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In a recent memoir published in these Rendiconti ~) BtANcm has studied at 

length a class of surfaces defined as follows. We take any surface S and a point 0 

fixed in space. At each point M of S we consider the trihedral of the normal and 

the tangents to the lines of curvature. When the vertex M of the trihedral moves over 

the surface S, the point 0 asswmes, with respect to the trihedral, a series of posi- 

tions, which in general constitute a surface, called the tractrix surface for S and O. 

The surfaces studied by BtA~cm are those which admit as a tractrix a quadric which 

has the planes of the trihedral for planes of symmetry. These surfaces depend essen- 

tially on pseudospherical congruences, defined by the property that the distances be- 

tween the limit points and between the focal points are constant. In fact, the normals to 
these surfaces are parallel to the rays of a pseudospherical congruence, and moreover the 
lines of curvature of the surfaces correspond to the asymptotic lines on the focal 
surfaces of the congruence. There are different types of these surfaces determined 

by the character of the quadric tractrix. Most of the types belong to a general class 

of surfaces discussed by the author in a former number of these Rendiconti =). 

We established in particular a transformation of surfaces of Voss into surfaces of 

Voss, such that the lines joining corresponding points on a surface and a transform 

form a congruence meeting the two surfaces in their geodesic conjugate systems. In 

this case we say that the two surfaces are in the relation of a transformation •. We 

showed further that the lines of intersection of corresponding tangent planes to two 

surfaces in this relation form a normal congruence, that the lines of this congruence 

,) L. BIANCHI, Sopra una classe di superficie coUegate alle congruence pseudosferiche [Rendiconti de1 
Circolo Matematico di Palermo, t. XL (2 ~ semestle I915), pp. 1io-i52]. 

2) L. P. EIS~,XH~,RT, Conjugate systems with equal Tangential Invariants and the Transformation 
of MOUTARD [Rendiconti del Circolo Matematico di Palermo, t. XXXIX (I ~ semestre i9t5) , pp. i$~-x76 ]. 

In what follows, this memoir will be referred to as M. 
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are parallel to the rays of a pseudospherical congruence, and that the developables of 
the former congruence correspond to the asymptotic lines on the focal surfaces of the 
latter. In certain cases the surfaces orthogonaI to these normal congruences are of the 
class considered by BIANcm, and it is the purpose of this paper to investigate these 
surfaces from this point of view. 

If Z is a surface of the type under consideration, one knows how to draw 
planes through the normals to Z such that these planes envelope a surface of Voss. In 
general two surfaces of Voss are obtained in this manner. They are special surfaces 
of Voss, characterized by the property that if W denotes the distance from the ori- 
gin to the tangent planes to the surface, then [47 is a solution of a completely inte- 
grable system of three partial differential equations of the second order. Conversely, 
each solution of this system 
nation of the solutions of the 
the BXCKtmqD transformations 

determines a special surface of Voss, and the determi- 
system is the same analytical problem as that of finding 
of pseudospherical surfaces. When such a surface is 

known, it is possible to draw in its tangent planes lines forming a normal congruence 
met orthogonally by surfaces Z. Moreover, the analytical determination of these con- 
gruences is the same problem as finding the B;iCKLUND transfor mations of the pseu- 
dospherical surface whose asymptotic lines have the same spherical representation as 

the geodesic conjugate system on the given surface of Voss. 
The tangents to the curves of either family of the geodesic conjugate system on 

a special surface of Voss are normal to a surface Z with a quadric of revolution for 
tractrix. As thus given Z is a surface of GUm~tARD, and it is readily shown that the 
other focal surface of the accompanying congruence of GUmHARD is of the same type. 

We establish two types of Transformations of Ru3Aucour~ of these surfaces "_:, 
and for certain types the transforms by reciprocal radii are surfaces of the same kind. 
At the same time these transformations carry with them certain induced transforma- 
tions of special surfaces of Voss. 

I .  Equations of  a 8urfaoe V and preliminary formu/as. - -  We consider a surface V 

referred to the geodesic conjugate system. Since this system has the same spherical 
representation as the asymptotic lines on a pseudospherical surface P, the linear element 
of this spherical representation can be given the form 

( I )  dg= = d/b = + 2 cos 2 ~ d u d v  + d'/) = 8), 

where co is a function of u and v satisfying the equ:ition 

o3=o~ 
( 2 )  o3 u o3 v + s in  co cos  co - -  o .  

If X,,  Y,, Z, , a n d  X=, Y2, Z~ ~ denote respectively the direction-cosines of the 
bisectors of the angles between the parametric curves of the spherical representation, 

a) The formulas ot this section can be obtained from those of ~ t, 3, M, by taking p ~- const. 
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and X, Y, Z, the direction-cosines of the normal to a surface V with this represen- 
tation, �9 ae have 

(3) 

f O X ,  c_)to. OX O~ Ou - -  ~ A ~  ~ sintoX, O v . = ~ X ~ + s i n t o X ,  

t - -  X - -  cos to X, X - -  cos co X, Ou Ou 8v  Ov 

0 X sin co X -[-- cos co X~. OX __ sintoX + costoX~, - -  , 
du  ' Ov 

(4) 

The tangential coordinates of V, namely X, Y, Z and I41, satisfy the equation 

OuOv + cos2to. W = o. 

In terms of the tangential coordinates the rectangular coordinates, x, y, zo of V 
are expressible in the form 

(5) x - -  W X + ~  L I  [ X  cos, to[~_/_.V~ Ou ~ W ) _ [ _  X s i n t o ( ~ + ~ _ V _ _ )  . c 3 W  

From these we obtain 

(6) 

where 

(7) 

t O x  D = - -  to (cos x ,  + sin to x 3 ,  

i O x  D" , 
I - -  - -  = - - -  kcos to X, - -  sin to X=), 
\ 0 v s,n 2 ~o 

0~W c~to d W  2 0to 0 W  
D ~--- c) u ~ -[- 2 cot 2 co ~ c~ u - -  sin 2 ~  0--u c3~- - -  W, 

O~ W 2 Oto O W e3o O W 
D" - -  - -  O V ~  - -  s iu  2 o~ c) v ~9 u --'4- 2 c ~  2 to o3 V 0 v W .  

