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CERTAIN SURFACES OF VOSS
AND SURFACES ASSOCIATED WITH THEM.

by Luther Pfahler Eisenhart (Princeton, N. J.).

Adunanza del 10 dicembre 1916,

In a recent memoir published in these Rendiconti *) Biancur has studied at
length a class of surfaces defined as follows. We take any surface S and a point O
fixed in space. At each point M of S we consider the trihedral of the normal and
the tangents to the lines of curvature. When the vertex M of the trihedral moves over
the surface S, the point O assumes, with respect to the trihedral, a series of posi-
tions, which in general constitute a surface, called the tractrix surface for S and O.
The surfaces studied by Branchr are those which admit as a tractrix a quadric which
has the planes of the trihedral for planes of symmetry. These surfaces depend essen-
tially on pseudospherical congruences, defined by the property that the distances be-
tween the limit points and between the focal points are constant. In fact, the normals to
these surfaces are parallel to the rays of a pseudospherical congruence, and moreover the
lines of curvature of the surfaces correspond to the asymptotic lines on the focal
surfaces of the congruence. There are different types of these surfaces determined
by the character of the quadric tractrix. Most of the types belong to a general class
of surfaces discussed by the author in a former number of these Rendiconti ?).
We established in particular a transformation of surfaces of Voss into surfaces of
Voss, such that the lines joining corresponding points on a surface and a transform °
form a congrucnce meeting the two surfaces in their geodesic conjugate systems. In
this case we say that the two surfaces are in the relation of a transformation Q. We
showed further that the lines of intersection of corresponding tangent planes to two
surfaces in this relation form a normal congruence, that the lines of this congruence

¥y L. BiaNcHI1, Sopra una classe di superficie collegate alle congruenze pseudosferiche [Rendiconti del
Circolo Matematico di Palermo, t. XL (2° semestie 1915), pp. 110-152].
%) L. P. ErseNHART, Conjugate systems with equal Tangential Invariants and the Transformation
of Mourarp [Rendiconti del Circolo Matematico di Palermo, t. XXXIX (1° semestre 1915), pp. 153-176].
In what follows. this memoir will be referred to as M.
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are parallel to the rays of a pseudospherical congruence, and that the developables of
the former congruence correspond to the asymptotic lines on the focal surfaces of the
latter. In certain cases the surfaces orthogonal to these normal congruences are of the
class considered by BiawncHy, and it is the purpose of this paper to investigate these
surfaces from this point of view.

If 2is a surface of the type under consideration, one knows how to draw
planes through the normals to = such that these planes envelope a surface of Voss. In
general two surfaces of Voss are obtained in this manner. They are special surfaces
of Voss, characterized by the property that if /7 denotes the distance from the ori-
gin to the tangent planes to the surface, then A is a solution of a completely inte-
grable system of three partial differential equations of the second order. Conversely,
each solution of this system determines a special surface of Voss, and the determi-
nation of the solutions of the system is the same analytical problem as that of finding
the BAcKLUND transformations of pseudospherical surfaces. When such a surface is
known, it is possible to draw in its tangent planes lines forming a normal congruence
met orthogonally by surfaces =. Moreover, the analytical determination of these con-
gruences is the same problem as finding the BACKLUND transfor mations of the pscu-
dospherical surface whose asymptotic lines have the same spherical representation as
the geodesic conjugate system on the given surface of Voss.

The tangents to the curves of either family of the geodesic conjugate system on
a special surface of Voss are normal to a surface X with a quadric of revolution for
tractrix. As thus given X is a surface of GuicrARD, and it is readily shown that the
other focal surface of the accompanying congruence of GuicHARD is of the same type.

We establish two types of Transformations of Risaucour of these surfaces X,
and for certain types the transforms by reciprocal radii are surfaces of the same kind.
At the same time these transformations carry with them certain induced transforma-
tions of special surfaces of Voss.

1. Equations of a surface V and preliminary formulas, — We consider a surface V'
referred to the geodesic conjugate system. Since this system has the same spherical
representation as the asymptotic lines on a pseudospherical surface P, the linear element
of this spherical representation can be given the form

() do* =du* 4 2cos20dudv Jdv* ?),
where o is a function of # and v satisfying the equation

(2 5%+sinmcosm=o.

IfX,Y,Z,ad X,, Y,, Z, denote respectively the direction-cosines of the
bisectors of the angles between the parametric curves of the spherical representation,

8) The formulas of this section can be obtained from those of §§ 1, 3, M, by taking p = const.
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and .\, Y, Z, the direction-cosines of the normal to a surface /' with this represen-
tation, we have

29X, oo 0X, OJw .
S0 = " 3a X, ——51an, a—v:—Xz—l-smmX,
}1oX, Ow 0X, ow
(3) 36 =32 X, — cos o X, 30 = " 5w — X, —coswX,
oX . 0X .
W_smcoXl—}—coszz, Er_—smmXx—]—coszz.

The tangential coordinates of 7, namely X, Y, Z and W, satisfy the equation

o*w
(4) auav—[-coszw-W_o.

