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THEOREMS CONCERNING THE SUMMABILITY OF SERIES
BY BOREL’S EXPONENTIAL METHOD.

By G. H. Hardy and J. E. Littlewood (Cambridge).

Adunanza del 14 novembre 1913.

§ 1.

Introduction.

1.1. In a paper ') published in the Proceedings of the London Mathematical Soc-
iety in 1912 we proved that a series > a, in which

cannot be summable by BOREL’s method unless it is convergent; and we raised the ques-
tion whether the theorem remains true if the o in the condition (1.1) is replaced by
an 0. We stated that we had no doubt as to the truth of the theorem thus suggested,
but that we were unable to find a proof.

We are now able to supply the proof that was then lacking, and to do this is
the principal object of the present paper. The proof is given in section 2. In sections

3 and 4 we consider some theorems of a different character but also relating to
BoreL’s method.

§ 2.

Proof of the general Borel-Tauber ?) Theorem.

2.1. The series D_a_ is said to be summable (B), to sum s, if
xn
—X
(4 ZS”—;!‘ ,

Iy G. H. Haroy and J. E. LirtLEwooD, The Relations between BOREL’s and CEsARO’s Methods of
Summation [Proceedings of the London Mathematical Society, series II, vol. XI (1912-1913), pp. 1-16].

2) For an explanation of our reasons for giving this name to the theorem, see G. H. Harpy
and J. E. LrrrLEwoob, Contributions to the arithmetic Theory of Series [Proceedings of the London
Mathematical Society, series II, vol. XI (1912-1913), pp. 411-478 (p. 413)].
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where
Sn=ao+al+ e +an’
tends to the limit s when x =»> oo
THEOREM 2.1.— If X a_ is summable (B), and

(2.11) a, = 0(1/%1_) )

then D_a, is convergent.
The proof of this theorem, as of any Tauserian theorem of the O type, is de-
cidedly difficult. We shall base it on a number of preliminary lemmas.

LEMMA 2.11. — If D a, is summable (B), and

(I.;Z.III) a, = o(1),
then
(2.112) s,=a,+a, 4 - 4a,=o{yn).

This is Theorem 3 if our previous paper °), with & =o0. The conclusion is true
a fortiori if a satisfies (2.11).
Lemma 2.12. — If D a_ is summable (B) to sum s, and s, satisfies (2.112), then
I
V2rp =
when p. »> oo by integral values.

It is to be understood that s, = o when the suffix is negative.
We have

2
IS, S,

(2.121) S:e**‘isn%»s.
We write
_ (1=H)p (r+-Hip o
(2.122) S:e*‘(z +(Zli)+(ZH))=Sl+SZ+SS’
o 1—H)p. +H)p

say, H being a constant, positive, irrational, and less than unity. Then we can find
a positive constant & such that

(2.123) S, = 0(e™), S,=0(°") ¥,
Thus
S e Hyp Hhﬂ»
2.12 = >,
( 4) 2 ¢ —;Lshﬂx(h + &L)| $

Now it is easy to deduce from StirLING’s Theorem that
b+p 1

) TR — Lt O(M) (l_’i’t)
G125) T e ;I+ e ) T O\ E’
uniformly for — Hp < h < Hp.

3) loc. cit. 1), p. 8.
4) loc. cit. ), p. 6.
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Substituting in (2.124), we see that

1

Hp
LS s, S+ S,

(2.126) S, =-
VZ'IT‘J- —Hp.

where

S

_3 Hp .
S O )
_HP’
I & 2
=ol— Y |he" /2*‘)
(P‘ —Z‘ l

(2.1261) _ ( I fwxe"‘ ““dx)
()

|

= o(1),
and
3 Hp .
= o(et Epermi)
=0 (57 i h|? e"’z/z“)
(2.1262) -0 (LZ Ry /”‘a’x)
- Jo
= o(/ y3e""2dy)
= O(I)‘.)
From (2.124), (2.126), (2.1261), and (2.1262), it follows that
— G by
(2.127) S, = VE;CTJ:;pe Shap B> 5.
Now
= I 2
S = — —h2p
1/277{/- s sh+p.
2.128 1 (&, ¢ e
(2.126) = 172—:( > +2 + Z)
T —% —Hp Hp
= ‘§l -+ gz + g,a
say. Also

—_ - —x%/2p d
(2.1281) (Lpe x)
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where 8 is a positive constant; and
= O(—I:f V@"‘””‘dx)
(2.1282) Vi

From (2.127), (2.128), (2.1281) and (2.1282) it follows that
(2.129) S »> 5.

