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[Read March 13th, 1890.]

Introduction.

1. In a “ Memoir,” of some length, * On the Diameters of a Plane
Cubic ” (Phil. Trans., 1888 A., pp. 166-170), the equation of the
Satellite of a line was incidentally arrived at in a form (48)(38)(37)
[(25) of the present paper], involving the square of the primitive
line as an implicit factor. It did not come within the scope of that
memoir to discuss the reduction of this form with the generality
which its importance authorised, nor were the subsidiary results, on
which that general reduction is based, at that time published. I
therefore limited myself to verifying the reduction given by reference
to special forms of the cubic.

The results referred to having since appeared, as quoted herein-
after, I show in the present paper how the general reduction may be
effected; the method of which appears to have some novelty and
interest per se; and to save the necessity of reference to the *“Memoir,”
as well ag to obtain the equation in a slightly simplified form at once
—viz., one in which only the first power of the line is implicitly
involved—I revert to what is, in fact, the original investigation by
which I avrived at it. Four forms of tho Satellite Line are deduced
(24), (25), (26), (27), in the last two of which the product of the
“ Quippian ” of » and the line L enters,
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2, Let
u = a,2°+ byy* +cy2* + 3a,2%y + 3ay2'z + 3b,y’x + 3byy'z + Bey 2%
+3c2'y+ Gexyz =0 oevveriiiinnieninnenen (1),

be the equation of the plane cubic, and

8u, = Ou/dr, Bu, = 0u/Oy, Suy=0u/0z .....cw.... (2),

6a = O'uf0z’, 6b = O'u/Oy’, G6c = 0'u/0s* . 3
6f = 0"u/Oy 0z, 6g = 0*u/0z0x, 6h = 0'u/dxdy } """""" @)
Further, let L=14my+n2z viiniininevinienns 4)

be any linear form; then

s= (bo—f) P+...+2(gh—af) mnt... .eveeeenns (5)

will be the envelope of polar lines of points on L = 0, or, briefly, the
“ Poloid ” of L. If s be written in the normal form

az’ + by’ + 2+ 2yz +2gz2 4+ 2hay  .......couev.ee.ll (6),

then, as I have pointed out in the *“ Memoir,”

are the reciprocals of u,, u, u, and

20 =0, 2¢ =0, 2h =0

o

the contravariant conics of w,ug, wusu,, w1, respectively ; these co-
efficients being connected by the relations

Oa , Oh ag
+; 2 = 0,
ol Om an
ah ab _ Of _
s ™
ar L9 0o
ol am. On
and by those among their second differential coefficients which these
involve, us
a "a O'h dlp _

ala,n é;:a—[— .--.........,.,,,,”““(8),
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or, as they (7, 8) may be more briefly written,

2a, 4+ 2h; 4+ 2¢, =0,
2hy 4+ 2bg+2f, =0, b ceerrviiiniiniiinnennnnn(9),
2g,+2f, +2¢, =0,

1.2.8,+1.2. hy+1.2.g0 = 0.oreeerennnnn(10).

The condition that s should be touched by the line

&x+ny+{z =0,
is written

o= A8+ DB+ CP+ 2+ 2G4+ 2IIEn =0 ......... (11),
viz., A=be—f .., F=gh—af... ... 12),
and the condition that lz4my+nz=0
should touch u =0,

S5v= AP+ ... +2Fmn+4...=0 ....c.............(13),

=P gwr= O (14).

he 64 =22 6F =0t i,
where or OmOn

3. It is known that v+ 40 (in which £, 5, { are replaced by !, m, n),
or, (4'+20) P+ ...+ 2 (F+20F) mn+...=0 .........(15) ;

but 4”... F’ ... are expressed in terms of 4 ... F...1, m, n through
the equations

f— 04, 00 9G
A= 4(A+l 2 T aL) cereerer e (16),

V= oH a_B aE
F=—4 (F+l—-an +m 2=+ an) "
=— ile} oF @g Crerereesareans s
= 4(F+la———,n+1nam+nam)

with analogous formule for B, ', ', H', as I have shown [ Lond. Math.
Soc. Proc., Vol. x1x,, p. 502 (95), (97)]; or in terms of I, m, n and the
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coefficients of s,
A'= —4 {3(bec—1") 4 (be,, +cby, —2fF,) P +...
+2 (gby, +bgy, —af,, —fa,) mn+... }
F'= —4{3(gh—0£) + (boy+ cyy—2ff,) '+ ...
+2 (ghyy +hgyy—afy—fay,) ma+...}

..(18),

where, as in (10),
¢,y = 0¢/200 ... ¢y = O'c/20mOn ... .

