Transformations of Surfaces of Guichard
and Surfaces Applicable to Quadrics.

(By LurHER Pranpgr EiseNBART, Princelon, N. J.)

INTRODUCTION.

G'UIGHAP.D (*) has discovered a class ‘of surfaces which possess the fol-
lowing characteristic property: If S is such a surface, there exists an asso-
ciate surface S, such that the lines of curvature on the two surfaces have
the same spherical representation, and the principal radii of curvature ¢,, p,;
0., s of the respective surfaces are in the relation

0, Pz - 02 py = const. == 0. (o)

Carapso (**) made a study of these surfaces and determined their analytical
characterization. He found that there are two types which he called the sur-
faces of GUICHARD of the first and second kinds. In the present paper the
author establishes transformations of these surfaces such that a surface and
a transform constitute the envelope of a two parameter family of spheres
with lines of curvalure corresponding on the two sheets. These transforma-
tions of surfaces of GuicHARD are analogous in some respeets to the trans-
formations D, of isothermic surfaces discovered by Darsoux (***) and devel-
oped by BranchI (***¥). In particular, there are certain special surfaces of

(*) Sur les surfaces isothermiques, Comptes Rendus de I’Académie des Sciences,
vol. 130, p. 159.
(**) Aleune superficie di GUICHARD e le velative trasformaszioni, Annali di Matematica,
ser. 3, vol. 11, pp. 201 et seq.
(%) Sur les surfaces isothermiques, Annales de I'Beole Normale Supérieure, ser. 3,
vol. 16, pp. 491-508.
(***%) Ricerche sulle superficie isoterme e sulla deformazione delle quadricke, Annali di
Matematica, ser. 3, vol. 11, pp. 93 et seq.
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GurcaArD which undergo types of transformations carrying with them sur-
faces applicable to quadrics. Consequently this memoir makes a contribu-
tion to the theory. of the deformation of quadries, which recently has been
the object of study by Biaxcui, Guicnarp and others.

In the- second volume of his Legons (*) DarBoux has developed the ana-
lysis of the general fransformation of RiBAUCOUR, that is, the determination
of a surface 8, which together with a given surface S, constitues the envelope
of a two-parameter family of spheres upon the two sheets of which lines
of curvature correspond. These results are recalled in § 1 and in § 2 are
given the equations of surfaces of GuicHARD as derived by Cacapso. In§ 3
we apply the preceding results to the establishment of transformations T,
of surfaces of GuicHArD into surfaces of the same kind. The equations of
the transformation involve five functions between which these is a homo-
geneous quadratic relation, and these functions satisfy a homogeneous dif-
ferential system of the first order. In addition to the significant constantn
which appears in the notation 7, there are consequently three arbitrary
constants of integration. We show that each of the fwo kinds of surfaces
of GuicrARD is thus transformable into a surface of the same kind, but, in
order to avoid repetition, in the subsequent sections we develop the theory
only for surfaces of the first kind. However, each theorem has its analogue
for surfaces of the second kind.

The relation (@) being reciprocal the associate surface S is a surface of
Guiciarp and it is of the same kind as S. Consequently there are transfor-
mations T, of S. Furthermore, when a transformation of § is known, one
finds directly a transformation of S, such that the transforms S, and S, are
associates of one another. The interrelation of four such surfaces gives a
geometrical interpretation of the constant =n.

In §§ 7-10 it is shown that the transformations 7', admit of the following
theorem of pemnutabili’ty :

If 8 is o surface of GuicHArD and S, and S, an two surfaces oblained
from S by transformations T, and T,, where n,=|=n,, there. exists a unique
surface 8" which may be obiained from S, by a transformation T'., and from
S, by a transformation T, .

The determination of S’ requires only algebraic processes. For certain
values of n,, it is possible to find two different transformations T, which

(*) pp. 338-343.
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lead to a similar result, but the determination of S’ requires differen-
tiation.

The surfaces of constant curvature are surfaces of GuicHARD of the first or
second kind according as the curvature is positive or negative. Of the oc*
transforms of such a surface oo® are surfaces of the same constant curva-
ture. The transformations 7, in this case are the same as those which are
a consequence ‘of the beautiful theorems announced to the French Academy
in-1899 by GuicHARD. BiaxcHr has shown also that they may be obtained
by suitable combinations of BickLunp transformations of surfaces of cons-
tant curvature.

The circles normal to two surfaces S and S,, which are in the relation
of a transformation T,, form a cyclic system; we call the plane of the circle
the circle-plane of the transformation. The remainder of the memoir is de-
voted to the study of a particular type of surfaces of the first kind charac-
terized by the property that for each surface one knows in general three
transformations T, whose circle-planes coincide. Moreover, the envelope of
this singular circle plane is applicable to the general quadric meeting the
circle at infinity in four distinet points. These surfaces are characterized
analytically by the requirement that the functions &, %, 9 satisfy a differential
relation of the first order involving four arbitrary constants 4, B, C, D. In
some respects these surfaces are analogous to the isothermic surfaces disco-
vered by Daxrsoux (¥), and following the terminology adopted by Brancai in
the latter case, we refer to one of our surfaces as a special surface of Gur-
CHARD of the first kind of class (4, B, C, D). When § is of this type the
three known transforms are special surfaces of the same class. Furthermore
the associate surface is a special surface of class (C, B, 4, D). The investi-
gation closes with the establishment of transformations of special surfaces
into surfaces of the same class and the proof of a theorem of permutability
for these special transformations.

(*) Loc. cit., p. 506.
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§ 1. GeneEraL TRANSFORMATION OF RIBAUCOUR.

Darsoux (*) has developed in an elegant form the formulas of the ge-
neral transformation of RiBaucour. We recall in this section certain of these
results without giving any proofs.

Let 8 be a surface referred to its lines of curvature; «, y, 2 the carte-
sian coordinates of a point on §; u, v the curvilinear coordinates; g, and ¢,
the principal radii of normal curvature in the respective directions v = const,,
w = const.; and we write the linear element of § in the form

ds’=Edu’ + Gdv'. H
Darsoux has shown that if % and v are two solutions of the equations

dx ou g\ o

o2 i i LI 2
ou " du 0, Fo 50 0 &

the envelope of the spheres of radius %— and center

N
|
{

ey

. X
zm_)x;» 'ﬁzy———Y—F‘—s L=z (3)
where X, Y, Z are the direction-cosines of the normal to S, consists of §
and of a second surface S, upon which also the lines of curvature are pa-
rametric. Moreover, the most general envelope of spheres such that the lines
of curvature on the two sheets correspond is given by solving (2). In other
words the solution of equations (2) carries with it the determination of the
most general transformation of Ripaucour of the surface S.

[ncidentally we observe that equations (2) are of the same form as the
RoprIiGUES equations
dx dX ayY

dx dY s
5”%;_%_915"?‘;‘-0: é‘j&+?28v“0( )

(*y Legons sur lu théorie générale des surfaces, t. 11, pp. 338-343.
(**) E. p. 122. A reference of this form is to the author’s Differential Geometry (Ginn
& Co., Boston, {909),
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Hence X is the general solution of the point equation of S and p of the
tangential equation.
If we define two functions « and § by
o = NS —
5‘1;""\/E“a %"\/Gﬁa (4)

the coordinates @, y, #, of the corresponding point on 8, are given by equa-
tions of the form

w,_—.,os——&—l;z(p.X—{—osX’—}—ﬁX'), ()

where X', Y’, Z' and X", Y", Z" denote the direction-cosines of the tangents
to the curves v = const., u = const. respectively, n denotes a constant and ¢
is given by the quadratic relation

2imo=oa’ 4 B* 4 p* (%). (6)

The linear element of S, is readily found to be

. A fologsY ., A" (9loga\
dé‘—-;g‘(w“)du +§§?( 90 )d’v, (7)

we obtains this from the following equations which we get from (5):

dx, X dlogs|[.,, t «a , ”

ou “'?_W[X”E‘A(“X.F“X—}—BX)] ®)
dx, A dlogsly, 1 B : "

o ks [ — (X 2X —H&X)}.

fTx,y,72,;, X".,Y"., 2"; X,, Y,, Z, denote the -direction-cosines
for S, analogous to those for § without the subscript, and if the mutual orien-

(*) It is assumed that positive directions are taken on the tangenis and normal to S so
that

XYz
X” )7" Z’I :+t‘
X Y Z

Annali di Matematica, Serie 111, Tomo XXII, 26
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tation is to be the same as for S, we may put

X, = X'———l—i(yX+rxX + B X", \
” " 1 B ’ # k

1 p , . \

X, = XmﬁT(yX—kaX—!—@}i). :

/

Hence if E, and G, denote the first fundamental coefficients of S,, we must
have

dlogs _ dloge _ B
du \/E‘ A dw Ve, P (10)

Sinee » must satisfy the equation
é (1o 1o
553(9_13%) 8%(92 8'») 0 (1)
in consequence of the Gauss and Copazzi equations (¥)

au( 1 &JB)+0%(1 aJZT“)+JE”é 0 2

I

VG 9 VE 0w ) " pips )
_Q_(dﬁ)) 10VE _g_(g_@)xi VG S )
P1 pa O n\ p. o, Ou
it follows from (2) and (4) that
b __Jg*, __gt,
ou Epl’ dv \/GPQ’
13
0B _ @ oVE ¢9ac _ B oya (13)
du \/(, dv - JE du )

If the equation (6) be differentiated and in the reduction use be made
of (4), (10) and (13), we obtain

o« 1 c?\/L \/_— 5

ou=""Jg a0 FTF +ne(—VE +VE),

ap 1 8VG \/G 49
o= U5 du —%'{"_P;“—FWG( VG, + V).

