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ABSTRACT

We study the squeezing properties of the light generated by degenerate three and two-level lasers with non-degenerate sub-harmonic
light and the cavity modes are coupled to a two-mode ordinary vacuum reservoir via a single port mirror We obtained c-number
langevin equations associated with the normal ordering using the pertinent master equation. Making use of the solutions of the c-
number langevin equations. The result shows that the two-mode light produced by the system is in squeezed. Moreover, it is found
that 64% of squeezing below the coherent state at » = 0.04 for A = 100, x = 0.8, As= 1, and .= 0.5. The effect of the two-level laser
and parametric oscillator are to decrease and increase the properties of the quadrature squeezing.

Keyword: Lasers properties, sub-harmonic light, quadrature squeezing.

INTRODUCTION

Light has played a special role in our attempt to understand
nature quantum mechanically. Squeezing is one of the non-
classical features of light that has attracted a great deal of
interest. In squeezed light the noise in one quadrature is below
the coherent-state level at the expense of enhanced fluctuations in
the other quadrature, with the product of the uncertainties in the
two quadratures satisfying the uncertainty relation. Squeezed
light

has potential applications in low-noise optical communication
and weak signal detection. Hence it is vital to find new optical
devices or to combine the existing ones to generate highly
squeezed and bright light [1]-[15].

It has been predicted that a three-level laser under certain
conditions can produce squeezed light. In a cascade three-level
laser, three-level atoms in a cascade configuration are injected
into a cavity coupled to a vacuum reservoir via a single-port
mirror. The injected atoms may initially be prepared in a
coherent superposition of the top and bottom levels and/or these
levels may be coupled by strong coherent light after they are
injected into the cavity. The superposition or the coupling of the
top and bottom levels is responsible for the interesting non-
classical features of the generated light [1]-[7] and [11]-[15].
When a three-level atom in a cascade configuration makes a
transition from the top to the bottom level via the intermediate
level, two photons are generated. If the two photons have the
same frequency, the three-level atom is called degenerate
otherwise it is called non-degenerate.

A parametric oscillator has been considered as an important
source of squeezed light. It is one of the most interesting and well
characterized optical devices in quantum optics. In this device a
pump photon interacts with a nonlinear crystal inside a cavity
and is down converted into two highly correlated photons. If
these photons have the same frequency the device is called a
degenerate parametric oscillator, otherwise it is called a non-
degenerate

parametric oscillator [1]-[3],[10].

E. Alebachew and K. Fesseha in their study have considered a

degenerate three-level laser whose cavity contains a degenerate
parametric amplifier, with the top and bottom levels of the three-
level atoms coupled by the pump mode emerging from the
parametric amplifier. They obtained using the master equation
the stochastic differential equations of the system. Applying the
solutions of the resulting equations, they calculated the
quadrature variance and squeezing spectrum. Moreover, using
the same solutions, they determined the mean photon number and
the photon number distribution. The research have shown that the
light generated by such quantum optical system is in a squeezed
state, with the maximum intracavity squeezing attainable being
93% and the parametric amplifier increases the squeezing
significantly over and above the squeezing achievable due to the
coupling of the top and bottom levels by the pump mode. In
addition, there is perfect squeezing of the output light for f=a =0
and for any values of A and «. They found that the presence of
the parametric amplifier leads to a significant increase in the
mean photon number for small values of £.

Obijective

General objective

«» To study the squeezing properties of light produce by two and
three level laser whose cavity contain non-degenerate sub-
harmonic light.
Specific objective

To drive master equation

To determine steady state solution using matrix.

To obtain the solution of the c-number langevin equations.