Equation of the Satellite Line.
4. If, now, z'y’2" is a point in which
L=lz+my+nz=0
meets the cubic « = 0, the tangent at this point is (3)
az* + by + ¢+ 2fy'd + 2975 + 202’y = 0 ;

and, since this also touches the Poloid of L (6, 11) if (zyz) is aoy other
point on the tangent to u at 2y'7,

A (Fy—y'z)'+ ...+ 2F (z2—2z)(y2—2Y) +... = 0.
Eliminating 2’y’z" among the above equations, and
Iz’ + my +nz'= 0,
{Oc+el =2ff)P+...}'—4 {(be—f") P+..} { (¥ —f) P+... }1=0
ceeeerennea(19),
if V= Ce'+ A2’ —2Gzz ... f = — Ayzs— P + Gay + Hew......(20).
The result of these substitutions in
4 {C—f) 0+ +2 (yH —af) mn+..}
is 40 {(BC-F") 2"+ ...+ 2 (GH—-AF) yz + ...},
or 41 (abe +2fgh —af* —bg?—ch?*)(az® +... + 2fyz+ ...) ...... (21).
It was shown by Cayley (Phil. Trans., 1857, p. 432), ‘by meaus of the

canonical form of u, and is proved gencrally in the * Memoir

(Phil. Trans., 1888, A., p. 160), that
4 (abc+ 2fgh—af’—bg*—ch’) = I,
P being the * Pippian " of u.
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Thus (58), (6), (21), the product
4 {(be—fHP+...} {@c—fHP+...} = Pl%s.........(22).
But, by the same substitutions (20),
be+d—2ff) P+...+2 (fg' +fg—ch' —c'h) Im
becomes (2), (3), identically
(AB+...+2Fmn+...)u
+L*(Aa+ Bb+ Co+2Ff+2Gg+ Hh)
—2L {(Al+ Hm+ Gu)u,+ (Hl+ Bm+ Fn) u;+ (Gl+ Fm + Cn)u,} ¥;
8o that (22), the eliminant (19), is the product of the factors (=, v),
(AP+..) u+ I} (da+..)—L[2 {(4l+...) u,+...} & Ps]...(23).
5. It will be shown below (p. 254) that the terms
2 {(Al+..) wy+(Hl+...) us+ (Gl+...) us} + Ps

{2(Aa+ H2Ff+...) +1 zaa—’; —gi}L ceveeenn(i);
50 that the first of the two factors (23) becomes, identically,
o=t yu=T {2 ot vy )+ X Oy T,
¢

viz., this is the equation of the three tangents at the points in which
L meets u, the other factor (v) being (as will also be shown, p. 261) a
proper (nodal) cubic concomitant of » and L.

Thus it appears that one form of the satellite of the line L is

P& _o .. (24).

% (Aa+ Bb+ Oo + 2Ff+2Gy + 2Hh) +3 N
L

Other Forms of the Equation of the Sutellite.
6. It will further be shown below (pp. 256-7) that (14)

apas o°P . O'P
A A e

+3 (A +244) @+ 23 (F+24F) fuurronovr e (i),

* Obgorve that { } is the u-polar conic of the s-polo of L.
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wherein the term, multiplied by L, the result of substituting symbols
of differentiation with respect to I, m, n» for 2, y, z of s (6), and
operating on P, is, plainly, a contravariant of u—or an invariant of L
and u—of order 5 in the coefficients of u and order 3 in those of L:
viz., it is, in fact, the ¢ Quippian” @, as may be verified by means of
the canonical or other form of u [Proc. Lond. Math. Soc., Vol. xix.,
p- 491 (46)].

