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By L. J. ROURRS.

•Received June 2nd, 1920.—Read June 10th, 1920.]

1. Definitions and Notation.—In these Proceedings, Ser. 2, Vol. 18,
p. xx, a statement is made by Ramanujan with reference to the functions
G(x), H(x), denned as basic series or as infinite products.* From the basic
series forms, it follows that

from the product forms it follows that

,,, x l-x2-x3+xJ+xn-...

H{x) =
— X —

It will be convenient to make a slight alteration in the use of the
irgument-symbol x, by writing q2 for x, to bring the series into line
with the usual elliptic function notation. Moreover, it will be better to
adopt what we may call a standard form of 9-function, in which the
numerators of all indices are perfect squares. This is easily done by
multiplying by a suitable power of x in each case, which we may call the
standardizing power with standardizing index. Thus the numerators of
G(x) and H(x) require indices •£-„ £> respectively, and the common de-
nominator ^ j .

I write then

In the numerator of the second term of the series for G (x), for 1, read x.

2 c 2



888 L. J. ROGERS [June 10.

so that Ranianujan's identity now takes the form

gh(gw-UgW-hw) = 1. (1 . 2)

The quotient hjg will be written ft (1.8), and the results of replacing q
by qv in g, h, M will be writteu gv, hv, /j.r (1 . 31). The coutiuued fraction
form for JUL is now

» = &?+?+?+•••. (1-4)

which has the advantage of conciseness in form, but is otherwise, as the
basic series are, irrelevant to the present investigation, which is based
purely on. S-function identities.

I may point out that Ramanujan's other identity {loc. cit.)

H(x)G(xn)-x2G{x)H(xn) = 1,

now becomes kgn—ghn = 1, (1.5)

which, with (1 . 2), has the advantage of containing no extraneous power?-
of the argument.

The denominators of g and h are

- U (f .,»)=,••. n <w>.-s/3

and will be written P,* with Pp for

V3Ms' q )'
Dashes attached to g, //, /JL, will denote like functions of the complementan
modulus q' (1 . CO.

2. Proof of identity (1.2).—Writing c\ for cos ^ x , cH for cos fj ,- .

l), (2.1)
we have

or, replacing the Sa-fauckion by its equivalent product,

P(g+ah) = q- II (l + g*ttc'«0(l + ^Me"1'ri')g'"'i"P^ (2 . 2>

* The use of G as in.Whitta.ker and Watson's Modern Analysis, p. 4G5, is at present un-
tenable, and is also unstandardised.
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while

3 T 7 r e - ^ ) g-"lnP.. (2. 3)
i

Hence

l»{g+ah)(g- ± h) = PHf-gh-m = <r ft

= P P . . (2.4)

Moreover F*gh = q*-(1 -<?4)(1 - g 6 ) . . . (1 -<?10)(l - g 2 0 ) . . .

= P P 5 . (2 . 5)

But, by changing q into qoo, qw\ ..., where <a = eH"£, and multiplying the
results (2.2), we have on the left-hand side a factor gr>+a5h5, since
h/g is altered to <>?hlg, &.c, while on the right-hand side the product
arising from any factor l + <r"'e>\ i.e. l — qin<>)2, is 1 —(/"", if n is not a
multiple of 5, but is otherwise (1— <fm<>?f, where ?* = 5?>i.

Hence

= aJ11 (1 - q2nf I I (1 — (/-'"' <o'2)5 (1 - </2M WY' I I (1 - </-") I I (1 - (fmf,
I i

where « has all positive integral values except multiples of 5, i.e.

AX
• 6 )= P* (2c/ = PI (fl

*.«. .7s+a6/*5 = P'l fa+ahrflP*. (2 . 7)

Similarly, from (2. 3), or by changing y/o to — \/5 in a, we have

cf>-«rh h5 = P? ((jr-ar* //flV/P2. (2 . 8)
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Changing q to q5, (2.4) becomes

0l-9-Jh,-hl = PIP* (2.9)

while (2.5) becomes gh = PjP: (2.10)

whence, seeing that «5 = \ (5yT> —11), we have

gh(gw-llg
5h5-li10) = H(gl-gthR-hiflP* = 1.

