z;, zx) =0, fi,(zk,x;) = 0, which implies that H is an
action flow with conservation laws at each vertex.
Let Hq,H, -+, H, be subgraphs of digraph G with H; % ﬁj ﬁzﬂﬁj =0or #0
for integers 1 <# j < s. If [e= U ﬁi, they are called a subgraph multi-decomposition of
i=1
G. Furthermore, if each ﬁi is Eulearian, such a decomposition is called an Eulerian multi-

S
decomposition, denoted by G = ) ﬁl For example, an Eulerian multi-decomposition of the

i=1
graph on the left is shown on the right in Fig.9.

v
. : vy U1 Uy
3
— Us @ U4 @ Us
V4 Us
Vg Vg Vg
]
Fig. 9

Particularly, if £ (ﬁl) NE (ﬁ]) = () for integers 1 < i # j < s, such a decomposition on

G is called an Fulearian decomposition of G.

The next result characterizes food webs by Eulerian multi-decomposition.
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THEOREM 3.3 If there are Eulerian subgraphs ﬁL

70

I s =L
equations, i.e., food webs such that G = &b ﬁi with

i=1

1 < i < s with solvable conservative

l
EIUHZJ'ZU@, v e V(G)
i=1

!
ifve N V(ﬁio) with L(v) = &y in ﬁZLO and

(ZF’ U — v) y),ZFMv—wﬁ) , V(u,v)EE(a}L)

s I3
if (u,v) € N E(ﬁjo), then G is also a food web, i.c., an action flow.
jo=1

~

Proof: Clearly, @)L is a labeling graph holding with conservative law on each vertex v € V(@)L),

i.e., an action flow.

§4. Global Stability and Extinction. In biology, the generation is the necessary
condition for the continuation of species in a food web constraint on the interaction, i.e., the
stability in dynamics with small perturbations on initial values. Usually, the dynamical behavior
is characterized by differential equations, which maybe solvable or not and can not immediately
apply to the stability of food web C’)L for n > 3 by Theorems 3.2 and 3.3. Generalizing the

classical stability enables one to define the stability of food web following.

v

DEFINITION 4.1 A food web G with initial value @LO, where L(v) = &,, Lo(v) = &0
for v € V(ﬁL) is globally stable or asymptotically stable for any initial value @)L% where
Liy(v) =92 forv e V(E‘)L) and a number e, > 0, there is always a number 6, > 0 such that if
|y — 28| < 6, exists for all t > 0, then

o(t) — zo(t)] <y, Yo e V(G),

or furthermore,

lim lyo(t) — 2()] =0, W0 e V(@)

Certainly, we need new criterions on the classic for discussing the stability of species in

biology.
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THEOREM 4.2 A food web E’)L with initial value @)LO is globally stable or asymptotically stable

if and only if there is an Fulerian multi-decomposition
I )
(cUe) =,

i=1

with solvable stable or asymptotically stable conservative equations on labeling Fulerian

L
subgraphs ﬁi for integers 1 <1 < s.
L L
Proof: The necessary is obvious because if G" with initial value G is globally stable or
L
asymptotically stable, then (E') U ﬁ) is Eulerian itself by Fact 3.1.

Now if there is an Eulerian multi-decomposition

(@UE)Lzéﬁf

L
on labeling bi-digraph (@) U ﬁ) with stable or asymptotically stable conservative equations

L
on labeling Eulerian subgraphs " i.e., for any number ¢, > 0, there is a number §,, > 0 such

that if [y9 — 20| < §, exists for all ¢ > 0, then
L
lyo(t) — 2o ()| <o, Vo€ V(H,),

or furthermore,
. L
lim |y, (1) — 2, ()| =0, Vo € V(H;)
L
for integers 1 < ¢ < s, let A\, be the multiple of vertex v € V(@ ) appeared in subgraphs
L
ﬁi .1 <i < s, we then know that