(*y E. p. 157.
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The conditions of integrability of equations (4) and of the first two of
equations (13) are satisfied in virtue of (12) and of the last two of equations (13).
Expressing the conditions of integrability of the latter and of (14), we obtain

WE [ LYE R ym),

dv VG 9v (15)
6\/6} 1 9JG RN/
= VB | 7 e — 5 G H@

When these equations are satisfied by two functions E, and G,, so also is
the condition of integrability of equations (10).

If we form the equations of Ropricues for §, and make use of (9), we
find that the principal radii ¢, ¢, of S, are given by

dlog s t d () dlogs (1 % 8 ()
6 -0 B -A(E) -

§ 2. Surraces oF GuicHARD. THE ASSOCIATE SURFACE.

Following Cavnapso (*) we say that S is a surface of GUICHARD of the
first kind if its fundamental coefficients satisfy the relation

\/G —VE —iz\/G——‘E (17)

VE V&

If we define two functions ¢ and # by
VE =¢*sinh §, G = ¢ cosh b, (18)

the relation (17) may be replaced by
D = ¢* sinh 6 (cosh 6 - sinh 8),

19
D" = ¢ cosh § (sinh 6 4 % cosh §), (19)
the function k being thus defined. From (18) and (19) follow (**)
Pi — ¢ (coth 6+ h), Pl — o~¢ (tanh § + h). (20)
1 2

(*) Loc. cit.
(** E. p. 122,
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Expressing the condition that the above functions satisfy the Copazar
and Gauss equations (12), we obtain the following equations to be satisfied
by &, 6 and &:

oh 8¢  8h 08
e . —_— = ¢ s 9
oy (R + coth 9) 3 7o (b + tanh e)&'v (21)
a26 &8 8" & 8¢ ,a000%
2+ —Jrcothﬂ —l—t hB Fr i esch eﬁﬁﬁ+
20 a 22)
4+ sech? § — T s + (cosh 8 + & sinh 8) (sinh 8 - % cosh §) = 0.
Moreover, the condition of integrability of (21) requires that
*E _ 8c 9% 9t 8 88486
dudv, duow +coth eé—ﬁ—}_t nh dvdu (23)

From the general theory of surfaces it follows that every set of solutions
of equations (21), (22), (23) defines a surface of GuicHAarD of the first kind.

Later it will desirable to know the expressions for the derivatives of the
direction-cosines X', X", X for S. From well-known general formula (*) we
find

oX'
W=—-—(td nh § - +T) "+ (cosh 6 4 h sinh 0) X,

oX’ ] aX" . 8¢ 96\ ..

To ( (—9—) 7 —(tdn11687&+ﬂ)X,

X a%  ab (@)
R nos S f

P (L()[ll ) AR ) X'+ (sinh 9+ cosh 8) X s

((99;( = — (cosh 0 + Rk sinh 8) X', %)_{:_ (sinh 0 4- h cosh 9) X", /

From the last two equations it follows that the linear element of the
spherical representation of § is

d 7 = (cosh 8 -+ R sinh 6)* d w® 4 (sinh 6 -+ cosh 8) d »*. (25)

CaLapso has shown (**) that if £, 8, h satisfy equations (21), (22), (23),

(*) E. p. 157,
(**) Loc. cit., p. 4.
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so also do Z, 6, h, where the first two are given by

ef = e~* (1 —h?), \
Sinh 9 — ﬁi—l[sinh 8 (1 4- h*) 2 & cosh e], ( )
cosh@:-—-»hgl_i{cosh6(1+k’)—}—9hsinh 6]. )
From these equations we have
cosh® 4k sinh § =  (cosh 8 4- & sinh 6), ) an

sinh § 4 % cosh 8 = — (sinh 6 -+ k cosh 8). )

~ From (24) and (27) it follows that for the surface S, determined by
£, 6, h, the direction cosines are given by

X=—X, X'=—X', X' =X", (28)

so that the proper orientation may be obtained. In view of this we take for
the principal radii of 8

— — ¢¥sinh 8 - —- e cosh 6
Py == = T P T T = (29)
cosh 9 4+ hsinh@ sinh 8 -+ h cosh v
With the aid of (26) and (27) we show that
o 0e 291 =2 (30)

Hence S is the associate of S.
A surface of GUICHARD of the second kind is one whose fundamental
coefficients satisfy the relation

VG -=—VE ==JE+ G (17%)

An expression or equation for these surfaces will be denoted by (a*)
when the equation (@) is the analogous one for a surface of the first kind.

We have . _
VE=¢sin0, /G =¢fcos?, (18*%)

D =¢*sin A (cos§ +hsinf), D" =e*cos0(—sinh+hcosh), (19%



200 Eisenhart: Transformations of Surfaces

%ze‘g (cot § -+ h), é:e_; (— tan 6 + h), (20%)

TE—(h-rootf)5e . 58— tan) 52, @1
g:: ‘322+coteaw+ta 650——5-%7,2—2&3—;*%60—;;‘53—2%%* Z(QQ*)

m(cose—i—hsmﬂ)(sme_-hcosﬁ):o

For the associate surface S the function % is the same as for S, and the
other functions are given by

o — e~ (1 - 1Y),

sin = — [sin()(lmh“)—%hcosﬂ],

1
T+ w (26%)

cos = [cosﬁ(l—-—hz)—}—thin 6} /

L
[y

§ 3. TRANSFORMATIONS OF SURFACES OF GUICHARD.

If 8 a surface of GuicHARD of the f'}rst kind and 8, is to be a surface
of GuicHARD of the first kind with its fundamental functions expressed by
means of Z,, 0,, h,, equations (%), (10), (13) and (14) assume the form

ologs 4 sinh 8, — '910”’ = ¢fi cosh 6, E, \
ou A dv
g—;; = a ¢* sinh 6, g—% = pefcosh,
3—2 == — « (cosh 6 + h sinh 6), z—;—J — { (sinh 6 4~ h cosh ), 81)
g§=—~ﬁ<tanheg—i+§—g)+p(cosh6+hsinh6)+ g

i

~+n e (— éh sinh 6, 4 ¥ sinh 9), |
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g% 5(““h085-kau) §5==“(m“h°§—*k§%)
g'%‘"—— (coth&ai )+y(smh8+hcoshe)+ (31)

~+ n o (e cosh 8, 1 e cosh 9).

Moreover, equations (15) may be replaced by

6’51 8¢

tanh 9, - ta hB———}— + +B(e51smhe — efsinh 0) =0,

 (32)

Et

coth 9, + coth 6 —|— + % (€% cosh 8, + ef cosh §) =0,

— ) = e ? — /_l ——p— _tl 33

¢ = cosh § - (h -+ L;'- e5> sinh 9,

where

(38)
¢ == sinh § 4- (k+ - 95) cosh 6,

When we express the condition that the principal radii of 8, have forms
analogous to those for S (20), but in terms of &,, §,, &,, it follows from equa-
tions (16) that

¢ = cosh 8, +(h 4 efi) sinh 6, ,

(35)
— ¢ =sinh §, +(h+ )coshe
From (34) and (35) it follows that
2 2
(Pz_q,ﬁxl._(h—%—j;\'_ef):l,—( + 3‘1)
from which we find, in order that (34) and (35) be consistent, that
h1+-§—l65'=h+%e5—~=t, (36)

¢t being a function thus defined.
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One finds readily that the foregoing equations may be replaced by

t:—mm%&+w
h 1 1
¢= sech 4 (6 +9,) cosh 9 6, —9), (37)
1 |
¢ = —sech 7 (6 +9,) sinh a7 6, — 0).

In consequence of equations (21) and analogous equations for §, namely,

8h, 8¢,
au~@+mm%g,} "
oh, 8¢, ’
5y = (b tanh8) o0 \

we have from (36)

ot (8% 2 ot 03 B
Dl . — g p—— § 1 i Rl — S P 1
70 (aucsche - € )\)q), Ep (avseeh‘) ¢ 1);, (39)
ot (8% « ot o3 g
I Rl — eEt — ) o SR Dt i (51 —
T (aucschﬁl e k) b 3y (avsechf)l , 1)4», (40)
from which it follows that
EXA : oL | a
T i ek oE
T smhel[cschﬂau—f—)\ (e e)],
8% 9 B a1
S 95 1P gk gk
7o cosh 9, [sech 9 3 A (e e )]
When the expression (37) for { is substituted in (39), we obtain
0 e1 4] é E z o
m—*—ﬁ == “(ﬂ cschf— e T\ )(COSh e‘+COSh 9),
a6, 86 8¢ B )
. . . .
70 + Pt (57) sech§ — ¢ + ) (sinh 8, — sinh 8).

