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Abstract—We consider a cache network in which a single
server is connected to multiple users via a shared error free link.
The server has access to a database with NV files of equal length
F, and serves K users each with a cache memory of M F’ bits. A
novel centralized coded caching scheme is proposed for scenarios
with more users than files N < K and cache capacities satisfying
% <M< % The proposed scheme outperforms the best rate-

memory region known in the literature if N < K < @

Index Terms—Coded caching, network coding, index coding.

I. INTRODUCTION

Content caching techniques are recently increasing attention
to combat peak hour traffic in content delivery services. The
basic idea is simple. If contents are made available at user
terminals during low traffic periods, then the peak rate can
be reduced. However, content requests are unknown to the
server and thus content caching at user memories must be
carefully chosen in order to be useful regardless of the contents
requested during peak hours. The simplest caching scheme
consists of storing each file partially at each user memory.
Then, the server transmits the remaining requested data un-
coded [1], [2]. For single user caching systems, this strategy
is optimal. However, for multi-user systems, the seminal work
in [3] by Maddah-Ali and Niesen shows that important gains
can be obtained by a new coded caching strategy. Specifically,
there authors show that, besides the local caching gain that is
obtained by placing contents at user caches before they are
requested, it is possible to obtain a global caching gain by
creating broadcast opportunities. This is, by carefully choosing
the content caches at different users, and using network coding
techniques it is possible to transform the initial multi-cast
network, where every user is requesting a different file, into a
broadcast network, where every user requests exactly the same
“coded” file, obtaining the new global caching gain.

The fundamental caching scheme developed in [3] was latter
extended to more realistic situations. The decentralized setting
was considered in [4], non-uniforms demands in [5]-[7],
and online coded caching in [8], hierarchical cache network
were considered in [9], [10], among others. In addition, new
schemes pushing further the fundamental limits of caching
systems have appeared in [11]-[19]. There have been also
efforts to obtain theoretical lower bounds on the delivery rate.
The cut-set bound was studied in [3]. A tighter lower bound
was obtained in [20]. Through a computational approach a
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lower-bound for the special case N = K = 3 is derived in
[21]. Other lower bounds have appeared in [13], [22], [23].

The work here proposed investigates the fundamental
achievable rate for the particular situation where there are more
users than files, and the caching memories at users are small
compared to the number of files in the system. Besides its
theoretical relevance, this situation can be readily found in
the real world. For instance, global content delivery services
such a Netflix serve a few multimedia contents to millions of
users across the world. In addition, it was shown in [5] that a
near optimal caching strategy consists in dividing the files into
groups with similar popularity, and then applying the coded
caching strategy to each group separately. Since the amount of
users in each groups remains the same, when there are many
groups, the cache size dedicated to each group is small as well
as the number of files per user in each group.

The rest of this paper is organized as follows. Section II,
presents the system model and the relevant previous works.
Section III, summarizes the main results. Section IV describes
the caching scheme proposed. In Section V an example is
developed. Finally, conclusions are drawn in Section VI.

II. SYSTEM MODEL AND PREVIOUS RESULTS

We consider a communication system with one server
connected to K users, denoted as Uy, ..., Uk, through a shared,
error-free link. There is a database at the server with N files,
each of length F' bits, denoted as W1, ...., Wx. Each user
is equipped with a local cache of capacity M F' bits and is
assumed to request only one full file. Here, we consider the
special case where M € [0, %] and there are more users than
files N < K. For convenience, we define parameter ¢ £ %

We consider the communication model introduced in [3].
The caching system operates in two phases: the placement
phase and the delivery phase. In the placement phase, users
have access to the server database, and each user fills his cache.
As in [15], we allow coding in the prefetching phase. Then,
each user Uy, requests a single full file Wy where d =
(d(1),....,d(K)) denotes the demand vector. We denote the
number of distinct requests in d as N.(d). In the delivery
phase, only the server has access to the database. After being
informed of the user demands, the server transmits a signal
Y of size RF bits over the shared link to satisfy all user
requests simultaneously. The signal Y is a function of the
demand vector d, all the files in the data base W7, ...., Wy,
and the content in the user caches M = {My, ..., Mg}.
Using the local cache content and the received signal Y, each
user Uy, reconstructs its requested file Wqy,).

Let D = {1,...,N}K, for a caching system (M, N, K),
given a particular prefetching M and a particular demand d,



we say that communication rate R is achievable if and only if
there exists a message Y of length RF bits such that every user
U is able to reconstruct its desired file Wy(y,). For a particular
prefetching M and demand d, we denote the achievable rate
as R(d, M). Then, the rate needed for the worst demand is
given by R* (M) = maxqep R(d, M). Finally, we define
the rate-memory pair (R*, M), or the rate-memory trade-off
function R*(M) as the minim rate R* for different memory
constraints M, i.e. we aim to find R* = minag R* (M)
where the minimization is over all caching schemes M
satisfying the memory load constrain M. Observe, that if users
have no caching capacity M = 0, the server needs to send
the full requested files and thus, the worst demand rate is
R* = N. Instead, if users can have a complete copy of the
server’s database M = N, then no information needs to be
transmitted from the server R* = 0.

