
PRISMS-PF
Mechanics (Infinitesimal Strain)

Consider a strain energy expression of the form:

Π(ε) =

∫
Ω

1

2
ε : C : ε dV (1)

where ε is the infinitesimal strain tensor, Cijkl = λδijδkl + µ(δikδjl + δilδjk) is the fourth order elasticity

tensor and (λ, mu) are the Lame parameters.

1 Variational treatment

Considering variations on the displacement u of the from u+ εw, we have

δΠ =
d

dε

∫
Ω

1

2
εε : C : εε dV

∣∣∣∣
ε=0

(2)

= −
∫

Ω

∇w : C : ε dV +

∫
∂Ω

w · (C : ε · n) dS (3)

= −
∫

Ω

∇w : σ dV +

∫
∂Ω

w · (σ · n) dS (4)

= −
∫

Ω

∇w : σ dV +

∫
∂Ω

w · t dS (5)

where σ = C : ε is the stress tensor and t = σ · n is the surface traction.

The minimization of the variation, δΠ = 0, gives the weak formulation of the governing equation of

mechanics:

∫
Ω

∇w : σ dV −
∫
∂Ω

w · t dS = 0 (6)

If surface tractions are zero:

R =

∫
Ω

∇w : σ dV = 0 (7)

We solve for R = 0 using a gradient scheme which involves the following linearization:

R |u +
∂R

∂u
∆u = 0 (8)

⇒ ∂R

∂u
∆u = −R |u (9)

This is the linear system Ax = b which we solve implicitly using the Conjugate Gradient scheme. For clarity,

here in the left hand side (LHS) A = ∂R
∂u , x = ∆u and the right hand side (RHS) is b = −R |u.
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