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The purpose of this paper is to study Smarandache curves in the 4-dimensional Euclidean space E4, and
to obtain the Frenet-Serret and Bishop invariants for the Smarandache curves in E*. The first, the second
and the third curvatures of Smarandache curves are calculated. These values depending upon the first,
the second and the third curvature of the given curve.

© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license.
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

It is well known that, if a curve is differentiable in an open in-
terval, at each point, a set of mutually orthogonal unit vectors can
be constructed, and these vectors are called Frenet frame or mov-
ing frame vectors. The rates of these frame vectors along the curve
define curvatures of the curve. The set, whose elements are frame
vectors and curvatures of a curve is called Frenet apparatus of
the curves. In recent years, the theory of degenerate submanifolds
has been treated by researchers and some classical differential ge-
ometry topics have been extended to Minkowski space [1-3] and
Galilean space [4]. For instance in [1,2] the authors extended and
studied Smarandache curves in Minkowski space-time. A regular
curve in Euclidean space E4, whose position vectors is composed
by Frenet frame vectors on another regular curve is called Smaran-
dache curve. Special Smarandache curves in three dimensional Eu-
clidean space studied in [5].

The Bishop frame [6] or parallel transport frame is an alter-
native approach to defining a moving frame that is well defined
even when the curve has vanishing second derivative. We can par-
allel transport an othonormal frame along a curve simply by par-
allel transporting each component of the frame in Euclidean 4-
space. The parallel transport frame is based on the observation
that while T(s) for the given curve model is unique, we may chose
any convenient arbitrary basis which consists of relatively paral-
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lel vector fields {M;(s), My(s), M3(s)} of the frame, such that they
are perpendicular to T(s) at each point[7,8]. The parallel trans-
port frame in four dimensional Euclidean space is studied in [9].
Smarandache curves were studied from deferent researchers in
three dimensional Euclidean space [10-14]. Smarandache curves in
4-dimensional Galilean space are presented in [15]. In this paper
we study Smarandache curves in 4-dimensional space according to
the Frenet frame and parallel transport frame.

2. Preliminaries

Let a: R — E4 be an arbitrary curve in the Euclidean space F%.
Let _a) = (al, ap, as, (14), —b) = (bl, bz, b3, b4) and _C) = (C], Cy,C3, C4)
be three vectors in E4, equipped with the standard inner product
given by < @, _b) >= aiby + ayby + asbs + agby. The norm of a vec-
tor a e E* is given by | @ || =+/< @.d >. The curve « is said
to be of a unit speed or parametrized by arc length function s if

—
<a',a’ >=1. The vector product of @, b, and € is defined by
the determinant

€1 () €3 €4

- 7 = a a a a
dxbx¢=|" 2 44
by by b3 by
C1 Cy C3 Cy
where €1 X €y X 83 =€4,6) X3 XE4 =0€1,63 Xy X1 =202,64 X

€1 X ey =e€3,63 X €y X e =ey.
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The vectors t(s), n(s), by(s), by(s) are the moving Frenet frame
along the unit speed curve «. Then the Frenet formulas are given
by

t' 0 k4 0 0 t
| |-k 0 ky 0 n
bil - 0 —k2 0 k3 b]
b2 0 0 —k3 0 bz

t, n, by, and b, are called, respectively, the tangent, the principal
normal, the first binormal and the second binormal vector fields of
the curves. The functions kq(s), ko(s) and ks(s) are called respec-
tively, the first, the second and the third curvature of the curve «.
The curve is called W — curve if it has constant curvatures kq, k;
and ks.

Let o = ar(t) be an arbitrary curve in E*. The Frenet apparatus
of the curve o can be calculated by the following equations.

I

= %
lle’|l
. e/ |Pa”— <o’ o > o
e Pe— <o’ a” > ||
by =nby xtxn
by = 1 txnxao”
It x nx a™|
H ||oz’||2a”— <o, " > o
“ o
ky — llt x nx o |[[|e'||
” o/ P - <o/, " > Ol/”
ks — <a™ by >

[[€ > > e[ fle’]]

where 7 is taken + 1 such that determinant of matrix [t,n,b1,b2] is
equal to one.