This completes the proof of Lemima 2.12.
LEMMA 2.13.— Suppose that f(x) is the continuous function of x defined by the
equations

(2.1311) f@) = s, + & —=mn)(s,.. — ) (rLxLns),
(2.1312) fx)=o (x < o).
Suppose further that D_a, is summable (B) to sum s, and that
(2.111) a, = o(1).
Then
(2.132) —_I-:~/ (- x)dt > s
1/2 TX -
as x w»> o,

We have already proved that

I g2
(2.133) szﬂ;;l;— ;e U

when p.»> oo by integral values. We shall prove first that (2.133) may be replaced by

(2.134) ﬁ/_v e s (t - p)dt w> s,

£

where s(x) is the discontinuous function which is equal to's, when n £ x <n- 1.
To prove this we observe that the difference between the left hand sides of (2.133)
and (2.134) may be written in the form

1 N b 2/ap, —12/2
(2.1341) Ve ;/; (P Y5 (t 4 w)dt;

and that s(¢t+p) is of the form o(y/i) or o(y/t), according as p or ¢ is numerically
the greater, and so in any case of the form

oY) + o (Y1),
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Also
(21342 s [ ey
2.1342 e
=9 (?/‘ [tle—ﬂ/z”dt) = 0(1)7
and B

S [ e

(2-1343) = O(HAT/JKJ”TK—!’/ZHW)

= o(y._Tx) = o(1).

Hence (2.1341) tends to zero, and (2.133) may be replaced by (2.134).
Secondly, (2.134) may be replaced by

(2.135) Vz_‘_sz R p)dt w5,

For the difference of the left hand sides of (2.134) and (2.135) is, since a, = 0(1),
of the form

(2.1351) (Vuf e ’”*dt) = o(1).

Finally we may replace the integer p in (2.135) by a continuous variable x. For
suppose that

(2.136) x=p-0 (o <0< 1)
Then
f e“’““f(t + )t — [ e 4 e
= [ eI A p) —f( A+ 0)hde
—12/ap _____ —t2/2x x
(1560 +j:m(e Y f(t - x)dt

:o(/: —t/zud;) ( f]t; "/’"dt\)—[—o(;/_:Itlize“'z/z”dt)

= (i) + o (V) + o)
= o(Vu).

Hence (2.132) follows from (2.135).

2.21. So far we have never used the full condition (2.11): the hypothesis that
a, = 0(1) has been sufficient for our needs. It may be inferred that we have still to
face the main difficulty of the problem. This difficulty lies in the proof of the lemma
which follows.
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Lemva 2.21. — Suppose that f(x) is a real continuous function of x, with a deri-
vative f'(x) continuous except at isolated points. Suppose further that

(2.211) £x) = 0(17‘-;) .

Finally suppose that the relation

(2.212) l/::—)—c/_‘:e‘“””‘f(t + x)dt »> s

holds for some positive value of a. Then (2.212) holds for all greater values of a.
We shall prove first that

(2.213) f(x)=0() .
We have

ko)~ i@ =1/ ;‘-’—,; f “e'“"“{fo +2) — (s

(2.214) ~—Hx
(L))
=]+ + I
say. It is easy to prove, as in the proof of Lemma 2.12 ®), that
(2.215) J. = 0(™), = 0™).