In terms of the tangential coordinates the rectangular coordinates, x, y, z, of V
are expressible in the form

oW w . ow ow
sin2 o [X cos @ (du v)+Xzsmw(_é_u—+W)'

From these we obtain

) x=WX+

S 3—% = — sinlz m(cos o X, 4 sinwX,),
(6) 3x D '
(3—1) = (cosw X — sinw X)),
where
o'W ow oW 2 Ow oW
o b=-— out T 2cotze Ou Ot  sSiN200# OV -,
w_ __OW 2 JdodW ow OW
br= ov* sin 20 0v Jdu T2cot20 v dv —W
The Copazzi equations for 7 are
oD 2 0w, oD" 2 do
®) ﬁ_sinzwﬂl) P ou smzmavD_o'

When the surface P is subjected to a BAcKLUND transformation, the linear ele-
ment of the spherical representation of the asymptotic lines on the new surface P, is

given by
(9) de: =du" 4 2cos20dudv } dv?,
where 6 is a solution of equation (2) satisfying also the equations
00 Odw ¢ .
3% " 55 = — ot sin (6 + o),

(10)

= tan 76 sin (8 — w),

53 5%
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¢ being the constant angle between the tangent planes to P and P, at corresponding
points. The intersection of these planes passes through P and P, and its direction-

cosines X, Y, Z, are of the form

(11) X=cosbX +sinbX,.
Moreover, the direction-cosines of the normal to P, and of the bisectors of the angles
between the parametric curves on the spherical representation of P, are of the form

X' = coseX +sine(sin6 X — cos X)),
(12) s X' = sin w [cos ¢(sin 6 X, — cos 0 X)) — sin6 X] — cosw X,
z X = —cosw[coso(sin8X — cos0X) —sincX] —sinoX.
2. Transformations @ of surfa®es V. Normal harmonic congruences.

From the theory *) of transformations Q it follows that X', ¥’, Z' and W,
defined by

1) Sw=—wi(T), Sww=vy (L)

where w is any solution of (4), are the tangential coordinates of a surface of Voss,
say V., such that the developables of the congruence of joins of corresponding points
on ¥ and V, meet the latter in the parametric geodesic conjugate system. The direc-
tion-cosines of the line L of intersection of the tangent planes to P and P, are ne-

cessarily X, Y, Z, given by (11). We are interested particularly in the case where
the congruence of lines L is normal. and this is the only case which will be consi-
dered hereafter. We call it the harmonic congruence.

The necessary and sufficient condition that the congruence of lines L be normal
to a surface, say 2, is that the function w shall be defined by

ologw ¢ o log w g
(14) ai =cot—2—cos(0+w), Oas =—tan—2—cos(0—w),

where 8 and ¢ are any solutions of equations (10) ®). In this case equations (13) are
reducible to

ow, o oW
- 34 _(W—Wl)cot7cos(9—]—w)—a—u,
(15) aW‘ ¢ Ry 4

30 =W+ W!)tanz—cos(ﬁ—w)—{-é—v—.

The rectangular coordinates a,, b, ¢,; 4,, b,, ¢,, of the focal points F,, F,, of
this congruence are of the respective forms

coso X, 4 sinowX, coso X, — sino X,

(16) a=x+T sin (0 — o) , a=x+T sin (0 4 o) ?

4) The results of this section follow from §§ 3, 5 and 6, M., when we take p=p, = L.
5) L c. 2) n° 86.
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where

(17) T=

W, — Wecosea sin(O—w)aW+51n(6+w)aW ).

sin 6 sin2w O#u sin 2 @

From the theory of normal congruences it follows that the normals to the focal sur-
faces which are the loci of F, and F, are parallel to the tangents to the lines of
curvature on X, which as a matter of fact correspond to the geodesic system on V
and consequently are parametric. Hence if X , ¥, Z; X,, Y,, Z, denote the direc-
tion-cosines of the tangents to the curves v = const.,, # = const. respectively on Z,
we find that

X = cos %(sinﬁXl —cosbX)— sin"—g—X,
(18)
X, = —sin —;—(sin X —cosbX,)— cos% X.

From (11) we obtain by differentiation

X

—— X — =
(19) 3. =VEX, 5, =VGX,
where
(20) JE = sin (0 + (o) /G — sin (f— ) . F—o.
sin — cos —
2 2

Evidently E, F and G are the coefficients of the spherical representation of X. It is
readily found that

(21) VIG ag/E = cos (8 } w), Viz—‘aguG = — cos (8 — o).

We express the rectangular coordinates &, n, { of = in the form
(22) E=WX+ WX + WX,

where W, and W, are to be determined. Since these functions are evidently tan-

2

gential coordinates of the loci of F, and F, respectively, we have

2

177 X — 77 v w
(23) WI=ZX1¢ZX=_..W_'_;&V’ W2=ZXzaz=_l_+.£/K_
2 sin — 2 cos —
2 2
From these equations we find
OW, _ 1 917G oW, 1 WE=+
(24) av "‘ﬁ a W au _1—/——6 " Wx?

6) (fr. L c. 3), o 78-80.
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and from (18)

0X, 1 oVEy = 90X, 1 3YGs
) du T T yg ev T VES S= e X
25 - — — _

ou 1/(; ov V¥ ov ¢{EoJdu

Equations of the form (22) serve to define any surface referred to its lines of
curvature. Equations (24) and (25) hold in this general case, as do also

oW N
(26) S =VEW,, 5-=1CW,
and
o& oW 1 OVE — — )—
a’“u—(au 76 a0 T VEW)X,
(27)

3v. T yE ou

3. Surfaces V, and surfaces X,.— The function w defined by equations (14) is a
solution of (4), and consequently there exists a surface ¥, whose tangential coordi-
nates are X, Y, Z, w. We inquire under what conditions a surface of Voss is so

defined.
If equations (14) are differentiated with respect to both # and v, we note that

w satisfies the system
o'W ow oW B 1 odwoW B

Dt Pi- TR BF Y- Pir R R
az
(28) FPFP 4 cosz2a W = o,
o*W 4 1 do aW—zcotszB aW__f_!;W_o
9  *Bsinze dv du ov 0 B 7
where 4 and B are positive constants such that
[+ ()
(29) 4 cot 5 = Btan—z— .