It may be here observed that a similar relation exists between the
S-series derived from %(x, (]llr>), where

— 2L ?5 ?>-2
T ~ 2?)' <Zp /> ir'

each being divided by P. The relation asserts the equality to unity of
a homogeneous algebraic function of degree hijP—D in the ^-quotients
corresponding to g and h when j> = 5.

8. The main object of the present memoir is to establish algebraic re-
lations connecting /J. and ixT when p = 2, 3, 5, 11.

It is easy to see that such algebraic relations exist, For, by {'1. 4).
(•2 . 5), and (1 . 8), (1.7),

But PiJP and PJP are known each to be connected algebraically with
the moduli and multipliers in the quintic transformation of elliptic func-
tions, and hence with the modulus k, so that /u is connected algebraically
with k; and hence the modular equation of any order 2> implies an algebraic
relation between fx and fxp.

4. Complementary relation.—From the formula

s/w %{x, q) = £ ( - l ) w <»—/"•<»+'7»>»t
n =• — v.

where e~™ = q, we have
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which, with the notation of (1. 8), (1 .6), and (2 .1), gives

ft—M _ , »

1 + ClfX

5. Quadratic relation.—Writing un for Sj2 (^n, q), where

n - 0, 1, 2, 3, 4,

we have from the formula

. 1)

w h e n ../; = ?/ = y^yTr, z = l-rr,

HiUiiUiUz+llsUi) = M0"-2?'x' ( 5 . 1 )

and when ./; = ?/ = yn"7r, r̂ = ^TT,

(5 . 2)

from a known formula for Sx (2a;, </2), i.e.

5JI(TV> g2) _ ?Mi4 , . ox
^ ( T V . <Z2) " «8«9" ( '

By § 4, u^ux = n', so that (5 .3) gives n-Ja2 = MV!, and (5 .1), (5 . 2) give
by division .

7/| X—fl'ltJlL, ~ M

Suppressing dashes and changing yu, ̂  to /x2, ̂ u we get, finally,

V a * 2 — M 2 = 0- (5 • 4)

H. Cubic relation.—Since

QSAdx, qH) = 9i (05) ^ ( * ) ^(*w) —&?(«> ̂ (4ir)f /9J (0),

where <? = 9f (^TT) 9( (0)/8Sl (0, q3),

* This gives a simple numerical value for fi when q = e"", for a/(l—a2) = 1, so that
n = tan (̂  tan"12), and n = tan (i tan"12).
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we easily deduce that

S, (Sx, q3) S? (2x)-% (t>z, q») S, (x)

= 3 5'iwn?)

By changing *t into xijw, we have a relation connecting ^-functions for
moduli </'* and 7', which after suppressing dashes and changing q to <7a,
•'ives

Multiplying (6 . 1) and (6 . 2), the factors independent of x cancel out.
\i x = ix , ^{3x) = S,(2«), and

Also &j(6ic, </3) = — ̂ (x, q'*), so that in the resultant equation we connect
&1(*)/91(2aj) withS^x.^/S^ajj.g8), i.e. / / with MJ- Writing then ^ for
che former and ix for the latter, we get

or M V ! + M 8 + 3 M V * - W * J - / * 8 = 0.

7. Qulntic relation.—From (2 . 7), (2 . 8), we have

8. Relation when p = 11.—This is immediately deduced from
Ramanujan's formulae (1.2) and (1 . 5), viz.

9. The identity (1 . 5), together with others of the same type,* may be

* These were communicated privately to me in February 1919, but, as I understand that
Kamanujan has left no proof, I suggest the proof given in this section.
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proved by Schroter's formulae,* connected with the multiplication of two
Vseries of different orders. As his formulae require some modification
and specialisation for the present problem, it will be simpler to give what
is virtually his method in detail, and to employ summational forms instead
of ^-function notation.

