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TrE accompanying analysis had its origin in the following problem :—

An intimate mixture of leucocytes and micro-organisms in a medium
of serum is prepared and kept at the heat of the blood. Collisions occur
between the two types of cells, with subsequent inclusion of micro-
organisms into the substance of the leucocytes. These two stages
constitute the phenomenon of phagocytosis. The process may be stopped
at any moment, and a specimen preparation obtained, which, after suitable
treatment by staining fluids, renders it possible for a complete record to be
made of the distribution amongst the leucocytes of such miero-organisms
a8 have been ingested. 1t is required to find the mathematical law which
governs such distributions.

1. If ¢ be the probability that an individual will be affected in &
perticular manner in an event, then, amongst v, individuals which are
simultaneously submitted to the event, ¢v, will be affected. The system
of individuals will, after such an event, comprise two groups, ¢v, which
have been affected and v,— ¢v, which have not been affected. Thus, ¢v,
measures the decrease in the unaffected class. If we consider an event as
occupying an interval of time A¢, and that the events follow each other in
succession without intermission, then

Avy _ _
A= 9 O
If we further consider that these decrements take place continuously
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from moment to moment, t.e., if v, is & continuous function of the time,

then
dvg _

?l—t- = —¢vo. (2)

Taking into consideration the condition that individuals may be affected
once, twice, three times, ...,  times, then for each class of individuals
above the zero class there is an increase due to incomers from the
preceding class, and a decrease due to outgoers from the class under
consideration. These are proportional to ¢ and to the numbers of
individuals in the respective classes. Consequently

dv, ‘
T = =09, | ®)

an equation in v, continuous as regards ¢, but not as regards z ; for, from
the very nature of the problem, the happenings z are positive integral
numbers.

Combining equations (2) and (8) we have

d&‘ = ——vz_l_v”

dv, —v,
Ldo. v v
vy dvy O v’

_Q_ (DJ)> — Vz—1
d'vo vo vg ?

where v, = a; when ¢ =0.

Let log %ﬂ = m, then for z = 1, we have
0

) =%
Vo Cl+m a, +m"
where v; = a,, when ¢t = 0.
Similarly for z = 2,
2
=% 4 & 0
vo a, t ag 2’

and geuerally
m -1 m®

iz_=%+az_-lm+x2_+ +

Yo 1) a, a, a (:c 1) z!’

)
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9. As v, denotes the number of individuals in the x-th class, the mean
class among the total individuals is

z=» r=w

E.tv,,. Z
0

The numerator is

& —+m
a,

+ﬁ2+% +$)
s

R P L

@y 3!

. (a, +a,- mt...+8 _"_‘_‘__*_m;)

a, (x—1)!

t (+m+m +.. +( ‘])‘)

w m*!
+¢ @+m+*“**'u1ﬂ
= v, a m? i
0] + 2(2+3 nt e 2),)
+ 2,
\ ao

When iz is very large, we have in the limit
{ me"‘+ == e"‘(l +m)+ -2 "‘(2+m)+ + e’" (r4m) .. }
h“0+%+%+ 24

=Y
+”Gﬁ4 ot g

= m(ay+a;+ag+...) +(a+2a,+ 3a;+...).

The denominator when similarly treated becomes
" gl_ 22. .g:. e
"y (1+ a0+ao+...+%+...) totatagt...tant ...,

as it should be, since the total number of individuals is unchanged.
2p 2
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Thus the mean class is
m+< =2 za, = Em az)v
0 0
or if u, denote the mean at the time ¢,
M= g = M,
Equation (4) may be now written in terms of the mean,

Y
0. = 6 | Gt s (e F e BT 4

(ug—ptg)™™! (e—pmo)”
+*“Em TR e e U

From equation (2) we have dm

¢
therefore j pdt.
Thus the complete solution is |
fioa|

‘la o 15 pdt+a,_ g ——7— U" dt]
‘e 1 ¢dt]"1 N ([ gae] } o

=1 TR

"D;.;= e

Note.—The square of the ‘‘ standard deviation,” i.e.,

r=o0

2 (wg—2)* v, =~ E Vg

ay+4a,+9a3+...)
Ggtas+agt... )’

which, when kg = 0, is equal to .

becomes et { m4upe+

8. In the particular case of the pha,rrocytnc experiment the following
conditions occur :(—

(a) All leucocytes are initially empty, 7.e.