Comparing this result with (7), we see that the second fundamental functions of 7,
are of the form

B 2 0w oW

(30) D=~(I+7)<W+sinzwﬂ5?_)’
"o 4 2 Jdw oW

b _—(1+7)(W+sm2wav ou )

It is readily ceen that these values satisfy the Copazzi equations (8) in consequence
of (28).
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When equations (14) are solved for sin 6 and cosf, we get

[ Sin = — — (tan—c— Ologw -+ cot — alogw) ,
2sinw 2 Ou 2 0w
G1) 1 ¢ Ologw G alogw)
cos § = tan — — cot — .
2cosw( 2 Odu 2 dv
Squaring and adding, we observe that for w defined by (14) the function ®, defined by
I 4 (oW oW ow oW
G2) e=W"— sin’ 2m[B(au )+2C052wau oy +A(au )]’

vanishes. As a matter of fact, it is readily shown that for any function /7 satisfying
(28) the first derivatives of ® are zero, so that @ is a constant.

Suppose now that we have any solution of equations (28) for which @ is zero.
It is easily shown that ¢ given by (29) and 9 defined by (31) satisfy equations (10).
Accordingly we say that every surface of Voss whose tangential coo:;dmate W sati-
sfies equations (28) and makes ® zero is a surface V.

Suppose we have a surface 7, and apply to it the transformation determined by
the function w of the surface itself. From (13) it follows that W = c/w, where ¢ is

a constant. In this case equations (23) are

¢ ¢
7w Y 5 _wt®
(33) W1 = - ) Wz - -
.5 g
208 —
2 2
From these espressions we have
(34) AW? — BW? = const.
Consequently we have
THEOREM 1. — When a surface V_ is subjected to the transformation Q determined

by the function w of the surface itself, the tractrix surface of a surface X normal to the
harmonic congruence of the transformation is a hyperbolic cylinder whose axis is the normal
to X.

4. When the tractrix surface is a paraboloid. — We consider now the case when
the tractrix surface is a paraboloid with an equation of the form

(35) AW* —BW? —2hW =o.
If this equation be differentiated separately with respect to # and v, the resulting
equations are reducible by means of (15), (23), (24) and (26) to

[W. (cotf_A——tan_c_B)—-W(COt_E_A_i_tan_G_B)]M
2 2 ) . .
+A-g—zz+hsin(e+w)=o’
[Wx(COtiA—tan—iB)“W(COt—?—A-{_tan_"_B)]gs_(l———_w)_

2 2 2 .

2
oW .
—BW—{—hsm(O—w):o.

(36)
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Eliminating the first parenthesis from these equations, we obtain

G7) Acos(O—(o)gZV—l—Bcos(O-{-—w)gZ—V—}-hsinzm:o.

Likewise the elimination of b gives

sin2 o

. [Wl(cos’—E—A—sin’—c—B)~W(cosziA+sin’iB)]—f- .
sing 2 2 2 2

— Asin(d—0) 2 _ Bsin(9-40) 37 o,

(3%

When we express the condition that this value of W7, shall satisfy (r5), we get,
in consequence of (7), the expressions (30) for D and D”. When these values of D
and D" are substituted in (7), we find that A must satisfy equations (28).

Making use of this fact, we differentiate (37) separately with respect to # and
v. The resulting equations are consistent only in case ¢ satisfies (29), and then they
are equivalent to the single equation

ow
ov

However, when o satisfies (29), the coefficient of W in (38) vanishes, and conse-
quently the foregoing investigation does not justify us in concluding that W is a
solution of the system (28). Nevertheless we shall find that this is the case.

On the assumption that ¢ satisfies (29) equations (36) become

(39)  Asin(8 — m)g_z7+ Bsin (8 - v) 5o~ + Acot —sin 20 W =o.

%?: cot»Z—cos(O—l-w)W—jg—Sin(e**‘w)a
(50 = — tan TCOS(O — )W - —B—sln(9 — o).

When these expressions for ow and oW
ou ov

equations are satisfied identically. Moreover, if these expressions are differentiated and
the results are substituted in (28), the latter are satisfied, in consequence of (10). And
from (32) we have

are substituted in (37) and (39), these

hz
(41) C=——F-

If equations (40) are solved for sin® and cosf, we get
(4B + F)sin 20 5in8 = — A(B an ¥ cos v+ bsin w)g*f/—-
— B(Acot% W cosw -} hsinw)g—ZV-,
(42) . Y
(ABW?* 4- b*)sin 20 cos b = A(Btan—i~ Wsinw — hcosw)~a—u——
5 . oW
—-B(AcotTWsmo)ﬁ-bcosw)E}—.

Squaring and adding, we get- (41). On the assumption that /" is a solution of the
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system (28), ¢ given by (29) and 0 by (42) satisfy equations (10). If ® =0, we
have the case of § 3. If ® 54 0, we determine b by (41) and the conditions of the
present section are satisfied.

The special surfaces of Voss determined by solutions # of (28) are called 7,
where b denotes the constant obtamed from (41).