But, if — Hx <t < Hx, we have

(2.216) f+x)—f) = f f(wdu= O(‘l/_\)

and so }

(2.217) L L= O(—;—f ]t]e"””"dt) = O0(1).
Hence -

(2.218) s+ o(1) — f(x) = O(1),

(2219) f(x) = 0@1).
2.22. Let

(2.221) F(x) =f(x) —s5,

so that

(2.222) VLE [ :e—‘“’/*P(t + x)dt = o(1).

Further, let

(2:223) Le)= f / (’;)"F(t + x)ds,

5) It would be sufficient for this purpose to suppose the left hand side of (2.212) bounded.
6) See 2.1281 and 2.1282.

Rend. Circ. Matem. Palermo, t. XLI (1916). - Stampato il 28 giugno 1916. 6
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where # is zero or half a positive integer. Since F(x) = O(1), we have

(2.224) I(x)= 0(["‘? f e-f*”/*f"dt) = 0(1).
We shall now prove that (2.224) may be replaced by
(2.225) I (x)=o(1).

It will be well to point out explicitly that the argument by which this transition is
justified contains the kernel of the whole proof of Lemma 2.2 and of our main theorem.
2.23. Suppose first that # > o. We have

(2.231) I()=x* / o E (1 ) dt

L()=

dln . I ‘"—% ® —al?lx y2m
dx_—(n—{—»z-—)x fe PE( - X)ds

—on

Aﬂ—-—s—- 0 2
(2.232) +ax zfe‘””"t“‘“F(t—}—x)dt

o0

n x_n—-T./‘ g% pn o (t 4 x)dt 7).

—_

Also

P

S e E G4 0
(2.233) =-—2nx f e P F (1 - x)dt

—o0

el e
29x ° e By A x)dt
b

00

by integration by parts. Substituting in (2.232), we obtain

n L
=21 "t I+221  + %IW

Vx n— —- X Vx n+—;—

oL =0 o)+ o) ol)

and it is plain that a repetition of this argument will lead to

(2:235) I}= 0(%)

7y There is no difficulty in the differentiation under the integral sign: all the integrals concerned
are absolutely and uniformly convergent.
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We have therefore
o AI_ "o___ L
(2‘236) [n - 0(1)7 [n - O<1/;)7 Iu - O( x )
for all positive values of .
Secondly, suppose that # = o. Then it is easy to see that (2.234) must be re-

placed by
I

(2:237) Iy =—-=1 -l-

and so that the relations (2.236) are true even when n = o.
2.24. Suppose now first that n = o.

Then
(2.2411) I,=o0(1
by (2.222), and )
(2.2412) I = O(x)

by (2.236). Hence ®)

(2:2413) L=ol®), L=o()

But we have, from (2.237),

22 =14 L — 2,
(2.242) . ¥ ) .
d =e(y)+olz) +olh) = ()
2224530) I = o(1).

1

Thus (2.225) is established when » = = .

But it is,fairly obvious that this argument may be repeated. We have now
(2.2441) I, = o(1), [0 = O(x),

and therefore
(2.2442) 2_: o(¥x), I;L: 0 (ﬁ) :
Hence, using (2.234), we have

—I_[' _I
G ATt

() ) ) o)

(2.246) I = o(1).

I a
AL
- X

2

8) loc. cit. 2). The Theorem used here is Theorem 6, with f=1I,, ¢=1, y=2x, r=2, s=1.
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And we need only repeat this argument mdeﬁmtely in order to complete the
proof of (2.22%).

2.25. We are now in a position to complete the proof of Lemma 2.21.

Suppose that & is a positive number not greater than a. Then

an o =E ST ) ()

where o < ' < 3. We have therefore

(2.252) L/‘“e—(wa)mxl;(t 1 oydt= Zt 1') 3

VxJ_.
K 8n+1 * —al?/x 2nq2
M<(”+I)‘ +ife Py dy

K 8 neb1 oo'wz -
(2.2521) :(T—l——iﬁ(ﬁ_) /_‘we W dw

r(e+%) &
RGP RT

where

and so p tends to zero as n > oo, uniformly in x.