=R

2 a,=a, and wm;=0.
0
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(b)) The probability ¢ is an unknown function of the time. It is
dependent on a diminishing concentration of micro-organisms, on a
diminishing concentration of specific accelerating substances in the
serum, and on the temperature. The distribution is thus defined by
equation (4) in terms of »y, as

(log g‘l)
o

Ve = Uy 2

or, by equation (5), in terms of the mean, as

In the following table are shown results observed by various workers,
and figures calculated by equation (4) from observed values of v, and .

v,— | Obs. | Calc. Obs. Cale. Obs. | Cale. | Obs. | Cale. | Obs, | Cale.
z=0]| 19 (19) 99 (99) 41 (41) | 620 (620) | 682 (632)
1] 59 57-89 227 12068 126 119-1 | 282 2963 282 290
2] 98 88-2 208 |216°1 154 173-1 79 70'8 65 665
3] 88 89-7 134 ] 150'5 164 167-7 16 11'29 16 10°1
41 65 6824 78 78:63 121 121'8 2 1-349 4 1
5( 37 41-58 34 3285 62 70-8 1 0-131 1 0-10
6] 17 21°12 9 11'44 36 34-3
7 3 9-192 7 3-415 35 14-2
8 5 3-501 3 0-8921 5 517
9 2 1-185 (V] 2 1-67
10 1 0-361 0 3 0-48
11 Q 0 1
12 1 1
Mean | 3:005 | 3-04702 | 2:0825| 2:0832 |3:040 | 29065 | 0'50 | 047804 | 048 {0-45887
S.D. {1°777 117455 |1°4134| 1:448 1-8927 | 1°747 | 0'74 }0°7757 | 074 ]0'6893

4. As an example of a complete solution in the form of equation (6)
the dietribution of collisions amongst @, molecules of & gas occurring
subsequent to an arbitrary point of time ¢ = 0 is denoted by the equation

dv,
7{ = (V11— V) ao‘/’s

where y is constant. The solution by equation (6) is

(Jrayt)

— — gt
v, = Qge” " P
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5. Returning to equation (4) : in cases where
% a, =a, (... ug=0),

let us ascertain the maximum value of . This will be the x-th term if, of

)

mr-1 m i+
(z=1!" 2! (@+1)!

the middle term be the greatest, or if, of
r+1), @+,
the middle term be the greatest.

Thus, r<m<e+1,
or x must be the greatest integer not exceeding m. Proceeding to the
limit where a, is indefinitely large, and the number of classes is in-
definitely large, we may put zr =n, where 7 is a fixed small quantity.
Thus, in the limit » may be regarded as increasing continuously from
class to class, while z increases by successive steps of unity. The mean,
for the continuous curve whose ordinates are v, and abscisse i, will he at
n=zr =mr. The mode occurs when n = (m—f)r, where f is a fraction
less than unity. Thus % is equal to mr in the limit for the mode as for
the mean.

The form of the curve in the limit may be approximated to, by the aid
of Stirling’s formula,

_age”"m* __ age”"m!
va - 1 - o —r ot d !
x! Ve

: a
at the mean, where 2 = m, v, = —=%=,
A/ 2mm

and at a neighbouring point where z = m+r,

aoe—m,mm+r
\/57_? e-(m+r) (7n+7,)m+r+;i *

Virgr =

o\ M+THA 9 ’.‘2 ,.9
Now log (14 50) 7 = tnbr+ B (5~ g+ g )

m

= (1 2t <._’_3 » o
_(1+ 2m ) ! 2fm--|“53m2 )

= rt+ e 21's+3-r“+m

- 2m 12m?
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a v b o
Thl]S Vypr = 0 e-('r’+ r)Rm i+ (2r} +8rY) 12m’—...,
v/ 27m

and if r be large, though small as compared with m,

@y
A 2mmn

e im, . 7))

v’)l +r =

6. In three dimensions equation (3) has the form

av.. u 2z

dt = (vz—l, v,z Uz, y,z)¢1+ ('Uz, y~1,2" Vg, y, z)%+(’v.r, v, 21" Uy, y, 2 3.