[y (t) — 2y (t)] < 5%

for v € V(ﬁf) if [y — 29 < &1 for integers 1 < i < \,.
Define
S, =min{d6, 1 <i<\,} and e, =max{e’,1<i<)\,}.
We therefore know that
Yo (t) = 0 ()] < €0,
i.e., the species on vertex v is stable if the conservative equations of ﬁZL are stable for integers
1 <i< )\, and 6L is globally stable.
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Now if furthermore, x, is asymptotically stable, i.e.,
tim [y (1) — ,(8)] = 0
. L . ..
in food web ﬁl , 1 <4 < )\, it is clear that
tlg% |yv(t) - xv(t)| =0

in EfL also, i.e., @L is globally asymptotically stable. This completes the proof.
COROLLARY 4.3 A food web @)L with initial value ﬁLO is globally stable or asymptotically

stable if there is an FEulerian decomposition
/L\ s
(@Ua) -
i=1

with solvable stable or asymptotically stable conservative equations on labeling Fulerian

L
subgraphs ﬁl for integers 1 <1 < s.

Clearly, the bi-digraph el U G has an Eulerian decomposition, called parallel decomposition

@Ug = @ ((u,v) U(v,u)) .

(u,v)GE(a)
We get the next conclusion.

COROLLARY 4.4 A food web E’)L with initial value E)LO is globally stable or asymptotically
stable if it is parallel stable or asymptotically stable, i.e., ((u,v) U(v,u))L is an action flow for
— L
Y(u,v) € E(G ).
For an equilibrium point G of (2.1), we can also linearize F'(v,u), F'(v,u) at (zg,yo) for
V(v,u) € E(E’)L) and know the stable behavior of G in neighborhood of ar by applying the

following well-known result.

THEOREM 4.5 (Hirsch, Smale and Devaney, 2006) If an n-dimensional system X = F(X) has
an equilibrium point X that is hyperbolic, i.e., all of the eigenvalues of DFx, have nonzero real
parts, then the nonlinear flow is conjugate to the flow of the linearized system in a neighborhood

Of X().

The next result on the stability of food webs is an immediate application of Theorem 4.5.
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THEOREM 4.6 A food web @L with initial value C*’L" 1s globally asymptotically stable if there

is an Bulerian multi-decomposition
— /L\ ; L
k=1
with solvable conservative equations such that Re\; < 0 for characteristic roots \; of A, in the
L L
linearization Ay X, = Op,xn, of conservative equations at an equilibrium point ﬁko mn ﬁk for

integers 1 < i < h, and v € V(ﬁi), where V(ﬁﬁ) = {vy,va, -, vp, },

v v v
ayr G o Qqp,
— v v v
Ay =1 a3y a3 - ay,
v v v
Gp1 Qpz "7 Qpp,
a constant matriz and Xy = (Ty,, Ty, Ty, )L for integers 1 < k <.

Proof: Applying the theory of linear ordinary differential equations, we are easily know the

species
hv
zo(t) = Y eiBi(t)e,
i=1

where, ¢; is a constant, (3,;(t) is an h,-dimensional vector consisting of polynomials in ¢

determined as follows

111 tit + tio
EC I ER RS i

b1 tpit + th,o

_(kltljl),tkl_l—i— (kltle)'tkl—2+~- +tig, ]
B, (1) = (kltz_ll),t’“l—1+ (k12—22)!tk1_2+ T |

B
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[t (k1 11) tiit + tio
_ La(ky+1) — a1t + t22
ﬂk1+1(t) = ’ ﬂk1+2(t) il ’
thy (k1+1) tnat +th,2

[ t1(hy—kot1)

~1 . Bi(he—kot2) g —
tha—1 vohet2) yko—2 4y
(ks — 1! T — ) ot i,
La(hy—kat) =1 | L2(ho—Fat2) o, —2
_ B e A +7t~ +"'+t2hv
ﬁhu (t) = (ks —1)! (ks —2)!
br o=kt 1) 1 Tho(hokot2) ko2
(ks — 1)! (ks — 2)! Pl |

with each ¢;; a real number for 1 <4, j < h,, such that det([tij]hvxhv) #0,

A, if 1 <4< kg

Ao, if b1+ 1< < ko
Q; = .

)\sa kal+k2++ks—1+1§7/§hv

If Re); < 0 for integers 1 < i < h,, it is clear that

lim z,(t) =0

t—oo

L
for vertex v € E(ﬁk), i.e., each linearized conservative equation A,X, = Op, xp, is stable
L
for 1 < k < s. Applying Theorems 4.2 and 4.5, we therefore know that G s globally
asymptotically stable.