Thus
(2.253) 1/‘/ —(a+8t2/xF(t + x)dt — Z ( ) 6v1 ( )

The series on the right hand side is uniformly convergent in x, say for x X\ x,
and each of its terms tends to zero as x »> oo. It follows that

| O .
(2.254) . f IR )it = o(1).
X o
Thus (2.222) remains true when we substitute for @ any number between @ and
2a inclusive. As this argument may be repeated, it holds for all values of a greater
than the original value. Hence (2.212) also holds, and the lemma is proved.
2.3. Theorem 2.1 is an easy deduction from Lemma 2.21. We have

a -at’/r
— f@+x)dt — f(x
(2.31) ’“xf ®

=1/ & [ e+ — s

K|
Vx

ow

(232) G+ %) — ﬂm—y'f@m
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Hence

/2 [ e s
(233) < }Ii ]/% ./:e—“”’w t|dt

= 'I*i: s
if a is large enough. If now we make x »> co, we obtain
(2:34) lim|s — f(x) L,
for all positive values of ¢, so that
(235) f(x) »>s.

It follows that
5, »> 53

and the proof of Theorem 2.1 is completed.

§ 3.

A new method of summation and its relations to Borel’s method.

1.3. THEOREM 2.1, is a generalisation of Theorem 1 of our former paper on
BoreL’s method. It is naturally suggested that Theorems 2-5 of that paper are suscept-
ible of similar generalisation. We shall content ourselves with stating that the gener-
alisations thus suggested are in fact true, and with mentioning explicitly two of the
most interesting of them, viz.,

THEOREM 3.11. — If D> a, is summable (B), and a,= O(x), then D_a, is sum-
mable (C, 1).

THEOREM 3.12. — If > a, is summable (B), and a,= O(1), then 5, = o(Y/n).

We may remark that Theorem 3.12 may be deduced from Theorem 3.11 by
using Theorem 11 of our paper quoted in note ?).

3.2. We take this opportunity of correcting an error in the footnote to p. 10
of our former paper. It is stated there that the equation

kst

n

gives a sufficient condition for the summability of > @, by BoreL’s method. It is
easy to show that this statement is false.

13

Suppose that D a, n~
tion f(5) = f(o - it) regular and of finite order for all values of ¢. The series is

is an ordinary DiricHLET’s series which represents a func-

9) We write 4 instead of s, as we are about to use s in a different sense.
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then, in virtue of a theorem of Bonr '), summable by Cesiro’s means all over the
plane. We have therefore

(3.211)

where % is a number which depends upon s.

e p(s) 4 o),

Let us denote by # CesAro’s mean of order k formed from the series

—s an —s
(3.212) > bn :Ziﬁzn .

It is easy to deduce from (3.211) that

(213) Bemi(e+5) () ™

It follows that, if the theorem suggested is true, then the series > b n~

s

, and there-

fore the series Y a, ™, must be summable (B) all over the plane.

But there are DIRICHLET’s series which represent functions regular and of finite
order all over the plane and which are mot summable (B) all over the plane. For
example the series

oot =8 ot 27 o

represents the function ‘
(1 —2"7)L(39),

and is summable when, and only when, it is convergent, i. ¢. when ¢ > o '?).
The suggested theorem is therefore certainly false.
The theorem is true when k=1 *®), and the correct generalisation is as follows.
THEOREM 3.2. — If

- G (),

then BOREL’s integral

n
a,x

]

is summable (C, k), i. e.

(3.22) (/(x—t)k "Z%:ndt)»A

as x =»> oo,

10) See G. H. Harpy and M. Riesz, The general Theory of DIRICHLET’s Series [Cambridge Ma-
thematical Tracts, no. 18, 19157, p. 56.

11y We cannot quote any general theorem of which this equation is a direct corollary: but the
materials necessary for the proof will be found in our paper « Contributions, etc.», loc. cit. 2),
pp- 432 et seq..

'2) G. H. Haroy, The Application to DIRICHLET’s Series of BOREL's exponential Method of Sum-
mation [Proceedings of the London Mathematical Society, series 1I, vol. VIII (1910), pp. 277-294].