The CODAZZI equations for V are 

(8) c) D 2 Oto D, , O D" 2 Oto D 
~ 0 ,  - - - 0 .  

c) v sin 2 to c~ u 0 u sin 2 co 0 v 

When the surface P is subjected to a B*CKLUND transformation, the linear ele- 
ment of the spherical representation of the asymptotic lines on the new surface P, is 
given by 
(9) d*~ = du ~ + 2 c o s 2 0 d u d v  -~- dv ~, 

where 0 is a solution of equation (2) satisfying also the equations 

0o) 
- -  - -  c o t - -  sin (0 + to), 

0 u  0 u  2 

O0 0o~ , 
~-~ + ~-~ = tan - -2  sin (0 - -  o ) ,  
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412)  

being the constant angle between the tangent planes to P and P, at corresponding 

points. The intersection of these planes passes through P and P ,  and its direction- 

cosines X, Y, Z, are of the form 

( 1 I) X - -  cos 0 X~ Jl- sin 0 X 2 . 

Moreover, the direction-cosines of the normal to P and of the bisectors of the angles 

between the parametric curves on the spherical representation of P, are of the form 

i X' =- cos ,  X -[- sin ~ (sin 0 X - -  cos 0 X,), 

X', - -  sin co [cos ~ (sin 0 X - -  cos 0 X~) - -  s in ,  X] - -  cos co X', 

I x ;  = - cos ~ [cos ~ (sin 0 x - cos 0 x 3  - sin ~ X]  - -  sin ~ 2 .  

2. Transformations f~ of sur[aOes V. Normal harmonic eongruenees. 
From the theory r of transformations ~ it follows that X', Y', Z' and W,,  

defined by 

(13) O u ( W , w )  = - , 

where w is any solution of (4), are the tangential coordinates of a surface of Voss, 

say V,, such that the developables of the congruence of joins of corresponding points 

on V and V, meet the latter in the parametric geodesic conjugate system. The direc- 

tion-cosines of the line L of intersection of the tangent planes to P and P are ne- 

cessarily X, Y, Z, given by ( I I ) .  We are interested particularly in the case where 
the congruence of lines L is normal, and this is the only case which will be consi- 
dered hereafter. We call it the harmonic congruence. 

The necessary and sufficient condition that the congruence of lines L be normal 

to a surface, say X, is that the function w shall be defined by 

414) O log w ~ d log w - -  - -  cot - -  cos (0 + co) ,  - -  - -  tan - -  cos (0 ~ o0, 
Ou 2 Ov 2 

where 0 and ~ are any solutions of equations (IO) s). In this case equations (13)are 

reducible to 

O W ,  _ ( W  - -  W,)cot ~ cos(0 + ~o) O W  
F ; - - -  -Y - - 0 ~ - '  
0 W, 

--~ ( W +  W')tan *-- c~ 4 0 2  - -  co) dr_ c)vOW 

The rectangular coordinates a, ,  b,, c, ; a=, b=, q ,  of the focal points F, ,  F, ,  of 

this congruence are of the respective forms 

416) a, - -  x + T c~ ~ + sin oX= 
sin (0  - -  o )  ' 

a = =  x + T c~ ~ X~ - -  sino X, 
sin (0  + o )  ' 

4) The results of this section follow from ~ 3, 5 and 6, M., when we take p = p, = i. 
s)  1. c. 2) n ~ 86. 
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where 

( I7)  
T - -  W, - -  Wcos sin (0 - -  o)  a W sin (0 -[- o)  a W ~). 

sin ~ sin 2 ~ 0 u -[- sin ~- o B v 

From the theory of normal congruences it follows that the normals to the focal sur- 

faces which are the loci of F,  and F~ are parallel to the tangents to the lines of 

curvature on X, which as a matter of fact correspond to the geodesic system on Y 

and consequently are parametric. Hence if X ' ,  Y ,  Z,  ; X~, Y2, 7.~ denote the direc- 

tion-cosines of the tangents to the curves v - -  const., u - -  const, respectively on X, 

we find that 

08 )  I 
X', - -  cos (sin 0 X - -  cos 0 X,) - -  sin " r  X, 

2 ~ 
X~ - "  ~ sin (sin 0 X, - -  cos 0 X,) - -  cos - -  X. 

2 

( I9)  

where 

(so)  

From ( Ix)  we obtain by differentiation 

r 8x 
c)u = ~ v  - -  ' 

1/~" - -  sin (0 + co) t/~; sin (0 - -  co) 
, -"- 

q O" 
sin - -  cos - -  

2 2 

F = o .  

Evidently E, F and G are the coefficients of the spherical representation of .v. It is 

readily found that 

I O e E  __ C o s ( O +  tO), I ( ~ f G  Cos(O -- tO), 

We express the rectangular coordinates ~, ~, ~ of 2g in the form 

(22) ~ --'---- W X  + W I X  | + m2x~l , 

where /.V--, and W 2 are to be determined. Since these functions are evidently tan- 

gential coordinates of the loci of F, and F~ respectively, we have 

(23) w-w = -  = , w ,  = yx, , w , + w  
2, sin -- 2 COS 

2 2 

From these equations we find 

(24) 

e) Cs L c. 2), nl 78-80. 
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and from (18) 
m 

c)X 

oL 
Ou 

i ol/~ 2 o N  ~ o l /8  2 

O1/E2 ' OX, ~ O1/G~ r 
r  Ov Ov -- 1/F- Ou a , - -  

Equations of the form ( 2 2 )  s e r v e  to define any surface referred to its lines of 
curvature. Equations (24) and (25) hold in this general case, as do also 

- -  m 

0 W  c3W 
(26) o .  - l E W d )  0 ~  _ r  
and 

(27) 

c ) ~ =  \ ~  + r  r 2) 

8. 8urfaees V o and surfaces X o. - - T h e  function w defined by equations 0 4 )  is a 
solution of (4), and consequently there exists a surface /1o whose tangential coordi- 
nates are X) Y, Z ) w .  We inquire under what conditions a surface of Voss is so 
defined. 