To drive normally ordering c-number langavien equations
(the cavity mode variables) of the cavity mode variables.
METHODS
We use the cavity mode variables to calculate the quantities of
interest which are obtained from the solution of the c-number
langevin equations associated with the steady state solution using
matrix. Applying the resulting cavity mode variables, we
calculate the quadrature variances and squeezed spectrum.In this
chapter we seek to obtain the equation of evolution of the density
operator for

a degenerate three-level and two-level lasers with non-degenerate
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parametric oscillator and the cavity modes are coupled to a two-
mode ordinary vacuum reservoir via a single port mirror as seen
in Fig-1. We first derive the equation of evolution of the density
operators for three-level laser, two-level laser, non-degenerate
parametric oscillator, and cavity modes coupled to a vacuum
reservoir applying the Linear, Adiabatic and bornapproximation
schemes, separately. Then with aid of the resulting equations we
develop the master equation for the system under consideration.
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Operator Dynamics

The interaction of a degenerate three-level atom with a
cavity mode can be described by the Hamiltonian

H —ix [ (lay (Bl + |BY () & — a' (|b){al + |e){b]) ]

Where 4 is the coupling constant for the interaction of the
three-level atom with cavity mode, & and a7 are the
annihilation and creation operators for the cavity mode,
respectively.

Considering that the atoms to be initially in coherent
superposition of the top and bottom states

[T 4(0)) = cala) + cele)
The density operator for a single atom initially has the form
pa(0) = pQla){al + pRla) (el + ple)al + ple) (el

Where
0y __ o+ .
.f-’.—“: = afﬂ_ 4

Egs. (4) is the probability of finding the atom in the upper
level,

(o) _

-
Peoe CrnlCe 5

Eqgs. (5) is the probability of finding the atom in the lower
level, and

() [ (0) (0} ig
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Suppose Pac(t, tj) be the density operator for a single atom
plus the cavity mode at

time t with the three-level atom injected at time tj, such as t
-7<¢ <t. Then the

density operator for all atoms in the cavity plus the cavity
modes at time t can be written

as

Pac(t) = ra E Pac(t. t;) I8
3

Where rais the rate at which the atoms injected into the
cavity and raAgis the number

of atoms injected into the cavity in the time interval Af.
converting the summation into

integration in the limit 44 — 0, we see that

T
Pac(t) = ra [ Fac(t. )t
Jt—r

And differentiatina with respect to t. there follows

Lot

We observe that pac(t, t) is the density operator for cavity
mode plus an atom injected

at time t and pac(t, t - 7) represents the density operator for
an atom plus cavity mode

at time t with the atom being removed from the cavity at
this time. Therefore, these

density operators can be put in the form

pac(t.t) = pa(0)p(t)

withp(t) being the density operator for the cavity mode
alone. Then in view of Egs. (10) and (11),

We see that

%ﬁ.—w‘{ﬂ =1 (pa(0) = palt = 7)) plt) + 7 /

Ji-T

t

il
—pac(t.t)dt
ettt 12

In the absence of damping of the cavity mode by vacuum
reservoir, pac(t, t0) evolves in time according to
Heisenberg picture is
%ﬁ.—t('[f— £ = —i
With the aid of Egs. (8) and (13), one can put Eq. (12) in
the form

d

Zaclt) = 1o (24(0) = pale = 7)) plt) = [ pac)] _........... 14

[ pac(t.t)]

Furthermore, applying the trace operation over the atomic
variables, we have

dp(t)
dit

= —2Tra [;;r ﬁ__‘(-[!‘:l]
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Employing Eq. (1), we can write in the form

p

i =) (nph iy = il = il e = hall = Pegli 4 pam 4 el ) 16

in which the matrix element p,sare defined by

fag = (alpac(t)|3) 17

Witha, f=4a,b, c

We next proceed to determine the matrix elements
involved in Eq. (16). Multiplying Eq. (14) on the left by
<a| and on the right by |5>, we see that

i ,
#ﬁoj =1y (fal0) = palt = 7)) [)lt) - o ’H -ﬁ.u‘(f)] 13) =11

The last term in Eq. (18) is added to include the decay of
atoms due to spontaneous emission and y: represents the
atomic decay rate, which is assumed to be the same for
both levels from level |a>to level |[b>and from level |b>to
|c>. We also assume that the atoms are removed after they
have decayed to a level other than levels |b>and |c>. We
then have

{a|pa(t = 7)|53) = 0.