Comparatively, we also get the next conclusion on the unstable of a species by Theorem 4.2

following.

COROLLARY 4.7 A species T is unstable in a food web 5L with initial value E’L“ if and only

if the subgraph containing T in all Fulerian multi-decompositions
/L\ s I
(cUe) =,
i=1

of E‘)L is unstable.
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A unstable behavior of species T will causes the redistribution of flows and makes for a stable
situation on the food web ??)L. If it established, the food web works in order again. Otherwise,
a few species will evolve finally to extinction, i.e., ceases to exist in that area. If all species in a
food web @L vanished on that area, there must be a series of species x1, x9, - -+, x5 successively
died out on the time, the stability of the web is repeatedly broken, established and broken, and
finally, all species become extinct. In this case there must be vertices vy, vo, -, vs € V(E')L)

and a series of action flows
L L —L L
G -G —v1—><G —vl)—v2—>---—>§) —{v1,v9, -, v}

such that there are no flows in G~ — {v1,v9, -+, 05}, ie., [ei {v1,v9,--+,vs} ~ K, where
1=|G|-s.

Notice that if species x is extinct, there must be tlhmoo x(t) = 0. Let f(t) be a differentiable
function on populations of a species z. If f(t) = O(t~%), a > 1, i.e., there are constants A > 0
such that |f(¢)] < At~ holds with ¢ € (0, +00), then f is said to be a-declined and x a species
extinct in rate a.. Furthermore, if f(t) = O(e=#*) for 3 > 0, because

Bt ? o p"
= 1 Bt Gt e Tt
we are easily know that there is a constant A > 0 such that |f(¢)] < At" for any integer n > 1.
In this case, f is said to be co-declined and = a species extinct in rate oco.

The results following characterize the extinct behavior of species in a food web.

L
THEOREM 4.8 Let G~ be a food web hold with labeling L : v; — &; on vertices v;,
L (viyvj) — {Fij, (zi,25), Fj;} on edges for integers 1 <i,j <n, V C V(C')L). If

vy => | > FL0 —v)- Y Fu-—)

veV \v'eN—(v) v’ €ENT(v)
is a-declined, then all species X = 3 x, in'V is extinct in at least rates a— 1 and particularly,
if V.= {v}, the species x, is ea:tincthX”L at least rates o — 1 on t.
Proof: Notice that the conservative equation at vertex v € V is

o= Y R - Y Fulnon)

v'eEN—(v) v’ €Nt (v)
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B

veV

Z Z F, (v —wv)— Z Fyp (v — ")

veV \w'eN—(v) v’ €NT(v)

and

Now, if V(t) is a-declined, there must be constant A > 0 such that

S

ta _X Z Z F ’U _>’U) Z Fvv’(vﬁvl) :V(t)g

veV \w'eN~(v) v’ €Nt (v)

Consequently,

+oo 400
A 1 A
> to (o — 1)to—1

0 0

Therefore, all species X in V is extinct in at least rates & — 1 on ¢, and particularly, it holds

with the case of V = {v}.

THEOREM 4.9 Let @L be a food web hold with labeling L : v; — &; on vertices v,
L (vi,v;) — {Fij, (zi,25), F;} on edges for integers 1 < i,j < n, and V C V(E')L) a cut
set with components Cy,Co,---,Cy in C')L \V, wherel > 2. If
fo(t) = Z E, (v — ) Z Fyp (v — ")
v’ €N~ (v) v’ €Nt (v)

18, -declined for Yv € V' with o = mi‘r/l Qy, then
ve

(1) e eventually turns to | food webs C')lL, ﬁf, e @lL,

(2) the species Xy = > xy, particularly, x, is extinct in at least rates o — 1 on t for Vv €
veV
V.