One finds readily that in consequence of (31), the conditions of integra-
bility of (41) and (42) are satisfied. Furthermore, if we have two functions
6, and &, satisfying the system (31), (41), (42), equations (32) are satisfied
identically, the function &, given by (36) satisfies (38) and the functions §,, &,
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and &, satisfy an equation analogous to (22), because of the fundamental

relation (6).
It is our purpose now to reduce our equations to a simple form and
to this end we observe that as a consequence of equations (35) we have

pcosh 6, +¢sinhb, =1, ¢coshh, +-¢sinhb, =—1, (43)
from which follows
cosh 8, (9 +¢)+sinh 6, (¢ 4 9) =0.
We replace this equation by
efrcosh , = (Y +¢), eisinhb, =—p(to-1{),

where ¢ is a factor of proportionality to be determined. To this end we dif-
ferentiate these equations and express the condition that &, and 6, satisfy
equations (41) and (42). This leads to the two equations

dlogp  dlogs  8E a . . .
5l -+ T +ﬂ~76 sinh 6 =0,

dlogp  dlogs
v v

08 B . a
—}—a@ }\ccoshB._O.

Hence to within a constant factor ¢ is equal to /s ¥, which faclor may be
taken equal to unity since s has thus far appeared only with the constant
multiplier ». Hence we have

- ~§
o cosh 0, = 227 (ty ), ehsinhd—— 2" (1y 9. (W)

Moreover, from (43) it follows that

di= Xt (b, (45)

From (44) we find readily the formulas

2t

e5H sinh (8, + 0) = — ——, ¢+ cosh (6, +4) =

24 )

As a result of the preceding investigation the fundamental system of
equations of a transformation from a surface of GuicHARD of the first kind into

Annali di Matematica, Serie III, Tomo XXII. 27
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another surface of the same kind is the following:

d¢ da

O e Eu(l 09 __ %

0 —eFa(tyt) Go=eT B+

ax . A

e == g} T e ek

Gu ¢ « sinh 6, Pyl B cosh b,

‘?-fi=wa(coslle+hsin}10) Q—E:-—°(sinhe—}—heoslw)'

ou 7 du ¥ ‘ ’

o 2t 49 p I

5—?;_*5(tanheﬁ+%)+y(cosh&—{—-hsmh@)+ (4
+neefsinh0+nred(to4-¢),

du o8 a0\ 8B | 3% , ab

5"5-———- j(COthea—ﬁ+é—@—4)’ ﬁ—ﬁ(tanhoav+é~;}))

08 _ oot s %6 12 4 4

28 ——a[cotn M-FM) |- (sinh § 47 cosh 6) + |

-}—no'eECOS}lQ—{~n)\e”E(t.{,_}_,{)% |
and the fundamental quadratic relation
2hon = o - 4 pt (1)

One finds that the system (I) and (II) is consistent. When we have a
set of functions «, B, X, 1, o satisfying this system for a given value of the
constant »n, we say that we have a transformation 7, from one surface §
into a second surface S,. The fundamental functions &,, 8, and h, are given
at once from (44), (45) and (36).

Since one of the constants arising from the integration has been put in
evidence, namely n, there remain three other arbitrary constants. Hence we
have the theorem :

A surface of GUICHARD of the first kind admits oo’ transformations T,
into surfaces of the same Kind.

Evidently these constants ean be chosen so that a given point of S
shall go into a given point of §,, and then the transformation 7, is deter-
mined.

Incidentally we observe that for a surface of GuicHARD of the first kind
the equations (2) assume the form

8 du a2 o
b ) gy pg— 7 - .
7 (coth® 4~ h) +e 0 0, e (tanh 6 4+ %) -+ e e 0.
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Comparing these equations with (I), we find that a set of solutions is

of the form
r=ef 1, p=—ht+m,

(47)

where I and m are arbitrary constants. It does not follow thatA S, in this
case is a surface of GuicHARD. This question will be investigated later (§ 15).
If we proceed with surfaces of GuicHARD of the second kind in a manner

analogous to the foregoing, we find

() _ %, O (ey__8
5&(1)‘ AP 5&(1)_“1"”
where now
p=c0s0 +¢sinb, $=—sind -{cosh,
¢=-cosf, +isinh,, = sinb —icosh,,

= oo i)
t=h -+ e o+ 5 e,
The functions &, and 8, of a transform S, are given by
hieost, = > (1 —g)e, eisind, = — ~(tgt9)e,
A -
efl=~7(1+t‘)e £,

and the fundamental system analogous to (I) is

da Jo

=8 7 e o -

S —etalletl), G —eFR(th—o)

d% . ax

Y-S =k cos

£y & sin 0 a, oy ¢f cos b f,
f;’ﬁ:~—<ac(c()sfi~+—hsim3) %:B(sine—hcose)
du T dw ’
da 8§ 80 r
a—@-l_--—P(tan65v+%)+y.(cose+h51n6)—}—

+noefsind+nred(te + ),
da 0% 98\ 0f ( 9& 89
»—U—p(cote—amﬂ), uha\tane———}— )

9 9 du dv ' dw
ap 8¢ 89 .
,a,v_._a(coteau*a—d)—p(smﬂ—hcose)—f—

+nocefcosb+nret(ty—o9). |

(33%)

(34%)
(35%)

(36%)

(44%)

(559

(1)
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In the following sections we limit our considerations to surfaces of the
first kind, but it is easy to carry out similar processes for surfaces of the
second kind, as the preceding results indicate.

§ 4 EnverLore or THE CGIRCLE-PLANE OF THE TRANSFORMATION.

ft is a well known faet that the circles orthogonal to two surfaces which
are in the relation of a transformation of RiBaucotr form a cyclic system.
We call the plane of this circle the circle-plane of the transformation and in
this section we derive certain results for the envelope S, of this plane.

From,.(9) it follows that the direction-cosines of this plane are propor-

tional to
X' —a X", BY —aY", BZ —aZ" (48)

Consequently the coordinates «,, y,, 2, of a point M, on S, are of the
form

@y =% +p(eX +EX")+qX, (49)

where p and q are to be determined. If we express the condition that for
any infinitesimal variation of 4 and ¢, the displacement of B, is normal to
the direction given by (48), and in the reduction make use of (I), we find
that

== e = — e (ef s D n
p p q - (e85 +2nt),

ef 1 )
?

. B
r=n e‘gl(l—i—tz)w%ht—%—%c:. S

We have seen that p satisfies the tangential equation of S; hence there
is a surface Y, whose tangential coordinates are X, Y, Z, . The point coor-
dinates, %,, n,, Z,, of 3, are given by expressions of the form

EOZP-X+“X'+{5X’I7 (51)

as follows from (l) and the general theory of tangential coordinates (¥*).

(*) E. p. 163.
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With the aid of the functions &,, =,, {,, the differentials of x,, y,, 2,
may be given the form

dw,=Xdaw+tEdp, (52)
where
w=q—pp (53)
If we put further
b=pot T @ b By, (54)

the linear element of S, may be written
dsi=do*+2dpdi. (55)

These results which hold for any cyelie system (*) will be applied later
to the transformations 7'

u e

§ 5. TransForMATIONS T, OF THE ASSOGIATE SURFACE.

The associate surface S of a given S admits transformations T, analogous
to those for S. The fundamental system of equations we denote by (I) and (II);
they are analogous to (I) and (II) and differ only in that the functions are
%, B, 1, %, o. However, it is our purpose to show that the knowledge of each
transformation 7, of § carries with it that of a transformation 7, of S.

In § 1 we observed that p satisfies the tangential equation of § and
each solution of this equation leads to a transformation of RiBaucour of S.
Since S and S correspond with parallelism of tangent planes and the lines
of curvature on the two surfaces correspond, there is a transformation of
RiBavcour of S determined by g =p. We shall show that in fact this is a
transformation T,.

Assuming that p. =y leads to a T,, we observe from (I) and (27) that
in this case we must have

i—a, E=—g (56)

(*) Biancui, Leziont, vol. II, p. 211,
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From (26) and (I) it follows that

§%=“%%akmhﬂi+hﬂ+%hmdwy 2
- (67)
j%:MngMﬁO+MH&hﬁmﬂ->

In consequence of the foregoing results, we have from (II) and (II),

Yo =1a (58)

By means of (26) the first two of (II), namely

do

Ge=ctalo+d), S-=ctElI+o),

are transformable into

gizz__agﬁ[h%;gf4‘%JQe*60ﬂlﬁ%—

+[1+‘2h %e"§+%g”2§(h2+1)} sinh 6 % ,
da T 2 .
5%: —8 ei;[h :;f; e84 %J‘.’Ze‘s sinh §

+[1+9h%e"€+ﬂ'—

{ée“ﬁ(h2~kJ)Jcosh5§.

When o in these equations is replaced by the value from (58), we obtain
two equations of the form

Acosh® 4+ Bsinh 8 =0, Asinh6 -4 Bcoshd=0,

Hence 4= B =0, and thus we oblain itwo equations

15207 G{(hg—ki)e_g"{m@g%“:@-

—
RN Y

This necessitates
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which value satisfies (57) as is readily shown. And from (58) we have

_— As
m_y.g—{——c)\.