The Bishop frame or parallel transport frame is an alternative
approach to define a moving frame that is well defined even when
the curve has vanishing second derivative [9]. One can express par-
allel transport of an orthonormal frame along a curve simply by
parallel transporting each component of the frame. The tangent
vector and the convenient arbitrary basis for the remainder of the
frame are used. The parallel transport equations in E* can be ex-
pressed as

T/ 0 K Kk KI[T
M| |-k, 0o o of|lm
My|T|-k, 0 0 0]|M,
M, K5 0 0 0||M,

where Kj, K5, and K3 are the principal curvature functions accord-
ing to parallel transport frame of the curve «. The set {T, My, M>,
M3} is called the parallel transport frame of « [6,14].

The expressions of the principal curvatures are given as fol-
lows:
Ky = kq cos6 cos ¥,
Ky =k (—cos¢siny + sing sinf cos ),
K3 = ki (sin¢ sinyr + cos¢ sin6 cos ¥) and

0

/
k] = I<12+K22+K2, kz :—1//’+¢>/sin9, k3: W,

¢'cosO + 0’ cotyy =0

where 0 = ks

NGET)

cosf

k2 _ 9/ 2
VO
,/k%+k§

Note that kq, ky, k3 are the principal curvature functions accord-
ing to Frenet frame and Kj, K5, K3 are the principal curvature func-
tions according to the parallel transport frame of the curve «.

3. Main results
3.1. tb; Smarandache curves in E* according to the Frenet frame.

In this subsection we define th; Smarandache curves and obtain
their Frenet apparatus.

Definition 1. A regular curve in E4, whose position vector is ob-
tained by Frenet frame vectors on another regular curve, is called
Smarandache curve.

Definition 2. Let o = o (s) be a unit-speed curve with constant
and nonzero curvatures ki, k, k3 and {t, n, by, b,} be moving frame
on it, thy Smarandache curves are defined by B(sg) = %(t(s) +

bi(s)).

Theorem 1. Let «(s) be a unit speed curve with constant non zero
curvatures kq, ky, k3 and B(sg) be tby Smarandache curves in E4
defined by the frame vectors of «(s) . Then the Frenet apparatus of
ﬁ({tﬁ,nﬁ,blﬁ,bzﬁ,klﬁ,kzﬁ,k3ﬂ}) can be formed by Frenet appara-
tus of a({t, n, by, by, ky, ky, k3}).

Proof. Let B = B(sg) be tb; Smarandache curve of the curve c.
Then

From Definition (2) we have ,B(Sﬁ) = %(t(s) +bq(s))

By differentiating B(sg) with respect to s we obtain

dB(sp) _ dP(sp)dsg _ L((k] —ka)n +ksby)

ds — dsg ds 2
The tangent vector of the curve 8 is given by
tﬁ =An+Ab; (31)

d  (k1=k2)2+k2 _
where S£ = A= k) apnda, = ——FK
[ (k1 —kp)2+k3 [ (ky—ky)2+13

ds
Again differentiating the tangent vector of 8 with respect to sg
we can obtain 8’/ as follows

ﬁ[—k] (k1 — ko)t + (kiky — k% — k%)b]]
(](1 - k2)2 + k%

The principal normal of the curve 8 is

ﬁ// —

ng = Ast + Agbq (3.2)
3= —kq (k1 —ky)

/k%(kl_k2)2+<k1k2_k§_k§>2
kyky—k3—k3

\/k%(kl —ky)?+ (kyky k3 —k2)?

B"" = Asn + Agb,

where A and Ay =

2(—k2 (ky —kp)—k (ky ky —k2—k2)) ks (kyky—k3—k3)

3 3
((ky—ky)2+k%)2 ((ky—ky)2+k2) 2
The second binormal vector of the curve 8 is given easily as
follows

_ (kyky — K3 — k)t + ky (kg — ko) by

where As = and Ag =

= (3.3)
T Sk — K2 K22 1 K2 (ks — kp)?
The first binormal vector of the curve g is
b — —ksn + (ky — ky)b, (3.4)

P I (kg — k)2
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The first, second and third curvature of the of the curve 8 are

2(kiks — K3 — k)% + K2 (ky — kp)?]

ki, = 3.5
Iy (12 + (ks — k)?)? (35)
Kk — \/jk:;[kl (kiky — k% - k%) + k% (k1 —kp)] (3.6)

YT+ (k- k) kka — -2t IOk —k)?
V2(—k1AsAs — kyA3As + k3A3Ag) (3.7)

ks, =
3’5 \/kg + (ky — kz)z\/(lqkz — k3 —k2)2 + k2 (k1 — kz)?