A. Previous Results

For the special case considered here M € [0, &] and N <
K, the best known rate-memory function in the literature can
be obtained by memory sharing between four achievable rate-
memory pairs: the trivial rate-memory pair (N, 0), the rate-
memory pair obtained in [15] for M = %
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[11] and [16] for M = %
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with ¢ = 0,1, ..., K. The lower convex envelope of all these
rate-memory pairs, provides the best rate-memory function in
the literature. The scheme in [15] makes use of coded prefetch-
ing at users’ cache. As shown in [15], the scheme achieving
(1) is optimal for M = % The schemes proposed in [11]
and [16] assume uncoded prefetching. They are essentially the
same at M = % The scheme proposed in [16] was shown to
be optimal among all the uncoded prefetching schemes. The
design of the scheme here proposed was initially motivated
to connect the schemes achieving the rate memory-pairs in
(1) and (2), beyond the simple memory sharing between both
rate-memory points. To achieve the rate memory pair in (2),
the strategy described in [11] and [16] divides each of the NV
files into K subfiles of equal size, and stores each subfile in
a different user, requiring a cache load of M = % Using the
same subfile partition scheme, but storing only the XOR of
the N subfiles at each user, and thus reducing content cached
to one coded cached subfile per user i.e. M = %, it was
shown in [15] that the optimal rate-memory pair in (1) can
be achieved. The strategy here proposed aims at extending
the idea of coding together subfiles of different files at each
user, in order to find intermediate rate-memory points between

(1) and (2). To that end, instead of caching the XOR of all
N subfiles, we XOR ¢ € {1,..., N} different subfiles. To
keep the system symmetry in the caches, we store a different
coded subfile for each of the (JZ ) possible combinations of ¢
subfiles at each user. We show that to construct all these coded
subfiles, it is sufficient to split each file into F, = K (];7:11)
subfiles. As a result, the memory load at each user cache is
M = (Z)/K(Q’jf) = %q. As we show later in Corollary 1.1, if
K > N then the rate-memory points obtained by the caching
scheme proposed is
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for ¢ € {1, ..., N}. Observe that by memory-sharing between
(2), and (1), we obtain the rate-memory function

Reruce(M) =

which particularizing to the memory loads M = Ki, returns
q

N N+qN
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By comparing (4) and (5), we have that our scheme strictly
outperforms the memory sharing between the CFL and GBC
rate-memory points every where in 0 < M < % The price to
pay for these rate reduction is a much higher subpacketization
requirement. Observe that the CFL (¢ = N) and GBC (¢ = 1)
rate-memory pairs require Fy; = Fyy = K subfile partitions.
Thus, to obtain the rates in (5) for any ¢ € {2,...,N — 1}
via memory-sharing between these two schemes, we need to
slip each file into Fy_n = F} + Fy = 2K subfiles. Instead,

our scheme requires F, = K (1;/:11), which for ¢ = 2
coincides with the Catalan number F'n—1 = Cw~-1 and thus,
2 2

2N—1

asymptotically grows as K m

, i.e. exponentially with

the number of files N.

Finally, the scheme developed in [17] for situations with
more users than files X' > N makes use of binary codes, in
particular maximum distant separable (MDS) codes and rank
metric codes to obtain the rate-memory pairs in (3), which
are shown to be optimal at certain points. For small cache
memories M < %, our scheme improves [17] for a high-
moderate number of users, i.e. K < # A method to obtain
new rate-memory points is described in [18]. However no
explicit characterization of these rate-memory pairs is given.

There have been other coded prefetching schemes proposed,
see [14] and [12] but either they do not improve the current
best known rate-memory trade-off or they apply to other
situations. The optimal rate-memory trade-off for a caching
systems remains an open problem. Besides the achievable rate-
memory trade-off described above, there have been efforts
to obtain theoretical lower bounds on the delivery rate. The
cut-set bound was studied in [3]. A tighter lower bound was
obtained in [20]. Through a computational approach a lower-
bound for the special case N = K = 3 is derived in [21].
Other lower bounds have appeared in [13], [22], [23].



III. MAIN RESULT

The following theorem presents the delivery rate obtained
by the proposed caching scheme for a particular demand d.

Theorem 1. For a caching problem with K users and N
files, local cache size of M files at each user, and parameter
q = 2. Given a particular demand d, let N.(d) be the
number of distinct file requests, then the delivery rate

KNe(d)(N—l) — N.(d) (%) (Ne(d)_1)

q—1 q—1

N-1
K( g—1 )

is achievable for q € {1, ..., N}. Furthermore, for q € [1, N]

the rate-memory pairs in the lower convex envelope of its

values at q € {1,..., N} are achievable.

R=

(6)

We prove this result in the following section by describing
the new caching scheme. The delivery rate presented in
Theorem 1 is valid for any K and N, however, it is particularly
useful for K > N, as we detail in the next corollaries. The
next corollary, establishes the achievable rate memory pair for
the worst case demand. The proof is provided in the Appendix.

Corollary 1.1. For a caching problem with K users and N
files, local cache size of M files at each user, and parameter
q= %, the delivery rate-memory pairs (R*, M)

(R, M) = (

with N = min (N, K) are achievable for qg € {1,..,N}
Furthermore, for q € [1, N| the rate-memory pairs in the lower
convex envelope of its values at q € {1, ..., N} are achievable.
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Remark 1.1. The rate-memory function in (7) coincides with
the rate-memory function for the CFL scheme in (1) for ¢ = N
and with the one for the GBC scheme in (2) for ¢ = 1. For
q=1 M = % our scheme is essentially the same as the one
described in [16] and [11]. However, the scheme proposed
in [15] to achieve (1) differs slightly from the one considered
here for K > N. Indeed, while [15] divides each file into
NK subfiles, our scheme requires only K subfiles per file.

