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Abstract.  

Recently, vague sets and neutrosophic sets have received great attention among the scholars and have been applied in many 

applications. But, the actual theoretical impacts of the combination of these two sets in dealing uncertainties are still not fully 

explored until now. In this paper, a new generalized mathematical model called interval neutrosophic vague sets is proposed, 

which is a combination of vague sets and interval neutrosophic sets and a generalization of interval neutrosophic vague sets. 

Some definitions of interval neutrosophic vague set such as union, complement and intersection are presented. Furthermore, 

the basic operations, the derivation of its properties and related example are included. 
Keywords: neutrosophic set, vague set, interval neutrsophic vague set.

 

1 Introduction  

     Many attempts that used classical mathematics to model uncertain data may not be successful. This is due to 
the concept of uncertainty which is too complicated and not clearly defined. Therefore, many different theories 
were developed to solve uncertainty and vagueness including the fuzzy set theory [1], intuitionistic fuzzy set [2], 

rough sets theory [3], soft set [4], vague sets [5], soft expert set [6] and some other mathematical tools. There are 
many real applications were solved using these theories related to the uncertainty of these applications [7], [8], 
[9], [10] . However, these theories cannot deals with indeterminacy and consistent information. Furthermore, all 

these theories have their inherent difficulties and weakness. Therefore, neutrosophic set is developed by 
Smarandache in 1998 which is generalization of probability set, fuzzy set and intuitionistic fuzzy set [11]. The 
neutrosophic set contains three independent membership functions. Unlike fuzzy and intuitionistic fuzzy sets, the 
memberships in neutrosophic sets are truth, indeterminacy and falsity. The neutrosophic set has received more 

and more attention since its appearance. Hybrid neutrosophic set were introduced by many researchers [12], [13], 
[14], [15], [16]. In line with these developments, these extensions have been used in multi criteria decision    
making problem such as  ANP, VIKOR, TOPSIS and DEMATEL with different application [17]–[20]. 

Vague sets have been introduced by Gau and Buehrar in 1993 as an extension of fuzzy set theory [5]. Vague 
sets is  considered as an effective tool to deal with uncertainty since it provides more information as compared to 
fuzzy sets [21]. Several studies have revealed that, many researchers have combined vague sets with others     

theories. Xu et al. proposed vague soft sets and examined its properties [22]. Later, Hassan [23] have combined 
vague set with soft expert set and its operations were introduced. In addition, others hybrid theories such as 
complex vague soft set [24], interval valued vague soft set [25], generalized interval valued vague set [26] and  
possibility vague soft set [27]  were presented to solve uncertainty problem in decision making. Recently,        

Al- Quran and Hassan [28]  proposed new hybrid of neutrosophic vague such as [29], [30], [31] and [32]. 

 Until now, there has been no study on interval neutrosophic vague set (INVS) and its combination           
particularly with vague sets. Therefore, the objective of this paper is to develop a mathematical tool to solve    

uncertainty problem, namely INVS which is a combination of vague sets and interval neutrosophic set and as a 
generalization of interval neutrosophic vague set. This set theory provides an interval-based membership     
structure to handle the neutrosophic vague data. This feature allows users to record their hesitancy in assigning 
membership values which in turn better capture the vagueness and uncertainties of these data. 

This paper is structured in the following manner. Section 2 presents some basic mathematical concepts to        
enhance the understanding of INVS. Section 3 describes definitions IVNS and its properties together with       
example. Finally, conclusion of INVS is stated in section 4. 
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2 Preliminaries 

Some basic concepts associated to neutrosophic sets and interval neutrosophic set are presented in this section. 
          

2.1 Vague Set  

Definition 2.1 [5] 

Let e  be a vague value,  ee fte  1, where  1,0et ,  1,0ef and 110  ee ft . If 1et  and 0ef  then 

e  is named a unit vague value so as  1,1e  . Meanwhile if 0et and 1ef , hence e  is named a zero vague 

value such that  0,0e . 