This completes the proof. O

3.2. TM; Smarandache curves in E* according to the parallel
transport frame.

In this subsection we define TM; Smarandache curves and ob-
tain their parallel transport frame and the principal curvatures.

Definition 3. Let oo = a(s) be a unit speed curve in E* and
{To,My,,M,,,Ms,} be its moving parallel transport frame. TM;
Smarandache curves is defined by ,B(sﬂ) = %(Ta +M;,).

Theorem 2. Let o = «(s) be a unit speed curve with constant princi-
pal curvatures Ky, K3, , K3, and B(sg) be TM; Smarandache curves in
E* defined by the parallel transport frame vectors of o = ot (s). Then
the parallel transport frame of B can be formed by the parallel trans-
port frame of o and the principle curvatures of 8 (K1ﬂ,1<2/3,1(3ﬁ)can

be obtained by the principal curvatures of o.

Proof. To investigate the parallel transport frame of TM; Smaran-
dache curve according to «f(s) differentiating B(sg) = \%(Ta +
M,,) with respect to s

dsg 1
B ds = ﬁ
The tangent vector of the curve 8 can be written as follows
=K, Ty + K, My, + K3, Mp, + K5, M3,

(_KLxTa +K1aM1a +K2aM2a -|—K3O(M3w)

Ty (3.8)
[2K7 + K5 + K3
ds
B _ 1 [yp2 2 2
where I =7 21<1a +K2a +I<3a
Differentiating (3.8) with respect to s
dT,
T/; = ﬁ = )\,O’Ta =+ }\1M1a + )\,2M2u + }\3M3a
—V2(K? +K2 +K2) —V2K?
where Ag = ¢ « u 1= ——
(2K2 +K2 +K2) (2K +K2 +K2)
o o o o o o
i —v2K1, K7, ; —V2Ky K,

T QK2 +K2 +K2) T QK2 +K2 +12)
The first curvature of the curve 8 according to Frenet frame is

V2, /K2 + K3 + K2
ki, = VA§+ AT+ A3+ 23 = (3.9)
[2K2 + K3 + K2

The principal normal of the curve 8 is given by the following
formula

_ AoTy +AMy, + AoMy + AsMs,

"p 2 2 2 2
VA AT+ A+ A3

(3.10)

The third derivative of the curve 8 reads

V2

[2K2 + K2 + K3

\/j[(—)qK]m — }\zkzm — )\31(3m )Ta + }‘0K1aM1a + )\OKZ(,MZH —+ A.OI(}HM:;H ]

[2K2 + K2 + K2,

Tﬂ xng x IBW = C]M]a +C2M201 +C3M3a where

’3/// = (A.OTH/ =+ A.]Maa + )\.zMéu =+ A.gMéa)

ﬂ/// _

(3.11)

_ “/i[)\,g)\.}K]aKza - Xo)\zK]aK:;a - (}\,11{1‘1 + )\szu +)\,3K3u )(A,ngu - }\21(3u )]
VAEHM AL+ A30C2KE + K3 + K3 )
ﬁ[}\,g)\gl{lza — )\,0)\11{1“1(3& - (A.]I(]a + )\.sza + )\.3I<3a )()\.3](1“ - )\.1](3n )]
Y =
A+ AT+ AL+ A3(2KE + K3 +K2)
V2[horaKE — AohiKe, Ko, — (MK, + A2Ky, + A3Ks3, ) (MiKa, — XaKa, )]
3 =
VA A+ A3+ 032K + K3 +K3)
The second binormal of the curve g is given by the following
formula
C1M]a + CzMza + C3M3H

VG+G+C

The first binormal of the curve g is given by the following for-
mula

G

byp = (3.12)

big = byg x Tg x ng
= Yolo + 1My, + y2Mp, + y3Ms, (3.13)
where the constants are given by
_ GAsKy, — G K3, +GAKs, —GA3K, +GAKy, —GAK,