................................... 19
Using Egs. (1), (3), and (19), we can write as
Ay -
T;J {pfx?.\)‘ aalaft + {n)f‘innﬁeﬁ + ﬂm f.;mdui + P,_,_ fgm ﬁLJ]
R )il (ﬁﬁbﬁénn + E‘f}c.igab = ﬁr.ﬁa.iaab = ﬁtﬁb.idm:
= PaaliBys = Pani0es + Papii 0,z + ﬁmﬁmb.f) = TPag-
.20
From which follows that
df-:'ﬂb =\ - a PO - et -
gt = (@ = Pl Do) = NP 21
d e L s X
= M (0fec = proli = @ pac) = Mpre 22
BPan _ rape p + M (8pba + Pabit’) — Y1faa:
dt el s S 23
% = ﬂptnjp )ll [ﬂ Jﬂbc" + Jou'.‘la} - nlpr_r_-
dt s T T 24
dpac _ Pl . W — i) —
ot = TaPac .ID 1 ‘.I!:’br_ .I!:"ab £ 'Hfl.lom o o5
15
G = (@ = o = e+ pd’) =i 26

Dropping the Asterm inEgs. (23) — (26) and applying the
adiabatic approximation scheme, we get

[

o = o Paa 5
0 AR 27

. uf]‘EEJ .

|r'-"u.' - - ||I 1
Tl 28

. rapl
M 29
Pon = e, 30

Employing Egs. (27) - (30) in Eq. (21) and (22), we have

dﬁah )c.lla

dt = (e2pal = pllp@) = e, 31
dppe _ MTa (0 5 OF
dt T (peap — po2@1P) = e 32

Applying the adiabatic approximation scheme once more,
we get
AMTa oo -

Par = —— (pi¥ pa’ — plil pa)

T T 33

be P — pagdlp)

Poe =

Finally, using Egs. (33) and (34) in Eq. (16), the time
evolution of the density operator for degenerate three-level
laser takes the form

di(t) _ Apld A
I 2 (2!’! pi - aat f— pad ) + —) (2{:,0(:T - l’!p—pﬂTﬂ)
[
(0)
lp (2a"pat - aP*p - pa’?) - 1;; - (2apa - a*p-pa®), .....35
2r A
A=
M

is the linear gain co-efficient.
Similarly

The interaction of a two-level atom with a cavity mode can
be described by the Hamiltonian

H=i)\ (|r€}{f|5 - En|e}<d|)

......................... 37
Applying the same procedure we have
) bl e e Aap e e
I TM (2a"pid = dd'p = pad’) + 5 (2" = d'ap = pa'a)
Hhgy (i -E0) + Agg @), 38
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Eq. (38) represents the time evolution of the density
operator for two-level laser.

Where

is the linear gain co-efficient of the two-level atom, and

A = T2

T2 e, 40
Evolution of the reduced density operator for the cavity
modes coupled to a two-mode vacuum reservoir. We
denote the total density operator for the cavity plus
reservoir by ~ y (t). The time evolution of this density
operator is

Here we have taken that p(0) ac = p(0) caand p(0) de = p(0)
ed. EQ. (2.112) represents the equation of evolution for
degenerate three- and two-level lasers with non sub-
harmonic parametric oscillator and the cavity modes are
coupled to vacuum reservoir.

C-number Langevin Equation

In this section we seek to derive the c-number langevin
equations associated with the normal ordering, the
correlation properties of the noise forces and the solution of
the c-number langevin equations. We now proceed to
derive to the c-number langevin equation associated with
the normal ordering. Employing Eqg. (47) and

, We see that

%}} =Tr (lﬁi—‘)

_ ‘; (i) =+ (4012 + Aad) Tr (i1 - ' - i)
DU — i [Aar. x(0)] o
--------------------- 41 + E (K1 +- lp“ + Ap ) T (Zfe pit - da'ap - apa ft)
After f_inding the formal solution and applying trace - T‘,l;;ﬂm. (2adpi’ - alp - apa® + 2%pa - i - aji’)
operation, we get 2 | 18
) ) ) g ADm faant  aafa  a2a wamy Lom ,)A‘.‘T_.W“._..‘T‘)
% i [( Hn[a‘})n.;ﬁ{ll)} —/Trn([ﬂ'ﬂa{f].[Hgnlf’l.ﬁ[f’]f?mdf’. 1 + Aepy, Tr [npﬂ ad'p+a’p=api) + thTi (Jeb,r:f) ab'hp = aph'h