From the above results follows

Tueorem 2. — Each solution of equations (10) determines a family of surfaces
V,, b being the parameter of the family; these surfaces are obtained by quadrature.

Assume that we have a surface ¥, for which h 520, and that we have deter-
‘mined ¢ and 8 by (29) and (42). There exists a function w given by (14) for these
values of = and §. We use this w to determine a trausformation @ of 7.

Substituting the values from (40) in (13), we get for the determination of 7,

9 h . 9 h .
ﬁ(W,w):jwsm(e—{—w), %(Wlw)::jg—wsm(e-—w).
We define a function T by the quadratures

aT 5 = oT . _
(43) a—u:cos—2~1/Ew, —é?:sm—;’—l/Gw,

which are readily found to be consistent. Hence we have, to within an additive
constant,

(44) W,wztan%T%;—.
From (35), (33) and {44) we get

“ Gs5) G 4) Wi- —

43 — 7 wsine

Reviewing the preceding results, we note that when a solution of equations (10)
is known, we can find by quadratures functions /¥, w and T, whence we obtain a
surface X with a hyperbolic paraboloid for tractrix. In other words we have

THEOREM 3. — The determination of surfaces = with a hyperboloid parabolaid or a
hypesbolic cylinder for tractrix, as given by (35) or (34), is equivalent to the determi-
nation of BACKLUND transformations of pseudospherical surfaces.

5. Complets solution of equations (28). — The system of equations (28) is com-
pletely integrable, and consequently any solution is linearly expressible in terms of
three linearly independent solutions. We investigate this problem in the light of the
preceding results.

Since @ is a constant for any solution of the system, it follows that if 4 and
W' are two solutions, the function W defined by

I [_4 AW W’
sinf2w | B o4 ou
(46)

oW oW’ . oW oW’ + B BWQL_’]
A dv Ov

—}-coszm(W S0 -}--a—;)-_—-au

is a constant.

Rend. Circ. Matem. Palermo, t. XLII (1917). ~ Stampato il 2§ marzo 1919. 20
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If 8, and 6, are two solutions of equations (10) in which ¢ is given by (29),
the two functions w, and w, defined by

Olog w,
ov

Jlogw, ¢
(47) —5, = cot— cos (9, o),

:—tan%COS(e‘-—m) (i=1a 2))

are solutions of (28). When they are substituted in (46), we get
(48) w,w,[1 — cos (B, — 6,)] = const.

If we take the logarithmic derivative of this equation, it is satisfied identically. Hence
when 6, and w_are known, w, follows directly.

Suppose now that we have a third solution 9, of (10) for the same value of o,
and w,_ denotes the function given by (47) with i = 3. Since the left hand member
of (48) cannot be equal to zero, w, is not a linear combination of w, and w,. Thus
w,, w,, w, are three linearly independent solutions of (28) in terms of which any
solution is linearly expressible. Since equations (10) are reducible to the Riccati form,
when a solution is known, the others can be found by quadratures. Reviewing the
preceding results, we have.

THEOREM 4. — The complete solution of the system (28) is reducible to the integra-
tion of a RicCATI equation and quadratures.

If we put
(49) W=aw +aw +aw,

where the a’s are constants, equations (42) become

[(Z a,.w,.)2 + ‘—;—ZB] cos b = Za,.wi cos .. Z a,w,

cot 6/2

+ 3 hD aw,sinb,,

(50) .
[(Z a,w,) + j—B]sin b = > a,w,sin Qi.Zaiwi —
— COtG/—ZhZa,.w,.cos h,.
- B
Squaring and adding, we get
bt i=1,2,3
(51) > a,q,w,,[1 — cos(8, — )] + = = o (’i;i’ ),

which is consistent with (41) and (48). With the aid of (51) we show that 6 de-
fined by (50) satisfies (10).

6. Whan the tractrix is a central quadric. — We consider in this section the case
when the tractrix surface is a central quadric with the equation

(52) AW —BW:4- CW =K,

where 4, B, C and K are constants.
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If this equation be differentiated separately with respect to # and v, the resulting
equations are reducible by means of (15), (23), (24) and (26) to

A oW  cos(B+4o
Wsm(ﬂ-[—m)—-—-———a“ + gin—i— )
x[W (——g—sm ?_:Cicos ———)+W( sin -g——{——gcos’-z—)]:o,

(53) cos (0 —
Wsm(e_m)+]é ‘35’/+ °S§iem ©)

x [Wl (ig‘-Sin2 —2‘—?‘3052—2”)"‘ W(%sin’—;f—-l—-%cos2 %)]:o.

Eliminating W from these equations, we get (38), from which, as we have seen, it
follows thar 7 must be a solution of (28), provided that the constant 2 defined by

A ¢ B

- ¢0s* — — —--sinzi =g
C 2 C 2

X

is not equal to zero.
Equations (53) are equivalent to (38) and

o Acos(®— &)W | B cos(h ) IW

(54) W= "dse 9a T C smze o0
From (23) and (38) we have also
B cos i
QW_'_C—Sm W+ sin 2w

X(—‘é—sin(ﬁ m)a +2 sin (8 4 0) 9 )

. (4
st —

(s5)

afV_Z:-—icos—a—W e

C 2 sin 2 w

4 .
(~C—~sm(9 w)a + 2 C n(9+w)a )
In order that these values satisfy equations (24) and (26), we must bave 4 =1, and
consequently ¢ must satisfy

2 ¢ I ___G_ —
(56) Acos -5~ Bsin 5= C.
Assuming that these conditions are satisfied, we substitute the above values of 7,
W, W,, in (52), and obtain
(57 o= %
4B

Hence the tractrix surface is a hyperboloid or a cone, according as # is a solution

of equations (28) for which @ is different from or equal to zero. Accardingly we
have:
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THEOREM 5. — If W is a solution of equations (28), & a constant angle not satisf-
ying (29), and 8 any solution of equations (10) in which ¢ has this value, equations (12)
and (38) determine a transform of the surface of Voss corresponding to W. The har
monic normal congruence is normal to a surface % whose tractrix surface is an hyperboloid
or a cone, according as ® is not or is equal to zero.