18) G. H. Harpy, Researches in the Theory of divergent Series and divergent Integrals [Quarterly
Journal, vol. XXXV (1904), pp. 22661, p. 40; T. J. PA, BroMwicH, Infinite Series, pp. 319-322.



THEOREMS CONCERNING THE SUMMABILITY OF SERIES BY BOREL'S EXPONENTIAL METHOD. 47

We shall be content to sketch the proof of this theorem. We may suppose without
loss of generality that 4 = o. Then

e+
R ]
and it is easy to deduce successively
% o= (i)
—_— S —_=
et 23 v lm)

k "

s x
e—“{ " > O
Z(" +oypat 7

n+k

e“Z:jm »> 0.

The last formula is equivalent to (3.22).

3 3. The work of section 2 suggests some new definitions which seem to us
likely to be of considerable use in the theory of divergent series and integrals. We
shall say that the series D a, is summable (E, a) to sum s, or that

s, (& a),
if

: A & _apy
31 lim — Dy e =,
(3 3 ) s ‘/TC{J__ZQG B

Similarly we shall say that

” fE)y=—1  (E, o)

(3.52) iim 1/ f R Eyd =1 )

Ew—>0 wk 2

The properties of these definitions are, in so far as series or integrals near to
the boundary of convergence are concerned, very similar to those of Borer’s method.
In particular the « Tauserian » properties of the definition (3.31) are the same as
those of BoreL’s method. For example we have.

THEOREM 3.3. — If (3.31) is true, i. e, if > a, is summable (E, @), and

I
~=0(5):
then Y a, is convergent.
3 4. BoreL’s method has however a peculiarly intimate connection with the method
of type (E, ). This connection is expressed by the following theorem, the proof of

which is contained implicitly in the analysis of section 2.

14) It is to be understood that Spap = 0 when b 4w <o, and f(t+ £) = o when t£ is

less than some fixed number.
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THEOREM 3.4. — Suppose that s, = o(Yn). Then the existence of any one of the
limits

. e X"
an oS
(3.412) lim g Shopd

p>famyu 5=

(3.413) lim *if f et B,

o0

where s(x) is the discontinuous function defined in 2.1, involves the existence of the re-
mainder and the equality of all. In this proposition it is indifferent whether x or § tends
to its limit continuously or by integral values.

The condition s, = o(¥n) is certainly satisfied if any one of the limits exist and
a,=o(1). And then the existence of any one of the limits (3.411)-(3.413) implies, and
is implied by, the convergence of BOREL’s integral

0 . xn
(3-414) f e (Zannj)dx,

or the existence of the limit

(3-415) lim f TR By,

E->o0 V2 ™ E —o0

where f(x) is the continuous function defined in 2.1.
3.5. We add a few remarks as to the relations between definitions of the type
(E, a) corresponding to different values of a. We proved in 2.2. that, when

(2.11) a, = O(—I;) ,
Vn
summability (E, a) for a particular value of @ implies summability for any larger
value of @; and in 2.3 that this implies convergence. Now it is easy to prove that
these definitions obey the « condition of consistency », 4. e. that any convergent series
is summable (E, a) for any positive value of a. We see thus that, when (2.11) is
satisfied, all methods of the type (E, @) are equivalent and will sum convergent series
only. But this is not a sufficient account of the matter.
Suppose that s = o, so that

(3-51) ]/%f_me_‘”z/"s(t + x)dt = o(1).

Putting

1
(3.52) t:—.ul/ﬁzau,

we obtain

(3-53) ]/;/:e““l/“s(u + ax)du = o(1).