Definition 2.1.1 [5] 

Let e and f be two vague values, where  ee fte  1, and  ff ftf  1, . If fe tt  and fe ff  , then vague 

values e and f are named equal     ffee ftft  1,1,i.e. . 

Definition 2.1.2 [5] 

Let p be a vague set of the universe E . If Een  ,   1np et and   0np ef , then p is named a unit vague set 

where mn 1 . If   0np et  and   1np et  hence p  named a zero vague set where mn 1 . 

2.2 Neutrosophic Set 

Definition 2.2 [11] 

A neutrosophic set e in E is described by three functions: truth membership function  eVp , indeterminacy- 

membership function  eWp and falsity-membership function  eX p as   EeeXeWeVep ppp  ),(,),(:  

where  
 1,0:,, EXWV and         3supsupsup0 eXeWeV ppp  

2.3 Interval Neutrosophic Set 

Definition 2.3 [12] 

Let E  be a universe. An interval neutrosophic set denoted as (INS) can be defined as follows:  

               EeeXeXeWeWeVeVp U
p

L
p

U
p

L
p

U
p

L
p  ,,,,,  where for each point Ee , we have  eVp  1,0 , 

 eWp  1,0 ,    1,0eX p  and         3supsupsup0 eXeWeV ppp . 

2.4 Neutrosophic Vague Set 

Definition 2.4  [28] 

A neutrosophic vague set p in E denoted (NVS) as an object of the form  

  EeeXeWeVep
NVpNVp

NV
pNV  )(,),(:  and  

         XXeXWWeWVVeV
NVpNVp

NV
p ,)(,,,,)(  

where  
  XV 1 ,   VX 1 and   20 XWV . 

 

Definition 2.4.1 [28] 

Let   be a NVS in E . Then  is called a unit NVS where mn 1  

 1,1)( eV
NV ,  0,0)( eW

NV ,  0,0)( eX
NV  

. 

Definition 2.4.2 [28] 

Let   be a NVS in E . Then  is called a zero NVS where mn 1 . 

 0,0)( eV
NV ,  1,1)( eW

NV ,  1,1)( eX
NV  
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For two NVS 

  EeeXeWeVep
NVpNVp

NV
pNV  )(,),(:  and 

  EeeXeWeVeq
NVqNVq

NV
qNV  )(,),(:  

The relations of NVS is presented as follows: 

(i) NVNV qp  if and only if )()( eVeV
NVqNVp

 , )()( eWeW
NVqNVp

 and )()( eXeX
NVqNVp

 . 

(ii) NVNV qp  if and only if )()( eVeV
NVqNVp

 , )()( eIeW
NVqNVp

 and )()( eXeX
NVqNVp

 . 

(iii) The union of p and q is denoted by NVNVNV qpR   is defined by; 

  






















 

NVeqNVepNVeqNVepNVR VVVVeV ,max,,max

  






















 

NVeqNVepNVeqNVepNVR WWWWeW ,min,,min , 

  






















 

NVeqNVepNVeqNVepNVR XXXXeX ,min,,min  

(iv) The intersection of p and q is denoted by NVNVNV qpS   is defined by; 

  






















 

NVeqNVepNVeqNVepNVS VVVVeV ,min,,min  

  






















 

NVeqNVepNVeqNVepNVS WWWWeW ,max,,max , 

  






















 

NVeqNVepNVeqNVepNVS XXXXeX ,max,,max  

(v) The complement of a NVS NVp is denoted by cp and is defined by 

   VVeV c

NVp 1,1)(  

   WWeW c

NVp 1,1)(  

   XXeX c

NVp 1,1)(  

3 Interval Neutrosophic Vague Sets 

The formal definition of an INVS and its basic operations of complement, union and intersection are introduced. 
Related properties and suitable examples are presented in this section. 