The next corollaries compare the proposed scheme with the
scheme presented in [16], the scheme in [17], the cut set bound
derived in [3], and the outer bound in [20]. These results are
proved in the Appendices. First, we show that the scheme
proposed here improves the state of the art also if N > K.

Corollary 1.2. If N > K and M < £, the best known rate-
memory function is Ry, (M) = K —IE—(@M see [16]. By
evaluating the rate-memory pairs (R*, ) in(7)at M =

for q =1,..., N, we have that our scheme outperforms []6],
if ¢ < K and 2& > [[IZ)
=L > N> K.

%:z) . In particular, for q = 2,

we require

Corollary 1.3. For a caching problem with K users and N
files, K > N, and local cache size of L <M< ]IE a
sufficient condition for the proposed scheme to outperform the
rate-memory region obtained by the lower convex envelope of

the rate-memory pairs in (3), is K < N +1

—— Upper bound of [16, Corollary 1]
=—©— Upper bound of [17, Theorem 1]
Upper bound Best SOTA

=8— Upper bound of Corollari 1.1

= © = Lower bound of [22, Remark 6]

= H = Lower bound of [20, Theorem 1]

= € = Lower bound of [23, Theorem 1]

= ¥ = Lower bound of [3, Theorem 2]
Rate-memory pair in [15, Theorem 2]
Rate-memory pair in [14, Theorem 1]
Rate-memory pair in [11, Theorem 1]
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Fig. 1: Rate-memory functions of the proposed scheme in
Corollary 1.1 compared with existing schemes and lower
bounds in the literature for NV = 10 and K = 15.

Corollary 1.4. Let Rcg(M) denote the rate-memory function
obtained for the cut set bound. The rate difference between
the cut set rate and the rate-memory pairs in Corollary 1.1 is

N (N N—i—l)

Rep (M) —R* (M) = (q |

K

Observe that, as first reported in [15, Theorems 3 and 4],
forq =N, M = % the cut set lower bound is achieved by
the proposed strategy.

Corollary 1.5. Let Rsrc(M) denote the outer bound on the
rate- memory functzon presented in [20]. For K = N and M =

N 1)K = N 7, this bound is achievable by the rate-memory

function in Corollary 1.1. This is R* (N 1) = Rsre (ﬁ) .

We conclude this section by illustrating in Fig. 1 the
worst demand rate-memory function for the proposed scheme
Corollary 1.1 and for the state of the art (SOTA). We consider
the case N = 10 files and K = 15 users. We provide the rate-
memory regions in [16, Corollary 1], [17, Theorem 1], the rate
memory pairs in [15, Theorem 2], [14, Theorem 1], and [11,
Theorem 1]. We also include in this figure for comparison, the
cut set lower bound [3, Theorem 2], the information-theoretical
lower bound obtained in [20, Theorem 1], and the lower
bounds recently appeared in [23, Theorem 1] and [22, Remark
6]. We observe that, for the special situation considered here,
the new proposed scheme obtains a significant improvement
with respect to the previous best SOTA.

IV. PROPOSED CACHING SCHEME

In this section, we describe the caching scheme proposed.
We provide an example in the next section. Let us define the
set of user indexes as K = {1,..., K}, and the set of file
indexes as F = {1, ..., N}. Consider a cache capacity at users
of M = N . To achleve the rate R stated in Theorem 1, we
present a prefetchlng and delivery scheme for ¢ € {1,..., N},
since for general % <M< %, the minimum rate can be
achieved by memory sharing.



[ Prefetching User U;
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TABLE I: Prefetching schemes at user U; for the proposed
coded caching scheme when K = 6, N = 3,and q € {1,2,3}.

T(@)={G/[fA): foralie K, AC F,[A[=qand f € A}
Rlq.d) = (. . A) €T (q) f0r all f € Ne(d)}

Ri(g,d) = {(, f7 A) €R(q,d) : AZ Ne(d)}

Rii(q,d) = {0, f, A) € R(g,d) : AC Ne(d),d(i) € A}
Rir1(0.d) ={(i. J.A) € Rlg.d) : AC Ne(d).d()) € AJ

TABLE II: 3-tuple sets identifying subfiles W}gt .

Prefetching scheme: Given ¢ € {1, ..., N}, consider the (N )
possible subsets A C F of ¢ dlfferent ﬁles \.A| = q. Flrst
each file W is partitioned into K parts, W , one for each
user ¢ € K. Then, each of these parts is further partitioned
into (];’_ 1) subfiles W(L, one for each subset A of ¢ files
that satisfies f € A. Thus we broke each file into a total
of K (2[__11) subfiles. Finally, user U; computes and stores the
coded cached subfiles

feA

for all subsets A € {A CF : |A| = q}. Because there are (ZZ)
subsets A and each subfile has ¥/k (V- 1) bits, the required
cache load at each user equals MF = (7 )F/K(N 1) = quF
bits. The coded cached subfiles at user U; for a scenario with
N =3 and ¢ € {1,...,3} are detailed in Table L.