Consequently when ¢; = ¢y = ¢, we have

d/U:c, 2z — Uz, .z l Vz. y—1, z+'uz. u,z—1 3'03,-, u,z
- ’
dvo, 0,0 — 3%, 0,0

whieh, when u, = 0, has for solution

m z+y+z
Yy, 0,0 ?

ztylz! ®

V2, 9,2 =

7. The theory which has so far been developed refers to cases of
an irreversible nature, in which the only limitation to ¢ is that it is not a
function of z. This restriction may now be removed, and equation (8)

may be written

dv,
—d”T = (fom1 Vo1 —f202) 6, )

where f; is a function of z.

Consequently Doy _ Jfovegp or dm = fu ¢,
dt dt
where © m=log .
Y
- dvy | fo, — fm—l
Thus am T - 0s =T Ve,

whence . p, = e~ {(=fdm [5% Vg y 6™ Gy 4 Cz]-
0
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When 2 =1, v, = ¢ (hlom [j pyeiIm dm+01] ;

but vy = a,e~™, hence

Y a e(fl/fo"l)'" ) a -m
by = eVl [_o_ +01] = %foe™" +Cye-Altom,

fl"fo

1

Jo

In cases where u, = 0, i.c., a, =0 for all values of  other than » = 0,

C,=— EQ-ZQ— .
' . ! h—=/fe
Consequently ‘

it o
V= 1— 2~ m) — 1 — ~Nlfoymy
! ofl_fo Y 0 1_fo( ¢ )

Similarly,

— fo fl _fﬂ_fo L=f1fo)m .Ll:.é) 1=folfo)m
=% (i—=/fo) (fg—fo)[l fz_fle( o +fa_f1 i :]

In the case where f; is a linear function of z, we have, for f, = b+cz,

v =1, %(1_8-0%.”1)’

(b ) ey
vy = 0 <T+l> o1 )

veo

=t (L 1) (L) B 10)

The mean grade is

r=0 Z=®

pI TV = P! v, = 2 (ec/b.m_l) = pu.
0 0 c

The square of the standard deviation is
2

=0 . =N T=" z vz . a b
T (—aPv,+ T =2 — =Py =,
0 0 0 Q _

Hence in terms of these moments

. b (L b .____(1_ 3 AN
n=a (L 41) . (a—1) 5 (L)

c \¢C
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For f, = b~cx, we have similarly

b= o (2 1) (L —or) 2T (12)

¢ \¢ x!

u= (1 _eclb. m),

o|o~ .

y = e-cHm "

2 LY |
= ao% (i ~1)... (% -—x+1) g"__l)_ (%)b (18)

¢ z!

8. Let us now consider cases in which the phenomenon is of a
reversible nature, and let us confine ourselves to particular eases in which
¢ is independent of x. Equation (8) takes the form (in one dimension)

v,

At = (vz—l—2vz+vx+l) ¢o (14)

In order to include cases in which ¢ is a function of the time, let
us write ¢ for | $dt.
By Maclaurin’s series we have

o0 = ot (52) ¢+ (Zo) £t

1f when ¢t = 0, v, = a,, then for z = 0,
oo = aq,

av
(?i't‘))o = a_1—2a,+a,,

("’iﬂ)0 = a_s—4da_,+6a,—da,+a,

dat?
ar 2n(2n—1
(E;To)o = Aoy —200_ni1+ _”(2/':'_—)0/—1&+2—-~
+ 2_’1“(2"’;1)“11-2—2nan~1+an-

2!
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Similarly for z =1,

(vl)o = a’] ’

dv -
<d_tl)0 = a,—2a;+a,,

d*
(ﬁ)o = a_,—4ay+6a,—4ay,+a,,

and so on.

In the case of an instantaneous point source a, at x =0, when ¢t = 0,
all terms except those in @, disappear; and the derivatives in Mac-
laurin’s series for v, are equal to a, multiplied by the coefficients of
the middle terms of binomials of the type'(a—,B)Q” {z.e. the n-th terms),
whilst for v, the coefficients are those of the (# F 1)-th terms of the same
expansion, and for v,, they are those of the (n F x)-th terms.

Consequently

nor 210 (20 —1) ... [2n— n—zx)+ 1] "
— _\n+z
Vs = Qo % (=) (n—a)! n!
w3 2n! "

=a 2 (—)"* (15)

n—z)}! n! n42)!"
. The distribution is obviously a symmetrical one. The mean grade is
at z = 0.
The square of the standard deviation .

=0

v=3 w—z)lv, =+~ T v, =2t
0 0
where t= I¢dt.

