PRISMS PhaseField
Cahn-Hilliard Dynamics (Mixed-Formulation)

Consider a free energy expression of the form:
(c,Ve)= | fle)+ ch Ve dV (1)
Q

where c is the composition, and x is the gradient length scale parameter.

1 Variational treatment

Considering variations on the primal field ¢ of the from ¢ 4 ew, we have

Ol = %/Qf(c—kew) + gV(c—Few)- V(c+ ew) dV . (2)
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Assuming kVec-n = 0, and using standard variational arguments on the equation 0I1 = 0 we have the

expression for chemical potential as
p=fe—KAc (5)

2 Kinetics

Now the Parabolic PDE for Cahn-Hilliard dynamics is given by:

dc
5% = V- (—=MVu) (6)

=M V- (=V(fc—rAc)) (7)

where M is the constant mobility. This equation can be split into two equations as follow:

w=f.—rAc (8)
Jdc
MV (Vi) (9)

3 Time discretization

Considering forward Euler explicit time stepping, we have the time discretized kinetics equation:

pnt = I — KAC" (10)

ATl ="+ AtM V- (V™) (11)



4 Weak formulation

In the weak formulation, considering an arbitrary variation w, the above equations can be expressed as

residual equations representing a mixed (split) formulation:

/ wpt AV = / wfh — wkAc" dV (12)
Q Q
= / w ff +Vw-xgVc" dV (13)
and
/ we" T AV = / we™ + wAtM V- (V™) dV (14)
Q Q
= / w " +Vw (=AtM) - (Vu"™) dV  [neglecting boundary flux] (15)
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The above values of 7y, Tmuz, e and 7., are used to define the residuals in the following parameters
file:
applications/cahnHilliard /parameters.h