If equations 0 4 )  are differentiated with respect to both u and v, we note that 

( , 8 )  

w satisfies the system 

O~W c3~ OW 
Ou' 2 c 0 t 2 c 0 ~  OU 

OuOv + cos 2 o  W =  o) 

c3~W A 
2 

c3 v ~ 

- - m  2 
B I Oo OW B 

W ~ -  o~ 
A s i n 2 o O u  Ov A 

I Oo OW Oc00W A 
2COt  2tO ~ r  ~-- O) 

B s i n 2 o  Ov Ou Ov OV B 

where A and B are positive constants such that 

(29) A cot - -  - -  B tan - - .  
2 2 

Comparing this result with (7), we see that the second fundamental functions of Vo 
are of the form 

D - - - -  I J7 W + s i n 2 ~ 0 u  0v  ' 
(30) ( 2 

D " ' - - - -  I 71- W q  s i n 2 o O v  Ou " 

It is readily seen that these values satisfy the CowAzzI equations (8) in consequence 
of (28). 
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sin 0 and cos O, we get 
c31ogw r o31og w'~ 

~u q cot 2 c~v 1 '  

c9 log w ~ c~ log w '~ 
0u  cot 2 0v ] " 

(34) A W~ - -  B W~ - -  const. 
Consequently we have 

TnEo8n~ I. ~ Wben a surface V o is subjected to the transformation ~ determined 
by the function w of the surface itself, the Uactrix surface of a surface ~ normal to the 
harmonic congruence of tbe transformation is a hyperbolic cylinder whose axis is the normal 

to ~. 
4. 8/h80 the traotrix surface is a paraboloicl. - -  We consider now the case when 

the tractrix surface is a paraboloid with an equation of the form 

(30 ~ w~ - B w :  - 2 b w = o. 

If this equation be differentiated separately with respect to u and v, the resulting 
equations are reducible by means of (I5) , (23) , (24) and (26) to 

[ W  (cot ~ -  A --  tan-~- B ) - -  W(cot  ~ A-I-tan-~- B ) ]  c~ (02+ 0) 

+.4-~+bsin(O+~)=o, 
(36) [ ( ~ ) ( ~ ~ )]cos(0-~) 

W, c o t - - A - - t a n  ~ B  ~ W  cot - -  A -~ tan B 
2 2 2 2 

o3W b sin (0__o0._. o. --B b~-+ 

a constant. In this case equations (23) are 

C 

(33) W , -  w , 
G 

2 sin - -  
2 

From these espressions we have 

C 
- -  + w  

w 

ff 
2 COS - -  

2 

When equations ( t4)  are solved for 

i s i n O = - - z (  r  tan 2 

(cos0 = I ( ~ - -  tan 
2 COS to 2 

Squaring and adding, we observe that for w defined by (I4") the function ~, defined by 

(32) W = s i n 2 2 o ~ _ B - \ c ) u  J " 7 1 - 2 c ~ 1 7 6  03 u 0 3 T  "3V .,'1 k o~ v J J ' D ~  

vanishes. As a matter of fact, it is readily shown that for any function IV satisfying 
(28) the first derivatives of �9 are zero, so that �9 is a constant. 

Suppose now that we have any solution of equations (28) for which ,I, is zero. 
It is easily shown that ~ given by (29) and 0 defined by (3 ~) satisfy equations (~o). 
Accordingly we say that every surface of Voss whose tangential coo<d!nate W sati- 
sfies equations (28) and makes r zero is a surface V o. 

Suppose we have a surface Yo and apply to it the transformation determined by 
the function w of the surface itself. From (I3) it follows that W , - - c / w ,  where c is 



I 5 2  L U T H E R  P F A H L E R  E I S E N H A R T .  

Eliminating the first parenthesis from these equations, we obtain 

(37) A cos (0 - -  co) a W {3 W ~ + B c o s ( 0  + to) + bsin 2 to - -  o. YV- 
Likewise the elimination of b gives 

08) ' sin to rw ( c~ - ' 2  

- -  A sin (0 - -  to) 0 W  0 W  ~ - - - B s i n ( 0 + o ) - b - - v - -  v = o. 

When we express the condition that tlQis value of W shall satisfy ( r5 )  , we get, 
in consequence of (7), the expressions (30) for D and D".  When  these values of D 
and D "  are substituted in (7), we find that W must satisfy equations (28). 

Making use of this fact, we differentiate (37) separately with respect to u and 
v. The  resulting equations are consistent only in case ~ satisfies (29) , and then they 
are equivalent to the single equation 

(39) A sin (0 a W a W - -  m ) ~ -  -{- B sin (0 + to) ~ -}- A cot --2 sin 2 to W - -  o. 

However, when , satisfies (29) , the coefficient of W I in (38) vanishes, and conse- 
quently the foregoing investigation does not justify us in concluding that W is a 
solution of the system (28). Nevertheless we shall find that this is the case. 

On the assumption that , satisfies (29) equations (36) become 
{}W , b 
{3 u - -  cot --2 cos (0 + to) W - -  -A- sin (0 Jr- ca), 

(40) a W 
b sin (0 to). (0 t o ) w +  y v - -  t a n - - c o s  - -  

2 

When these expressions for ~ W 0 W - ~ -  and OT -  are substituted in (37) and (39), these 

equations are satisfied identically. Moreover, if these expressions are differentiated and 
the results are substituted in (28), the latter are satisfied, in consequence of ( Io) .  And 
from (32) we have 

b 2 
( 4 0  ,I, -~ - -  - -  AB" 

If equations (4 o) are solved for sin 0 and cos 0, we get 

0 W  (`4 B W 2 + h 2) siu 2 to sin 0 = - -  .4 (B tan *---2 W cos to + b sin to) 0 .  

ff 
- -  B (A cot - -  W cos to + b sin to) ~ W 

0 v  ' (42) 2 
( A  B W 2 "l- b') sin 2 to cos 0 - -  A (B tan ~ W sin to - -  b cos to) 0 W 

' 2 Ou 

- -  B (A cot ! W sin o -~- b cos to) a W 
2 c]v 

Squaring and adding, we get. (41). On  the assumption that W is a solution of the 
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system (28), ~r given by (29) and 0 by (42) satisfy equations (Io). If , t , -  o ,  w e  

have the case of w 3. If ,I~ 5& o, we determine h by (4 I) and the conditions of the 

present section are satisfied. 
The special surfaces of Voss determined by solutions W of (9.8) are called Vh, 

where h denotes the constant obtamed from (41). 
From the above results follows 
THEOREM 2 . -  Each solution of equations (lO) determines a family of surfaces 

Vh, h being the parameter of the family; these surfaces are obtained by quadrature. 
Assume that we have a surface V~ for which h =/: o, and that we have deter- 

mined ~r and 0 by (9.9) and (42). There exists a function w given by (14) for these 
values o f ,  and 0. We use this w to determine a transformation a of V~. 