When the values (54) and (55) are substituted in (22), the result is reducible to

(s8) £ =48+ WS;HGA_I_B(X sin § — X, cos 6),
where
4 oW , B ow X, (AJW B oW
(59) E=WX +2smw((, du +c C ov )+2cosw(~C_ ou C dv )
In consequence of (15) and (56) equation (38) may be given the form
A , ¢ B . ,¢
W= (—C—.cos 7+—Esm —2—) w,
sine [ 4 . GW
+;i—n—26—[-—c—sln (9 (0) —_—_—— — (9—]— ]

Hence the transform ¥/ also is a surface of Voss for which its coordinate # sati-
sfies (28) when o is replaced by 8, a result easily verified.
From (59) and (32) it follows that

B G=w 2 — o)

7. When the tractrix is a quadric of revolution. Special surfaces of GuicHARD. — Since
the parametric curves on a surface 7, for which I satisfies (28) are geodesics, the
tangents to the curves of either family form a normal congruence. We consider the
surfaces orthogonal to such congruences. They are special surfaces of GuicHARD.

We take first the tangents to the curves # — const. From (6) it follows that
the direction-cosines of these tangents are of the form

(60) X=coswX —sinwX,.
By differentiation we get
oX dw, . X .
(61) —a—t;_—za—u(smwX‘—[-coszz), a—y:smz«uX,
so that the coefficients of the spherical representation of the congruence are given by
(62) 1/73_—_—2%, /G = sin 2 0.

From these it follows that the direction-cosines of the tangents to the lines of curva-
ture on a normal surface =, which in fact are the parametric lines, are of the form

(63) X =sinwX +cosnX, X =2X
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The cartesian coordinates x, y, z, of X are given by equations of the form

(64) x=x+1X,

where ¢ is determined by the conditions
50x
Z au =0 Z X 5; -
In consequence of (6) these equations of condition are reducible to

ot ot
— = Dcot2w, =— = — D"cosec2on.

ou ov

When the values of D and D" as given by (30) are substituted in these equations,
in consequence of (28) their integral, to within an additive constant, is

© = (14 2)

sin 2w Qv

and equation (64) reduces because of (5) to

1

x = WX+51n2m 30 (X cosw—|—X sin @)
(€€) 1 oW
+ T si3050 (X, cosw — X, sina).

From (60), (63) and (66) we get

5 ow 1 oW
W=cotzo ou +Asm2m ov ’
(67) — sw
Wo=5—, W,=W.
ou
Since W satisfies (32) and (41), we must have
2 . B+, W
(68) w4 wr — Vi W = v

We have seen that each solution of equations (28) determines a function & which
satisfies (10). For this value of 6 we have (40), by means of which the above expres-
sions are reducible to

W=— (cot%sin(e + o)W 4 cos (8 —I—w)%) )

(69)
Wl:cot——::-cos(ﬁ-i—w)W— sin(e—l—m)—f][, W, =W,

and equation (66) may be written

(70) ¥=WX—cotZ W (sinb X, — cosBX,) — 2-(cos0X, 4 sin 6 X,)
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In like manner we consider the tangents to the curves v = const. on V ,+ The
analogous functions are

X=cosoX, | sineX, X=X X = sinw X, — coswX,,

= . — 0
VE = —sin2 o, VG:——za—(:.

(71)

We have also
I 14

t:_(l—l—?)sinzwaT’

and the coordinates of = are of the form

§L=Ww—n%5%;%?¢mw&+qmm&y_
(72)

Z — sinxz - g—v[{(cos wX —sinwX)),
so that
(73) P_VIZW! sz—%:vpf’ Wz'_%s_in];'w"'g‘z—‘V_COtng—le

These satisfy
T2 §77¢) 4 7720 h*

(74) Wt W, —FW =75

In terms of 6 they are
W:m%m@—@W—m@—@%,

W= W, W,=tnTcosO— )l +sin(0 — w) 2.
Hence we have

TueoREM 6. — The tangents to the conjugate geodesics on a surface V, constitute
congruences normal to surfaces with tractrix surfaces which are central quadrics of revo-
lution or cones of revolution, according as b differs from or is equal to zero.

8. General class of surfaces . — The surfaces X discussed in §§ 3, 4, 6 have in
common the properties that their normals are parallel to the lines of a pseudospherical
congruence with the developables of the normal congruence corresponding to the
asymptotic lines on the focal surfaces of the pseudospherical congruence and that the
planes through the normals parallel to the tangent planes to these focal surfaces enve-
lope surfaces of Voss. We shall show that the second property is possessed by all
surfaces whose normals satisfy the first condition.