9. Cases in which the number of classes is limited are found in the
laws governing chemical reactions. Thus, confining ourselves to mono-
molecular reactions, we have

(@) For an irreversible reaction in which the number of classes is two,

-dv,

d
Qo= PV at = ¢y,

dt
which, when v, = @, and v, =0, when ¢ = 0 gives

d
71%1 = ¢(ao—’01).
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(0) For an irreversible reaction in which the number of classes is three

or more we have

dv
dTO == Pty

dv
;ﬁl = PpUy— Py V1

dv,

U= Bta— b,
dv. 41 —
—d—t = ¢.v,.

(¢) For a reversible reaction in which the number of classes is two,

or for three classes,

dv, dv, _

a . at PoVot P11,
0 — ot prw

di PoVot P11

dv,

a = PoVo— P V1 — Py Uy +P3y,

dv
d_tg = a1 — Py

In the theory of the spread of epidemics by contagion similar cases
occur. For instance, where there is no recovery, we have for distribution
according to multiplicity of infections,

dv,

dt = ('U.r—l_va.-)(/) % Uy

where «, cannot be less than unity; and in cases where the community
may be divided into three classes, v, not yet infected, v, affected, », dead

or immune, we have

dv
?ﬁq = — ¢vyvy,

dv
d_fl = PUyv,— vy,

dvy,

m‘ = \/I'U‘.
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10. Cases in which v, is a continuous function of x. The differences
Ax between successive classes have been, in the cases considered in
paragraphs 1 to 8, equal to unity. Let us now apply the same reasoning
to cases in which Ar may be made as small as we please.

11. Irreversible Phenomena.—The flux over a face rz—3Ar of a
pavallelepipedon Az, Ay, Az, whose centre is at ., is proportional to
V.-ayy Az, and that over the face r+3Ax to —v,Aydz. Consequently
the excess of influx over ettlux in the parallelepipedon is, in this dimension

n
equal to —¢ %‘% drdydz, as A, Ay, Az tend to zero, if ¢ be independent
of z, y, 2. But this excess can also be considered as the rate of increase

in the contents of the parallelepipedon, i.e., by %, or by the rate of

Y

. . Lo !l
increase in concentration, c.e. by % dx dy da.

Hence equation (8) has the form

v ov
il g (16)
whence v = f(x—¢t).

Thus, for any constant value of (z—¢t), v is constant, that is to say,
equation (16) expresses a translation along the & axis.

12. Reversible Phenomena.—In this case the flux over the face 2 —1Ax

A Uy

is proportional to U“TAyL\z, and that over the face z+3Az to

——-v'—‘_AvJ;;W’ AyAdz. Thus, if ¢ be independent of x, and identical in

the positive and negative directions, the excess of influx over eflux, as
Az, Ay, Az tend to zero, tends to

-~ ~
Uz dx va—édx) d
- - ydz
( cx oz yaz

I )
which is equal to E}-,;gdx dyda.

But, as before, this, with similar terms in y and z, measures the rate
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of increase in concentration of the parallelepipedon, i.e. g%’-dxdy dz. Hence

o oy, oM v
of = P +téy g oy t¢:53 02 an

If ¢., ¢, and ¢. be equal, that is to say, if there is randomness in
direction as well as in sense, the equation is that of Fourier. For an
instantaneous point source of value @ at z = y = z = 0 the solution is

__ @ —(22+y3+23) 46t
= Fmgr ¢ (18)

This is the error function of Gauss in three dimensions, and is the
logical outcome of equation (1) for cases of random reversible progressions,
from a point source at the origin, in which v is a continuous function of
t, z, ¥, and 2.

18. Incomplete Reversibility.—Certain cases occur in which ¢’ in the
positive sense is not equal to ¢ in the negative sense. If we divide the
greater, say ¢, into two quantities ¢ and Y (i.e. Y = ¢'—¢), we may
consider the phenomenon as the resultant of two progressions, one of them
reversible and proportional to ¢, the other irreversible and proportional
to .

Thus, combining equations (16) and (17), we have in one dimension

ov o™
F=m Y -
The solution of which for an instantaneous point source at the origin,
is
o= —L_ v, (20)
24/ Tt

14. When ¢ is a function of «, the flux over the face x—3Ax is

i %Z;?AA?/AZ’

that over the face x+4%Ax is

— Pridax 'l_A_";L*:‘." AyAz.

