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introduction

Navier-Stokes equations permit to model:

blood flow in the cardiovascular
system
air flow around airplane wings,
rotor blades, vehicles, etc.
ocean and atmospheric currents
. . . and much more

Blood flow simulation
www.sinews.siam.org
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introduction

Navier-Stokes equations permit to model:

blood flow in the cardiovascular
system
air flow around airplane wings,
rotor blades, vehicles, etc.
ocean and atmospheric currents
. . . and much more

Flow around an aerofoil
www.wikipedia.org
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introduction

Navier-Stokes equations permit to model:

blood flow in the cardiovascular
system
air flow around airplane wings,
rotor blades, vehicles, etc.
ocean and atmospheric currents
. . . and much more

Visualisation of Golf Stream
NASA/Goddard Space Flight Center
Scientific Visualization Studio
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problem statement



navier-stokes equations for incompressible flow

Incompressible Newtonian fluid:

σ = −pI + µ (∇u +∇u⊺)

Hydrostatic fluid pressure:

p = −1
3 (σxx + σyy + σzz)

Continuity equation:

∇ · u = 0

Balance of the momentum:

u – velocity
ρ – density
µ – viscosity

Reynolds number:

R =
inertia forces
viscous forces

ρ

(
∂u
∂t + (u · ∇)u

)
︸ ︷︷ ︸

inertia forces

= µ∇2u︸ ︷︷ ︸
viscous forces

− ∇p + f
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steady-state flow

Navier-Stokes and continuity equations:{
ρ (u · ∇)u − µ∇2u +∇p = f in Ω

∇ · u = 0
Boundary conditions:{ u = uD on ΓD

n · [−pI + µ (∇u +∇u⊺)] = gN on ΓN

Stokes flow: R ≪ 1

Adopted from www.wikipedia.org
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finite-element implementation



weak form and finite-element discretization

Variational formulation:
Find a vector field u ∈ V and a scalar field p ∈ P s.t.
∀ v = [v1, v2, v3]

⊺ ∈ V and ∀ q ∈ P (test functions):∫
Ω

ρ (u · ∇)u · v dΩ+

∫
Ω

µ∇u :∇v dΩ−
∫
Ω

p∇ · v dΩ−
∫
Ω

q∇ · u dΩ =

∫
Ω

f · v dΩ+

∫
ΓN

gN · v dΓN

Interpolation with shape functions:

ui =

nu∑
α=1

Nα uα
i , p =

np∑
β=1

Φβ pβ ; vi =

nu∑
α=1

Nα vαi , q =

np∑
β=1

Φβ qβ
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hierarchical shape functions (1d element)

Standard shape functions:

linear second order third order

Hierarchical shape functions:

linear second order third order
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hierarchical shape functions (1d element)

Standard shape functions:

linear second order third order

Hierarchical shape functions:

linear second order third order
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hierarchical shape functions (2d element)

Hierarchical shape functions for vertices (first order):

vertex j1 vertex j2 vertex j3
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hierarchical shape functions (2d element)

Hierarchical shape functions for edges:

2nd order 3rd order 4th order
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hierarchical shape functions (2d element)

Hierarchical shape functions for faces:

3rd order 4th order 5th order 6th order
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computation of the element stiffness matrix

Decomposition of DOFs and shape functions vectors:

uel =
[
u1, . . .uα, . . .unu

]⊺
=

[
uver,uedge,uface,uvol]⊺

Nel = [N1, . . .Nα, . . .Nnu ]
⊺
= [Nver,Nedge,Nface,Nvol]

⊺

Element stiffness matrix:

Kel =

∫
Ωel

(
∇Nel)⊺ ∇NeldΩel

(∇Nel)⊺∇Nel =
∇Nver

⊺∇Nver ∇Nver
⊺∇Nedge ∇Nver

⊺∇Nface ∇Nver
⊺∇Nvol

∇Nedge
⊺∇Nver ∇Nedge

⊺∇Nedge ∇Nedge
⊺∇Nface ∇Nedge

⊺∇Nvol
∇Nface

⊺∇Nver ∇Nface
⊺∇Nedge ∇Nface

⊺∇Nface ∇Nface
⊺∇Nvol

∇Nvol
⊺∇Nver ∇Nvol

⊺∇Nedge ∇Nvol
⊺∇Nface ∇Nvol

⊺∇Nvol



8



computation of the element stiffness matrix

Decomposition of DOFs and shape functions vectors:

uel =
[
u1, . . .uα, . . .unu

]⊺
=

[
uver,uedge,uface,uvol]⊺

Nel = [N1, . . .Nα, . . .Nnu ]
⊺
= [Nver,Nedge,Nface,Nvol]

⊺

Element stiffness matrix:

Kel =

∫
Ωel

(
∇Nel)⊺ ∇NeldΩel

(∇Nel)⊺∇Nel =
∇Nver

⊺∇Nver ∇Nver
⊺∇Nedge ∇Nver

⊺∇Nface ∇Nver
⊺∇Nvol

∇Nedge
⊺∇Nver ∇Nedge

⊺∇Nedge ∇Nedge
⊺∇Nface ∇Nedge

⊺∇Nvol
∇Nface
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⊺∇Nvol

∇Nvol
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mofem “ecosystem”

MoFEM Core
 finite elements:
- approximation
- integration
- assembly

Loops over all elements 
and element's entities

MoAB
 manages topology:

- mesh
- data

PETSc
 manages algebra:

- matrices
- vectors
- solvers

MoFEM User Module
operators computing:
- right-hand side
- le�t-hand side
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right-hand side operators (residual vector)

Components corresponding to velocity DOFs uα, α = 1,nu

Rel
uα =

non-linear part (Navier-Stokes)︷ ︸︸ ︷

nu∑
β,γ=1

∫
Ωel

ρNα

(
Nβuβ · ∇Nγ

)
uγdΩel +

+

nu∑
β=1

∫
Ωel

µ (∇Nα · ∇Nβ)uβdΩel −
np∑
β=1

∫
Ωel

∇NαΦβpβdΩel

︸ ︷︷ ︸
linear part (Stokes)

+

∫
Ωel

fNαdΩel +

∫
Γel

N

gNNαdΓel
N

Components corresponding to pressure DOFs pα, α = 1,np

Rel
pα = −

nu∑
β=1

∫
Ωel

Φα∇Nβ · uβdΩel
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left-hand side operators (tangent matrix)

Kel
uαuβ =

non-symmetric (Navier-Stokes)︷ ︸︸ ︷
nu∑
γ=1

∫
Ωel

ρNα [(Nγuγ · ∇Nβ) I + Nβ∇Nγ ⊗ uγ ] dΩel +

+

∫
Ωel

µ (∇Nα · ∇Nβ) I dΩel

︸ ︷︷ ︸
symmetric (Stokes)

Kel
uαpβ = −

np∑
β=1

∫
Ωel

∇NαΦβdΩel

Kel
pαuβ = −

nu∑
β=1

∫
Ωel

Φα∇NβdΩel
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global system of equations

KS
uu + KNS

uu (u) KS
up

KS
pu 0

 ∆u

∆p

 =

RS
u(u, p) + RNS

u (u)

RS
p(u)



Nested matrix representation
Use field-split preconditioner
Need to invert only KNS

uu on every iteration of Newton-Raphson
method
Use multi-grid method

Elman H. et al, Journal of Computational Physics (2008)
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numerical example



problem set-up

Simulation of the fluid flow around a rigid sphere

FE mesh: l = 10 [m]

Sketch on the section z = 0:
a = 1 [m] and l = 10 [m]

Reynolds number

R =
2a U ρ

µ

(
=

inertia forces
viscous forces

)
U = 0.005 . . . 150 [m/s]

R = 0.01 . . . 300
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numerical results: velocity field
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identification of a vortex core

Definitions of a vortex core [1]:

maximal vorticity

max ||∇ × u||

Q-criterion

Q = ||∇Au||2 − ||∇Su||2 > 0

λ2-criterion

λ2 < 0,

where λ1 ≥ λ2 ≥ λ3 are

eigen values of
(
∇Su

)2
+
(
∇Au

)2

[1] Jeong J, Hussain F, Journal of Fluid Mechanics (1995)

www.wikipedia.org

Rotation: ||∇ × u|| > 0

www.wikipedia.org

Shear: ||∇ × u|| > 0
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numerical results: identification of the vortex core
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numerical results: pressure field
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computation of the drag force

Traction vector on the surface of
the sphere ΓS:

t = −pI + µ (∇u +∇u⊺)

Total drag force acting on the
sphere:

FD = −
∫
ΓS

t dΓS

NB1: ∇u is computed using shape
functions of the adjacent
tetrahedra
NB2: shape functions order can be
increased in the boundary layer

Faces on surface of the sphere

Layer of adjacent tetrahedra
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numerical results: drag coefficient

Drag force in the Stokes flow
(Stokes formula for R ≪ 1):

FD = 6πµaU

Drag coefficient
(dimensionless drag force):

CD =
FD

ρU2

2 πa2

For the Stokes flow:

CD =
24
R
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perspectives



fluid flow in contact interfaces

Simulation of:
contact between deformable
solid with a rough surface and
a rigid flat
with pressure-driven flow in
the interface
permits to study evolution of
transmissivity

A. Shvarts, PhD Thesis, MINES ParisTech (2019)
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fluid flow in contact interfaces

Simulation of:
contact between deformable
solid with a rough surface and
a rigid flat
with pressure-driven flow in
the interface
permits to study evolution of
transmissivity

A. Shvarts, PhD Thesis, MINES ParisTech (2019)

Complete sealing

Normalized external pressure, pext/E*

E
ff

ec
tiv
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tr
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ty
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ef

f

One-way coupling:
Two-way coupling:

Stationary regime

Stationary regime

~e-γp
ext/E *
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fluid flow in representative rough contact

A. Shvarts, PhD Thesis, MINES ParisTech (2019)
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reynolds equation vs navier-stokes equations

Reynolds equation: Navier-Stokes equations:

∇ ·
[

h3

12µ∇p
]
= 0

h(x, y) is the film thickness

p is constant across the film

parabolic profile of the velocity:

available simulations show
difference in flow velocity
S. Brown et al, Geoph. Res. Lett. (1995)

Proposition: single layer of prism
elements with hierarchical
approximation across thickness

L. Kaczmarczyk et al., Proceedings of
24th UKACM Conference (2016)

22



conclusions



summary

Implementation of Navier-Stokes equations in the finite-element
framework using hierarchical basis approximation
Validation on a problem of the fluid flow around a rigid sphere for
different Reynolds numbers
Perspective application to the study of fluid flow in contact
interfaces between solids with rough surfaces
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Thank you for your attention!
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