Suppose we have a normal congruence whose direction-cosines are given by
(11), and with the expressions (20) for the coefficients of the spherical representation

of the developables of the congruences. The fundamental functions D and D' of a
surface orthogonal to this congruence satisfy the Copazz equations

3 (DY\_D'3YE 3 (D" _DoyG
(75) aa(rzs)—v‘a?’ E(V'G)*TW
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When D and D' are known, the cartesian coordinates of the surface are given by
the quadratures L 3 L
6 %5__DOY oi__ DX

ou E ou’ ov G dv
Through the normals we draw planes parallel to the tangent planes to P and P,.
The tangential coordinates W and W, of the envelopes of these planes are given by

W=>xX, W, =>xX.

With the aid of (75) and (76) we find that # satisfies (4) and W, equations (15).
Hence we have

TrEOREM 7. — If S is a surface whose normals are parallel to the lines of a pseudo-
spherical congruence with the asymptotic lines on the focal surfaces P and P_ of the con-

gruence corresponding to the lines of curvature on S, the planes through the normals
parallel to the tangent planes to P and P, envelope two surfaces of Voss in the relation
of a transformation Q.

BiancHi 7) has shown that when any surface has a tractrix surface defined by
any one of equations (34), (35), (52), in which 4 and B have the same signs, the
normals are parallel to the lines of a pseudospherical congruence with the correspon-
dence referred to in THEorEM 7. From the preceding results it follows that all sur-
faces of this type may be obtained as in §§ 3, 4, 6.

Brancur considers also the case where 4 and B have different signs, and shows
that the normals to such a surface are parallel to the lines of a real pseudospherical
congruence of one of three types, for all of which the focal surfaces are imaginary.
Since the associated surfaces of Voss also are imaginary, there is no advantage in
studying this case from our point of view.

In § 7 we found a class of surfaces whose tractrix surfaces are quadrics of re-
volution with equations of the forms (68) and (74). Evidently the normals to these
surfaces are parallel to the tangents to the asymptotic lines on the surface P with the
representation (1), and these lines correspond to the lines of curvature on 2. Brancar
has shown that all surfaces with this type of tractrix surface possess these properties.
Accordingly we have.

THeorEM 8. Surfaces with tractrix surfaces defined by (34), (35), (52), (68), or
(74), when A and B have the same signs may be obtained by the processes of the pre-
ceding sections.

9. Certain properties of transformations of Risaucour. — When in the correspon-
dence established on the two sheets of the envelope of a two-parameter family of
spheres by the points of contact on the same sphere the lines of curvature on the
sheets correspond, these surfaces are said to be in the relation of a transformation of

Yle B
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RiBaucour with one another. For brevity we say that either is obtained from the
other by a transformation R. In this section we derive certain properties of these
transformations.

The coordinates &, n, { of any surface whatever = referred to its lines of cur-
vature can be put in the form (22), the functions X, X , X, satisfying (19) and (25),
and the functions W, W, W,, equations (24) and (26).

Any other surface X' with the same spherical representation of its lines of curva-
ture as X is defined by equations of the form
(77) { =7 X+ WX, + VX,
where W', W', W, satisfy (24) and (26).

As Darsoux has shown %), the function 7 determines a transformation R of
3. In fact, if E’ and G’ denote the first fundamental coeflicients of X‘, and X is the
function defined by

Or = ms OX =
i 4 7
(78) S.=WIF, =13,
the sphere of radius 3/ and center at the point whose coordinates are
I W R - A
(79) xoZQ‘W& )’o’:n'—»’VV—-Ya (o:?;"WZ?

touches X', and on the other sheet of the envelope, say X!, the lines of curvature
correspond to the lines of curvature on 2'. Moreover, the cartesian coordinates of %',
are given by equations of the form

I
[ 4
(80) EI =g mv =9
where m is a constant and the function v is defined by
(81) W W4 W* = 2m.

Furthermore, the direction-cosines (}?)l, ( Y—)l, (Z)l ; (}?’)l, (?‘)l, (Z,)l; (X’z)[, (}_’z)ﬂ (Zz)l;

of the normal, and the tangents to the lines of curvature on X are given by

N _x_ W8 x5 WE Wy
(82) (X)'—X—mh:’ (X’)'—X'_W mAT

From (80) and (82) we obtain

) (Xz)x = }_{2 -

) =3a®, =+ L (=T,

(85) Ty, = SE®), =W+ (s =T,
T

T ’

7, =3, =+ (- )

m

8) G. DarBoux, Lecons sur la théorie générale des surfaces, 1I° partie (Paris, Gauthier-Vil-
lars, 1889), p. 383. For a full treatment of these transformations see the author’s paper: Deformable
Transformations of RiBaucOUR [Transactions of the American Mathematical Society, vol. XVII (1916),
pp- 437-458]1; from the first section of which we obtain the equations used in the present paper.
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where
(84) T=WW$+WW +W W =E an L.

We consider now the case where = is transformed by means of the function ¥
appearing in the equations (22) of the surface itself. Now equations (78) are reducible
to the form

9 S ot 91 o0&
i ¢ — hihd v . i
Su=2EXVE=2E0, So=D2E,

and consequently to within an addittive constant we have
2)\:E.Z+'ﬂ,+:z-
From this result it follows that the spheres with centers at the points (79) pass
through the origin.
Comparing this equation with (81), we see that m =1, and consequently equa-
tions (80) show that the origin is the transform of .
Although, as we have just seen, the transformation R gives nothing of value

in this case, the transformation by reciprocal radii does. In fact, the point coordinates
Bys Mgy &g, Of the transform of = by reciprocal radii are given by

(85) L=tk n,=nk, , =0,
where
(86) p:E’-{—v)’-{-Zz:Zm)\‘r.
Now
giu—_—z}jsx,VE—_—szVE, g—%=2W21/,
hence
Q_Ez—VE(X fW,) 660_1/3<— _2W,)
ou — o \'" e /7 dv e \T? e /7

From these expressions and (82) it follows that the transform X, has the same sphe-
rical representation of its lines of curvature as ¥'. Hence we have

6D M=I®L=—2, W)=—"2, F==".