Substituting the values from (4 o) in (I3), we get for the determination of W, 

We define a function T by the quadratures 

COS (43) 0u 2 

= h 
~ -  w sin (0 - -  ~). 

o~T 
= s in  ~ 1/6: w ,  

0 v 2 

which are readily found to be consistent. Hence we have, to within an additive 

constant, 
b 

(44) W, w = tan 2 T - - 2 -  ' 

From (35), (33) and (44) we get 
T W  

(45) W - -  Ca-' s i n  q 

Reviewing the preceding results, we note that when a solution of equations (In) 
is known, we can find by quadratures functions W, w and T, whence we obtain a 
surface x with a hyperbolic paraboloid for tractrix. In other words we have 

T~Eo~v.~ 3. - -  The determination of surfaces X with a hyperboloid paraboloid or a 
hypesbolic cylinder for tractrix, as given by (35) or (34), is equivalent to the determi- 
nation of B~,c~:LU~II~ transformations of pseudospbericat surfaces. 

5. Oomplete solution of equations (28). ~ The system of equations (28) is com- 
pletely integrable, and consequently any solution is linearly expressible in terms of 
three linearly independent solutions. We investigate this problem in the light of the 

~ = W W '  
(46 ) 

preceding results. 
Since �9 is a constant for any 

W' are two solutions, the function 

' 

sin ~ 2 to B 

solution of the system, it follows that if 

IF defined by 

OW %W' 
Ou Ou 

(ow ow' ow,  B owow'] 
+ c o s z , , ,  ~ Ov q - O r  Ou ] + A 3v  3v  l 

is a constant. 
Rend. Circ. Matem. Paler,to, l. XLII  (1917). ~ Stampato il aS marzo i9x9. 
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If 0 and 0 are two solutions of equations (IO) in which ~r is given by (29), 
the two functions w, and w defined by 

81ogw, c o t ! c o s ( 0 ~ + c o )  ' 81ogw, (47) Ou - -  2 - - d r  - -  tan--2 cos(0 i - c o )  (i=x, 2), 

are solutions of (28). When they are substituted in (46), we get 

(48) w w 2 [I - -  cos (0  - -  02) ] = const. 

If we take the logarithmic derivative of this equation, it is satisfied identically. Hence 
when 0 and w are known, w~ follows directly. 

Suppose now that we have a third solution 0 of (Io)  for the same value of ~, 
and w 3 denotes the function given by (47) with i - - 3 .  Since the left hand member 
of (48) cannot be equal to zero, w 3 is not a linear combination of w, and w 2 . Thus 
w,,  w 2, w 3 are three linearly independent solutions of (28) in terms of which any 
solution is linearly expressible. Since equations ( io)  are reducible to the RtCCATI form, 
when a solution is known, the others can be found by quadratures. Reviewing the 
preceding results, we have. 

THEORE~ 4 " -  The complete solution of the system (28) is reducible to the integra- 
tion of a RIccAwl equation and quadratures. 

If we put 

(49) VF = a, w, --~ a, w,  + a, w3, 

where the a's are constants, equations (4 2) become 

~ cot ~/2 h ~-" a, wi sin 0 i 
B ~ ' (so) 

Squaring and adding, we get 

(SI) ~-alaJwi~uJ[I--C~ AB ~-.~-o 1,2 . ,  , 

96/ 

which is consistent with (4I)  and (48). With the aid of (5i )  we show that 0 de- 
fined by (50) satisfies (~o). 

6. When the traotrix i8 a oatltral quadrio. ~ We consider in this section the case 
.vhen the tractrix surface is a central quadric with the equation 

(s2) A w ;  - -  13 + c w = K, 

where A, B, C and K are constants. 
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If this equation be differentiated separately with respect to u and v, the resulting 
equations are reducible by means of (I5), (23), (24) and (26) to 

~" sin (0 + ~) AC ouaW + cos (0 + ~)s_~n~ X 

[ :o +) ~ X W,(--~sin A . [ B  �9 t ~ - -  A 2 C cost + ~ ~ sm - y  .1- ~ cos" ~ = o, 

0 3 )  ./3 a w  - -  cos ( 0 - -  o)  X 

X W, ~ sin a C cos t + W --~-sin --2 -i- ~ cos ~ - ~ . ] - -  o. 

Eliminating W" from these equations, we get (38), from which, as we have seen, it 
follows that W must be a solution of (28), provided that the constant a defined by 

A 6- B �9 t 
COS2 ~ 2  - -  ~ S l n  ~ 2  = a 

is not equal to zero. 
Equations (53) are equivalent to (38) and 

(54) W A cos (O- -o )  OW B c o s ( O + ~ )  OW 
- -  C sin 2co 0 u /- C sin 2 co Ov 

From (23) and (38) we have also 

B ~ cos 
2 

-- --W+ ~ X  a W, --~ sin 2 sin 2 to 

~W B OW 
X (--~ sin (0 - -  ~ , ) ~ -  + ~ -  sin (0 + ~ o ) ~ -  ) ,  

6 9  
sin - -  

- -  A a 2 X 
a/4/" ~-~ - -  -~  cos T W sin 2 eo 

( : s i n  (0 8 W  B aW 
\ , _ . ,  

In order that these values satisfy equations (24) and (26), we must bave a ~ i, and 
consequently r must satisfy 

(56) Acor a B sin ~ 
2 2 

Assuming that these conditions are satisfied, we substitute the above values of W, 

W ,  W~, in (52), and obtain 
CK 

(ST) * = - 2-~" 

Hence the tractrix surface is a hyperboMd or a cone, according as W is a solution 
of equations (28) for which ~ is different from or equal to zero. Accordingly we 
l~ave: 
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THEOREM 5" - -  If W is a solution of equations (28), ~ a constant angle not satisf- 
ying (29) , and 0 any solution of equations (~o) in which ~ has this value, equations (~2) 
and (38) determine a transform of the surface of Voss corresponding to W. The bar 
monic normal congruence is normal to a surface x whose tractrix surface is an hyperboloid 
or a cone, according as ,I, is not or is equal to z~ero. 