Let us suppose, for simplicity, that « is an integer k. When k = 1 our method
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is, at any rate when a, == 0(1), equivalent to Borer’s. When k > 1 it is equivalent
to the method which consists in applying BoreL’s method to the subsequence s,, .
Now s »>o implies s,, »> 0, while of course the converse implication does not hold;
and it would be natural to expect the same to be true when the limits are taken in
BoreL’s sense. It would therefore also be natural to expect that the truth of (3.53)
for a given « should involve its truth for a larger (but not for a smaller) « either
without any restriction on a, or at any rate under some condition less narrow than
the « Tauserian » condition (2.11); in a word to expect the inference from a smaller
to a larger « to be of an « ABELian » and not of a « Tauserian » characte. And so
we should expect the inference from summability (E, «) for a given a to summability
for a smaller to be « ABELian », to be valid at any rate under a wider condition than
the condition (2.11) required for the inference to a larger a, and to be of a less subtle
character.

We shall see shortly that this conjecture is justified, and that the inference from
a larger to a smaller a holds at all events whenever a, = o(1). We have however
no direct proof of this assertion; our proof is indirect and depends on the methods
of summation considered in the next section,

§ 4

The “circle,, method.

4.1. We shall conclude this paper by giving a short account of the results of
some researches which started from a suggestion made to us in 1912 by Dr. MARCEL
Riesz.

Suppose that the series

(4.11) f(x) = Xaﬂx”

has unit radius of convergence, and that

(4.12) f@OQ=f+y)=aF+y) =30by,

so that
b
(413) Z 22
is the Tavior’s series for f(L -+ ), i. e. the series obtained by putting y = - in

the expansion of f(% —{—y). Then Riesz’s suggestion was that the hypotheses (i) that
D a is summable (B), and (ii) that the series (4.13) is convergent, are equivalent, at
any rate under fairly general conditions as to the order of a, .

We have succeeded in proving, by the use of some ideas already used in sections
2 and 3, that this very beautiful theorem is true whenever 5 = o(¥/n), and in par-
ticular whenever a, = o(1). We propose now, however, to give a proof not exactly

Rend. Cire. Matem. Palermo, t. XLI (1916). — Stampato il 10 luglio 1916. 7
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of Riesz’s theorem, but of another theorem in which the central idea is exactly the
same and which differs from Riesz’s only in certain formal respects.
4.2. Suppose that

(4.21) F(W=ae™

is convergent for all values of y whose real part is positive; and consider the serics
L i
(4.22) Sh,=3 N i > o),

which we may denote symbolically by
(4.221) F(k—k).

Then, if (4.22) is convergent, we shall say that D> a, is swmmable with radius k.
Suppose that this is so, and that the sum is s. Then

(4.231) ll;n;w m' Za p e = 5,
or

o
(4-232) Mlgm Za e Y 5
or

o (kn)" 1
(4-233) Jim ;sﬁi - Z( ) P
or

1. o (k+1)n tM d

(4-234) Jim > s, [ it =

This is the form of definition which we shall find it most convenient to adopt.
It cnables us to verify at once that our definition satisfies the condition of consistency,
i. e. that any convergent series is summable with any radius k. More generally we
have

THEOREM 4.2. — A series which is summable with radius k is suwmmable, to the
same sum, with any smaller radius.

This theorem is plainly equivalent to that which follows *©).

THEOREM 4.21.— Suppose that the series

fx) =2 ax"

is convergent at a point x, on ils circle of convergence, and that o < % < 1. Then the

TAYLOR’s series for
Jiax, (1 —2)x,

) (o x
S g = S g g

Vi,

is also convergent.

15) We write u, —u, = Au,.
16y We do not claim this theorem as new: it is certainly contained implicitly in carlier writings;

but we do not remember having seen it stated explicitdy.
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We may suppose w1thout loss of generality that x, = 1.
Then
(4-24) b =b,+ (@ —a)b + - F (1 — )P

is equal to the coefhicient of y" in

(1 — a2y —y (149" — "
(4.25) 7771777—— ®x — _y Zb I — o0 — Za (“ + _)’

= (1 — )t =y D s, (a +y) )

and so
(426) t,= (1 — 2y o b (o ok s, U FDEED gy

The theorem is a straightforward deduction from this identity.

4.3. The «circle » method of summation is related in a very simple manner to
the method defined in section 3.

THEOREM 4.3. — Suppose that s, = o(Yn). Then summability with radius k implies
summability (E, ik) and conversely.