Delivery scheme: Consider the sets defined in Table II.
Each subfile W;ZL satisfies f € A and is only XORed

in one coded cached subfile Z() Thus, each subfile W;)
can be identified by a 3-tuple (i ( f, A) € T(q). Let N.(d)
be the set of requested files. Then, the subfiles requested
by some user satisfy f € N, (d), and are thus, identified
by the 3-tuples (i, f,.A) € R(q,d). The delivery scheme
proposed here divides the requested subfiles into three types,
and obtains the requested subfiles in each type, separately.
The requested subfiles Type I, (i, f,./A) € Ri(q,d), are
those requested subfiles, which are coded in the coded cached
subfiles ZS) together with at least one subfile not requested
by any user A ¢N.(d). The requested subfiles Type II,
(i, f,A) € Ri1(q,d), include all the requested subfiles coded
in the coded cached subfiles Zﬁj) together with other requested
files A C N.(d) and placed in the cache of a user U;
requesting one of them, i.e. d(¢) € A. Finally, the requested
subfiles Type III, (i,f,.A) € Rpr(g,d), include all the
requested subfiles coded in the coded cached subfiles Zfi)
together with other also requested files A C N, (d), different
from the file requested by the user caching them, i.e. d(z) ¢ A.

Delivery of requested subfiles Type I: For these subfiles, the
server simply broadcasts them one by one, i.e. Yf(ﬁ = W}g‘
for all (4, f,.A) € R;(gq,d). Given that

Ri(g,d) = T(q, d)\{(i, f, A) € R(q,d) : AC Ne(d)}.

The total number of requested subfiles Type I, and thus of
broadcasted subfiles Type I is
> )

(¢, f, A)ER(q,d): ACN(d)

(- f AT ()
1= > 1

> 2
A:feA A{fEA,ACN(d)}

1€ fEN(A)
KN,(d) (( JqV_—ll ) B ( Neq(d_)l—l )) .8)

Although not explicit written for brevity, we require A C F
and |A| = ¢. Equality (8) follows since, from right to left,
first, the number of sets A C F, with |A| = ¢ that include
a particular file f € A is (];7:11), whereas the number of sets
satisfying A C A (d) that include a particular file f € A is
(N Eq(f)fl), second, there are N,(d) files in N, (d) and, third,
there are K users in /.

Delivery of requested subfiles Type II: First, the server
arbitrarily selects one user leader u; € K(f) for each file
f € F. Let K(f) denote the set of users requesting a file

different from W;. Then, the server broadcasts

v _ Wk ifi e K(f)
AT AW oWy it i e K(f)\uy

T, = 1—

€))

for all (4, f,.A) € Ri1(g, d) satisfying i€ K\uy.
The rationale for this broadcasting strategy is the following.
A user Uy requesting file Wy obtains the subfiles Type

IL, W(gl(k) 4> coded cached at users requesting a different
file i € K(d(k)), directly, from Y§( , = Wi(, 4 Next

user Uy obtains the subfile Type II Wé(z) 4 coded cached

at Z( ) in its own cache for all sets A with d(k) € A
To that end, user U, XORs to Z (k) all the broadcasted
subfiles Y;*) = W*) for all files f € A\d(k). After all
users requesting a particular file, Wgq(y), obtain the subfiles

Type II coded in their own cache, Wilk()k) 4> they make use

of the broadcasted subfiles Y(E)) = Wc(il()k) A9 W(g?:;kﬁ)
for all i € K(d(k))\ua) to exchange them. Observe that,

Ud(k))

the user leader already has W d(k),A since it is coded in
its cache, and thus can use Yd(&) A= W(() kA © W(?d)“‘))

for all i € K(d(k))\ua) to obtain the remaining subfiles.
Similarly, not user leaders, k € K(d(k))\uq(x), already have

W((ll(€])¢) A and thus, can obtain the subfile cached at the user

(uacky) (k) _ (k) (ua(r))
leader Wd(,j)“‘f4 from Yy 4 = Waya ® W, (,‘3)“2‘, and
then the rest from Yé& A= Wé()k)AA ® W(g?;)(kx for all
if i € K(d(k))\{uaw), k?}

Next, we detail the decoding of subfiles Type II at user

U}. This user requests file Wd(k) and, thus, is only interested
in the subfiles Wc(ll)k)A 4 for all 2-tuples (i, A) such that
(1,d(k),A) € ’RHEq,'d). The decoding process at user k

begins by computing

Wiha=23® @D ik
feAaw)

(10)



for all (i,.A) such that i = k and (i,d(k), A) € R1(q,d),
and then Wc(il()k) A
Vi .a ) if i € K(d(k))
Yéék) 4® W‘gé’)“”““ if i € K(d(k)) and k = ua)
= Y((()lz) A © VI/('()) A if 1 = Ud (k) and k 7& Ud (k)
k .

Yag),a D Ya),a g€ K(d(k))\ua).,

@Wé(ll)’A and k # ugr)
for all 2-tuples (7,.A) such that ¢ # k and (i,d(k), A) €
Ri1(q,d). To show this result, observe that for any 2-tuple
(f,A) such that (k, f, A) € Ryr(q,d) and f € A\d(k), we
have A\d(k) C K(d(k)) and thus, Y\") = W{"} from (9).
Using the coded cached subfiles, fo), user Uy can compute

(1)

(1) _ (k) (k)
Wagna = 244 © @ Yia
feA\d(k)
= Dwihe @ Wi Ay
feA FeANd(k)

for all (¢, .A) such that i = k and (i,d(k), A) € Rrr(q,d).
Next, consider the decoding of subfiles W(() k), A in (11) for

all (i, A) such that i # k and (i,d(k), A) € R;7(q,d). User

U}, can obtain, directly, from the broadcasted subfiles Type II

in (9), the subfiles WS, = Y40, 4 for all i € K(d(k)).