Proof: Applying Theorem 4.8, all species X in V is extinct in at least rates a« — 1 on ¢, and
eventually, extinction if ¢ — oco. In this case, there are only left components C1, Cs, - -+, C, and
each of them is a food ch because if x,, = 0, there must be F(v — u) =0 and F'(u — v) =0
for Vo € V and u € V(G ) \ V. Therefore, the conservative laws

— Z F (z, — x,) — Z Fuo(zy — )

veEN~ (u) veNT (u)
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L
in 5) turns to

j:u - Z F{;u(ajv - $u) - Z Fuv(xu - xv)a

vEN—(u) [ V(Cy) vENT(u) (| V(Cy)

L
i.e., it holds also with vertex u in 31» for integers 1 < i <, the assertion (1).
For (2), by the proof of Theorem 4.8 there is a number A > 0 such that

+o0 “+oo

_ / n(@)L)gdthV(t): 3 a(t) < /K(E)L)gdt

0 veV 0

by definition, where n(@L) is the connectivity of a’ Whence, Xy (t) = O(t~21), and
particularly, z,(t) = O(t=2*1) for v € V.

Finally, there are indeed the case of extinction of species in rate co. For example, the proof

of Theorem 4.6 implies the case of extinction in rate co on t following.

THEOREM 4.10 Let @L be food web with an Eulerian multi-decomposition
’E s
(GUG) =,
k=1

L
and all conservative equations on ﬁk are solvable for integers 1 < k < [. For a vertex
L. . ) ‘ L —L L . oo
v € V(C') ) including repeatedly in ﬁil,ﬁiz,n-,ﬁ“, if ReX\; < 0 for characteristic roots
Ai of Ay in the linearization
A Xy = Oy xny,
. . R . Lo L . .
of conservative equation at an equilibrium point ﬁk , V€ V(ﬁk) for integers 1 < i < hy, then
the species x, is simultaneously extinct in rate oo on time t and asymptotically stable, where

L
V(ﬁk) ={v1,v2, -, v, }, Ax and Xy, are as the same in Theorem 4.6 for integers 1 < k <.
Proof: By the proof of Theorem 4.6, we know that z,(¢) is asymptotically stable with

hp
ZCU(t) = chﬂi(t)ek"t.
i=1
Define 3 = lingh Ai. It \; < 0 for integers 1 < ¢ < hg, then x,(t) is clearly an oco-declined
S1Shg
function and species x,, is extinct in rate oo on time t.
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§5. Algorithm. Let 4= { ¢, €,,---, € } be solvable Eulerian multi-decompositions
-~ L
of bi-digraph (E’) U<C_¥)L of a food web G with conservation equations (1.1) solvable or not,
L L
where ((’1 and ((a’m are respectively a parallel decomposition, G itself of G . Theorems 4.2

and 4.6 conclude the following algorithm on the global stability of E')L.

ALGORITHM 5.1 The stability of a food web @)L can be determined by programming following:

STEP 1. Input X; = € andi=1,2,---,m;

STEP 2. Determine Eulerian circuits in X; is globally stable or not;
STEP 3. If X; is globally stable, go to STEP 6; Otherwise, go to STEP 4;
STEP 4. Replace X; by X;y1, return to STEP 2;

STEP 5. If X;11 s globally stable, go to STEP 6; Otherwise, go to STEP 4 if i < m, or go to
STEP 7 ifi =m;

L
STEP 6. G is globally stable, the algorithm is terminated;

L
STEP 7. G is globally non-stable, the algorithm is terminated.

L
This algorithm certainly enables one to determine the stability of a food web el regardless
of whether its conservation equations solvable or not, and get stability of food webs with more

species than 3 by conclusions on 2 or 3 species.

EXAMPLE 5.2 Determine the stability of a biological 5-system @)L shown in Fig. 10,

Fig. 10
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where, f;; and fi’j, 1 <14,7 <5 are defined by

fa(z2, 1) = 1 =22 — Miw1,  fo(22,21) = 1 — 21 — Ao,
fai(xs,x1) = 1 — 23 — Ay, 31(w3,21) = 1 — 21 — Az,
Ju(za, 1) = 1 — 24 — M09, 11(ra, 1) = 1 — 21 — Mgy,
fsi(s,21) = 1—a5 — Mwn,  foi(@s,21) = 1= 21 — Ass

with conservative equations

i’l =1 (4 — 4£C1 — )\2%2 — )\31’3 — )\41’4 — )\51’5)

o = —xo (1 — 29 — \yq)
i3 = —x3 (1 — a3 — A\zq) (5.1)
4= —x4 (1 — 24 — Nxq)
5 = —x5 (1 — a5 — A\q)