Hence the excess of influx over efflux, as Az, Ay, Az tend to zero, is

_be— &dzavra. OVr~4dx dydz-}-gb, +ide aléf.idz deZ,
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which is equal to (¢x P! + aa% gv) dx dy dz.
O, Qv _ 0 . v
Hence, as before, 6 7 = ¢, 5 + % 32 = 32 & % (21)

If ¢. = x2?, we have

av 22 agv av _ v, ov ov
( g— ) = KT ( L 3 + a.l:) +Kx -
_ .0 _ov d _ .,
Bk i R aloga:g-Halogw’
hence v = Q__ e~ (0B xZo+xt)P ixt

2/ 7xt

15. A modification which is of peculiar interest to statisticians oceurs
in what I may call the farget distribution. It may be obtained as
follows, taking the type of phenomena dealt with in paragraph 13 as
an example. Consider a case of random diffusion in three dimensions,
combined with translation along the z axis.

v

v
5= Mw+w+w)wa
The solution for an instantaneous point source ¢ at the origin is

— Q P R e A
8(mwet)?

Let a target be introduced in the plane z = a, which records the
position of particles in transit, but does not interfere with their progress.
Writing 2 for 2+ y?+a? and integrating according to the time, we have

A= r vdt = Q“—ewi%r gl im e th
t ’

0 8 ('ﬂ'¢)."'r 0
. _ 1
.putting 8= Vi
A:warrwwww@=QWfﬁffi @2)
8(re)t Jo drpNe*+y'+a?

On] integrating again according to z and y, from —® to +®, using
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polar coordinates, we have

I ) v [ ) e
B= S j Adzdy = 5 ———— rdrdf
P 47 Jo NVri4a?
_ Qeteité [ gmvabVEI@ .
= L T

Putting s? = 24-d?,

AT\l P 4
B 29 L e ds v

Now A4 represents the length of time during which any point whose
coordinates are z and y has been occupied by particles in transit across
the plane z=a. It is thus directly proportional to the number of
individuals which have crossed, and inversely to the time occupied
in thexr transit. It will be noted that in the differential equation the

translation due to the factor —\[; — does not deviate from the direction

z plus, and that, since by hypothems ¢ is random in direction and sense at
any moment of time, momentum is excluded ; thus, any lengthening of
individual occupation due to obliquity of transit is equally probable at any
point in the plane z = a.

Hence if w, , 1epresent the number of transits at any point z, Yy in the
plane z = a,
Q‘P e¢1'2¢(a—~’.u¢+y’+u')

= Ay, = = ————— 28
K} ‘)b 47r¢ vzg+y2+a’2 ( )
and the total number of transits is
By = Q.

The approximation of the target distribution expressed by equation (28)
to the error function, when V- is great as compared with ¢, and z*+y? is
less than a?, may be shown as follows :—

V-V
w = R
drp  NP+a

_— 5[: G‘Pw%(l Vl+r’a‘) 4 log (14 r%/a?)
4r¢a

Q‘l’ eqm’%(-r’ 208 4 r3/8at —76/16a8 + ...)—(r?/202 — v '4at +18/6as - ...)
4r¢a

= _QL e Yriiada [(14+2¢ Ya)— /408 (1 + 4/ P) + T4/8at (1 + 18¢ i 8pa)—.. J
4rda
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16. In conclusion, I trust that I have in these notes directed attention
to methods of attack which will be of service in the solution of problems
chiefly of a biological nature. Statisticians have not, I think, recognized
the applicability of Fourier’s theorem to many of the problems in the
investigation of which they are engaged. If diffusion be considered
a8 progression, random in sense and direction, and uniform as regards
time, its applicability is apparent. For instance, the broad lines of
mosquito distribution may be resolved into a problem of * sources,” and,
if destructive methods be employed, it may take the form of a problem of
‘“gources” and ‘‘sinks.”” The range of applicability is further ex-
tended when the dimensions are not those of space, but of degree of
certain characteristics. In paragraphs 18 and 15 I have broken ground for
further investigation into the processes of Evolutien; for evolution, with
its accompanying degeneration, is in its essence & phenomenon of in-
complete reversibility according to a number of characteristics. A
collection of fossils is a target distribution, though of a much more
complicated nature than the simple case I have instanced. The target
may be considered as a fixed degree in the development of some
characteristic z ; the target distribution will classify this selected population
according to degree of characteristics x and y. Some of the population
(¢2=a) will be early comers and some late comers, and, according as
they come early or late, so will they tend to take up different positions
~ according to the characteristics z and y.