Hence have the following theorem:
If «, £, A, p, o determine a transformation T, of o surface of GUICHARD
of the first kind, the functions

i—a, Be—— b i=_.(ﬁ‘f+a), g —m——h T (59)
’ ’ A nTh PR
determine a transformation T, of the associate surface S. Moreover, the sur-
face S. resulting from T, is the associate of the transform S, of S.
In order to prove the latter part of the theorem, we remark that the
direetion cosines of the normal to S, are of the form

T =Xt X 4+aX 5K,
sn A

as follows from (9). In consequence of (28) and (59) we have
XLZ*Xl, y1="“Y1’ Zl_:"—Zl' (6())

From (45), (36) and (26) it follows that the functions ¢ of §, and of the
associate of 8, have the respective forms

E—”‘ ._;—E— 7\ —& $ ztz
e [i (§e+nw, e [1~(5—7e”.

i

One finds readily that each of these is equal to

Vg p G .
Again from (36) and analogous equations for the transformation of S we
have

h1_h1

|
§ — o1 — {ek — gf
. (F — 6F) + < (ebs — of).

yl]»

When the value (61) of % is substituted in the right-hand member of this
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equation, and also the expressions for ¢/ and ef:, it vanishes identically.
Hence for S, and the associate of S, the functions ef and % are equal. From
equations for these two surfaces analogous to (21) it follows that the func-
tions 6 also are equal. Consequently S, is the associate of S,.
The coordinates of S, are given by
- - |

5 ——— L GX+IK+EX) (6
o n

as follows from (5). In consequence of (59) and (28), we have
T et J e B (63)
L,—x Yy—Yy &= ¢

If d and d denote the lengths of the joins of corresponding points on
S and S, and on S and S, respectively, we have from (5), (62) and (63)

|

2r o 2
22} &

GCH

|
l

| &

"_“"”:"“' (64)

»

Q|
S

Since the radius B of the sphere of the transformation T, is Pl’ it follows

from (b9) and (64) that

- 2
Ad+ g =——- (65)

This gives a geometric interpretation of the constant »n. We resume these
results in the theorem:

If S and S, are in the relation of a transformation T,, so also are the
associates of these surfaces, namely S and S,. The joins of corresponding
points on 8 and S, and on S and S, are parallel and the lengths of these
joins satisfy the relation

= 2
dd -+ =
An interesting particular case is afforded when n = — —é- Later (§ 11)

it will be seen that this is a sort of critical value of n. If now «» denotes the
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angle between the join of corresponding points on § and S, and the normal
to S, we have d =2 R cos o.

Hence when n = -——;f equation (65) reduces to

dd=4sin® o. (66)

§ 6. Toe INVERSE TRANSFORMATION.

It is evideunt that the relation between a surface S and a trasform S, is
reciprocal. It is our purpose now to fund the expressions for the functions
et B, A7 Y, o by which one obtanis § from S, by a transformation
of the type discussed in § 3. From (65) it is evident that » has the same
value as for the transformation from S to §,. Henece we refer to the desired
transformation as 7';'.

The analogue of equation () is

B — @y = — o (4 X, 1 X X,
If we replace X,, X', and X", by their expressions (9) and equate the ex-
pressions for (¢, — ) given by this equation and (5), we obtain an equation
of the form
AX+ BX' 4 CX"=0,

where 4, B, C are determinate functions.

Since we obtain also two equations of the same form but with the X’s
replaced by Y's and Z's respectively, it follows that 4, B, C musl be zero.
This gives the three equations

1 ot t(j—l ot v f"~1 4« ot — B B-—L ’

st o5 :G-j————+6‘l = 5 5
. 2 A

From these equations follow

-1 - —1

al=pa, BT=—pf pTl=pp, ' =pyq,
where p is a factor of proportionality to be determined. To these may be
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added also A" =, since the radius of the sphere is given by

L

When this value of A7 is substituded in the equations

At _ . a)t
G — ¢ efsinhd, S

=p"" ebicoshd,,

which are analogous to the equations for 1 in the system (I), it is found

that 9:0_17_&' Hence the above equations become
S U NI N U ‘
74 —6}\, B == a)\y 6/. —G)\’ 3, f-o_’ 3 =S )\' (b?)

It is readily shown that these values satisfy the fundamental system for S,
analogous to (I).

§ 7. Toe THEOREM OF PERMUTABILITY.

In the succeeding sections we establish the following theorem of permu-
tability for the transformations T, of surfaces of GuicHARD of the first kind:

If 8 is a surface of GUICHARD of the first kind and S, and S, are two
surfaces of the same kind obiwined from S by iransformations T, and 7.,
where n, ==n,, these exists a unique surface S’ of the same kind which may
be obtained from S, by a transformation I°,, and from S, by a transforma-
tion T',,.

We say that four such surfaces S, Sy, S;, S’ form a quatern.

Let «,, B;, A, ¢, 6, denote the functions of the transformation T,
which gives rise to the surface S,. The functions «, §,, ¥, p';, ¢, of a
transformation 77, of S, must satisfy the equations which are obtained
from (I) on replacing &, 6, » and » by ., 0, h, and n,. By means of the



L,=cosh 8 [(t'? +1) (6 4+ 1) — 44, t'x] -+ 2sinh 6 (¢, #', — 1) (¢', —£.),
M, = efsinh H + ;i e™¥ (4o, + ),
i

N, = ef cosh 6 - ?;‘,L e~¥ (8¢, + (?1)'
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relations of § 3 these equations may be put in the form
%—% P p— 2.:—3"5 e"‘"hKl gc'l s %“—:;‘-8—-;6‘?511‘11 ﬁ'l,
H
IV, A , , ax, i _ .
Jn 2“;:'3 E(th)l#i_q/l‘)zl’ %:Eﬁ'e E(tl“pl"{—?l)ﬂl’
du', LT vy
(90% ="‘°‘x'l<?1+ Z_l" e E(tx 1 ‘%‘4’1)] >
a '1 ’ | i vt —
6(%)_:‘31 [4’:"*‘"%_‘;3 E(tx‘x’x“‘}‘(?x)] ’
dd, . 0 5 Q_Q B, ’ e .
-ﬁ_sl[mnho.ﬁ%v—-i—l-zm oo+ e (t,«p.w,)]-—
N N (I
— 6—‘» e (¢ o+ ) —n N, ;‘— etetK,,
1 71
! 8 a9 .
4290;; =—'-B" [Cotheg‘g-‘-}*é}z——% Nl] ’
By _ CASCA N Y
6’“—- ul[tanhegv-l s 7\’ 1"[1 ’
g, ’ 8¢ 848 % ! a2 -
W:ml{COtheﬁ’“i“é‘d )\1 NI P‘l ‘Ll+al e (tltpl.—i—(p‘)_}—
-y GJ! :\Tl“ et (tl ‘;’x - (?1) —+ Ry Vy %.l* et L, )
) 1
where
— 'UJ‘ - P £ G & 1
tn—“h—}‘)\l& 1’&,—%)\!6 , b ]3:‘{_1113 »
9, = cosh § 4 ¢, sinh 6, ¢, = sinh § 4 ¢, cosh 6,
K, =sinh f [(t': + 1) (& 4 1) — &t t’l] +Q2coshd(t, ¢, — 1) (¥, —1,),
(1119
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To these equations must be added also the quadratic relation
o} B =20y (IV)

In like manner if «,, By, %y, ts, 6, are the functions of the transforma-
tion T, by which S is transformed into §;, the fundamental system of equa-
tions to be satisfied by the functions o', §,, V,, vy, o, of a transformation
. ofiS.z may be obtained from (III), (III') and (IV) by replacing the subs-
cripts 1 and 2 by 2 and 1 respectively.

It is our purpose to show that there exists a surface S’ which may be
obtained without quadratures from §, by a transformation 1”,, and from §,

by a transformation 77, .

§ 8. Rerations ror GeENErRAL TRANSFORMATIONS OF RIBAUCOUR:

. In this section we shall derive preparatory to the proof of the theorem
of permutability certain relations connecting the transformation functions
which 'hold for any transformation of RiBAucour possessing a theorem of
permutability (¥).

Equations (9) may be written in the form

X’x = Wy, X'+ (LI X’ Oy Xy

X”1 == gy X’+a22 X”+0/23 <\r, (68)
er ==y, X'_'_ Oy, X7 “+ ay, Xv

where
" g2 ud
=1L - g, =—1-+ L . q,=1—-""
. G,k * W oy Ay e M0
o, B [ ] .
gy == — (Uy, == — — s (G, = (U, = R (69)
By 7 A oyl
B,u
1
gy == — (b, = .
° 5“ 7, 5},

From (5) it follows that the coordinates «, ¥, 2" of S’, a transform of

(*y Cf. Biaxcui, Ricerche sulle superficie isoterwie, etc., p. 8.
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S, by a T',,, are given by
1

!
N, Gy

(“'1 X’l‘ -+ ﬁrl X”-1 ‘1"’.""1 Xx) (70)

&€ ==, —

If S’ is at the same time a transform of S by a T",,, we-must have

. 1

L ==Ly — 7
10,

(a'? X'+ ?‘12 X+ 5"'2 1‘{2), (71)

where X’,, X", and X, are of the form
X'z =b11 X"‘i—'bm X”+b13 X7
,Xnﬂz == bz‘.th”*“ bzg’ X’ -+ bzz X> (7Q)
X, =by X 4 by, X" -+ bsixa'
a coefficient b,, being given by @, in (69) when the subscripts 1 are replaced
by 2.
If these two values of =’ be equated, the resulting equation is reducible

by means of equations of the form (5} for S, and S, and by (68) and (72) to

the form
PX'+-QX"+RX=0

There are two similar equations'obtained by replacing the X' s by Y's and Z’=.
Hence we must have P= Q=R =20. If we put for brevity