Next, if k = Ud(k)> using Wd](ci) A from (12), he obtains

(1) (k)
Ya),a @ Wag),a

_ (2) (ua(k)) (k)
= Wagk)a ®Wagy,a @ Wagy,a

(7) _

Wagy,a =
_ (7) (k) (k)

= Wagr.a ® Wiy 4 ® Wd(k) A

for all i € K(d(k)). Instead, if & # wuq(x), then he first

Computes
@ k) k)
Wdz(k) A = Wat,a ®Yq(.a
R k) (uan)
= Way.a ® Wagiy.a ® Wagy.4

for i = uqg(x), and for all 2-tuples (,.A) such that i # k and
(1,d(k), A) € Rrr(g,d), and then

= wiam) gy

d(k),A (k),A
for all 7 € IC(d(k))\ua)-
Next, we count the number of broadcasted subfile Type II
re?ulred Observe that, there is a broadcasted subfile Type II,
for each subfile Type II except for i = uy. The total
number of subfiles Type II is
o(d)—1
(0 )q

1=
zzel:c A: % €A JZ-:A
here, although not explicitly written for brevity, we require
|A| = ¢ and A C N.(d). The result in (13) follow since,
from right to left, first, for any set A with |A|] = ¢, we
have cal =q second, the number of sets 4 satisfying
A C N(d) and |A| = ¢ that include a particular file d(7)

is ZA:d(i)eAl = (Neq(f)l_l), and, third, there are K users.

13)

Similarly, we can compute the total number of subfiles Type
IT with no broadcasted subfile associated to, as

DI DEEL LG

ueU A:d(u)eA f=d(u)
where the set U contains all user leaders and thus |U| =
N,(d). Finally, subtracting (14) to (13), we have that the total
number of broadcasted subfiles Type II is

N.(d) -1

q—1 )

Coded cached subfiles Type III: Finally, we consider the
delivery of the requested subfiles Type III, W( ) for all
(i, f, A) € Rrrr(q,d). Given that for these subﬁles ( ) ¢ A
we can rewrite subfiles Type III, equivalently, as WJE 1)3\ d (Z)
all (i, f,B) € R};;(q,d) with R’ ;;(g,d) given in (18). We
show this equivalence in (15)-(17). Equality (16) follows since
A = B\d(i), and d(i) € Bimply d(i) ¢ A and B = AUd(7),
and vice-versa.

First, for each file f € B, we select a user leader
uy € KC(f). Next, for each set B C N, (d) with |[B| = ¢+1, we
define an arbitrary one to one mapping function gz(f) which
for each file index f € B returns a file index gp(f) € B\ f sat-
isfying gg(f1) # g5 (f2) if f1 # fo. e.g. if B={0,1,...,q},
then we can use gg(f) = (f —1) mod (g + 1). Then, the
server first broadcasts

(14)

TII = (Kq — Ne(d)) (

@) _ (e (4)
Vi =Wisign © Wisan (19)
for each (i, f,B) € Rrr1(q,d) with i # ug, (s, and then
(ugg())
= DWW Ehin (20)
fen

for each set B C N.(d) with |B] = ¢ + 1. Although not
broadcasted, let us set Yf(z)s =0 fori= Ugs (f)-

The rationale for this broadcasting strategy is the following.
Recall that coded cached subfiles Type III XOR together
subfiles of files different from the requested subfile. Given a set

B, a user Uy, requesting file d(k) € B, XORs to ZZ(S\)d( all

the broadcasted subfiles Yf(lg for all files f € B\d(k) in order

to replace Wf( lg\ (k) by Wf( g\Bg“ )()f) and thus, transform the

coded cached subfile Zé\d(k) = Drepram W]S z;\d( ) into

(k) (ugp ()
CB\d(k) - 69feB\cl(k) f’Bng(f)'

XORing Y3 to C(Bk\)d > User U}, can obtain

It then follows that by

(Ug(a(r)))
Waw)B\gs(ace))
which XORed to Yd( k)5 for all © # wgy(a(k)) Teturns the rest
of requested subfiles type III.

Next we detail the decoding operatlons at user U}, to obtain
the requested subfiles Type III, W a( k) B\ai) for all (i, B) such
that (7,d(k), B) € R’;;(q,d). The decoding process begins

. k k k
by computing Cd(k)ﬁ = ZB\d(k) ® @feB\d(k) Yf(’B) for all
B C N.(d) with |[B| = ¢+ 1, and d(k) € B, and then

(k) e
a0 . {C((j]g;c),s © Vs o if 4 = ugyg(ak))
d(k),B\d(i) = i
1B\ Cagys Y8 ©Yyhy g 117 Ugs(a)),

2D
for all (¢, B) such that (¢,d(k), B) € R);;(q,d).