 

Definition 3.1 

 An interval valued neutrosophic vague set INVA also known as INVS in the universe of discourse E . An INVS 

is characterized by truth membership, indeterminacy membership and fasilty-membership functions is defined 

as: 
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~

, 

 








 LLL
A XXeX ,
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where 


 LL XV 1 ,


 LL VX 1 ,


 UU XV 1 ,


 UU VX 1  and  
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  40 ULULUL XXWWVV  

  40 ULULUL XXWWVV  

An INVS INVA when E is continuous is presented as follows: 

              
 

E
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L
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INV Ee
e
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 and when E is discrete an INVS INVA  can be presented as follows: 
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Example 3.1 

Let  321 ,, eeeE  . Then 

              

              

               

































8.0,5.0,4.0,1.0,6.0,4.0,7.0,3.0,5.0,2.0,9.0,6.0

9.0,3.0,6.0,5.0,3.0,1.0,5.0,5.0,7.0,1.0,5.0,4.0

,
8.0,7.0,8.0,5.0,6.0,3.0,6.0,1.0,3.0,2.0,5.0,2.0

3

2

1

e

e

e

AINV  

 is an INVS subset of E . 

 

Consider Example 3.1 .Then we check the INVS  for 1e  by Definition 3.1 as follows: 

150501 


..XV LL , 120801 


..VX LL  

170301 


..XV UU , 120801 


..VX UU  

Using condition 
  40 ULULUL XXWWVV ,  

therefore we have 2705030102020  ......  and  

  40 ULULUL XXWWVV , therefore we have 

63808060603050 .......   

 The calculations for INVS in Example 3.2, Example 3.3 are calculated similarly. 

 

Definition 3.2 

Consider INV be an INVS of the universe E  where Een  , 

   1,1
~

 eV L

INV
,    1,1

~
 eV U

INV
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   0,0
~

 eW L

INV
,    0,0

~
 eW U

INV
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   0,0
~

 eX L

INV
,    0,0

~
 eX U
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Therefore, INV is defined a unit INVS where mn 1  
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Consider INV be a INVS of the universe E  where Een   

   0,0
~

eV L

INV ,    0,0
~

eV U

INV , 

   1,1
~

eW L

INV ,    1,1
~

eW U

INV , 

   1,1
~

eX L

INV ,    1,1
~

eX U

INV  

Therefore, INV is defined a zero INVS where mn 1  

Definition 3.3 

Let c
INVA is defined as complemnet of INVS 
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Example 3.2 

Considering Example 3.1, by using Definition 3.3, we have  

              

              

               

































7.0,2.0,9.0,6.0,6.0,4.0,7.0,3.0,8.0,3.0,4.0,1.0

7.0,1.0,5.0,4.0,9.0,7.0,5.0,5.0,9.0,3.0,6.0,5.0

,
3.0,2.0,5.0,2.0,7.0,4.0,9.0,4.0,8.0,7.0,8.0,5.0

3

2

1

e

e

e

Ac
INV  

 

Definition 3.5  

Let INVA  and INVB be two INVS of the universe. If Een  ,  

   n
L

Bn
L

A eVeV
~~

  ,    n
U
Bn

U
A eVeV

~~
 ,    n

L
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L
A eWeW

~~
 ,    n

U
Bn

U
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~~
 ,    n

L
Bn

L
A eXeX

~~
  and 

   n
U
Bn

U
A eXeX

~~
  

Then the INVS INVA  and INVB  are equal, where mn 1  

Definition 3.6  

Let INVA  and INVB  be two INVS of the universe. If Een  , 

   n
L

Bn
L

A eVeV
~~

  and    n
U
Bn

U
A eVeV

~~
 , 
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U
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U
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L
Bn

L
A eXeX

~~
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U
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U
A eXeX

~~
  

Then the INVS  INVA  are included by INVB  denoted by INVINV BA  , where mn 1 . 