4 — “’1 ay; -+ p'n Ay, + f""l Gy, , B = ‘Z'z b+ @,2 b, + P"z b, ,

i g ’
/n’2cl n162

for i =1, 2, 8, this gives the three equations

74

2] 4
r Az_,B2=__g"§______':_L_, )
Wy 5, By T, n, 6, w5, | )
5 (73)

Another set of necessary conditions may be obtained by considering the
two sets of expressions for the direction-cosines of the prineipal directions
and normal to S§'. These are of the form

X, =0, X, +d . X" +a X =V, ,X,+b,X,+b,X,,
Xo=0a, X, +ap X' +d,, X, =0, X, + 0, X", -+, X,
X, =a', X', +d X" +0d, X, =0, X, +b0,X",+b,X,,
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where the functions o', and &', are of the same form as (69) in the func-
tions of T",, and 7", respectively. Proceeding as above we find the following
nine equations of condition :

i‘T:A-: :T:deau bn‘y

By Bop i 74
P A2 By — by, (i=1,2 8 ) (74)
1 2

‘u—,lfl,--—-*TzB;:a'm_‘bsr

In order that these equations may be consistent with (73), it is neces-
sary that for the following matrix

% a,—by, @ — by, @y — by,
5’1 B"z Moy — b21 Upy — bzz Mgy — b23
f’"l .U;'2 Ay — bal Wy — bsz gy — ba3
)L/, )\/2 X, - oy @2 . i@l Yoo - Ly
M, @y Wy Oy Wy Gy Wy G 1y 6y ", 5

every minor of the third order involving the terms of the first two columns
be zero. From the form of the expressions for the functions a,; and b, and
the fact that the fundamental relation (II) is satisfied by 7, and T, the
preceding condition necessitates the proportionality of the corresponding
minors of the second order of the matrices

A=

%, _Bz, Pa A
From this it follows in {urn that the minors of the third order of the fol-
lowing matrices must vanish

7 14 ? ’
ay Byoes W

i

! ’ ’ 1
ay By opl A

a’l @'1 f"’x 1'1 “'2 {3’2 P~’2 )‘,z
a, =L p X s a, — B Py Y . (75)
ay — B My A dy ﬁz .23 Ay
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§ 9. DeTERMINATION OF T, .

We now apply the general results of the preceding section to the case
of surfaces of GUICHARD.

For the sake of brevity we use the notation
()\1 {/'2) ==k fy — Ay iy
and we consider the following identitstet which follows from (75):

«, (51‘1 ﬁz) -+ B (f"x “9) -+ E"lz (31»“2) =0. (76)

If this equation be differentiated with respect to » and v separately, and
the derivatives of the various functions be replaced by their expressions
from (I) and (III), we obtain the following equations:

. " M A -
(f’-:{52){(“1"-1“&1@1"‘“&"1["1)“&?“‘”201;3E(tl?x_lt‘%”:)”—

t R R
— N e TE e K‘J +

Y1

-} n, 6, (.U—': B, -+ @'1 P~1) M, —n, o, ({’"1 B, + £y E‘e) M, = O,
/ ’ ,~N1 ‘ 1 -
(5"1 “2) {(‘z; v 1“‘“?’1ﬁx+f~"1 f":)i" Wy Gy &'Le g(tt ‘{/x—}“?;)‘—
1 1

— Ny N, %f— et h Ll] 4

1
-+ R, Gy (f‘*lx @, — o {’-1) N, —n, 0, (P"1 %, — o 5"'2) N, = O;

where M, and N, have expressions analogous to those of M, and N,.
With the aid of the identities

{3'1 (l—’q 7‘2) —+ P~’1,(@1 )\"2) -+ 7\'1 (}"1 @2) = 07 2
'y (.u'x )‘2) ~+ f’-lx (7“1 ag) -+ )\’1 (“x Pe) = 0,

which arise from (75), the preceding equations are reducible to

(17)

i

s

s . .
M, (?—I P —n, o, (3’2) — Ny @, By M, + 0, &‘3‘ e fe " K, (A By) %_t'
ry % M, (E)’%L & —n, o, !,_2) — Wy 6y M, 4, 2—1— e fe K, (A 1) z+ (78)
H 1

, Aol
+n25x({L1§z) G—-e e(tlc?l'"i_%)z()’
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I 1 )\ — —
Py 3 N, (g“"’—n; 0y {52)"‘”262@11\72_!‘”2;‘1‘3 fe Zg’Li()\r @2)€+
i ‘1

, 1 11 —F -2 7
+ﬁ‘}1\ﬂ (;.l.(bmnl cly.g)———nwg}th*Fnzg—e ST L () |+ (78)
1 i

/ LY.
"i"'nza;({’*x ﬁz);‘e g(th’l+?l):07

where
‘b:“z“z*{_@;@‘z“l‘{’:l.”e- (79)

When one operates upon any other equation arising from (75) after the
manner in which (76) was treated, the resulting equations are reducible by

means of (79) to equations (78).
When one eliminates o', from the equations (78) and then obtains a linear

relation between {5 and g, the latter may be replaced by
pio= {V: Q43 (g h) (1, 8, — my t/l)] )
(80)
@'1 = P [Bx Q + g, (5\ 7\2) (nl tt — ”’2 tlx)J ]

where
Q=1 (‘p — My Gy Ay — N, 0, )‘2) — XAy e (If, t, — '[) (tz — t;)- (81)

From (77) and (80) it follows that

@ = [cxl Q4 a; (2, 3;) (B, bt — 9y t’,)J R 2 (82)
PP ? A Q. \,

We are now confronted with the probleme of evaluating ¢, and p. To
this end we remark that in consequence of the first two of equations (I[l)

we must have

<

t’1 —_ t1 = ‘L:?l_ —_ ;LTI‘) 351 . (83)

Expressing the condition that p/, and X', -as given by (80) and (81) satisfy
this relation, we have
F—t) =@ x) b —nt)e s (1~ =
~ ‘ (84)
=2t h e % “ - if) (tl — 1) ("‘1 b g b))
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this second expression is a consequence of (36), With the aid of this result
equations (80) and (82) can be given the form

Py == ol g (.U'n )‘2) et (1 - ﬁ) +(l"1 )‘2) 5y (t’x - tn) s !.

B — — o[y ) e E (1 — ) 4 B0 o (1)

! (85)

o = o', (v, Ay e E (1 — &) 4 (2, 2,) 5, (t,—1t)],

Vo= (v, A)eF(1-1),
where
g pQ ) \
PTG e (18 (86)
If we put

Y, == P — 92, (0‘._) M k) — A, e, (¢ — tZ)Za (87

equation (8%) may be written
() — )| =) e | = e F o) (L= ) o — ). (89)

By means of this expression equations (89) are reducible to the form

- 1
U= P L{"‘l W, A g Ay 6y (0 — UNIR
_ o h
?'11 == Llsl ¥, £ A 0 (%.2 — %’J 5
. : )
W= o e, ¥, Aa ko (n,— )],
L |
r T
Vo= s MW N A e (- n)
where
— Q
o - g

T, A=y, — 0 Ay 5y ’

Before determining g we derive from equations (78) the expressions
for ¢’,. To this end we multiply these equations by cosh 8 and sinh 8 and add
the resulting equations. In consequence of (46) and (III') this gives on the
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elimination of p’, and #, by means of (89)

7\1 7‘2 3_% (ne — nx) (tx o 52)2 Ty ‘F,
¥, (1 — 0,) Xy 6

o =0 {a‘ W, o0, (0, —n)+ ) - (90)

[n order to determine p we calculate the first derivatives of ¥, and find

73 . \
8&% == (1, — Hy) %, [85 sinh o, +e=52, (t, 0, 4~ L,)] , tj
o (91)
-(9-‘0-‘— = (1, — 1) By [35 cosh 8 o, 4+ =52, (£, 4, - ';J,)] ) \

If we express the conditions that the functions 1, «,, ', satisfy the
third and fourth of equations (I[I) we obtain

dlog ;_)\_ﬂ
ov

'ologen o, _ 0, — ),
du

7—\—'!; - Without loss of generality we take
171

this constant equal to unity and obtain the following fundamental set of
values:

To within a constant wultiplier o is

' 1 - "1 1
= s [ e =]
o= — e w4 pos, ()]

! Aoy L : i

: (] 1
o )—\ ~~~~~ o %y \Ifl—}—ot._,7\10'1 (/n-z'__”l) ?

1
L . \Y

, 1, ] "
I3 P = 3\‘1_6'? ’)\l lI’1 ’+‘ )\2 )\1 G, (nz - nl)_ ’
G' o -»-j.-"" h‘")'l l['l + G, )\ G, (nQ - ”’1) +

' Ao | o

Ay e % (n, —n,) (t1 —4,) 8, W, /
W, (1, — 0, N, @,

One shows readily that these expressions satisfy the systems (III) and (IV).
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§ 10. DETERMINATION OF S

From (V) we have

&y “'1 - ﬂl @/1 - Py f"’1 =2 ¥,on + @ (T’L2 - nl)‘ (9%)
We put

Lio=W¥,+ (ne - ni) Ry =D — My Gy by — 1, 5, hy — A Ay % 7, (51 - 62)2> 93
Lo =Wy A (1 — M) Ny 6y =& — 1, 5, 0y — Hy 0y A, — A, Dy e=Fm (I, — £,)% t 95)
When the expressions (V) are substituted in (70), the resulting equation is
reducible by (5), (68) and (69} to

n;“”?_‘

x—w= <X'(’ﬂ17\10£2)(_1—‘n27\20£1',{2)+ 2

/7
7y My 54 N Y

—+ Xﬂ‘(nt X B Lo — Ry Xy By Xz) + (VI)
+ X (;"317*1}’-2',(,1“”2)‘2{-1)(2)€7 S

where
M = A0 0 (1 — )t - W, (94)

It is evident that the espressions (VI) and (94) are symmetric in the
functions of the transformations T,, and T,,. Hence if we had applied the
preceding methods to S, we should have been brought to the same result.
Accordingly we have established the theorem of permutability stated at the
beginning of § 7, provided we show that S’ is different from S.