Rirr(g,d) = {(Gf,
{G, f,
{G, f,

A) € R(q,d) :
A)
A)
{G, £, A) -
)
A)
A)

= {GrfA
{6 f,
= {(7‘ f7

A =B\d(i), (i, f

RZ'II(qu) = {(va7B)

To show this result, observe that Cyx) 5
(k) (k)
= Zgaw © D YfB

fEB\d
(ugp(f)) (k)
@ B\d(k)69 D Wisen © Wisam @
feB\d(k feB\d(k)
_ (Ugp(f))
= EB 1. Bvgn(f) (23)
FeB\d(k)

and, that XORing Cq(),5 and Yz, we can obtain

(%) (ugyz(a(r)))
Wd(k),B\d(z’) Wd(kiB\gs(d(k))

for all (i,B) such that i = wug, ) and (i,d(k),B) €
R’ ;;(q,d). Then, he can obtain the remaining subfiles, as

Car),s®Ys

(4) _ i (Uggace))) (4)
Wat.svai) = Wagkysgn(awm) © Yak.s

for all (i, B) with i # wu,, k) and (i,d(k), B) € Ry;;(q, d).
Next, we compute the total number of broadcasted
subfiles Type III. For brevity, although not explicitly
written, the summations over B require B C MN,(d) and
|B| = g + 1. Observe that there is one broadcasted subfile
Y for each set B C Ne(d) with [B] = ¢ + 1, and one
broadcasted subfile Yf(% for all (i,f,B) € Ri(g,d)
with i # wg, (), or more explicitly for all (i, f,B) €
{BCN(d), |B] = g +1,i € K\ugy(y), d(i) € B\f, f € B}.
Thus, the total number of broadcasted subfiles Type III is

x| >

Trrr +1

B \feB \deB\fiek(d)\ugy(s)

= D> (D D k@-1]+1 (24)
B feB \deB\f

R IPILCED D IR I
B feBdeB\f B feB

= 33N k@-Y> K@+ +> 1
B feBdeB B feB B

- N,(d) —1 Ne(d)

farc = v (Y )+(M4>(%)

(i) vaa) (M0

where (24) follow since for each f, ug, s is only found in
K(d) for d = gg(f), and (25) follows since, the number of

sets B is
q+1)’

B

ACNo(d),d(i) ¢ A}
DAl = ¢, ACN(d),d(i) ¢ Ai €K, f € A}

(AUd(E)| =g+ 1, AUd(i) C Ne(d),

B CN(d),|B| =q+1,i € K,d(i) € B\f, f € B}

15)

d(i) ¢ Ai € K, f € A}

B=AuUd(),|Bl=q+1,BCNc(d),i € K,d(i) ¢ A, f € B\d(3)}
A= B\d(i),B C Ne(d),|B| =g+ 1,i € K,d(i) € B, f € B\d(i)}
A =B\d(i),BC Ne(d),|B] =q+1,i € K,d(i) € B\f, f € B}

,B) € R711(q,d)}.

(16)

a7

(18)

Y (K = > KM+ > 1
B feB FEN(d) B:feB,
=<K+mm»@“?‘ﬁ,

YD DK@ = (g+1)). D> K@)

B feBdeB B deB
- @D Y K@) Y1
deN.(d) B:deB
Ne(d) -1
= (¢+ DK ( (@ )
q
Finally, (25) follow since (}) = 2(77}).

Finally, adding together the three broadcasted subfiles types,
we obtain

N-1 No(d) + 1Y (No(d) -
T=KN.(d —Ne(d) | ——————
<)(q1> ()< g+1 >< q—1
(26)
which leads to the rate (6) stated in Theorem 1.

V. EXAMPLE

Consider a caching system with N = 3 files, K = 6
users and a caching capacity of MF' bits with M = i,
which corresponds to g = 2. For this particular case, the best
known coded caching scheme obtains the rate-memory pair
(28 + 316, 4) by memory sharing between the rate-memory
pa1r (RMDS, MMDS) (RCFL’ MCFL) (2, 6) from (3) with

t = 1, and the rate-memory pair (Rjps, Mvps) = (2, 1%)

» 15
from (3) with ¢ = 2. Here, we show that the rate-memory
pair (%, %) is achievable. The best known lower bounds [20,

Theorem 1], and [23, Theorem 1] and [22, Remark 6] all
obtain the same rate-memory pair (21, 1)
N—-1\ _
qfl) -

127 4)"
For the running example, there are a total of NK (

36 subfiles W), with (i, f,.A) € T(2) as specified in Table
III. For the prefetching, as shown in Table I, if ¢ = 2 there

are (];] ) = (g) = 3 coded subfiles ZJ(L{) cached at each user
j € {1,2,...,6}. Recall that all subfiles are coded cached at

one and only one user. Given the above prefetching scheme,
we illustrate our proposed delivery strategy for a represen-
tative demand scenario, where users U; and Uy request file
W1, users Us and Us request file W, and users Us and
Ug request file Ws. This corresponds to the demand vector
d=1[1,2,3,1,2,3]. As we know from Corollary 1.1, since all
files are requested, this is a worst case demand.



@7 A ETD=R(2.d)

i | f A i | f A
) RO
.37 1,3}

1,2 1,2

U] 2 [t ¢ | 2 |uimiag
T3] R;
{2,3} {2,3}

P I ) 0 )
{1,3} {13}

1,2 1,2
22 g5 | 2
T {L3) T {Ls)

- {2,3} - {2,3}
RSN R )
e [T
1,2 1,2

e e e 2 e
L) R
2,3} 12,3}

TABLE III: 3-tuples requested Type Il R;;(2,d) (white), and
Type Il Ry17(2,d) (gray).