But it will also be shown (p. 259) that

—25 %P gg =35 (4'+204) a+23 (F+20F)f.........(1i1.) ;
and from (ii.), (iii.) it follows that
oL ( ar _ , o ) .
- sate )_—_ S (4'+284) a+23 (F +28F) f......(iv.).

Adding (iii.) to (24), m ultiplied by 2, a second form of the satellite
. line of L is obtained, viz.,

(A'+164) a+t...+2 (F+16F) f4... = 0o (25) 5

the form given in the * Memoir "’ [Phil. Trans., A. 1888 (41), p. 167,
and (49) p. 170.] Finally, eliminating successively

SA'a+23Ff
and SAa+23Ff
from the above equation to the satellite line by means of (iv.); viz.,
SA'a+23Ff = —-28 (S4a+23Ff)—2LQ,

that equation takes the forms

6 (SAa+23Ff)+ QL =0...cc.ccc0uvrerunen.. (26)
and 3(ZAa+23FN—8QL =0 ..coeverrneeneennn(27).
Pencil of Six Lines.

7. The last two equations show that the satellite line—say L'—of
L, the line L and the two lines K, K’, where

K =Ada+...+2Ff+ ...
K=Adat.. +2I"f+...

form a pencil of four lines which all mect in the point whose co-
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ordinates are determined by (3),
[(Aaq+Bb,+C’c|+2Fe+2Ga3+2Ha,) z
+(Aag+ Bby+ Co,+2Fb,+2Ge+2Hb,) y
+ (Aas+ Bb;+ Ocy+2Fc, +2Ge,+2He) 2 = 0, 'Le.].
0,24+0,y+6,2 =0, lz+my+nz=0,

®, O, ©; being the invariants © of s and u,, sand u,, s and u,,
respectively.

Thespecial values for those coordinates, in the case of the canonical
u, have been given by Cayley in the *Memoir on Cubic Curves”
(Phil. Trans., 1857, § 33).

It will be remarked that, if L touches the Quippian of u, the three
lines I/, K, K’ all coincide.

Equation (iii.), above, shows that the s-polar of the point

_0OP 0P 0P
al “om an

is another line passing through the intersection of K, K', L, L'
A sixth line passing through the same common intersection is the
u-polar line of the s-pole of L.

For the s-pole of L is the point whose coordinates are proportional
to (11)
| B 30 B
oL’ Om' On
and its u-polar line is, therefore,

( )+ +°f(g;gi)+ %o.

But, generally, since the discriminant of s = P?/4,

(g‘;) =4 Aa—I* (bn’+cm*—2(mn) ...,
0o Oo ) 3

i— = 4Fo—P? (amn + P —glm —hal) ..
om On

¢ e, gg with ¢, 9, ( repluced by I, m, n.
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By which substitutions the equation above becomes
4 (da+...+2Ff+...) o—P* {(bn’+cm'—2fmn) a+ ...
+2 (—amn—£P+glm+hal) f+...}.
Now (15), 4o = —v,
and it will be shown below that
(bd+cem?—2fmn) a+... =—PL....ccvvruneeenn (V)5
so that, finally, the u-polar line of the s-pole of L is
v(da+...+2Ff+..)+P°L =0,

Proof of Equation (v.), above.
8. Since [Lond. Math. Soc. Proc., Vol. 3ix., p. 494 (62), (63), (64)]

— 1P = (be, +cb,—2fe) P+ ...

—mP = (be,+cb,—2fby) P+ ...

— nP= (boy+ chy— 2fc;) P+ ... ,

with the notation of (1) ... (6) above,
— (lz+my+nz) P = (bo+ch—2ff) P+ ...

= (bn'+cm?*—2fmn) a+... wenns(28).
+2 (—amn—{P+glm+hal) f+...