When the values (54) and (55) are substituted in (22), the result is reducible to 

Wsin ~ d + B ( X  ' sin 0 - -  X~ cos 0), (ss) ~ = ~ o + ~  c 
where 

) A O W  B 03W X~ O W  B 
(~9) ~o = W x + ~  c gff 4 c ~-~ +2-2~s~ 03u c ~ " 

In consequence of (r5) and (56) equation (38) may be given the tbrm 

W = -~- cos --2 + ~ sin~ W, 

. 0 3 W q  sin ~ A 03 W, B sin (0 + o ) - ~ - J  
+ ~  ~ s i n ( O - - o )  03u C 

Hence the transform V, also is a surface of Voss for which its coordinate 
sties (28)when co is re'placed by 0, a result easily verified. 

From (59) and (32 ) it follows that 

~; + -~; + ~; = w ~ + - ~ ( w  ~ - , ) .  

W sati- 

7. When the tractrix is a quadrio of revolution. Special sur[aoes of GUICHARD. - -  Since 
the parametric curves on a surface V~ for which IV satisfies (28) are geodesics, the 
tangents to the curves of either family form a normal congruence. We consider the 
surfaces orthogonal to such congruences. They are special surfaces of GUmHARO. 

We take first the tangents to the curves u = const. From (6) it follows that 
the direction-cosines of these tangents are of the form 

(60) 
By differentiation we get 

03~ 
(6~) 03u - 

- -  cos o XI - -  sin co X,.  

03f.0 
2 ~ (sin co X I -1- cos o X~), ~ ~ 03v = sin 2,oX, 

so that the coefficients of the spherical representation of the congruence are given by 

(62) f Z ~ -  - 2 ~ ,  r = sin 2 ,o. 

From these it follows that the direction-cosines of the tangents to the lines of curva- 
ture on a normal surface X, which in fact are the parametric lines, are of the form 

(rs) X, = sin,0X, + r 2 , = x .  
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The cartesian coordinates x, y, Z, of X are given by equations of the form 

(64) x - x + tT ; ,  

where t is determined by the conditions 

Ox 03x 
= o, 5_x  = o .  

In consequence of (6) these equations of condition are reducible to 

c~t St 
- -  - -  - -  - - -  D "  ~u Dcot 2 ~, ~v cos ec2 c0. 

When the values of D and D" as given by (3 o) are substituted in these equations, 
in consequence of (28) their integral, to within an additive constant, is 

( (65) t - -  I +  sin2c003v ' 

and equation (64) reduces because of (5) to 

- I ~ W .  X 

x - -  W X - [ - s i n 2 o ~ u  (" ~ c ~ 1 7 6  sino) 
(66) 

B I c~W 
-]- A sin 2 co ~v  (X, cos o ~ X~ sin co). 

From (60), (63) and (66) we get 

- -  03W B I 03W 
W - -  cot 2 c o ~ -  -11-"A sin 2 ~o 03v 

(67) 
~, 03W -- 

--  ~--7i-~ ' W , =  W. 

Since W satisfies (3 2) and (4I), we must have 

- -  - -  B - - 2  b ~ 
(68) W ~ + W~ A W~ = ~ 

We have seen that each solution of equations (28) determines a function 0 which 
satisfies (I0). For this value of 0 we have (40), by means of which the above expres- 
sions are reducible to 

(69) 
W - -  - -  (cot ! s i n  (0 -Jr- o) W + cos (0 + ~) - -~)  

2 

W , - - - c o t - - c o s ( O - } - o O W - -  sin(O + o ,  ) - ~  , W ~ - -  W, 
2 

and equation (66) may be written 

(7 ~ ) x---- W X - -  c o t - -  W(s in0X - -  cos0X,) - -  (cos0X, -{- sin0X,). 
2 
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In like manner we consider the tangents to the curves v - - c o n s t ,  on F h. The 
analogous functions are 

( 7 ' )  

X" = cos `0 X, -3 t- sin co X,, 

1/~" - -  - -  s i n  2 `0, 

X - - X ,  X - , - - s i n ` 0 X  - - c o s c o X ,  

= - 2 0`0 
0 v  

We have also 

and the coordinates of Z are of the form 

l- x = - - W X  

(7 2 ) 

so that 

(73) 
m b 

W = W ,  W , - -  

These satisfy 

(74) 

In terms of 0 they are 

i ~W 
sin 2 `0 Ou 

I 0 ~r(COS `0 Xz + Sill CO X2) - -  
B sin 2`0 0 u  

i 0 W (  
sin :2 `0 c~ cos co X - -  sin co X~), 

0 W  - -  A i 0 W  0 W  
0v ' / ' / / - -  B s i n 2 o  Ou c~176 

- = 

= tan ! 2  sin (0 - -  o) W - -  cos (0 - -  r , b  

W. - -  W, W~ - -  tan ~2  cos (0 - -  o) W -I- sin (0 _ `0)_ff . b  

Hence we have 

TH~.ORUM 6. m The tangents to the conjugate geodesics on a surface Yb constitute 
congruences normal to surfaces with tractrix surfaces which are central quadrics of revo- 
lution or cones of revolution, according as b differs from or is equal to ~ero. 

8. 8eoeral olass or sorfaoe8 ~. - -  The surfaces ~ discussed in w 3, 4, 6 have in 
common the properties that their normals are parallel to the lines of a pseudospherical 
congruence with the developahles of the normal congruence corresponding to the 
asymptotic lines on the focal surfaces of the pseudospherical congruence and that the 
planes through the normals parallel to the tangent planes to these focal surfaces enve- 
lolSe surfaces of Voss. We shall show that the second property is possessed by all 
surfaces whose normals satisfy the first condition. 