10. Transformations of the surfaces =.—In § 6 we saw that if we have a special
surface 7, that is a surface of Voss determined by a solution of (28) such that
® = o, each constant ¢ not satisfying (29) and a solution 8 of (10) determine the
normals to a surface = for which the tractrix surface has the equation

(88) AW —BW:+ CW* =o.

Again the tangents to the parametric curves on ¥, are normal to surfaces =
whose tractrix surfaces have one of the equations

(89) WZ-{-W:—%W;:o, W’+W;—-‘§_W;=o.

Rend. Cire. Matem. Palermo t. XLII (1917). — Stampato il 25 marzo 1919. 31
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Hence from (87) we have

THEOREM 9. — Surfaces X with the tractrix surfaces (88) or (89) are transformed
into surfaces of the same kind by reciprocal radii.

It V7 is another special surface of Voss with the same equations (28) as V7, the
quantities ¢ and O referred to above determine the normals to a surface X' with the
same spherical representation of its lines of curvature as X and its tractrix surface has
the same equation (88). We apply to this surface 2’ the transformation R determined

by the function & of the surface =. From (83) we have
(90) A2~ B+ CP"Y:= (A —T) (AW W, — BW W, C W),
From (54) and (55) we get

(97) AT — BT W 4 CP = — 4B

C

W,

where W defined by (46) is a constant. Since /" and ' belong to special surfaces
V,, they are defined by equations of the form (47), and, as shown by (48), Ws£4o.

We inquire whether the other factor in the right-hand member of (90) can be
constant, say 4. This necessitates

LZZEZ—I— zEE'—X = 0.

Differentiating this equation, we find that this condition is satisfied only in case

W W W
— = == == — 24,
W, w, w
that is, when X and 2’ are homothetic with respect to the origin.
Suppose we have a surface V,, as defined in § 4, with the spherical respresentation
(1) of its geodesic conjugate system. The quantities 8 and ¢ referred to above deter-
mine in the tangent planes to ¥, lines forming a congruence of normals to a surface
X', whose tractrix has the equation

(92) AT — B CIP" =2
As thus defined 2’ and X (defined above) have the same spherical representation of
their lines of curvature.

We apply to ¥’ the transformation R determined by W of the surface . From
(83) it follows that we have

AW, — B(W), 4 C(;

(93) O—TY(AT W — BW, W+ CWW).

b 2
(: C + miz
Comparing the right-hand member of this equation with (91), we see that the neces-

sary and sufficient condition that the transform X! be a surface of the same type as
X' is that W(W, W) = o.
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We turn to the consideration of surfaces of GuicHARD X and 3' with tractrix
surfaces given by the first of (89) and (68) respectively. We apply to X' the tran-
sformation R determined by # of 2. In consequence of (83) we obtain

2 O—TTW+ W, W — B w ).

@7+ (7 — S 7y =2 =

mA*

Substituting the values (67) and similar ones for 2’ in the lefrhand member of the
following equation, we get the other member:

W+ W — W7 =— 2w

Hence as in the above case the determination of this type of transformations R of
special surfaces of GuicHaRD into surfaces of the same kind reduces to finding func-
tions W such that W (W, W')=o. We proceed to the investigation of this question.
In § 5 it was shown that /" is expressible in the form
[—
W =aw +aw +aw,

where the functions w} are defined by equations of the form (47). If 4;; denotes the
value of W for the functions w; and w;, then for W' we have

o(W') = 2(a,,8,8,+ a,,a,a, + a,0,a) 0.
Wzamwl—l_aozwz-l—ao;w;’

In like manner

where the constants 4, , 4,,, 4,,, are such that

(I)(PV) 2((10! 02 xz+aoz u;az —I—dm 03 13)""0

If the constants 4, a,, &, are chosen so that

au(al aoz + a, OI) + az;(az 03 + a; oz) —I- al}(alao3 + ao ox) =0,

then for W and W' we have ¥ = o.

Applying these results to the previous considerations, we have

TueOREM 10. — If X is a surface with a tracrix surface (88) or (89), there exist
oo* surfaces X' with tractrix surfaces of the type (92) or (68) which in the transforma-
tions determined by the function W of X go into surfaces of the same kind as 2'.

Conversely it follows from the above that if /' is a function for which ® 540,
we can find o' functions # for which W(W, W') = o. Hence we have.

THEOREM 11. — If 3’ is a surface with a tractrix of the type (92) or (68), there
exist oo' of the above tramsformations R of X' into surfaces of the same kind, and these
can be found directly.

