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INTRODUCTION

Navier-Stokes equations permit to model:
e blood flow in the cardiovascular
system

e air flow around airplane wings,
rotor blades, vehicles, etc.

e OCean and atmospheric currents
e ...and much more

Blood flow simulation
www.sinews.siam.org
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e blood flow in the cardiovascular
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e OCean and atmospheric currents

e ...and much more

Visualisation of Golf Stream
NASA/Goddard Space Flight Center
Scientific Visualization Studio



PROBLEM STATEMENT



NAVIER-STOKES EQUATIONS FOR INCOMPRESSIBLE FLOW

Incompressible Newtonian fluid:

u - velocity
o=—pl+pu(Vu+VuT) p — density
S = Viscosity
e Hydrostatic fluid pressure:
1
p=-3 (Ouz+ Oy +022) Reynolds number:
« Continuity equation: R — Jnertia forces
viscous forces
V-u=0

e Balance of the momentum:

p(au—k(u-V)u): uNV?u  —Vp+ f
ot ——

viscous forces
inertia forces



STEADY-STATE FLOW

o Navier-Stokes and continuity equations:
{ p(u-Vyu—puViu+Vp=Ff inQ

V-u=0
e Boundary conditions:
u=up onlp
{ n-[—pI+p(Vu+VuT)] = gy onTy

e Stokes flow: R <« 1

Adopted from www.wikipedia.org


www.wikipedia.org

FINITE-ELEMENT IMPLEMENTATION



WEAK FORM AND FINITE-ELEMENT DISCRETIZATION

e Variational formulation:
Find a vector field w € V and a scalar field p € P st
V v=[v1,1,v3]T € VandV qe P (test functions):

/p(u~V)Uode+/uVu:Vdef/pV~def/anLdQ:
Q Q Q Q

/f~de—|—/gN-vd1"N

Q 'y

e Interpolation with shape functions:

Ty p Ny p
ui=» Neud, p=3» ®sp’s vi=Y Novf, q=)» 054
a=1 pB=1 a=1 B=1



HIERARCHICAL SHAPE FUNCTIONS (1D ELEMENT)

o Standard shape functions:

No Ny No Ny No No Nl No N3
0 1 0 1 2 0 1 2 3
third order

linear second order



HERARCHKALSHAPEFUNCﬂONS(1DELEMENT)

o Standard shape functions:

O
0 1 0 1
linear second order third order
e Hierarchical shape functions:
No N N N
c o d///////"\\\\\\\b c//‘\\\\
0 10 1 0 1
second order third order

linear



HIERARCHICAL SHAPE FUNCTIONS (2D ELEMENT)

« Hierarchical shape functions for vertices (first order):

J1

vertex ji vertex ja vertex js



HIERARCHICAL SHAPE FUNCTIONS (2D ELEMENT)

e Hierarchical shape functions for edges:

J3—*’"’“’”’ﬁ32 I3

2nd order 3rd order 4th order



HIERARCHICAL SHAPE FUNCTIONS (2D ELEMENT)

J1

3rd order

¢ Hierarchical shape functions for faces:

J3 "/jz
< ‘ >

WAl
J3 Jo J3 -2
; !\;//
J1 J1
j3<\‘ij2 j3Vj2 j3~\\ ”./]2
- .
~ ’
J1 J1 n
J2 .7'3v Jo jsw"»jz j3\—'7j2
Ji i J1
4th order 5th order 6th order




COMPUTATION OF THE ELEMENT STIFFNESS MATRIX

e Decomposition of DOFs and shape functions vectors:

ul = [Ul, o ’U;a, o unu]T _ [chr, ucdgc’ ufacc7 uvol]T

Nd = [N17 s Nou o Nnu]T = [Nven Nedgev Nfacev Nvol]T



COMPUTATION OF THE ELEMENT STIFFNESS MATRIX

e Decomposition of DOFs and shape functions vectors:
ul = [Ul, R T unu]T _ [chr, ucdgc’ ufacc7 uvol]T