Let p be a prime number, and a, /5 any integers, such that

= \p, (9 . 1)

m being odd. The indicial letters r, .s, t, a- following the symbol - will
•denote summation extending through all values 0, + 1, + 2, ..., + x .
T.pf-

?.(-lY</>'a(l + mvy!.Z(-iy qi*<'+*)* = 2 2 ( - i y + * q1, (9 . 2)

so that j . .

/ (+
Put r= ms+t, so that for any given value of s, t is equally general with
r, Mild ,

J = pa , •

= \p2(s+v)2+'2pamt {s+v) +pu1* [by (9.1)]

unit i 2 , aS ,.,

while i_iy+<
 = (_i\(»i + i);(+c. _ (_i\«

1 3 '2p — 1
Now let y have the p values o , ^- , ..., ~—, and add together

Zp Lp Ap
•all the equations (9 . 2) so obtained. The series on the left-hand side will
be equal in pairs, while their values for v = p/2p will be zero. On the
right-hand side we have 2S(—lf'q1, where now

7 — \ ' / i 2» — 1 \ . ami I '2 . a ^ 2 / _ p —1\
i ^ V 2yD ./ A i A \ ' ' " • ' 2 /

i 2t A ) A

Let p = 5, -«t = 1, so that u+/3 = 5A. If « = y1 ,̂

2(_l)r?0.(r+l^ = q«l*a_ql«_q:,a+ ) _ ^p a

according to the notation of ^ 1. If v = fn>

* Enneper, Elliptische Functional, Zweite Auflage, p. 474.
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Hence ^{gagp+Khp)PaPp = 22(-1) ql, (9 .4>

as in (II. 8). Again, if jo = 5, ??* = 8, so that 9a+j8 = 5X, then when
= T

and when v = T»n, £(-l) r<fo ( r + !»* = -< / a :

so that 2 (Kgp-hpgJ = Zlq1 (-1)', (9 .41)-

as in (9 .8) .
Now suppose p = 8, w = 1, and use letters a, h, I instead of «, j8, X.

We shall get the same value of I as in ( 9 . 8 ) , provided / = X, ab = a/3.,
and

— + —r is an integer. (9 . {>>•
X /

When v = £ or #,

so that the left-hand side is
2PJV (9.6)

Hence, by (1). 4), g«g»+hahfi = P,P,. 1\L\. (9 . 7>

where « + 0 = 5X, ft+6 = 8/ = 8\ :

while, by (9. 5), h.<j>-h,g. = PMr.1>,. (9.TIN

where u + B = 5X, a + 6 = 8/ = 8X.

Thus, if « = 1, 0 = 11, m = 3, X = 4, then a = 1, A = 11, / — 4, so.
that (J) . 5) is satisfied ; and, by (9 . 71),

as in (1.5).
If « = 1, £ = 9, m = 1, X = 2, a = 3, A = 8, / = 2, we have

When u — 1, /3 = 14, m — 1, X = 8, a• — 2, /* = 7, / = 3, and

When a = 2, £ = 7, w = 3, X = 5, a = 1, b = 14, / = 5, and
3aw/X —a// = 1, and

A^7- (9 : 82)-



1920.] ON A T\TK OF MODULAR RELATION. 395

10. Certain cases of (9 . 4) and (9. 41) may be treated without the help
oi the results for ft — 3. For instance, if A = 1, when of course m = 1.

/rt I -t \ 2

then 1 in (9 .8) is equivalent to I "T ) -\-afifi : for amt is an integer,
\ 2 /

and may be merged in the general symbol <r. In this case

= 9.(0)9(0.

Thus gg*+hhA = iS9(0)&(0, </)/PP4?

<l*9*+hK = 453(0)9 (0, <7:')/PP<;- (10 . 1)

Again, when « = 1, ft = ('», ??i = 3, A = 3,

i = 3(o-+i + 02+Y^ = 8 (<r+$f+ If".

Hence hg{, — hfig — ^Zq3^+^ Zq21* ( — l)'/PPfi

(10.2)

Again, when j ^ = 2, »i = 1, the left-hand series in (9 .2) have only one
form, derived from /' = { or v = %, viz.