The interaction Hamiltonian for the cavity mode with the
t) = iZ Ak (ﬁtf"kfj{*"‘_""n — e tr_“" _““]!)
k
+ E'Z 1 (IFJTrier{'"?’_"’k - Exf;r_'-t""_“')“j .
% = wy(203(1)i" = dTaA(t) - p(E)ETA) + ky(203(DT = BIBA(E) = pe)ET)
This equation represents the evolution of the reduced

density operator for cavity modes coupled to a two-modes
vacuum reservoir

With the pump mode treated classically, non-degenerate
sub-harmonic parametric oscillator is described by the
Hamiltonian

H = s;—(affﬁ — a:‘;)_
........................ 45

wheree is the coupling constant proportional to the
amplitude of the pump mode. The time evolution of the
density operator corresponding to this Hamiltonian is

dp(t) ~iitn n b d and AT~
F7an £ (n g — ga'b' 4+ pab febﬂ) ........ 46

With the help of Egs. (20), (35), and (36), we write

dp(t 1 1
% =3 (:lpﬂ] + ,L,p{{jf) (2 = = i) = 5 Al (24l = %= i)

(0)

1 1
3 (k1 + Al + Aupl)) (2apa" - a'ap - pa'a) - —.flpm (2pa - a*p - ja’)

+ A ,r: [pﬂ - p+ra;;-;;ra) + P\q( objbt = bt = ,r:b”))
e (;,\ab — ab;; + atit f— prﬁfﬁ) ................. 4/

Applying the cyclic property of the trace operation and the
commutation relation,

We get
G = —gu@) + @) —va 49
Where
p=rrt Al + Aallge; 50
Vae = Acpil 51
oy _ ﬂU’!I
Tlae = Pec aa 52
nae = PO — o).
fe — Fea B 53

Following the same procedure, it can be easily verified that
2 (@%) = —ua®) + 25(b7a) — 200(3) + Ve,
%{r}?} = — s {b®) + 2=(ath)
%{a*a) =— p(ifa) + ¢ ((aia) + (aféf)) —vae (@7 + (@) + 402 + Al . 56

thy = —meo by + = ( (ai i
GO0 = ey + < (@) + @1H0) 57
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1,1 . . :
=(ab) = =3 (u+ a) (ab) + £ ((a'a) + (B18)) — v ) + <.

....... 58
G0 =30+ m) 00 +e (@ +00) ) 59
Where
J}m: = ‘llr'jE.LE]] 60

We note that Egs. (49) and (54) - (59) are in the normal
order and the c-number equations corresponding to these
equations are

d 1 -
z (0 =~z + (5 —vae, 61
i 1
(O =—5raAB + ey, 62
d, 5 . . )
m{n‘) = —pla®) + 2=(Fa) — 2va. (o) + Ve
........... 63
Gy = ey w2y 64
fjl = — = - ® %
: E{.i BY = —ka{3*8) + = ({af) + (a*3%))
r—lr(ﬂ’ﬂ)=-ﬂ(ﬂ‘ﬂ)+-€((ﬂ-5)+(ﬂ'-i‘})-v ({0*) + (o) + A2 + 4,5
a .66
;;{ Fa) = —7 (p+r2) () + = ({02} +{3%) = vae(3%)
................ 67
1 ]
n'f‘n >_-_ pre)lftelora) +FA)-valBhte, 68
On the basis of Egs. (61) and (62), we can write
d 1 3 — o
g =—gpre®) +eb" —vee + Lalt). 69
LB(t) = — 2raB(t) + 2a” + fult).
= —.H.".l t'l.
SR 70

In which fa(t) and f5(t) are noise forces. The formal
solutions of Egs. (69) and (70) can be put in the form

We now proceed to determine the properties of the noise
forces. We note that Eq. (61) and Eq. (69) as well as the
expectation value of Eq. (62) and Eq.( 72) will have the

same form providina that

Mol = s =0 73

Using the relation 5 (a®) = 2(a%)

(69), we see that

along with Eq.