)

Nd = [N17 s Nou o Nnu]T = [Nven Nedgev Nfacev Nvol]T

e Element stiffness matrix:
Kel — / (VNel)T VNeldQel
Qel

(VN)TUN® =

VNyer "VNyer  VNyer 'VNeqge  VNyer 'VNpace  VNyer"'VNyg)
VNedge"VNver  VNedge' VNedge VNedge' VNface  VNedge ' VINyol
VNface 'VNyver  VNpace"VNegge  VNface! VNface  VNigace T VN

VNuwI"VNyer  VN1"VNegge  VNwITVNiice VN1 TVNy)



MOFEM “ECOSYSTEM”

MoAB
manages topology:

PETSc
manages algebra:

- matrices
- vectors
- solvers

MoFEM Core
finite elements:
- approximation
- integration

- assembly

- mesh
- data

Loops over all elements
and element's entities

MoFEM User Module
operators computing:
- right-hand side

- left-hand side




RIGHT-HAND SIDE OPERATORS (RESIDUAL VECTOR)

e Components corresponding to velocity DOFs u®, a = 1, ny

Ny

RS = ) / pN, (Nsu” - VN,) u” dQ? +

ue

By=1 Qel
+ Z /u (VN, - VNg) u” dQ° — Z / V Na®5p° !
[3:1 el ﬂ:l Qel

+ / fN, dQ° + / g N, dU'S
Qel re

10



RIGHT-HAND SIDE OPERATORS (RESIDUAL VECTOR)

e Components corresponding to velocity DOFs u®, a = 1, ny

non-linear part (Navier-Stokes)

Ny

RS = ) / pN, (Nsu” - VN,) u” dQ? +

ue

By=1 Qel
+ Z /u (VN, - VNg) u” dQ° — Z / V Na®5p° !
[3:1 el ﬂ:l Qel

linear part (Stokes)

+ / fN, dQ° + / g N, dU'S

1
Qel rel

10



RIGHT-HAND SIDE OPERATORS (RESIDUAL VECTOR)

e Components corresponding to velocity DOFs u®, a = 1, ny

non-linear part (Navier-Stokes)

Ny

RS = ) / pN, (Nsu” - VN,) u” dQ? +

ue

By=1 Qel
+ Z /u (VN, - VNg) u” dQ° — Z / V Na®5p° !
[3:1 el ﬂ:l Qel

linear part (Stokes)

- / FN, dQ°! + / NN, dT'%
Qel rg
o Components corresponding to pressure DOFs p*, o = 1, n,,
R =—> / 0, VN - u’de!

=1
B=1 Ger 10



LEFT-HAND SIDE OPERATORS (TANGENT MATRIX)

non-symmetric (Navier-Stokes)

Ko=) /pNa [(Nyw” - VNg) I+ NgVN, ® u'] d! +
'Y:chl
+/M(VNQ~VNﬁ) I40°!

Qel

symmetric (Stokes)

K, .= _Z /VNa‘bngCI
B=1 Ger

K. ,o = — Z / ®,V NzdQ!
/3:1 Qel

n



GLOBAL SYSTEM OF EQUATIONS

Ko, +Kij(w)  Kj, Au RS (u, p) + Ry (u)
s s
K>, 0 Ap Ry (u)

e Nested matrix representation
e Use field-split preconditioner

« Need to invert only KNS on every iteration of Newton-Raphson
method

e Use multi-grid method

Elman H. et al, Journal of Computational Physics (2008)
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NUMERICAL EXAMPLE




PROBLEM SET-UP

e Simulation of the fluid flow around a rigid sphere

far-field u=Ue,
. 21
% =3
Sl
S T
Il B
ol = ==
- =S
2 1 SR
g \ip ?
Ml SUD & —
e, N 2 S
a
e, symmetry symmetry

e.