G f,A) € RII((ZSd) L ug
i f A Yf(é‘)
cl2 ey [ Wyl
T
3] {1,3} W;{)m}
©)
) 1 {1,3} Wl(,Q{)l,S}
31423} | Wylhsy
()
REREE! Wl(é{)lys}
2 {2’3} WQ,{2,3
(4) €]
1 {62} Wl(h{)lyz} ) Wld{)m
4 {1,3} Wl(a{)lyg)} OW, g
2| {12} | W,y
3| {1,3} WBE,AL{)I,S}
1] {1,2} Wl(f{)m
&) ©)
50, | {12} WQ(%{)1 2y @ W%égl’ﬂ
{2,3} WQ(E{)Q,S} ®Wy'lh 3
3] {23} [ Witlhs
B
6 2] {23} | Wylhy
(6) [€3)
3 | {13} W%{)I,J} ® W%{)hg}
{2,3} | Wylo s ®Wa'ls 5

TABLE IV: Broadcasted subfiles Type II.

First, let us classify subfiles into the three subfile types. For
the particular demand considered, given that all subfiles are
requested, we have 7(2) = R(2,d), and thus, there are no
subfiles Type I, i.e. R;(2,d) = ). The gray cells in Table III
indicate the subfiles Type III, and the white cells the subfiles
Type 1II.

For the delivery of subfiles Type II, we first select one user
leader uy for each requested file f € {1,2,3}, ie. uy =
1,us = 2,u3 = 3. Then, the server broadcasts the subfiles
Type II according to (9) as specified in Table IV. There are a
total of 18 broadcasted subfiles Type II.

For the delivery of subfiles Type III, given that the only one
set BB satisfying B C N (d) with |B] = ¢+ 1 is {1,2,3} ,we

B C N.(d) with [B] = ¢ + 1.

B
3) [€9)] (2)
Wil © W (03 @ Waii sy

(i,f,B) S RIII(de) with % ;é U&Q)B(f)

98(f) | ugpn | (@) | Y
2 1

)
W13y 9

3)
Wit ® Wi

2
&) )

3 [ Woies ®W,

]

1

{123}

W=

W]~
—_

2
3
! 2.{1.2}

(1) (4)
Wo 2,31 @ W,
(4)

Wolis @V
2 WS{)M} @ W1(,5{)1,3}
S T ® )
3
3

W

3. (1) o Wrz,{)l,ca}
2 6
Wi @ Wi (19
W, w®

42,3 OWo {10y
TABLE V: Broadcasted subfiles Type III.

—_

3
1
1
2
3
2
3
1

W =
—l o] w| | =

K(d(k)\k = {4}, K(d(k)) = {2,3,5,6}
k=1= ud(k’)”u‘gg d(k)) =3
Wy 3 Decoding operations
(M) €Y} [€Y) —
W1(,1{>1,2} 1 Zﬁjz} ® Yz(,l{)l,z} i=k
W1(,2{>1,3} Z{é,a} ® Ys,{l,s} Ziz k
Witioy | 2| Yiqi2) i € K(d(k))
(2 (3) 2) -
le{l 3} Wld;ﬂ} ® Yll){l,2 3} i # ugy (d(k))
Z DY
(3) {2,3 2,{1,2,3} .
W i = gy (d(k))
1,{1,2 a 95
e DY5 (1,0,3) P Y123
(3) (3) ——
Wl(,{)l,B} Y1(,{)1,3} - i€ K(d(k))
4 4 1 .
Witioy |4 | Y02 ®Wiiio i € K(d(k))\k
1 1 T -
Wiliay || Yigiar @ Wit i € K(d(k)\k
(5) ) —
Wl(,S{)l,z} 5 Y1,(€31),2} - i€ K(d(k))
Wl(,{)l,S} Wl(,{)l,Z} ® Yl,{1,2,3} i 7 ug, (d(k))
6 3 5
Wl(ggl 2t | 6 W/(Ié){lﬂ} oY {1,2,3} i F “gs (d(k))
Wi {13} Yi {13 i€ K(d(k))

TABLE VI: Decoding of subfiles Type II (white) and Type III
(gray) at user Uj.

define the function

3 iff=1
gr2s(f) =41 if f=2
2 iff=3

Then, the server broadcasts the subfiles Type III according to
(19) and (20) as specified in Table V. Observe that the total
number of broadcasted subfiles is 28, (18 Type II) and (1+9
Type III).

Given the above broadcasted subfiles, the decoding process
for user U; (leader) is summarized in Table VI and for user
Us (not leader) in Table VII. For each subfile, we indicate the
conditions on the user index ¢, that allow us to identify which
decoding operation is applied according to (10), and (11) for
subfiles Type II, and according to (21) for subfiles Type III.