= P*PJP. (10.3)

Thus, if u = 3, jff = 8, vi = 8, A = 7, rt = 2. /> = 12, ?> = 2, / = 7.
so that

pp p p
we have h9*—h<h =• W~P~ ^1T • (10.4)

When a = 1, /8 = 16, m = 3, A = 5, a = 2, b— 12, ^ = 2, / = 7, so
that

ma . a _
A "•" / ~ l f

pp p p \ p-
"</i6~" îGf/ = "^ p — TTP~ = p p • ( 1 0 . 5)

These results, as well as many others, have all been given by Ramanujan.
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11. To resume the theory of the modular connection between n and
fxr, there still remains the case of p = 7, which presents great difficulties
when treated by the methods of § 5 and § 6. The relation

(ggu+hh-nKiiM—lwJ — 1,

•derived from (9 . 81) and (9 .82), combined with (1 . 2), with its extension
to suffixes 2, 7, 14, would, in connection with (5.4), give a relation be-
tween fj. and fx.v but the method is impracticable.

It is to be observed, however, that in the cases of p = 2, 3, 11 the
relations are of degree p-\-l, just as the Jacobian modular equation in
y/k and y/l is of degree p-\-\, except in the quadratic cases. Though it
is not obvious how we may set forth a general hypothesis, we may at least
•see what the roots of fx are when /xp{p = 2, 3. 11) is supposed given.
Writing fx{q2'') for fx,,, we see thatjp of the roots of the equation are
u{q'2w), /A((7V), ..., where <o = e2nlln Now

according as n = + 1, or + 2 (mod 5). The product of these y) roots is

therefore SWdq***)*111(1-ry*-)*'1,

•where u^Q (modp), but m = 0 (mod^>); except that, in the case of
p = 2, /u{ — q2) is negative, and a negative sign must be placed before
the expression.

Now 11(1— q*n)')±l includes all the binomial factors of fxv, except those
for which n EE 0 (niodyi). These can all be supplied by /*>,*, either by
multiplication or division.

T h u s , w h e n i ? = 3 , w e h a v e (l — (f){l — q M ) . . . l ( l — q1*)..., w h e r e 1 — q™
fails in the numerator and 1—^1S in the denominator. Hence the re-
quired product of the p roots is M3M9 '- and in general, when p == i ^
(mod 5), it is fx^m^. If, however, 2> = i 1 (mod 5), as when p = 11, we
have (l—q22){l—q8S)...l(l—qu)..., where 1 —g242 fails in the numerator
and 1 —g484 in the denominator, so that the product is MH/MI->I. or in
general np/fXp*.

Similarly in 11(1—q-"l)ip, when m = 0 (niod^)), we have all the bi-
nomial factors of ^7?), if p == + 2 (mod 5), but all the binomial factors of
fif\, if p = ± 1 (mod 5). Hence the product of the p roots is fx~r+^ /x^,
when p = + 2 (mod 5), and /m.pp

+1 //u.^ when p = + 1 (mod 5). Thus in
the quadratic case, where, by (5 .4), the product of all the roots in /x is
l//x2, it follows, since ni—q2) is negative, that the third root is — 1 /x4.

In the cubic case, by (6.2), the product of all the roots in /J. is — I/A^,
so that the fourth root is — l//x9.
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In the quintic case (see § 7), the above considerations do not apply,,
and /J" is explicit in t̂5.

In the 11-ic case, the product of all the roots is At}'f, so that the 12th
root is /z121.

In conclusion we may notice that if nv = a then /ui/;, = 0, by § 4 ;
i.e. q'\j(, =• 0, which by the modular theory of Jacobi and Sohncke implies
that p roots of q' are zero, i.e. p roots of fi are a. Thus, when /x2 = a,
(5.4) reduces to / i \

a ( - — ) = 0 :

when ,«,, = a, ((>. 2) reduces to

Oi-fl)8 ( /*+--) = 0 :

when fxn = a, (8. 1) reduces to

-«)1 2 = 0.