Suppose we have a normal congruence whose direction-cosines are given by 
(~i),  and with the expressions (2o) for the coefficients of the spherical representation 

of the developables of the congruences. The fundamental functions D and D;' o( a 
surface orthogonal to this congruence satisfy the CoDAzzl equations 
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When D and D--" are known, the cartesian coordinates of the surface are given by 

the quadratures 

(76) 8 u - -  E 3u ' B y - -  G 3 v "  

Through the normals we draw planes parallel to the tangent planes to P and PI- 
The tangential coordinates W and /4 z, of the envelopes of these planes are given by 

w =  _Y_ ;-x, w = Z . ;x ' .  

With the aid of (75) and (76) we find that W" satisfies (41 and W, equations (15). 
Hence we have 

TtmoREsi 7. - -  If S is a surface whose normals are parallel to the lines of a pseudo- 
spherical congruence with the asymptotic lines on the focal surfaces P and P, of the con- 

gruence corresponding to the lines of curvature on if,, the planes through the normals 
parallel to the tangent planes to P and P, envelope two surfaces of Voss in the relation 
of a transformation fa. 

BIAsctU 71 has shown that when any surface has a tractrix surface defined by 
any one of equations (341, (35), (52), in which A and B have the same signs, the 
normals are parallel to the lines of a pseudospherical congruence with the correspon- 
dence referred to in THEOREM 7" From the preceding results it follows that all sur- 
faces of this type may be obtained as in ~ 3, 4, 6. 

BIANCHI considers also the case where d and B have different signs, and shows 
that the normals to such a surface are parallel to the lines of a real pseudospherical 
congruence of one of three types, for all of which the focal surfaces are imaginary. 
Since the associated surfaces of Voss also are imaginary, there is no advantage in 
studying this case from our point of view. 

In w 7 we found a class of surfaces whose tractrix surfaces are quadrics of re- 
volution with equations of the forms (68) and (74). Evidently the normals to these 
surfaces are parallel to the tangents to the asymptotic lines on the surface P with the 
representation (11, and these lines correspond to the lines of curvature on X. Biarrctti 
has shown that all surfaces with this type of tractrix surface possess these properties. 
Accordingly we have. 

THEOREM 8. Surfaces with tractrix surfaces defined by (34), (35), (52), (68), or 
(741, when .4 and B have the same signs may be obtained by the processes of the pre- 
ceding sections. 

9. Oerta:n propert:es or transformations of RtBAuCOUR. - -  When in the correspon- 
dence established on the two sheets of the envelope of a two-parameter family of 
spheres by the points of contact on the same sphere the lines of curvature on the 
sheets correspond, these surfaces are said to be in the relation of a transformation of 

7) 1. c. x). 
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RrBAUCOUR with one another. For brevity we say that either is obtained from the 
other by a transformation R. In this section we derive certain properties of these 
transformations. 

The coordinates ~, ~, ~ of any surface whatever ~ referred to its lines of cur- 
vature can be put in the form (22), the functions X, X, ,  X satisfying (19)and (25), 

and the functions W, WI, W,, equations (24) and (26). 
Any other surface ~' with the same spherical representation of its lines of curva- 

ture as Z, is defined by equations of the form 

(77) ~ ' =  W' X ~t_ Ii7 I X  o r - W'  2X , 

where W', W~, W; satisfy (24)and (26). 

As DARBOUX has shown s), the function W determines a transformation R of 
Z'. In fact, if E' and G' denote the first fundamental coefficients of ~:', and ). is the 
function defined by 

(78) o -~=  , o~ = t ~  g g;, 

the sphere of radius ;~/W and center at the point whose coordinates are 
). - , ). _ ). 

(79) ~ o = ~ , ' - ~ x ,  yo= - ~ - r ,  zo=~'-=2,w 
touches ~', and on the other sheet of the envelope, say Z', the lines of curvature 
correspond to the lines of curvature on ~'. Moreover, the cartesian coordinates of ~' 
are given by equations of the form 

(80) ~', = ~' ~ ?g/,,r ~ '  

where m is a constant and the function "r is defined by 

(8~) w~ + w~ + w" = 2 , , ~ .  

Furthermore, the direction-cosines (.g),, (Y-),, (2), ; (~) , ,  (~ ' ) :  (Z) , ;  ( ~),, (~',), ,  (23,; 
of the normal, and the tangents to the lines of curvature on .-, are given by 

, , ,x. :  (Yr) ,  = ~, (y ; ) ,  = ~,_ w,.. 
' mX.r ' m X g  

From (8o) and (82) we obtain 

(W'), = Y Z (~'),. = ~ ' + w ( - -  ~-- ~ )  
m ~  

(83) ( , ) ,  = Y~.',(~,), = m,  - -  ~ -  , 
m ,i: 

. - ,  ,: - ,  <( ( , ) ,  = Y. (X, ) ,  = W2 + -  ~ - , 
m 

S) G. DARBOUX, Ler sur la th~orie g~nirale des surfaces, II e partie (Paris, Gauthier-Vil- 

lars, I889) , p. 383. For a full treatment of these transformations see the author's paper: Deformable 
Transformations of RXBAVCOUR [Transactions of the American Mathematical Society, vol. XVII O916), 
pp. 437-458]; from the first section of which we obtain the equations used in the present paper. 
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where 
(84) T - -  W W' + W W; + ~ W~ - -  ~ ~,' + ~ "0' + [ ['. 

We consider now the case where X is transformed by means of the function 
appearing in the equations (22) of the surface itself. Now equations (78 ) are reducible 
to the form 

- - - -  _ _ ~ ,  a v  = , 

and consequently to within an addittive constant we have 

2~ = ~.'- + . ~ '  + ~ ~ , 

From this result it follows that the spheres with centers at the points (79) pass 

through the origin. 

Comparing this equation with (8I), we see that m ' r - - I ,  and consequently equa- 
tions (8o) show that the origin is the transform of X. 