Proof of Equation (i.), p. 251.
9. Dividing both sides of this identity by
L=lz+my+ne,

and operating with

J J
&a—P+.-.+2fa7n—an+u- ’

the dexter being treated ns the product of L=?, and the dexter of (28),
in which it is to be observed a, b, c, f, g, h are quadric functions
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of l, myn;

0P ot P 8 P O*P op o'P
~ (2% +o5 o5 t 2 T 25, t

—o7-3 af. 0 o
=2L%s(—LP)+L"" (aé—+ +2fa a ---)(—LP)

~4L* [ (az+hy+gz) {(be+cb—2£) I+ (fg+...) m+ (hf+...) n )
+(byo+c,b—2f,f) P+ ... +..}

+ (ha+by+f2) {(fg+...—hc) I+ (ca+...) m+(gh+...)n
+(bscteb—26) Pt +..}

+ (g +1fy+cz) {(hf+...—gb) l+(gh+...)m+ (ab+ ...) n
+ (bgc+ cyb—2f,F) B+ ... +..} ]
)Y

the same notation being employed as above (9), viz. :
b, = 0b/20l, b, = 0Ob/20m ... f, = Of/20n ... .
But (6)

(+2+.)am =1 P 0P, 9 O, 0P s

8 At e =t
o Ol 0z OmOdy On Oz

and the sum of the first, third, and fifth.lines of the terms multiplied

by —4L-", when multiplied out, will be found to be identically equal

to [@), A2)]

+o )+

Aa+Bb+06+2Ff+2Gg+2Hh
~ {(4l+ Hm+ Gn) w,+ (Hl+ Bm+ Fn) uy+ (Ql+ Fm+ On) u,};
also [lLond. Math. Soc. Proc., Vol. 31x., p. 493, (59), (65)],
(byoite,b—26f) B+ ... +2 (g h+byg—a,f—f,a) mn+... = —zP,
(bye+c;b—2ff) P+... +2 (gsh +hyg —2, f—fya) mn+ ... = —yP,
(bye+c,b =26,/ Bt ... +2 (gyh+byg—ayf—fy0) mn+ ... = —zP,

" 80 that the sum of the second, fourth, and sixth lines of the terms in
(29), multiplied by —4L"? is simply equal to

— Ps.
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Making these substitutions, (29) becomes

OP s _ 472 {L(da+...+2Ff+..)

ol Oz
— (Al ) = (T4 ) 2y~ (GU+..) 1y} +2L* Ps =0,

—L's—

which, multiplied by L*/2, is the identi‘y to be proved.

Proof of Identity (ii.), p. 251.
10. Returning to the identity (28),
—LP= (bc+cb—2{f) P +...+2 (gh+hg—af—fa) mu+...
= (bn®+cm?—2fmn) a+ (cl’+an®—2gnl) b+ (am®+ bl*—2him)¢
+2(— a.mn-—fl’-i—glm-i—hnl)f+2( —bnl+...) g+2(~clm+..)h
cerennens (80),

and, operating on this with

L0 &
o TR v

the result on the sinister is

O¢P 0P 0P o'p o'P
bz— +o——+2f — +2¢g
L( o -t ont o on? + Omon + anal +2hala'm)

or 9s
(al; FIRE ) reenensn e (81,

if (6) s=az’+...+2fyz+....

For the resnlt on the dexter side there is the choice of three forms
(Lond. Math. Soc. Proc.,Voi.xx., p. 111), of which that (*v,” sbid. and

p- 116) most suited to the present case is as follows : —

1f v, w are two quadric forms in. I, m, n [as are b, #* ... in (80)],

o >
th ( g et
on " o + Om On T )
=12 {av,w, + ... +1 (v +vg0) +... 3

+2{(b0,+¢B,~2(F) B+ ... +2 (gl + b6, —al, —£4,) mn + ...}
' e (Vi)
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where
v, = 0v/20l, vy;= Ov/20m .., w, = Ow/20n,

2o Bu, BoBa_o B Do)
Om® On'  On! Om* OmOn OmOn
Y (ﬂv_ Ow | Pw P e Fw  Pw M ),
Onol 0lom OnOl 0l0m OF Omon OF OmOn

with analogous values for v, w,, w;, B,, 0,, G,, H,.