11. Induced transformations of the surfaces V,. — Now we consider the transfor-
mation of surfaces of Voss induced by the transformations R discussed in the prece-
ding section.
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In consequence of (12) the expressions (18) can be given the equivalent forms

G g
_ . . . ,
X, = cos —2—(51nle— cosw)&z)+51n—2—X,
< . [ . ' f [} ,
X, =sin —(sinw X — cosw X,) — cos — X".
2 2

From these equations and (18) we find

= — (Sin

Hence for a surface X' with a tractrix of the type (92) the planes through the nor-
mals to 3’ which make the angles # — ¢/2 and = 4 ¢/2 with the planes whose di-
rection-cosines are X,, ¥,, Z,, envelope two surfaces of Voss in the relation of a
transformation Q.

For the surfaces 2! resulting from 2’ by the transformations R discussed in the
preceding section the constant ¢ is the same as for X'. Accordingly the planes trhough
the normals to =/ which make the angle = — 6/2 with the planes whose direction-
cosines are (X)), (Y)),, (Z,), envelope a surface of Voss V,. The tangential coor-
dinates of this surface are expressible in the form

(X), = — [sino/2(X), + coss/2(X)],

(W), = — [sins/2(W)), + coss/2(W)),],
which in consequence of (82) and (83) are reducible to
w
(X)( = X“ m)\T E)

(94)
wy =w— 2o

Corresponding to the case of the transtormation of 2 by reciprocal radii the ex-
pressions for (X) , (Y),, (£), are the same as (94) and
w

55) ), ===

This surface is a special surface of Voss 7 and consequently we have thus establi-
shed a new transformation of these surfaces.

We cousider also the transformations of surfaces of Voss induced by the above
transformations R of special surfaces of GuicHarp. If X! is the transform of X', it
follows from the investigation that the principal planes of Z! corresponding to those
of X' envelope surfaces of Voss V.

Applying formulas (82) and (83) to the respective results (63), (66) and (71),
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(72), we get the following expressions for the tangential coordinates of the transforms
of V,:
Wx, w

(o= x— 2 = 50— )
(56) Wy W
Z(Xx =X D5 =W im0 =)

where x, and x, are given by (66) and (72) respectively, and the functions 1, are
determined by quadratures of the form (78). Moreover, from (81) and (68) we get
2 B B
2m)\‘.T,.=W (I +7)+Z—z—,
When a surface = with either of the tractrix surfaces (89) is subjected to a
transformation by reciprocal radii, the expressions for the direction-cosines are the same
as above, but the #'s have the values

] W 74
W), =— . ("), =

where now
p— 2mMAT — Wz(l —I——‘%)

Hence in this case corresponding tangent planes to the two transforms are equidistant
from the origin.

12. Special surfaces of GuicHARD, and congruences of GuiCHARD. — From (66) we
obtain by differentiation

dx B -  0x oW
(o7) S=(+5)7x, 5= +7) 50 %
Hence the first fundamental coefficients E and G of = are of the form
— B — B\ ol
(98) VE=(1+7)W, VG—(1+*;4‘)8—,U

The tangents to the curves u = const. on X form a congruence of GUICHARD
by definition provided that the parametric curves on the second focal surface =, of the

congruence are lines of curvature. If x , y,, z, denote the cartesian coordinates of this
focal surface, their expressions are of the form

(99) % =x—VEX,
since by differentiation we find
(00) 0% _ _ EX, 9, =1VE(—sinoX, + cosw X))

ou —  Qdu ov

From these expressions it follows at once that the parametric curves on this surface
are orthogonal and consequently the lines form a congruence of GuicHARD.

If (X),, 3 XD, -5 (X),, ..., denote respectively the direction-cosines

of the tangents to the curves v = const., v = const., and of the normals to X, we
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have from (Ioo)
(X‘)l =X, (X)), =sinoX — coso X,,
(X) =coswX, 4-sinwX,.
Moreover, from these expressions and (99) we obtain

— 1 oW ow
(W)‘_smzm ou +u A corzesy
= B B oW
(F) ==, (P), =5
In consequence of (32) and (41) we see that these functions are in the relation

(7, + (), — STy =2
Since similar results follow when X is given by (72), we have
THEOREM 12. — When for a congruence of GUICHARD ome of the focal surfaces
has a tractrix surface (68), the other has a tractrix surface (74); and vice-versa.
From the preceding results it follows that for the case just considered the special
surface of Voss associated with the new surface of GuicHARD has the tangential co-
ordinates

X, Y, Z, - W,

13. Other transformations R of surfaces =.

If S, denotes the surfaces whose rectangular coordinates &_, n, % , are given by
(59), it follows that the distance between corresponding points on S, and Z, whose
coordinates are of the form (58), is Wsin6.(4 - B)/2 C. As this value is indepen-
dent of 0, if we take two solutions of (10) for the same ¢, we get two surfaces X
and X, with similar tractrix surfaces (52), in the relation of a transformation R.

Suppose now that we have a surface = of this type. As shown in § 11, we
know how to draw planes through the normals to = to get a surface V,. Making
use of this result and of equations (11) and (18) we find the corresponding functions
o and 8. The constant ¢ is determined by (56). Since equations (10) are reducible to
the Riccati form, it follows that the further solution of these equations reduces to
quadratures. Hence we have.

THEOREM 13. — When a surface % with a tracirix of the form (52) is known,
o' surfaces of the same type can be found by quadratures alone; each of these surfaces
is in the relation of an transformation R with Z.

These transformations differ from those treated in § 10. For in the present case
the planes determined by the corresponding radii of the spheres of the transformation
envelope the surface of Voss referred to above. That this is not true of the transfor-
mations of § 10 is evident from (82).

Princeton University, Novembre 6, 1916.
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