According to the theorem the case n, = n, is excluded. It follows from (VI)
that if S" and S coincide, either y, =y, =0, or

e h 2y _n Ay By WA Py /o

Ny hy &, W ha®, Wy A, %y )(t—, ' (%)
The first of these conditions necessitales
D — My Gy Ay — B, G, Ay =10, §, — 1, =10, (96)
as follows from (93). But the second of (96) gives P2 %0, and conse-

Ay My
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quently, the radii of the two spheres are equal, which means that §, and §,
coineide.
If (95) is salisfied, then

%y Py e o
S e = ==
%y 2 Py

where p is a factor of proportionality, which is found to be constant when

o 0 u
7u and el

Since the equations of the system (I) and (II) are homogeneous, the
foregoing proportionalities may be replaced by

this value of p, is substituted in equations (I) for

ay=a,, [=40, k.”"z::f’l- (97)
\ . . 0% dx
From the ejuations for —— and — . it follows that
du o
Ay =k =g,
. . . X 0B
where ¢ is constant. In like manner from the equations for in and rE

we obtain the condition
Wy Ay by = g A, 1,

[f this equation be differentiated with respect to u and v separately, the re-
sulting equations are reducible to

H, © )«95 n,c \83%
Wy — ¥,

-, e cosh 6 = (?’n AL Suith ) T

£ sinh 4 = | .
o, ¢f sinh \
! ( 1+ du iy — i, ) Qv

R
v

‘ , b
In consequence of the expressions for o and Py

P in (1), the foregoing equa-
tions lead by integration to

Xl:e§+li7

by a suitable choice of the constant integration. From (I) and the foregoing.
it follows that p, is equal to —h to within an additive constant. Hence we
write the above results thus:

. d¢ ]
ho==et L, v, =m, —h, ac1=cosh§5ﬁa £, =senhb
(24

v

(98)

& Luve
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Later (§ 15) we find that this transformation is not possible for the general
surface of GuicHArD, and furthermore that it is impossible to have (98)
and (97) hold at the same time; as n,=|=n,. Accordingly we have the
theorem :

If the constants n, and n, are unequal, the surface S’ is distinct from S.

§ 11. CASE WHERE n, =5, .

Thus far we have excluded from the discussion the case where n, = n,.
In taking it up for discussion, we observe that as a consequence of (VI),
(98) and (94), S’ coincides with S unless ¥, =0, since ¥, = ¥, for n, =n,.
But it follows from (91) that now ¥, = const. Hence we assume that the
arbitrary constants in the functions of %,, p,, ., B,, o, satisfying (I) and (II)
are chosen so that ¥, = 0. Consequently

b =a, 0, +B B+ Py Mo = Ty (Gz A+ 7‘2) IR et n, (tx - tz)g' (99)
From this and (I1I) we have
(2 0 — ) A (B he — Ba 1) A (i dy — a0 (1 +20) =0, (100)

Hence when | -2 x, =0, the only real solutions of the problem are such
that

As shown at the close of the last section, the factor of proportionality is
constant and may be taken equal to unity. Thus S, coincides with S,. How-
ever, when 2n, + | <<0, this condition is not imposed by (100). Accor-
dingly we investigate this case.

From (81) we obtain as the expression for Q

Q= 0 ny (= 1) (B 1) = 1 (0 g — Ny ) bS5 (101)
1

When this value is substituted in (84), the latter equation is satisfied iden-
tically, and hence does not, as in the general case, give an expression for
., —t,. In order to obtain the latter we proceed as follows.
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As suggested by (88), we seek a function r such that
t’l - tl =T )‘1 l‘z ew-zg (il - t2) (1 - “'%) =17 )\2 % e—§+§, (t1 - tz) (IOQ)

Evidently #, must satisfy equations analogous to (39), namely

ot dé, £ ;o

£ (a” esch 8, —e i?) (cosh 6,4 ¥, sinh 6,),
at, dE, El__ s

T (a sech 8, —e )(smhe -+ ¢, cosh 0,),

in which o', §',, ¥, have the values (80) and (82). If we express this condi-
tion, the resulting equations for the determination of + may be put in the
form

é {1 | ) . ,

50 (—f —’}— Ky al) =a, ll, e~ (t, 9, +¢,) + o, ¢ sinh 6] ,

5 11 (103)
é’v( —+ 4, o)—@2[)\le—g(t,'iz,—{—@l)—}»a,efcoshe].

These equations satisfy the condition of integrability (*) and hence r can be
found by quadratures.

In order to find the coordinates of 8’ we must derive from equations (78)
the expression for ', when v’, and p’, have the values (80). This is

Eﬂkt_l‘: ? [tl o, — N et — D) (), — tl)} T

2
b

(104)
‘;_ o, 1y (tz - tlx) [(cx t2 ;\2 = Gy tx }‘1) - tx }\x }‘z 9_25 (tx - iz)g} :

From equations (5), (70), (68), (69), (80), and (82) we obtain

{nl ot (@A) ook e .._t)l_%ﬁ
X [nl 51t (Bd) A= B2 Qe (&, —1t) l’}

—+ X [n, (e, W) e A Qe (), — tl):l : -

(*) This can be seen directly from equations (91).
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When the expression (102) of ¢, —¢, is substituted in this equation, the re-
sult is reducible to

¥

’
Pr — X =
n, P

X'(“zlx‘_‘axxeR)_{'X”(@z)‘;"’?‘xlzR)‘{‘” )
(105)
+X(f"’7\1“"."17\2R)§’ S

where
B=1—re32¢ —t), P=(14rkhe)R—ria;.

We have seen that » may be found by quadratures, but the latter may

be avoided in the following manner. Let a,, 8, %,, p, 0, be a set of inle-
grals of (I) and (II) for %= n, such that as » approaches n,, we have

lim (x) = @, , lim (B,) =B, lim (3,) =12, % (106)

lim (v,) = v,, lim(s,)=0,.

. '
The function — where
n,—n

ij = Oy ;‘z + @1 Ez ‘1[“ g .‘Iz - ;'?: (Ez )\1 + G, iz) - )‘1 )\_2 eagg ;':(t! - 52—)27 (107)

satisfies the equations

3}‘% e (nx ——*ﬁ) ;2 [7\‘ 6_5 (t1 D, -+ 4’1) —+ g, 65 sinh 6} ’
oW =i | —& &
rﬁz(n,-—n){jg Me st g, +m)+ 0,65 coshb].

As n approaches n,, we have accordingly that the solution of (103) is
given by

?:“-f—)\(‘, hy = ~—- lim d_:_[f .

r ne=n, AN
Hence if we have a set of solutions of (I) and (I), looked upon for the time
being as functions of » as well as of u and v, satisfying the conditions (106),
the function r ean be found by differentiation.
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§ 12. TransForMATIONS OF A TrRANSFORM S, .

As a consequence of the theorem of permutability we have the following
theorem :

If one knows all the surfaces arising from a surface of GUICHARD of the
first type by transformations T,, the transformations of these surfaces can be
effected without inlegration.

If S, is a surface arising from § by means of a transformation T, whose
functions are «,, B,, ,, g1, @, the preceding theorem follows at once for the
case of all transformations T, of 'S,, so long as n==n,. In § 11 we saw
also that};hy means of differentiation the transformations 7, of S, ean be found
where the functions:«,, £,, v,, %, ¢, satisfy the conditions (I), (II), (99).

We consider now the remaining case where we take for o, B,, A, p,, 0,
functions «, £, A, u, ¢ looked upon as functions of » as well as of u and v,
such that

lim (@) =«,, lim(g)=4¢, limQ)=1,

lim (p)y=p,, lim(c)=uo,.

Equation (V1) may be replaced by

S — = X [(n My — gk @) N ake ™ (m— ) (F— 0) |+

/

4+ X7 t(u, AP — A B A KB e B (n— ) (E—1) |+ (108)

ta ‘f”’ A= A ) 7y A p e (n — N,) (t — tl)‘z z s

where

L o=oa, +BB +pp —nedk —n 5k —ik e~ n, (¢ —1t),

d=y ['/‘ + (n— ny) (hy 7 — Xat)' - (109)

AR e (n, — n) (E—8,)° ['/& (1 — 1) A, cj .
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From this expression for y it follows that
lim (x)=0, Iim (ﬁ"—) —0
n==n, ’ n=n, o n '

We introduce a function B by the equation

AN
lim (é’ n"’) = B (u, v),

="

and for the sake of brevity we write

M=% e ({—1¢)(n—n,),

so that the expression for 4 assumes the form

e y
4= % [X +(n— n:) ()‘1 7 — A Gl)} - m ()\1 ¢+ ;@‘:{“‘;l‘;) . (1 10}

One sees that lim (1) =0, lim (a—ll)zﬂ. We put also

n=n, n=n, \O 1

. (6°n
i () = 0 .