The result of the operation on the dexter of (30) is, then,

1234 {2 (bc—f*)
—1 (be,+cb, —2ff,) —m (fg, +gf,— ch,—he,) —n(hf, + fh,—bg,—gb,) }
+125f{4 (gh—2f)
—1 (fgy + gfs—chy—heg) —m (cas+ac;—2gg,) —n (ghy+hgy— af;— fa;)
—U(hf,+ fh,—bg, —gb;) —m(gh, + hg; —af, —fa,) —n(ab,+ ba,—2hb,) }
+ 23a{(boy +oby—26f) P+ ... +2 (ghy+...) mn+ ...}
+ 43f{(bey+eby—2ffy) P+ ... +2 (8hy+...) ma+...} ... (32).

A1=i(

[In forming the above result, consider the multiplier of a,
b+ em® —2fmn,
in ‘the operand (30). TFor it, plainly,
80,y + .. +£ (0304 0,209) + ... = b (g —nfy) +¢ (nby—mf,)
+£ (ub; +mey — mfy;—nfy) + g (vby,—mf,) +h (me,—uf)) ;

ie, (9), =b (c—lo+ng)+e (b—1b,+mh,)
+ f( — 2f 4 2If, —nh,—mg,) + g (nb,—mf,) + h (me, —af))
=2 (be—17) o

—1 (bo, +cb,—2££,) —m (g, + fg,—ch,—ho,) —n (b, + fh, —bg, —gby),
which is the sum of terms multiplied by a in the first two lines of (32);
and _

A, =by+ey+2f,=(9)—hy—gun=28y B =b,, O0,=c, F,=1,

Gy = —f,—cy =gu, H, = —byy—f; =h,;
VOL. Xx1.—No. 380. 8
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whence, (vi.),
(b0, +cB,~2F) P+ ... =(bey, +cby, — 2£6,) + (cay +acy — 2ggu)m’ + ...
+2 (ghy, +hg,, —af,, —fa,) ma+ ...,
-agreeing with the sixth line of (32).
Again, for the part which multiplies f in (30), viz.,
—amn—fI'+glm+hin,
av,w, + ... = a (—2lf, + mg, +nh,) +b (—nay+1g,) +c (—may+ thy)
+£ (—ma,—nag+1gy+ Ihy)
+g (—ma,—8lf;+ mgy+nhy+1h,)
+h (—1m1—2lf,+lgl+1ngg+nll,) ;
6, (9), =a(—~2f—me,—nby+m,f,+mb)+b(..)+¢c(...)
+1 (—2a~1h;— gy +ma; +nay)
+g (2h+Iby—if; + 2mg;—mb,—nh,)
. +h (2g + ley—If,— mg, + 2nhy—ng,)
= 4 (gh—af)—1 (gfy+fg;+hf;+ fhy— chy—he;—bg, —gb,)
—m (cay+acg+gh, +hg, — 2gg;—af,—fa,)

. —n (aby+ ba, + ghy+hgy—2hb, —af;—fa)) ;
and for the same,

4, =28y, B, =—2(hy+1fy) =2by 0i=—2(gu+1y) =2cy
Fy=2y+ay+hyt+gy =26, G = Bu— fy3—hy = 28w,
Hy=hy—ay—gu= 2has-]

But [Lond. Math. 8Soc. Prec., Vol. xix., p. 502 (95), (97)] the
coefficient of a, in (82), is equal to [(12), (14), p. 249)]

244 +3 (4 +44)[2— (4 +124)/2
= A'+244;
and, similarly, the coefficient of f
= 2 (F'+24F);

viz,, (31), (82),
ap o | |\ _5(0Pds
vL (a o +m.+2faman+m) 2( ol am)

=3 {(4'+244) a+2 (F424F) f}oivieiiiennnnn(83).
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Corollary.