Let (29,29, 29,29, 29) be an equilibrium point of (5.1). Calculation shows the linearization

of (5.1) is
Sbl = Al’l — )\21’%%2 — /\3.’2(1)1'3 - )\4(13(1)1’4 — )\51’(1)395
.’kQ = )\11’81’1 -+ (—]. -+ 2%8 + )\1%?) T2

T3 = Alxg:cl + 1+ 21‘g + )\11?9 T3 , (52)

(- )
Ty = )\11‘2331 + (—1 + 21‘2 + /\1I(1J) T4
.’t5 = >\1$g$1 + (—]. + 2!172 + )\1!,6(1)) Is

where A =4 — 829 — \az§ — A3x] — M2 — Asa?.

Fig. 11



BIOLOGICAL n-SYSTEM WITH GLOBAL STABILITY 427

As usual, we can hold on the stability of system (5.2) of linear equations and then, the
stability of (5.1) by Theorem 4.6 on equilibrium points with tedious calculation. However, we

apply Algorithm 5.1 for the objective.

~ L
Notice that bi-digraph (C')UE)L of G in Fig.11 has a parallel decomposition such as
those shown in Fig. 12,

Fig. 12

and the conservation equations on these parallel edges are respectively

i‘l = 1‘1(1 — 1 — /\233‘2)
' (5.3)
T = 1‘2(1 — T2 — )\1331)
{i‘l :Il(l—Il—Agl‘g) ( )
5.4
i‘3 = 1‘3(1 — I3 — /\133‘1)
{i’l :Z1(17Z17>\4CE4) ( )
5.5
1.‘4 = I4(1 — Tq — )\11‘1)
i’l = xl(l — X1 — )\5$5)
_ (5.6)
Iy = (E5(1 — Iy — )\1‘%1)
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We have known the stability of equations (5.3)—(5.6) by their linearizations following
(Murray, 2002) :

(1) the equilibrium point (z1,2;) = (0,0) is unstable for equations (5.3)-(5.6), where
1=2,3,4,5;

(2) the equilibrium point (xy,2;) = (1,0) is stable if Ay > 1 for ¢ = 2,3, 4, 5;

(4) the equilibrium point (z1,;) = (0,1) is stable if A; > 1 for equations (5.3)—(5.6), where
i=2,3,4,5:

Ni—1 A —1
(4) the equilibrium point <)\1)\i — Ali\i —

for equations (5.3)—(5.6), where i = 2,3,4, 5.

> is asymptotically stable if A\; >1 and A\; >1

Therefore, we know this biological 5-system is unstable on the equilibrium point (0, 0, 0, 0, 0)
but stable on the equilibrium points (0,1,1,1,1) and (1,0,0,0,0), and asymptotically stable

on the equilibrium point

A—-1 XM—-1 XM—-1 X—-1 XN-1
MA=T XMA=1T"MA=1" A —1" A -1

of system (5.1) if A > 1 and A; > 1 by Theorem 4.2, where A = Ay = A3 = Ay = As.

§6. Conclusion. Today, we have many mathematical theories but we are still helpless on
opening the mystery of the nature as Einstein’s complaint, i.e., as far as the laws of mathematics
refer to reality, they are not certain; and as far as they are certain, they do not refer to reality
because the multiple nature, or contradiction is universal on things, particularly, living things
different from rigid bodies. Usually, we establish differential equations for characterizing things
T and holds on their behavior by solutions, which is only hold on those of coherent behaviors
of things, not the individual. Thus, we encounter non-solvable cases in biology, and even if it
is solvable, finding the exact solution is nearly impossible in most cases. In fact, the solvable
equation is individual but the non-solvable is universal for knowing the nature. This fact implies
that we should also research those of non-solvable equations for revealing reality of things in
mathematics, which finally brings about the mathematics over topological graphs, i.e., action
flows, or mathematical combinatorics, and only which is the practicable way for understanding

things, particularly, living things in the world.
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