Sketch on the section z = 0:
a=1[m]and = 10[m]

FE mesh: [ =10 [m]

U=0.005...150 [m/s]

e Reynolds number
R =0.01...300

R

~ 2aUp ( inertia forces)

I viscous forces
13



NUMERICAL RESULTS: VELOCITY FIELD

1.0e+00
0.9
0.8

— 0.7
— 0.6
— 0.5
— 0.4

0.3
0.2
0.1
0.0e+00

velocity magnitude

Re = 0.01
K< I> ] [= o] +]
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IDENTIFICATION OF A VORTEX CORE

Definitions of a vortex core [1: N
. . A
« maximal vorticity P | A
x£ R /
/i
/
max [V x 4N .
BNeo
‘ \‘ \

e (J-Criterion www.wikipedia.org

Rotation: ||V x ul| > 0
Q=1IV > —[V>ul* > 0

o \o-criterion P
— \
¢ ]
A? < 07 \\{_’ 0::4*
~o—gZ—

where A; > Ay > Ag are www.wikipedia.org

eigen values of (Vsu)2 + (VAu)2 Shear: ||V x ul[ >0

[1] Jeong J, Hussain F, Journal of Fluid Mechanics (1995)
15
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NUMERICAL RESULTS: IDENTIFICATION OF THE VORTEX CORE

N

D000 W
OCOOOOOOOOM - @
PRERAGIOO — &

velocity x-component

5EEOOOOOOO0000S

|____
[wlelele)
OO0
Do~

Re = 25
(K< > [1] [=]>te][+]
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NUMERICAL RESULTS: PRESSURE FIELD

9.6e-03
0.008

0.006
— 0.004

— 0.002
— -0.002
-0.004
-0.006

-8.9e-03

o
pressure

Re = 0.01
K< I> ] [= o] +]
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COMPUTATION OF THE DRAG FORCE

e Traction vector on the surface of
the sphere I's:

t=—pl+ p(Vu+ VuT)

e Total drag force acting on the

sphere:
Fp = —/tdrs

T's

e NB1: Vu is computed using shape
functions of the adjacent
tetrahedra

e NB2: shape functions order can be
increased in the boundary layer

Layer of adjacent tetrahedra

18



NUMERICAL RESULTS: DRAG COEFFICIENT

100 — Navier-Stokes (simulation)
Stokes (analytical)
e Drag force in the Stokes flow
(Stokes formula for R < 1): &
g 10!
Fp =6mpalU 100
. 10-1{ 7
e Drag coefficient e e e i
. . eynolds number
(dimensionless drag force):
—— Navier-Stokes (simulation)
C FD 10° — gtokes (atnalytical) ;
D= 5 - =2
g
S 10!
e For the Stokes flow: o
94 5 100
C’D = ﬁ 101

1072 107t 10° 10? 10?
Reynolds number

19



PERSPECTIVES




FLUID FLOW IN CONTACT INTERFACES

Simulation of;

e contact between deformable
solid with a rough surface and
a rigid flat

e with pressure-driven flow in
the interface

e permits to study evolution of
transmissivity

A. Shvarts, PhD Thesis, MINES ParisTech (2019)
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FLUID FLOW IN CONTACT INTERFACES

Simulation of;

e contact between deformable 10
solid with a rough surface and
a rigid flat

One-way coupling: ~ =—a
Two-way coupling:  e—e

I Stationary regime;

e with pressure-driven flow in
the interface

0 '_ Stationary regime

e permits to study evolution of
transmissivity

Effective transmissivity, Kqr

Complete sealing \

s
lq!.OUO 0.002 0.004 0.006 0.008 0.010 0.012 0.014
. "
Normalized external pressure, pe,/E

A. Shvarts, PhD Thesis, MINES ParisTech (2019)
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FLUID FLOW IN REPRESENTATIVE ROUGH CONTACT

Normalized fluid flux
0 0.2 0.4 0.6 0.8 1
B

Stress component sig ZZ

-151 -105 -70 -35 0

K <J D> =]+

A. Shvarts, PhD Thesis, MINES ParisTech (2019)
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REYNOLDS EQUATION VS NAVIER-STOKES EQUATIONS