11. If the “crnde ”’ [Proc., Vol. 2x., p. 115 (15)] form of the result
-of the operation on the dexter of (30) isused, it is (as above, pp. 256-8),

4{(bo—f") a+...4+2(gh—af)f+... }+8(av,w,+...)
+23a{ (byc+onb—26,7) Bt ...}
+ 436 (ot b —26nf) Pt e

ie, 4 (dat ... +2Ff+..)+(204+4)a+...+2 (20F+F") f+...
+23a {(bye+...) P4...} +43E { (byye+...) +...}

or [(14),p.249] 3 (A" +244) a 423 (F"+ 24.-14')f+22a,{....} +43£{... } ,

and comparing this result with (83), it appears that

Ea,»{(b,,c+cl,b—2f“ )P+ } +23f {(bis°+caab-2f:s )P+ } =0
.--.........(Vi‘;:)-i

a result which will presently be of usé, and may be verified inde-
pendently, with a moderate amount of work, by expressing the formula
as (Lond. Math. Soc. Proc., Vol. 1x., pp. 232, 3)

Sz [2 {u,D’ul—(Du,)’} {s"D"’u,+u,D’s"—2Dule"} ,
+2‘.{u,D"u,+u,D’u,—2lDu,Du,} {s,aD’ul+u;D”s,3—2Du,Ds,,} ]/A’,
» 1 O%s o's

where S = 25— e Sgp = % =~ L
: nT i op > BT 2 Omon

Proof of Identity (iii.), p. 252.

12. Differentiating the triad of equations, p. 255, end, with respect
to I, then multiplying by a, h, g, respectively ;. with respect to m, then
multiplying by h, b, f, respectively ; with respect to n, then multiply-
ing by g, £, ¢, respectively ; adding the nine results, and having regard
for the identity with zero (vii.) just proved :

= 8a {bio+0,b—2£,f) I+ (f,g+g.f —eih—hy0) m

+ (b f+f,h—bg—g,b) ”}
8 T
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+8b {(f,g-f-g,f—c,k—h,c) I+ (csa+8,0—2g,9) m.
+ (g +byg—a,f—110) n}
+80 {(baf +h—Dyg—g,b) I+ (@b +hyg s, f—fya) m
+ (8,0 +bya—2h,4) n}
+8f {(f,g+g.f—cah—h,c) I+ (c,a+8,6—28,9) m
+(gsh+hyg—a,f—fya) n
+ (byf +152—byg—g;b) 1+ (gsh + hyg—a,f—fia) m
+ (835 +bya—2h,k) n}
+8¢ {(hlf-f-f,k—b]g—g,b) I+ (g h+hg—af—fia) m
, + (8,b+b,a—2h, k) n
+ (byc+c3b — 2hyf) L+ (fog + gaf —Csh—hyc) m
+ (byf + 135 —byg —g,d) "}
+8h {(byc+cyb—2fyf) I+ (fog+gaf — s —hye) m
+ (hyf+ A —byg—g,b) n
+(fig+gf—cih—hye) 1+ (c,a+a,c—2g,9) m
+ (g h+hyg—a,f~1fa) "}
= 83a {b (c,m—£;n)+c (byn—fym) +£ (byn+cym —fym—1fyn)
+g(bn—fm)+h (e,m—fin)}
+83f {a (—2f,14+ g,m+h, n) +b (g;l—a,n) +c (hyl—a,m)
+f (gsl—ayn+hyl—a,m) + g (hyl—a,m—2fl+gym+hyn)
+h (g, l—a,n—2f;l+ gm+hyn) },
which, pp. 257, 258, has been shown to be equal to
83a {2 (be—£*)
—1 (be, + cb,—2ff,) —m (fg, + gf, —ch,—he,) —u (hf, + fh,—bg, —gb,) }
+83f {4 (gh—af)
— 1 (fg, + gfs—cby—he,) —m (ca,+acy,—2gg,) —n (ghy+ hgy— afy—fay)
—-l(hf,+fh,-—bg,—gb,)—m(gh,+hg,—af,—fa,)—-n(ab,+ba.,—2hh,)}
oH 0
[(12), p. 249] = 3 (164~4 %‘ —4m I —4n§)
oH_, 0B _, OF

+23f (16F—2l S —imis —n ]

0a oF oo
25T —2m e ~ 2n %)
[(16), p. 249] = Sa (4'+204) +25f (F +20F).
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On the factor (v) of the Eliminant (23), p. 251.
13. It may now be shown that
v=(4P+..)u+ L (4da+...)
—L[2{(4l+..) s+ (Hi+..) g+ (Gl+...) 4y} —Ps]

is a cubic—the * Cotesian’ of the “ Memoir "—having a node at the
s-pole of L. For [(1), (3), p. 248]
ov

=B (APt L (Aay+ Bb, + Oc, +2Fe + 2Gay + 2Ha,)
X .