The proof of this theorem is so much like that of Lemma 2.12 that it will not
be necessary to do more than summarize its general lines.

Suppose that »_a, is summable with radius %, and that its sum is zero. Then

. k(N—H) tw
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when M »> oo by integral values. Suppose now that

Uyt

so that o L£v <1, and # =m - b, where b, as in 2.1, ranges between — Hp.

and Hy.
Then
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But it is easy to deduce from StiRLING's Theorem that
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uniformly for o £ v <1 and 0 L& L 1. It follows, by arguments similar to those
used in the proof of Lemma 2.12, that
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and hence that > a_ is summable (E, ~F) to sum zero.

A similar argument suffices to prove the converse proposition.
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If in particular we suppose that k£ = 1, we obtain

THEOREM 4.31.—If a, == o(1), then the existence of any one of the limils speci-
fied in Theorem 3.4 implies, and is implied by, the summability of the series X_a, with
radius 1.

4-4. The summability of a series by BoreL’s method is therefore equivalent to
its summability with radius unity in all cases in which @, =0 (1), and implies (though
it is not necessarily implied by) its summability with any lesser radius.

We have also:

THEOREM 4.4. — The system of TaUBERian theorems which holds for the « circle »
method of summation is the same as that which holds for BoreL's method or for a method

of type (E, a). In particular, if a series D_a, is summable by the circle method, then

(i) the condition
=0(-=

a, = 0(1)

implies convergence, and
(i) the condition

implies summability (C, 1), and
(i11) the condition
a, = 0(1)

”

S, = O(V;)

The proof of these theorems involves no difficulty beyond that implied in an
adaptation and rearrangement of arguments used already; and the same applies to

THEOREM 4.41. (RiEsz’s Theorem). — If a, = o(1) then the summability (B) of
> a, implies, and is implied by, the convergence of the series for f (% + y) when y=—.

4.5. We conclude with a few miscellaneous remarks.

(i) We asserted at the end of section 3 that summability (E, a) for a particular
value of @ involved summability for any smaller @ whenever 2, = o(1). The truth
of this assertion follows now from Theorems 4.2 and 4.3.

(i1) The analysis employed in the proof of Theorem 4.2 suggests yet another
definition of the sum of a divergent series viz., as the limit of

implies

(= s, (0 s, EEDEE) g

2 n+2 b

where « is any number between o and 1. The properties of this definition would
naturally resemble those of the other definitions which we have been discussing.
(iii). The «circle » method may be generalised by supposing that

F(y)= X a,e™

where (%) is any ascending sequence which has the limit oo and is such that the
series is convergent for all values of y whose real part is positive. The «sum» of
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> a, is then again defined as being the sum of (4.22), or as
1n+l tM

I - dt.
e anfl © M

n
The definition reduces to that already considered when A, is a constant multiple
of n. These methods are connected with those used by Riesz '7) for effecting the
analytic continuation of a function represented partially by a DIRICHLET’s series.

I
The « Tauserian » condition which corresponds to a, = 0<—> is now

Vn
= oM7),

(iv) It is of some interest to find a theorem which shall enable us to infer the

summability (B) of D a, from the properties of the analytic function f(x). The fol-
lowing theorem, which we state without proof ™), was found independently by Riesz
and by ourselves.

THEOREM 4.5. — If D_a,x" is a power series whose radius of convergence is unity,
and the function f(x) which it represents satisfies the condition

f(x) — ol < At — 2P,
where x> o, at all points inside a circle which lies inside the circle of convergence and
touches it at the point x =1, then D_a, is summable (B) to sum s.

Cambridge, September 1915.

G. H. Harpy.
J. E. LitTtLEwoonD.

I7) M. Riesz, Sur la représentation analytique des fonctions définies par des séries de DiRICHLET
[Acta Mathematica, t. XXXV (1912), pp. 2§3-270].

18) The proof depends on considerations of function theory and differs entirely in character
from those given in this paper.