Definition 3.7 

The union of two INVS INVA  and INVB  is a INVS INVC , written as INVINVINV BAC  is defined as follows: 
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Definition 3.8  

The intersection of two INVS INVA  and INVB  is a INVS INVC , written as INVINVINV BAD  , is defined as 

below: 
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Example 3.3  

Consider that there are two INVS INVA  and INVB consist of  321 ,, eeeE  defined as follows: 

              

              

               

































8.0,5.0,4.0,1.0,6.0,4.0,7.0,3.0,5.0,2.0,9.0,6.0

9.0,3.0,6.0,5.0,3.0,1.0,5.0,5.0,7.0,1.0,5.0,4.0

,
8.0,7.0,8.0,5.0,6.0,3.0,6.0,1.0,3.0,2.0,5.0,2.0
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8.0,5.0,6.0,1.0,6.0,2.0,8.0,1.0,5.0,2.0,9.0,4.0

8.0,7.0,8.0.0,4.0,5.0,5.0,6.0,2.0,3.0,2.0,6.0,2.0
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By using Definition 3.7, then we obtain INV union, INVINVINV BAC   presented as follows: 
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8.0,3.0,6.0,5.0,3.0,1.0,5.0,2.0,7.0,2.0,6.0,4.0

,
6.0,1.0,8.0,4.0,6.0,3.0,5.0,1.0,9.0,4.0,6.0,2.0
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2

1

e

e

e
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Moreover, by using Definition 3.8, we obtained INV intersection, INVINVINV BAD  as follows: 
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9.0,7.0,8.0,5.0,5.0,5.0,6.0,5.0,3.0,1.0,5.0,2.0

,
8.0,7.0,8.0,5.0,6.0,3.0,6.0,5.0,3.0,2.0,5.0,2.0
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Proposition 3.1 Let INVA and INVB  be two INVS in X . Then 

(i) INVINVINV AAA   

(ii) INVINVINV AAA   

(iii) INVINVINVINV ABBA   

(iv) INVINVINVINV ABBA   

 

Proof (i):  

If x  is any arbitrary element in INVINVINV AAA  by definition of union, we have INVAx or INVAx . 

Hence INVAx . Therefore INVINVINV AAA  . Conversely, If x  is any arbitrary element 

in INVINVINV AAA  , then INVAx and INVAx . Therefore, 

INVINVINV AAA  INVINVINV AAA   

 

Proof (ii): similar to the proof of (i). 

 
 

Proof (iii):  

Let x is any arbitrary element in INVINVINVINV ABBA  , then by definition of union, 

INVAx and INVBx . But, if x is in INVA and INVB , then it is in INVB or INVA , and by definition of union,  

this means INVINV ABx  . Therefore, INVINVINVINV ABBA  .  

The other inclusion is identical: if x is any element INVINV AB  . Therefore, then we know 

INVBx or INVAx . But, INVBx or INVAx implies that x  is in INVA or INVB  ; hence, INVINV BAx  . 

Therefore, INVINVINVINV BAAB  . Hence INVINVINVINV ABBA  . 

 

Proof (iv): same to the proof (iii)  

 

Proposition 3.2 Let INVA , INVB and INVC  be three INVS over the common universe X . Then, 

(i)     INVINVINVINVINVINV CBACBA   

(ii)     INVINVINVINVINVINV CBACBA   

(iii)      INVINVINVINVINVINVINV CABACBA   

(iv)      INVINVINVINVINVINVINV CABACBA   

 
Proof (i):  

First, let x be any element in  INVINVINV CBA  . This means that INVAx  or  INVINV CBx  .     If 

INVAx then  INVINV CBx  ; hence,  INVINVINV CBAx  . On the other side, if INVAx , then 

 INVINV CBx  . This means INVBx or INVCx . If , INVBx then 

INVINV BAx     INVINVINV CBAx  . If INVCx , Then,   INVINVINV CBAx  Hence, 

    INVINVINVINVINVINV CBACBA  . 

For the reverse inclusion, let x be any element of   INVINVINV CBA  .Then,  INVINV BAx  or INVCx . 