Yo
VG +G/AE+03+ 13 +23 2K +K3 + K2

Cz)\3K1u + Cz)\oK% — C3)»2K1a — C3)»0K1a

V=
VEC+G+CG /A2 +A3+ 23 +23 2K + K2 + K2

G )\.3K1a +G )\.01<3a - C3)\.]K]a - C3)\.0K1a

V2=
VEC+G+C /A2 +23+ 23 +23 [2K2 + K2 + K2

Cl)\'ZKlm + Cl)\'OKZm — CZ)"]KM — CZ)"OKL,

V3=
VC+G+G A+ 23+ 13 +23 2K + K3 + K2

The parallel transport frame for the curve g has the form

v ( Ao €Os g cos Yrg
15 =
VAE+ A2+ A+ 23
+< A1 cos g cos Yrg

VA AT+ AL+ 23

G sinfg ) ( Az €0s 605 cos Yrg
- |Mis +

VG+G+C VA A+ A3+ A3

G sinf

22 2ﬁ 2>M2"‘
VG +G+G
< A3 cos6gcos g
VA A2+ A%+ A3

C3 sinéﬁ )M
T T e 3a

VG+G+C

+ Yo cos 6 sin 1//,3) T,

+ Y1 cosOg sin g

+y2costg sinyg —

+ Y3 cosbgsinyrg

(3.14)
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v [AO(— cos g sin g + sin g sinfg cos Yrg)
2, =

VAEH AT+ A3+ A3
+ ¥0(Cos ¢g COS Yg + sin Py sin g sin Ipﬂ)]Ta

. |:A1(— €os g sin Yz + sin g sin 6y cos Yg)
VAG+H AT+ AL+ 23

+ y1(Cos ¢g €Os g + sin g sinOg sinrg)

Cisingg cosO
+<12¢25)}Mu
Jae+ag+a
N |:X2(— €os g sin Vg + sin g sin6g cos Yg)
A+ AT+ A%+ A3

+ y2(Cos ¢pg €OS Yrg + sin g sinOg sin g

G, singg cosd
+< 2 ! ¢f32 f)}Mza
NEETe e
N |:A3( cos ¢g sin g + sin g sinfg cos Yg)
VA AT+ AL+ 23

+ y3(C0s ¢g COS g + sin g sinOg sing)

N (C;, singg coseﬁ)i|M3 (315)
Ms, — [Ao(sin ¢p sinrg + cos g sinfg sinrg)
+ Yo (—sin¢pg cos Vg + cos ¢g sin g sin Wﬁ)] Ty

N |:A1 (singg sin g + cos Ppg sinbg sin Yrg)
VASHAM + A3+ 3
+ y1(—singpg cos g + cos ¢g sinfg sinrg)
C; cos ¢g cos O
+ 2 ﬁz f:|M1°‘
VG +G +G
N |:A2 (singg sin g + cos ¢y sinfg sin Yg)
VA A+ A3+ A3
+ y2(—sin g cos Yrg + €os Py sinOg sin Yrg)
C, cos ¢pg cosH
+2:;%qMM
VC+C+ (2
. |:X3(sin ¢p sin g + cos g sinhg sinrg)
VAS+ AL+ A3+ 23
+ y3(—sin g cos Yrg 4 €os Pg sin Oy sin Yrg)
C3 cos¢g cosH
= 2 ﬂz fi|M3°‘
JE+C+C

Note that

k
0= [ ——=
k2 + k
kz 79/2

and ¢g=— /stﬂ

(3.16)

— 0”7
3g B
dSﬂ, wﬂ:—/ kzﬁ—l—kg}ﬂi dSﬁ,

[ki, + 13,

The second curvature of the curve 8 according to Frenet frame
is given by

G+C+C
ky, =

P 5 5 5 5 (3.17)
AG+ AT+ A5+ A%

The third curvature of the curve B according to Frenet frame is
given by

o —(C] K]H + Csza + C3K3H)()\,1K]a + )\,sza + )\,31{3‘1)
! Je+G+C

The first curvature of the curve B according to parallel transport
frame reads

Ki, = /A2 + 23 + A2 + AJ cos g cos Y (3.19)

The second curvature of the curve 8 according to parallel trans-
port frame reads

k3 (3.18)

Ko, = /A% + A% 4+ A3 + A3[— cos ¢g sin g + sin ¢y sin O cos Yg]
(3.20)

The third curvature of the curve 8 according to parallel trans-
port frame reads

K3, = /A3 + A3 + A3 + A3[sin g sin g + cos Pg sin g cos Yrg]
(3.21)

The proof is complete. [
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