VI. CONCLUSIONS

In this work, we proposed a novel centralized coded caching
scheme for the case where there are more users than files



K(d(k))\k = {4}, K(d(k)) = {2,3,5,6}
k=47 uqu)uam) =1 ugs (d(F) =3
Wi 7 Decoding operations
) ©) @ —
Wl(,{)l,Q} 1 Yl(,{>1,2} ® Wl(,{>1,2} 1 = Ud(k)
T 1 1 -
Wi {13} Y ®Wias i = uq(p)
2 2 —
Wf,{m 2 | Ve i € K(d(k))
(2 (3) 2 -
Wi18) Wl({)l 5 Y ){1 2,3} i # ugy (d(k))
1
Z @® Y
w® {2, 3; 2,{1,2,3} i = ugy (d(k))
1,{1,2 (4 9B
o || ol e |
Wi (15} Y ey i e K(d(k))
() @ @ —
R =
Wl(’5{)1’3} {1>3} &) YB (1,3} 7,_: k
W1( 1,2} | 5 Yl,({l) 2 ( i € K(d(k))
5 3 5 -
Wl(,{)1,3} Wl({)l 23 @ Yl(,{)l 2,3} i 7 ugy (d(k))
6 3 -
Wigey |6 | W12y ® Y1120 i # ugy (d(K))
6 6 ——
W || M i € K(d(k)

TABLE VII: Decoding of subfiles Type II (white) and Type
III (gray) at user Uy.

K > N and users are equipped with small memories M < %
The scheme uses coded prefetching and outperforms previ-
ously proposed schemes for moderate-high number of users,
N <K<K N +1 . Due to the limited region of applicability,
the practical 1nterest of this scheme might be small. However,
the ideas and strategy here presented may motivate further
developments in the coded caching problem. Our current and
future work is in this direction, and includes the extension of
the proposed coded prefetching technique to larger memories
and scenarios with more users than files.

APPENDIX A
PROOF OF COROLLARY 1.1

To prove this result, we need to show that (26) increases
monotonically as a function of N (d). For the easy of notation,
let us substitute N, (d) by z, and denote (26) as a function of
N.(d) as T'(z). Then, observe that

T(z)

I
=
8
/_\
IZ
Ll
v
/‘\
8
+
—_

q+1
T+ 2

1
i1 <1 ‘H) 27)

)

)>
- m<¢»)q613 5 (0)

) -al)

hQ

qg+1

= T(z+1)+ x+1)( ) (q—11>

where (27) follows from (}) = (") (1 — —) and (28)

x+2 q<x+2> 28)

+1

(R=1)% twice. Thus, for z =1 to

o n(170) ()

T(x)

follows by applying (}) =
z = N — 1, we have

Tx+1) =

v

where the last inequality follows since ( fl) increases mono-
tonically with z, and £ < min{N — 1, K — 1}. Finally,
particularizing (26) to N.(d) = min (N, K), we obtain the
rate-memory function in (7).

APPENDIX B
PROOF OF COROLLARY

If N> Kand M < %, by memory sharing between the

rate memory pair (X,0) and the rate-memory pair (531, &)
in [16], we obtain the rate-memory function
KK+1
Ryy(M) =K — ——M. 29
YoM) = K - = 29)
Particularizing (29) to the memory points M = Kﬂq for ¢ =

1,..., N, we have

. [N K+1
() ==

At these memory points, if N > K the scheme here proposed
(7) obtains the rates

(-

Thus, our scheme outperforms [16] Ryy ( ) > R (%)
>

CNE+1(y)
K qg+1 (];’)

()
Kot = ()

I (3) ifa< K.

29
+1 =

which finally leads to the condition

APPENDIX C
PROOF OF COROLLARY 1.3

To prove this results, we first observe that by isolating
parameter ¢ in the MDS rate points, t = £ (N — R;pq) and
substituting it into the Myps memory points, we can obtain
the following memory-rate function

(N —R)((N = R)(NK — K) + N(K — N))
N2(K —1) '

My (R) =

(30)

Due to the convexity of MI\(,}E)S (R) with respect to R, we

have that M]S/H’))s (R) represents a lower-bound on the MDS

memory-rate region that can be obtained by the lower convex
envelope of the memory-rate pairs (3).

Particularizing (30) to the rate points in (7), we can write

MI\(/}E)S as a function of ¢ as

N+1 1 N2 -1
M K—-N
wps(4) = g+1 K(K-1)\ ¢q+1 *
for ¢ = 1,...,N. Thus, a sufficient conditions for the new

rate-memory pairs in (7) to improve the MDS rate- -memory

.. N (Ib) N?g+1
region is 7. < Mypg(g) which leads us to K < ==
Finally, since N fl' increases monotonically with ¢, we have

that a sufficient condition for our strategy to 1mpr0ve the MDS
strategy if M € [0, %] and N < K, is K < N Notl



APPENDIX D
PROOF OF COROLLARY 1.4

The proof of Corollary 1.4 follows the lines of [15]. From
[3], the cut set lower bound is given by

Reg(M 5 M.

)= e By ® T ]

Particularized to the case N < K, we have

Rep(M) > max 1—L]1VJM,....,N—NM
> N-NM :
_ ran_ o)
( K(31)

where R* (M) is the rate-memory tradeoff function presented
in Corollary 1.1 for g € {1,..., N}.

APPENDIX E
PROOF OF COROLLARY 1.5

The lower bound obtained in [20, Theorem 1] is given by
Rstc(M)
p(N —1s)"
S+ 1

= max v —sm— — (N - Kl)*
se{l,...,K)}!
Le{l,...[¥]}
(3D
where 11 = min (872 K — s) Vs, 1. Observe that for [ = 1
and s=N —1, K > N, we have y = min(N — s, K — s) =
N—s =1, and the objective in (31) reads N—(N — 1)M—%.
Thus, Rsrc(M) > N — (N — 1) M — %, which particularized

to K =N, M = q = N — 1 leads us to

N-DEK’

N 1
. > I
Rste <(N _ 1)K) z N-l-%
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