0 = o) B = ale) + OLO)
Comparing Egs.(74) and (63)
(a(t)fa(t)) = ”‘“ ..................................... 75

Employing Egs.(71), we have

Ot | b { (R0 - vl + (L) »} e

0

Taking into account Eq. (73) and the fact that a noise force
at a certain instant does not affe;q () r..(¢)) =
variables at earlier time,

for , EqQ. (76) reduces to

/' dt' = (o (1) fu()) = Sva

.................. 77
Or this equation can be rewritten in the form
t 1 ! 1
/ dt' e fo(8) fult')) = [ di'e™TH Dy 5(t = ).
Ja oo T 78
It then follows that
SaWfalt)) =vadlt=1). 79

We obtains allthe correlation properties of the noise forces,
f(t) and f4(t) associated with the normal ordering and
applying he complex conjugate of can be written in the
form

i 1

_f}r{f} — _5_1'_”’“] o F(t) 4 Vi 80
Applying the normalization condition: w3, + u3, = 1
Calculate the quadrature variances of the cavity modes
employing the solutions of c-number langevin equations

and the correlation properties of the noise forces. For two
and single mode light.

The variances of the quadratures represented by the
operators defined by (81) can be expressed in terms of c-
number variables associated with the normal ordering as
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1

)= @ WO +FO£00) .
On account of Eqs(83) we can write
{2(t).12(t) = %((ﬂ(f)-n(f)) +{8(2). A1) + Za(t). A1)
+{a’(t), a(t) £ (3(2), B(2)) £ 2{a’(2), .f(r))) tee, 84

in which c.c. stands for the complex conjugate the other
terms.

We next to proceed to calculate the expectation values
involved in Eq.(3.8). Taking into account o(x) ,B(x), their
conjugate and the assumption that the cavity is initially in
vacuum state, we easily find that

Taking into account the assumption that the cavity is
initially vacuum along with the fact that a noise force at a
certain time does not affect the cavity mode variables at
earlier time, this equation reduces to

(" (Da(t)) = (ZI () Z1(8)) + vi(2) g7

Applying

(a*a) = [nl {pi[f — ) fara + 2t =t)g(t - fr)} df' + Jflz(f)

............... 88
Where
(D)
Jara = Apod + AaPud- 89
Carrying out integration we get
W2 froq = 8°W. W o =8 W
("(t)alt)) = % (l -r"\*‘) + % (l -e ’\‘E)
AW, W_foo = 162, = 16V '
_ noq l=¢" (Aathg)tf2 +U21 )
-+ 1) ( ol 90
, V2], =820, W2 =8
(ﬂ (f)ﬂ(”) = ﬂ_::T (1 =g A () + ﬂ_lj:T (] =g A-!)
A 1661V, = 16610 (ltbtpn) e 91
1A +4y) '
. 168 f =8y 16 =BT, }
(‘j m_‘jm)z J:YT {] —p m] IJVATF Aat [1 - ,\_,]
B fiJ‘:—Zfﬂ_ﬂJ_’ElE.[:—z:l[—';_} 16=2TW_ (1 3 {:_ﬁ{h“_,f) ....... 93
¥ — +

AeWy fara = W_Wee - 16°

falt). 3(0) W (=) 93
. WO e 163
4=W_fora 1]2[;“ _e—16¢ (] _‘:_A_,)
8W, fovg +8W_fro = W2 = W2 =643 ,
_ l—¢ Eu++a-}r)
1220 + 1) (
NeEL e ) ey — m\f—'Jr RETE N y
_ AW W _vge o~ ag+al)t
A () 94
(B(0), 3(8)) = 05 Vee (1 _ gmrvey 4 10ae (1 orovy
! o 4o Ay A
_ h'lEgifm_- P V) VS Wy T .
T e 7 o 95
. =Wy, Y 4=W_wye )
(a*(t), B(t)) = ) (1= + o (1=t
v N+ : ke
~ 8 W v, + 8eW_v,, (1 B ,1—§(A++A-‘H)
(A +2) e 96

Using Egs. (92), (93), (94), (95), (96), and (3.20) in (87),
we get

(W, £ 4 (Vo £ fora) = 26(W, £ 42) (W £ 42)
dg?Ay
W_ £ 4€)*(Vae £ fara) = 26(W- £ 4e)(W, £ 4 et
+( £) (vae £ . 4}‘:2)\_-5( ) E)(I—F -t)
W, +4e)(W_ 4 42) (Ve & fava) = £((Wy £ 42)* + (W_ £ 42))
A+ M)
% (1 _ r%{hﬂ-:f).......................97