Referring to (108) and (110), we note that in order to evaluate the
indeterminate form in the right-hand member of (108), we must differentiate
the numerators and denominator four times with respect to n. If we adopt
the notation

CuRR T -0 A W (]
1_31:12 (29_;5,)’ 5;._3;{2{\87&), etc.,

we find the following expression for (x' — x) when n=m,:

w’—~—~w=E1-%X'(Dax—na7\f3;)+xﬂ (DB, —n, % BE)+

(111)
+X(Dp1—nll?3;)%,
where
D=(\+mn1) ,B+6n C
: S T g (112)
B— i, GBQ—}—.B(lla—?uc,)J—bG*al.
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Since only differentiations have been performed in arriving at this result,
the theorem is established.
It is interesting to see that the functions B and C may be obtained by
quadratures, which in some cases may be a simpler process than the foregoing.
In fact from (109), (91) and (I) it follows that

0 ;
é_ﬁ:(nﬁn,) et (0w, —, «) (to +¢),

(113)
Ih — (0 —n) e~ (0.8, —)
7= (n—mn)e =00 —%E) (L4 9),
and
a 1 ‘ . ~ 3 ( :
(9:“_ _ (n—~ nl) } (‘,1 2, — h, «) efsinh 6 ~}—(a, 1 /\1) (COS]IO—{~7’LS!1]]! 9) 5 ,
o f } (114)
= (n — ) : (8, — . B) et coshf 4 (£, % —P£,) (sinh 8+ cosh 6) : .
Hence B and O satisfy the equations
¢ B - Lo
(,9_:!_6__ — e'-E ()\ oy — +y O{) ({1 y + ":Ll)’
oB - 7
g = (B — M B) (b +e)
N (L15)
T (1= o0, — p., o) € sinh 6+ («, A — 22, (cosh § - R sinh 9),
4C  — R i
5y = bi—p. ) ef coshf—- (B, % — p2,) (sinh § 4 h cosh 6). |
§ 18. Spugrican Surraces aND THEIR TRANSFORMATIONS.
If we put
es_—_a,, h:o, (116)
equations (21) are satisfied identically and equation (22) reduces to
o6 o6 . ;
Gt gy T sinhBcosh8=0. (L17)



of Guichard and Surfaces Applicable to Quadrics. 299

Now
VE =asinh0, /G =acosho,
D = D" = asinh 6 cosh 0, (118)

o, =uatanhd, p, = acothf.

From the latter it follows that p, p, = o®. Hence S in this case is a spherical
surface. Moreover, it can be shown that the fundamental coefficients of any
spherical surface can be put in the form (118) (*).

Conversely, suppose that £ is constant. It follows from (21) that & is
constant. If »==0, and we put

coshk.-:q—hﬂ——a sinh b = 1

= w1

the function ' satisfies an equation of the form (117). Hence it is perfectly
general to take h=0. From these results we have the theorem:

Spherical surfaces are surfaces of GUICHARD of the first kind; they are
characterized analytically by the condition &= const.

[n the present case as follows from (26) the functions of the associate
surface S have the values

e = 7‘1; , sinh§ = — sinh #, cosh § = cosh 6,

and

0, = 1 tanh 8, g, = L coth 6.
@ a

Hence the associale surface of o spherical surface is a spherical surface,
howmothetic to the original surface.

We consider the transformations T, of a spherical surface S. If the new
surface is to be spherical, it follows from (%1) that e == ¢} = a, and from (36)
it follows that h, =0. Hence S and S, have the same constant Gaussian
curvature. From (45) we see that if efis to be equal to @, we must have

g " 1

*) E. p. 278.
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It we put ¢f =a, h =0, in the system (I), we obtain a system which
is entirely consistent, and ordinarily the condition (119) is not satisfied.
Hence we have the theorem:

Of the oo* transforms of a spherical surface oo® are spherical surfaces.
We consider these transformations further.

If ¢ be eliminated from (119) and (II), we obtain

w7 — On Ly 4 (L 2t =0, (120)

One sees that if 0>#»n> —"/,, the surface §, is imaginary.
If o be eliminated from (I) by means of (119), we obtain the system

o o . \
ﬂ——axsmhe, ﬁﬂapcoshf),

oy = Ip L

a-—u—-——ocwbhf), &——~”_-—pb1nh9,

a*a*—ﬁ&e (1 +2#) cosh 220 nne, 9% —p 98 .
gu= " Pap n)coshd+=2=sinh b, 5o =F 5

op 48 4B 89 p . 2xn
u %7 de— a%—i~p(1+2n)su}h6+7 cosh 6.
Since the functions «, §, %, p. must satisfy (120), we verify that there are oo
transformations of spherical surfaces into spherical surfaces.

Suppose now that S, and S, are two spherical surfaces which are obtained
from § by transformations T, and T, . In order to make use of the general

formulas, we retain s, and a,, given by

o i1 _ 5 0w 1 ;
TE =0 g =0 (122)

If the fourth surface 8 of the quatern is to be spherical also, we must have

o py | .
ﬁ+ﬁ?“?“0' (123)

[f the values of the functions as given by (V) be substituted in this
equation, the result is reducible to
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One finds readily that this equation is satisfied identically by (122).
Hence

If 8, and S, are spherical surfaces oblained from a spherical surface S
by transformations T, and T,,, the fourth surface S’ of the quatern is spherical
and all four surfaces have the same constant Gaussian curvature.

Equations (123) and (124) follow on expressing the condition that ¢¥ = a.
We raise the question if this is possible, when the surfaces S, and §; are

not spherical. Now equation (124) must hold. We write it in the form

I P fa)
(i?“ﬂ'f’ a"’))"“()\, xg) o=
Xz +(n‘l - nl) o 2 2 0, (120)
- Pr % {2
PV YR W T
where y, is given by (93). Moreover, in the general case we have
) 1
(9_}; == (nx - nz) E‘ ()‘1 a — “x) (t1 9, —+ "Px)y
(126)
0L — (0, — ) - (0B — 2 8) (b b+ 9) |
v 1 2 0/ 1 P2 2 M1 1 Y1 Q).

If equation (125) be differentiated separately with respect to 4 and », and
in the reduction use be made of (126) and (I), the resulting equations are of

the form
Acoshf - Bsinh =0, Asinhb-- Bcoshl=0,

where 4 and B are determinate functions. It is evident that 4 and B must
be zero. Since n,=|=n,, this gives, if we denote by P, and P, the left-hand
members of equations (122),

; L @ ;
(Pl‘—Pz)(%Pl—)Tj‘Pﬂ)m‘L
l 2 2 H
= (P, — D) +(”— P;—;Tj&) —0.
Hence P, and P, must be zero, and consequently S, and S, must be spherical.
We apply also to the case of spherical surfaces the results of § 11. One

finds readily from (80), (102) and (103) that

T 1, Ly ¢
‘1—;=%‘+E(tn‘—tl)=%+rﬁ (0 s — 2 X)),
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0

q

1

l":;—l[l—grf—bi'(f"lxz”_ﬂz)‘l)—rz

— Ty — e 2 )%
)\/l 1 Al (s“'x’z Pz 1)-

P

1

Since these values satisfy (123), the surface 8’ is spherical.

When one adopts the limiting process in finding the transforms of §, as
set forth in the preceding section, if both S, and S, are spherical, the con-
dition (123) is satisfied durinig the limiting process and consequently S’ is
spherical. In view of these results we have the theorem:

W hen one knows the transformations of a spherical surface S into spherical
surfaces, the similar transformations of the latter require differentiation al most.

§ 14 Exvirope or THE CIRCLE-PLANE ¥OR TRANSFORMATIONS OF SURFACGES
OoF (CoONSTANT GURVATURE.
THE Surrace oF CENTRES OF THE SPHERES.

When § is a spherical surface, the functions p, ¢, , ¢ which enter in
the equations of the envelope S, of the circle-plane of a transformations
(cf. § %) take on the values

ajz 2
P="gu 1 @n)\‘u(l—i—Qn),
o= -l ym g (1—wl]

Now the linear element of S, (59) Is

A =do*+2dpdi
et e L A @ )
= (d l) a5 = d Y tag, l—a ]

[f we put

2 [+ o’

F=—att, J—iF=— g
N Yy 20

, e
P 2 s
+bz—k(1—a )\——2)

=

the surface of coordinates =, y, z is applicable to §,. Moreover, on elimina-
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ting p and % from the above equations, we see that
P — = (127)

Hence when n is negative and different from —1/2, the envelope of the circle-
plane is applicable to an ellipsoid of revolulion; when n is posilive, to a hyper-
boloid of revolution of two sheels; when n—= —1/2, to a sphere.

We shall show that the surface ¥ of centres of the spheres is the surface
complementary to S,, when the geodesics on the latter are the deforms of
the meridians on (127). In order to do this we must show that the joins of
corresponding points on ¥ and §, are tangent to the orthogonal trajectories

of the curve % = const. on §,, and that they are the intersection of the

tangent planes to ¥ and S,.
The orthogonal trajectories are defined by ** — a* " = const. and from
(121) it follows that along one of these geodesies

eddu—+podov=0.