Although, as we have just seen, the transformation R gives nothing of value 
in this case, the transformation by reciprocal radii does. In fact, the point coordinates 
~o, "~o, ~o, of the transform of X by reciprocal radii are given by 

~o = E Ip, ~o = ~,I~, ~.o = ~I~, (85) 
w h e r e  

(86) 
Now 

hence 

~ P  ak - ,  re, r 
o 3 v ~  

- ~ - - -  X" - 2W, 

c ) u -  p p ' c ) v  - -  p p " 

From these expressions and (82) it follows that the transform Xo has the same sphe- 
rical representation of its lines of curvature as . , .  Hence we have 

- - -  m _ _  

(87) ( ~ ) o =  Y ( Y O , ~ o = - - - , w  (~ , )o  = - - - , w  ( W , ) o =  w2 

zo. Transformations or the surfaoes 
surface Fo, that is a surface of Voss 

= o, each constant r not satisfying 

x . - - I n  ~ 6 we saw that if we have a special 
determined by a solution of (28) such that 
(29) and a solution 0 of (zo) determine the 

normals to a surface X for which the tractrix surface has the equation 

(88) ~ w ; -  B m~ + c w ~ = o. 

Again the tangents to the parametric curves on 
whose tractrix surfaces have one of the equations 

(89) W'  + W'  B - -  W'  - -  , - ~ W ; = o ,  + W ; - - - -  

Rend. Circ. Matem. Palermo t .  X L U  ( 1 9 1 7 ) . -  S t a m p a t o  i l  25 ma t zo  1919, 

are normal to surfaces 

n x - - -  ~  

g!  
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Hence from (87) we have 
THEOREM 9 " -  Surfaces ~ with the tractrix surfaces (88) or (89) are transformed 

into surfaces of the same kind by reciprocal radii. 
If F' ~ is another special surface of Voss with the same equations (28) as Vo, the 

quantities r and 0 referred to above determine the normals to a surface v, with the 
same spherical representation of its lines of curvature as s2 and its tractrix surface has 
the same equation (88). We apply to this surface ~' the transformation R determined 

by the function W of the surface ~. From (83) we have 

(90) ( , ) , - - B (  J,+C(W')~=m~ ~ 

From (54) and (SS) we get 
A B  

(9~) A W ,  n,'; - -  BU," W' + C W W '  = --  --C v ,  

where IF defined by (46) is a constant. Since W and W' belong to special surfaces 
/to, they are defined by equations of the form (47), and, as shown by (48), IF:7~o. 

We inquire whether the other factor in the right-hand member of (9o) can be 
constan b say a. This necessitates 

a y e ' +  y ~ ' - ~  =o. 

Differentiating this equation, we find that this condition is satisfied only in case 

w~_ w; w, 
2 a~ 

w, w, w 

that is, when ~: and 2' are homothetic with respect to the origin. 
Suppose we have a surface Vb, as defined in w 4, with the spherical respresentation 

( I )  of its geodesic conjugate system. The quantities 0 and a referred to above deter- 
mine in the tangent planes to V b lines forming a congruence of normals to a surface 
~:', whose tractrix has the equation 

b , 
(92)  ~ t,t,'~ �9 - ~ n,"' + c tr  ''~ = - -  , 

C 

As thus defined ~' and Z (defined above) have the same spherical representation of 
their lines of curvature. 

We apply to v, the transformation R determined by W of the surface .~. From 

(83) it follows that we have 

A ! 2 i 2 
( W I )  | - - B ( W 2 )  I + C(W')~ 

O3) h' ~ r ) ( ~ m  w '  C W W ' ) .  

Comparing the right-hand member of this equation with (9I), we see that the neces- 
sary and sufficient condition that the transform .,v' be a surface of the same type as 
~' is that W(W, W')--o. 
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We turn to the consideration of surfaces of G U I C H A R D  X and X' with tractrix 
surfaces given by the first of (89) and (68) respectively. We apply to X' the tran- 

sformation R determined by W of x. In consequence of (83) we obtain 

~_ b ~ 2 , B 
( ~ ' ) '  + (/~;)~ --  (W'); = ~  + ~ ( X - -  T)4IVIV '  + W, W , - - - ~ I V . W ; ) .  

Substituting the values 467) and similar ones for X' in the left-hand member of the 
following equation, we get the other member: 

B B 
I v w '  + IV, - uLw'  = - - 2 v .  

Hence as in the above case the determination of this type of transformations R of 
special surfaces of GUmHARD into surfaces of the same kind reduces to finding func- 
tions W' such that wCiv, I v ' ) = o .  We proceed to the investigation of this question. 

In w 5 it was shown that IV' is expressible in the form 

IV' = a,w, + a + a % ,  

where the functions w~ are defined by equations of the form (47). If aq denotes the 
value of W for the functions w~ and wi, then for W' we have 

~t, 4"W' ) - -  2(a~a a ~ --~ a~ a~a~ + a,3a, a3) ~ o. 
In like manner 

IV - ao, W, + ao, W, + ao %, 

where the constants ao,, ao~, ao3, are such that 

~( IV)  - -  2(ao, ao~a~ -]- ao~ ao3 a~ + ao, ao3a,3) "-- o. 

If the constants a ,  a,, a3,'are chosen so that 

a ,4a~ao, + a ao, ) + a234a2ao3 + a3ao, ) + a,3(a ao3 + aoao, ) = o, 

then for W and W' we have W = o. 
Applying these results to the previous considerations, we have 
THEOREM I O . -  If  ~ is a surface with a tractrix surface 488) or (89), there exist 

oo 2 surfaces ~' with tractrix surfaces of the type (92) or (68) which in the transforma- 
tions determined by the function W of X go into surfaces of the same kind as X'. 

Conversely it follows from the above that if W' is a function for which � 9  o, 
we can find oo' functions W for which ~'(W, W') = o. Hence we have. 