If  INVINV BAx  , we know INVAx  or INVBx . If INVAx , then  INVINVINV CBAx  . 

If INVBx ,then  INVINV CBx  . Hence  INVINVINV CBAx  . On the other side, if INVCx , 

hence  INVINV CBx  , and so,  INVINVINV CBA  .  

Therefore,     INVINVINVINVINVINV CBACBA  . 

Thus,     INVINVINVINVINVINV CBACBA  . 

Proof (ii): associativity of intersections is similar to the proof (i) 
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Proof (iii): Distributive Laws are satisfied for INVS 

Let  INVINVINV CBAx  . If  INVINVINV CBAx   then x is either in INVA or in  INVINV CB  .  

This means that INVAx or  INVINV CBx  .  

If INVAx  or  INVINV CxBx  and  .  

Then,  INVINV BxAx  or  and  INVINV CxAx  or .  

So we have, 

INVINV BAx or and INVINV CAx or  

 INVINV BAx   and  INVINV BAx   

   INVINVINVINV BABAx   

Hence,      INVINVINVINVINVINVINV CABACBA   

Therefore, 

     INVINVINVINVINVINVINV CABACBA   

Let    INVINVINVINV CABAx  . If    INVINVINVINV CABAx   then x is in  INVINV BA or  

and x  INVINV CA or . 

So we have, 

 INVINV BAx or and  INVINV CAx or  

 INVINV BxAx  or and  INVINV CxAx  or  

INVAx or  INVINV CxBx  and  

  INVINVINV CBxAx and  

  INVINVINV CBxAx   

 INVINVINV CBAx   

     INVINVINVINVINVINVINV CBAxCABAx   

 Therefore, 

     INVINVINVINVINVINVINV CBACABA   

     INVINVINVINVINVINVINV CABACBA   

Proof (iv): similar to the prove of (iii) 
 

Proposition 3.3:  

(i)   c
INV

c
INV

c
INVINV BABA   

(ii)   c
INV

c
INV

c
INVINV BABA   

(iii)    cINVINVINV
c
INV

c
INV

c
INV CBACBA   

(iv)    cINVINVINV
c
INV

c
INV

c
INV CBACBA   

 

Proof (i):  

Let  cINVINV BAx   

INVINV BAx   

INVINV BxAx  and  

c
INV

c
INV BxAx  and  

Since for all  cINVINV BAx  such that c
INV

c
INV BAx   

Therefore,   c
INV

c
INV

c
INVINV BABA   

 

Proof (ii): similar to the prove of (i) 
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Proof (ii):  

Let  c
INV

c
INV

c
INV CBAx   

c
INV

c
INV

c
INV CxBxAx   

INVINVINV CxBxAx   

  INVINVINV CBAx   

 INVINVINV CBAx   

 cINVINVINV CBAx   

Since for all  c
INV

c
INV

c
INV CBAx   such that  cINVINVINV CBAx   

Therefore,    cINVINVINV
c
INV

c
INV

c
INV CBACBA   

 

Proof (iv): similar to the prove of (iv) 

 

4 Conclusion 

In this paper, the concept of interval neutrosophic vague was successfully established. The idea of this concept 
was taken from the theory of vague sets and interval neutrosophic. Neutrosophic set theory is mainly concerned 

with indeterminate and inconsistent information. However, interval nutrosophic vague sets were developed to 
improvise results in decision making problem. Meanwhile, vague set capturing vagueness of data. It is clear that, 
interval neutrosophic vague sets, can be utilize in solving decision making problems that inherited   uncertainties. 

The basic operations involving union, complement, intersection for interval neutrosophic vague set was well    
defined. Subsequently, the basic properties of these operations related to interval neutrosophic vague set were 
given and mathematically proven. Finally, some examples are presented. In future, this new extension will 
broaden the knowledge of existing set theories and subsequently, can be used in practical decision making   

problem. 
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