Reynolds equation:

hS
v [m

Vp] =0

e h(z,y) is the film thickness

e pis constant across the film

e parabolic profile of the velocity:

=

Navier-Stokes equations:

e available simulations show
difference in flow velocity
S. Brown et al, Geoph. Res. Lett. (1995)

e Proposition: single layer of prism
elements with hierarchical
approximation across thickness

Extrusion shape functions

AD

L. Kaczmarczyk et al,, Proceedings of
24th UKACM Conference (2016)
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CONCLUSIONS




SUMMARY

e Implementation of Navier-Stokes equations in the finite-element
framework using hierarchical basis approximation

¢ Validation on a problem of the fluid flow around a rigid sphere for
different Reynolds numbers

e Perspective application to the study of fluid flow in contact
interfaces between solids with rough surfaces

mofem.eng.gla.ac.uk

23



THANK YOU FOR YOUR ATTENTION!



	Introduction
	problem statement
	Finite-element implementation
	Numerical example
	Perspectives
	Conclusions

	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	0.50: 
	anm0: 
	0.EndLeft: 
	0.StepLeft: 
	0.PlayPauseLeft: 
	0.PlayPauseRight: 
	0.StepRight: 
	0.EndRight: 
	0.Minus: 
	0.Reset: 
	0.Plus: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	anm1: 
	1.EndLeft: 
	1.StepLeft: 
	1.PlayPauseLeft: 
	1.PlayPauseRight: 
	1.StepRight: 
	1.EndRight: 
	1.Minus: 
	1.Reset: 
	1.Plus: 
	2.0: 
	2.1: 
	2.2: 
	2.3: 
	2.4: 
	2.5: 
	2.6: 
	2.7: 
	2.8: 
	2.9: 
	2.10: 
	2.11: 
	2.12: 
	2.13: 
	2.14: 
	2.15: 
	2.16: 
	2.17: 
	2.18: 
	2.19: 
	2.20: 
	2.21: 
	2.22: 
	2.23: 
	2.24: 
	2.25: 
	2.26: 
	2.27: 
	2.28: 
	2.29: 
	2.30: 
	2.31: 
	2.32: 
	2.33: 
	2.34: 
	2.35: 
	2.36: 
	2.37: 
	2.38: 
	2.39: 
	2.40: 
	2.41: 
	2.42: 
	2.43: 
	2.44: 
	2.45: 
	2.46: 
	2.47: 
	2.48: 
	2.49: 
	2.50: 
	anm2: 
	2.EndLeft: 
	2.StepLeft: 
	2.PlayPauseLeft: 
	2.PlayPauseRight: 
	2.StepRight: 
	2.EndRight: 
	2.Minus: 
	2.Reset: 
	2.Plus: 
	3.0: 
	3.1: 
	3.2: 
	3.3: 
	3.4: 
	3.5: 
	3.6: 
	3.7: 
	3.8: 
	3.9: 
	3.10: 
	3.11: 
	3.12: 
	3.13: 
	3.14: 
	3.15: 
	3.16: 
	3.17: 
	3.18: 
	3.19: 
	3.20: 
	3.21: 
	3.22: 
	3.23: 
	3.24: 
	3.25: 
	3.26: 
	3.27: 
	3.28: 
	3.29: 
	3.30: 
	3.31: 
	3.32: 
	3.33: 
	3.34: 
	3.35: 
	3.36: 
	3.37: 
	3.38: 
	3.39: 
	3.40: 
	3.41: 
	3.42: 
	3.43: 
	3.44: 
	3.45: 
	3.46: 
	3.47: 
	anm3: 
	3.EndLeft: 
	3.StepLeft: 
	3.PlayPauseLeft: 
	3.PlayPauseRight: 
	3.StepRight: 
	3.EndRight: 
	3.Minus: 
	3.Reset: 
	3.Plus: 