+L [21 (da+...+2Ff+...)
—4 {(Al+..) a+4(HI+..) h+4 (@+..) g} +p&

0z
+1[ =2 {(Al+..) v+ (HI+...) uy+ (Gl+...) us} +Ps].
Substituting the coordinates of the s-pole of L, viz.,
Al+ Hm + Gn for =,
4+ Bm+Tn for 4, [ .ovevvvevennnnennnn (34),
Gl+ Fm+ Cn for z,

L becomes AP'+...4+2Fmn+...,
and .

(4l+...)a+(HI+...) h+(Gl+...) g becomes identical with u,,
while u, becomes, identically, :

(AP+...) (da,+ ...+ 2Ha,) — D {(be,+cb,—2f,¢) '+ ...},
where D is the 'discrimina.nt_ of s or P[4, and [Proc., Vol. xix., p. 494,
)]

(be, +cb,—2fe) P'+... +2 (gay, + hay—ae—fa,) mn+ ... = —1P.
Thus, in 0v/0z,
8 (Al +...) wy—4L {(4l+...) a+ (Hl+...) h+(Gl+...) g}
+ I (day+ ...+ 2Fe+...) '
becomes —1(AP4+...)DP .........cccuve. Vesenns ..(35).
Again [(i.), p. 251], for all values of =, ¥, 2,
2L (da+...+2Ff+...) =2 {(Al+..) wy+ (HI+...) uy+ (Gl+...) ug}
L OPoP

=Ps— =~ 3 — —
‘T2 Eal 0s’
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8o that the residue of terms in Ov/Oz is, for all values of z, ¥, 2,

p0s L (OP OP
21 Ps l 3= verereeeesnnessens s (86).
aa:f ol Oz (36)
For the present vqlues (34) of @, 9, 2,
s = 2DI,
£
OP 0s
3 =~ ~—=6DIP,
ol Oz
s = (4P+...) D.

Thus the residue (36) becomies
2(AP+..)IDP+2 (AP+...) IDP—-3 (A +...) IDP,

or 1(4AP+...) DP;

whencs, and from (35), it appears that, for the values (34),
ov
~=0.
oz

Similarly, it may be proved that Ov/dy, Ov/0z vanish for the same
alues (33) of », 4, 2

Thursday, April 3rd, 1890.
J. J. Walker, Esq., F.R.S,, President, in the Chair.
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On the Properties of some Circles connected with a Triangle
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The Modular Equations for n» = 17, 29: R. Russell, M.A.
(Communicated by Professor Greenhill.)
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On the Properties of some Circles connected with a Triangle formed
by Circular Arcs. By R. Lacuran, M.A.

[Read April 3rd, 1890.]

Introduction, §§ 1, 2.

1. Let ABC be a triangle formed by three givén circular arcs, and
let the complete circles be drawn intersecting again in 4, B, C’'; we
obtain three triangles 4'BC, AB'C, and ABC’ which may be called
the associated triangles of ABC, and four triangles A'B'C", AB(,
A’'BC, A’'B'C which are the inverse triangles with respect to the
circle, which cuts the given circlesorthogonally, of ABC and its asso-
ciated triangles respectively.

Each of these triangles has & circum-circle, an inscribed circle, and
a Hart-circle, which last corresponds to the nine-point circle of an
ordinary triangle. In the present paper I propose to exhibit the pro-
perties of these groups of circles in as complete a form as possible,
but as some of these properties have already been investigated in a
paper published in the Quarterly Journal, Vol. xx1., pp. 1-59, and in
my Memoiron * Circles and Spheres,” in the Phil. Trans., Vol. cLXxXvIL,
Part II., pp. 481-625, I shall merely quote results to be found in
those papers.*

* References to these papers will be indicated by the letters Q., T., respectively.