THEOREM I I. - -  I f  X' is a surJace with a tractrix of the type (92) or (68), there 
exist o~' of the above transformations R of x' into surfaces of the same kind, and these 

can be found directly. 
x x. Induoed tranaformationa of the aurfaoas V ~ . - - N o w  we consider the transfor- 

mation of surfaces of Voss induced by the transformations R discussed in the prece- 

ding section. 
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In consequence of 0 2 )  the expressions (18) can be given the equivalent forms 

X, --- cos ~ (sin o~ X, - -  cos co X;) -]- sin * ~ - X ' ,  

X'~ = sin (sin ca X I - -  cos co X~) - -  cos - -  X'. 
2 

From these equations and ( i8)  we find 

( ~ X - - - - -  sin T , +  

X p ~ .  

cos X 0 

sin ~ X, ~ cos - -  X=. 
2 2 

Hence for a surface X' with a tractrix of the type (92) the planes through the nor- 
reals to s., which make the angles ~ -  ~/2 and x 2 r- ~/2 with the planes whose di- 

rection-cosines are X2, Y2, Z.2, envelope two surfaces of Voss in the relation of a 

transformation ~. 
For the surfaces X' resulting from X' by the transformations R discussed in the 

preceding section the constant ~ is the same as for X'. Accordingly the planes trhough 
the normals to X~ which make the angle ~ -  ~/2 with the planes whose direction- 

cosines are ( .~) , ,  ( • ) , ,  (Z~), envelope a surface of Voss V h . The tangential coor- 
dinates of this surface are expressible in the form 

(X L = - -  [sin ~/2(X-), + cos ~ / 2 ( X J , ] ,  

(/4/"), - -  - -  [sin ~/2 (W~), -I- cos ~/2 (W~),], 

which in consequence of (82) and (83) are reducible to 

(x) ,  = x w 
m),'r ~' 

(94) 
r162 T). (w ' ) ,  = w '  

Corresponding to the case of the transformation of x by reciprocal radii the ex- 

pressions for (X), ,  (Y),, (Z), are the same as (94) and 

W 
(gs) (w),  = - - - .  

P 

This surface is a special surface of Voss /1o and consequently we have thus establi- 
shed a new transformation of these surfaces. 

We consider also the transformations of surfaces of Voss induced by the above 
transformations R of special surfaces of GiJmnARD. If X~ is the transform of X', it 
follows from the investigation that the principal planes of x; corresponding to those 
of X' envelope surfaces of Voss V~. 

Applying formulas (82) and (83) to the respective results (63) , (66) and ( 7 0 ,  
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(72), we get the following expressions for tile tangential coordinates of the transforms 

of Vb: 

l ( x ) 2  x w~2 w '  w 

(96) ) Wx,  W' W 
(x), = x (w' ) ,  = + m--iT~ ( x -  T), 

where x-~ and x, are given by (66) and (72) respectively, and the functions ),, are 
determined by quadratures of the form (78). Moreover, from (8I) and (68) we get 

( 2 m ).,'r i -'-" W ~ I -]- -J- ~ -  , 

When a surface Z with either of the tractrix surfaces (89) is subjected to a 
transformation by reciprocal radii, the expressions for the direction-cosines are the same 

as above, but the W's  have the values 

H," W (W),-- , ( W ) , -  , 
P 

where now 

Hence in this case corresponding tangent planes to the two transforms are equidistant 

from the origin. 
xa. Special surfaoes of GUICHARD, and oongruenoes of GUICHARD.--From (66) we 

obtain by differentiation 

(97) 0 u -- ' a v -- -~---X,. 

Hence the first fundamental coefficients ~" and Cr of X are of the form 

= 
The tangents to the curves u - - c o n s t ,  on Z form a congruence of GtJmnARI) 

by definition provided that the parametric curves on the second focal surface X of the 

congruence are lines of curvature. If x ,  y, ,  Z, denote the cartesian coordinates of this 
focal surface, their expressions are of the form 

(99) ;, = - x -  r X, 
since by differentiation we find 

( ioo)  [~I'OXI - -  ~ X, c3vOX' __ l / ~ ( - -  sin o,X, + c o s ~ X ) .  

From these expressions it follows at once that the parametric curves on this surface 
are orthogonal and consequently the lines form a congruence of GtJmHARD. 

If ( . ~ , ) , , . . .  ; ( X , ) , , . . .  ; (X), ,  . . . ,  denote respectively the direction-cosines 

of the tangents to the curves v - -  const., v - -  const., and of the normals to ]g we 
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have from (IOO) 
= x,  

(X) = cos 

Moreover, from these expressions 

~7 (X) .  = sin o~X - -  cos (o A~, 

o) X -J- sin o~ X .  

and (99) we obtain 
B c)W 

- -  I c3fF [__~/_COt2&,c3v 
(W),  = sin 2 ,o c3~--~ 

/4 ~ B IV, ( I T ) ,  B o3W 
( ' ) ' -  = d 

In consequence of (32 ) and (41 ) we see that these functions are in the relation 

W 2  ~ h, 
+ ( , ) ,  - = B '  " 

Since similar results follow when ~ is given by (72), we have 

THEOREM X 2 . -  When for a congruence of 6UICHARD one of the focal surf~lces 
has a tractrix surface (68), the other has a t,'actrix surface (74); and vice-versa. 

From the preceding results it follows that for the case just considered the special 
surface of Voss associated with the new surface of GU~CHARD has the tangential co- 
ordinates 

B 
X, Y, Z, - - ~ - W .  

13. Other transformations R of surfaces ~. 
If S o denotes the surfaces whose rectangular coordinates ~o, no, ~o, are given by 

(59), it follows that the distance between corresponding points on S o and Z, whose 
coordinates are of the form (58), is Wsin ~. (A -31- B)/2 C. As this value is indepen- 
dent of 0, if we take two solutions of ( io)  for the same ~, we get two surfaces ~. 
and ~:, with similar tractrix surfaces (52), in the relation of a transformation R. 

Suppose now that we have a surface ;~ of this type. As shown in w I I, we 
know how to draw planes through the normals to x to get a surface V h. Making 
use of this result and of equations (I I) and (z8) we find the corresponding functions 
o~ and 0. The constant ~ is determined by (56). Since equations (IO)are reducible to 
the RICCATI form, it follows that the further solution of these equations reduces to 
quadratures. Hence we have. 

THEOREM 13. - -  When a surface X with a tractrix of the form (52) is known, 
oo ~. surfaces of the same type can be found by quadratures alone; each of these surfaces 

is in the relation of an transformation R with x. 
These transformations differ from those treated in w IO. For in the present case 

the planes determined by the corresponding radii of the spheres of the transformation 
envelope the surface of Voss referred to above. That this is not true of the transfor- 
mations of ~ Io is evident from (82). 
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