With the aid of Egs. (87) and (97), we write at steady state

{r(t). () = (1= )

_ 4

Wy 44 (e £ foa) = 22(W, £ 4e)(W_ £ 4¢)
dg2hy
(W £ 4e) (ae £ fava) = 26 (W- £ 4e)(W; £ 4e)
: 4g2)_
. Jl(U}r ) (W 2 4e) (v £ fora) = (W, £ 42)7 + (W_F 42)?)
EIRY e

_\@:11(

RESULT AND DISCUSSION

Eq. (*) represents the quadrature variances of a two-mode
light produced by degenerate three and two-level Lasers
with non-degenerate sub-harmonic Light and the cavity
modes are coupled to a vacuum reservoir. Fig 3.2
represents the variances of the minus quadrature of Eq. (*)
versus 7 for k = 0.8, ¢ = 0.3, Aa=1, .= 0.5, and for A =25
(solid), A = 50(dash) ,A = 75 (dotted), and A = 100 (dash-
dotted). The figure indicates that the degree of squeezing
increases with the linear gain coefficient and perfect
squeezing can be obtained for large values of the linear
gain coefficient and small values of 5. Moreover, the
minimum value of the quadrature variance described by
Eq. (*) for A =100, x = 0.8, A== 10, and #.= 0.5 is found to
be Ac?.= 0.36 and occurs at # = 0.04. The result implies
that the maximum squeezing for the above values is 64%
below the coherent state level. We also observe from the
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plots that the degree of squeezing decreases as Aincreases
for large value of .
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Fig. 3.2: Plots of the quadrature variance Eq. (*) versus » for x =
0.8, ¢ =0.3, Aa=1, na= 0.5 and for different values of the linear
gain coefficient.

In Fig 3.3 we plot the variances of the minus quadrature of
Eq. (*) versus 5 for A = 100, As= 10, x = 0.8, 5#7.= 0.5 and
for ¢ = 0.00 (dash-dotted), ¢ = 0.20 (dotted), ¢ = 0.30
(dash), and ¢ = 0.40 (solid). As the plot show that the
degree of squeezing increase with e.
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Fig. 3.3: Plots of the quadrature variances Eq. (3.22) versus 5 for A =
100, Aa= 10, x« = 0.8, na= 0.5 and for different values of amplitude
proportional to the pump mode.

Fig 3.4 is the plots of the minus quadrature variances of Eq.
(*) versus » for A =100, ¢ = 0.3, x = 0.8, 2= 0.5, and for
A= 0 (solid), As= 5 (dash), A.= 10 (dotted), and A= 15
(dash-dotted). We see from the figure that the degree of
squeezing increase as Aadecreases. The result shows that
the two-level laser distracts the squeezing properties of the
two-mode light.
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Fig. 3.4: Plots of the quadrature variance Eq. (*) versus # for A =100, ¢
=0.3, k= 0.8, 7a= 0.5, and for different values of the linear gain
coefficient of the two level atoms.

In Fig 3.4 we plot the variance of the minus quadrature of
Eq. (*) versus 5 for A = 100, A== 10, x = 0.8, ¢ = 0.3 and
for n-= 0.00 (dash-dotted), #.= 0.20 (dotted), #.= 0.30
(dash), and 7= 0.4(solid). We see from the figure that the
degree of squeezing increases with 7. This is due to the
cavity mode produced by the two-level atom decreases.
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Fig. 3.4: Plots of the quadrature variance Eq. (*) versus # for A = 100,
Aa= 10, ¥ = 0.8, ¢ = 0.3 and for different values of #a.

CONCLUSION

We study the squeezing properties of the light produced by
degenerate three and two-level lasers with non-degenerate
sub-harmonic light. We have obtained, using the pertinent
of master equation, c-number langevin equations associated
with the normal ordering. Applying the solutions of the
resulting

c-number langevin equations and the correlation properties
noise force, we calculated the quadrature variances and the
EPR-type variables. It is found that the two-mode light
produced by the system under consideration in squeezed
state. The squeezing occurs in the minus quadrature. The
degree of squeezing increases with the linear gain
coefficient for small values of # and decreases as the linear
gain coefficient increases for large value of #.
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