Hence the direction-cosines of the tangent to one of these curves are pro-
portional to

dx, 8, 8., 3, CEN dz
_— - b T — ‘L T b st i 5.
Erl I Pl L B o ML el & b

bo

With the aid of (52) we find that

12 0 2 * T "7 ’ (|
@@5@_0“;5—9:}—:« “f;rl[p(az\ 48X )+(‘1+?)X]

But from (3) and (49) it follows that the quantily in parenthesis is equal
to w, — &. Hence the first condition is satisfied. -
The direction-cosines of the tangent plane to §, are proportional to

X aX', BY —aY', L7 —aZ"

One shows readily that to within a factor the direction-cosines of the normal
to the surface ¥ are of the form

o X'+ 68X+ uX.
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Since these two normals are perpendicular to the joins of corresponding
points on §, and ¥, we have proved that ¥ is complementary to §,.

Biancu1 has shown (*¥) that every deform of a quadric of revolution is
applicable to the complementary surface determined by the tangents to the
deforms of the meridians. Hence we have the following theorem :

The envelope of the circle-plane of a transformation T, of spherical sur-
faces and the surface of centres of the spheres of T, are the focal surfaces
of a normal congruence, and are applicable to one another and lo an hyper-
boloid or ellipsoid of revolution according as n is positive or negative (== — 1/2).

We have seen that S, is imaginary, when 0 <#»n <C-—1/2. Hence the real
transformations are those for which the surface of centres is applicable to
a prolate ellipsoid of revolution or an hyperboloid of two sheets of revolu-
tion. Consequentty they are the transformations growing out of the beautiful
theorem arnounced by GuicHARD (¥¥), which have been the starting point of
the recent theory of surfaces applicable to quadrics. BiaNcHr (***) showed that
transformations of this kind can be obtained by combining certain conjugate-
imaginary transformations of Bickruxp for spherical surfaces.

Pseudospherical surfaces are surfaces of GuicHARD of the second kind,
being characterized by %= const. We shall not repeat the preceding inve-
stigations for this kind of surfaces, but it is worth while to call attention to
a few results.

For pseudospherical surfaces we have the relation

(1 !
s—:_A(aﬁ»-‘;m). (119%)
From this equation and (II) it follows that if the transformation is to be
real » must be negative.
The functions determining S,, the envelope of the circle-plane have the

values
_C P o e—ard y= )
P=9m q—‘ZnA(l_}—Qn)’ ©=ay v (1—}—a )\2)

If we put

- L a® L :
w=0&2-§-, y—iz= ) z+zz:7«(1+n2{:—2),

(*y Lezions, vol. III, p. 281.
(**) Sur la déformation des quadrigues de révolution. Comptes Rendus, 23 janvier, 1899,
(***) Lezions, vol. If, pp. 464-465,
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the locus of the point =, 7, z is the quadric

gt & 2 *
¥+ =g |1+ ) (127%)
When n,——::--if, S, is a pseudospherical surface. Since

2

. A a?
= p=—5 ¢=0,

we find that ¥ (® — «,)* = a’. Hence S and S, are two Brancui transforms of S, .

For the other values of », S, and the surface ¥ of centres of the spheres
are the focal surfaces of a normal congruence of tangents to the geodesics
on S, corresponding to the meridians on (127*). BiancHI (*¥) has shown that
the ellipsoid (127¥) is applicable to a hyperbolic sinusoid or to the abridged
catenoid according as 2 » is less or greater than — 1. Consequently these real
transformations can be obtained by combining BackLunp transformations B,
and B_¢, as Brancui (**) has shown.

§ 15. SpeciaL Surraces oF GuicHARD oF THE Fimrst KinD.

The remainder of this memoir will be devoted to the study of a class
of surfaces of GuicHARD of the first kind, each of which admits several trans-
formations 7, with a eommon circle-plane.

From (48) and (I) it follows that if S, and S, are two transforms de-
termined by «,, B, X, pi, 6, 7, and a,, By, Xy, u,, 6,, n, respectively such
that the circle-plane is the same for both transformations, we must have

%}?} - 3 (¢ aﬁ}’g} _
d (u, v) © d(u, v)

Since A satisfies the point equation of S there can at most be a linear re-
lation between %, and },; the same is true of », and g,. Since equations (I)

(*) Lezioni, vol. 111, p. 283.
(**) Lezioni, vol. II, p. 432.
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(2]
o2
[

and (II) are homogeneous, the most general case to be considered is

Ny == 1, =1,

M= N, gy =p, (128)

where ¥, ¢’ and »" are constants. We must have also
(129)

=0, Py=0.

. . o 2
In order that the expressions in (I) for an and (-9—% shall be the same
for the two transformations, the following equations must be satistied :

S4B, et — %0, %, et =0
& 2 g 1 ! P (130)

ph - (g 0, — iy 5,) €6y e (L 8) —m, by e (14 £2) =0,

If these equations he differentiated with respeet to u and v, the results

are reducible in consequence of (I) to

Wy hg — W A, ¢ ¢ Hyhy — Wy by 4z
Trlr  Ttlletesch b S =w, 2P TP le—fgech b — =,
1, — W, du oy — 3 v :

When these expressions for « and B are substituted in equations (f) for

92 and j-z one finds by integration that

du
E=c.log (ny», —n ),

where ¢ is the constant of integration. Without loss of generality we c¢hoose ¢
el

so that
1y by — T, 7 z ¢
Made =My b g esch 80— seehh . (131)
Ny — My ou év
e . . . . 00 dn dp duv. o
With this choice the equations (I) for 5 33 2a and 5y dssume such a

form that we have
* o= et -1 ), =ef 1,
c=es -1, : =5+ 1, (152)

pp=—h-Am,, p,=—h-m,,

where the I's and w/s are constants. From (130), (131), (132) we obtain

o ly, —mn, L, =0, (m,—m,)+2(n, my, —n, m) =0 (133)

When the above values for « and § are substituted in equations (41),
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the latter become

0% _ginhd, 21, +8), 0= coshd, £ (1, - o) (134)
auw 17\1 ! ’ &’U—_ l/1 ' '

A

Comparing these equations with the first two of (31), we have from the
latter by integration

L (135)

where ¢, is the constant of integration.
If we replace the first of equations (133) by

nl,=mn,l, =~ %A, (136)

the second is equivalent to

/R ki (137)

From (135) and (45) we get

g, == 71« [cl — (L, +efye (1l — t?)] , (138)

where now in consequence of (132) we have from (36)

_ Lhm, e

£, = 'ﬁwqu:égw . (139)

When the above values for «, B, %, v, o are substituted in equation (II),
we obtain

h* 4 cesch® 8 (g—;i) +sech® 6 (g-s)# Ae* (W —1)4+2Br+ Ceéf + D=0, (Vi)

4, B, C, D being constants, given by (137) and by

Be—({1~+2%n)m,, (=

9.
Ry (1 - m?—c,),
L (140)

D=wm+4n,-—2¢n,.
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From these follow

24, ©,
2

B = m, (»4~- 1), C =

: n wmi— 1 4, 2

I

D=——‘2n,cl+m‘f—‘2—‘;’, l,G—Dm%—i—m?(%-*l)- s
i 1 i ’

If I, and m, be eliminated from the first and last of these equations
and (137), we obtain the following cubic for »,:

(D—2n)2n, (1 +2n)+A4C(1+2n)— B 2n, =0, (142)

In consequence of (137) and (140) the expressions for %, u,, @, may be
given the form

d [ B ) ‘
e E—~~~‘—; U, === —— | o —
)‘1 3e in hd (1 +(2nl +h, ’ (
; ) (143)
f&,Glz—@-}—nle-'E(h.‘*—l)mn,;%' S

H

Conversely, suppose we have a surface § of GuicHARD of the first kind
whose functions satisfy equation (VII). For convenience we refer to § as a
special surface of class (A B C D), thus putting the constants in evidence.
Each of the roots of (142) when substituted in (143) gives a set of functions
which together with the values (131) of « and § satisfy equations (I) and (II).
Hence if the roots if (142) are distinct, three circles lie in the same plane,
and this plane is unique for the surface.

In § 3 we observed that a transformation of RiBaucour of a surface of
GuicHARD is always given by

r=ef 1, p=—h-+m.

But if this is to be a transformation T,, all the foregoing steps follow at
once and so we have the theorem:

A necessary and sufficient condition that a surface be a special surface
of GUICHARD of the first kind is that equations (I) admil the solutions

-

yo=¢6 1, v, =-—h+mn, a,:cschﬂj—@—? )

5 Cr (1%%)
G, =sechf .=, o, =— ¢, — (I, +exy =5 (L — ). S

dv I
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It should be observed that the functions of a spherical surface satisfies
equation (VII). However, in this case %, and p,, as given by (144), are con-
stants, and «z and B are zero. Accordingly we exclude spherical surfaces when
considering special surfaces.

§ 16. CoMPLEMENTARY TRANSFORMATIONS OF SPECIAL SURFACES.
ExvELoPE oF THE SINGULAR CIRCLE-PLANE.

We have just seen that in general a special surface admits of three
transformations for each of which the functions are of the form (144). We
say that these functions determine complementary transformations of § and
that a resulting surface §, is complementary to S.

From (67) and (36) it follows that the functions of the inverse transfor-
mation are, to within the constant factor 1/1. c.,

—1 a gl -y - a El - El
a~! = esch 9, 5 B~ =sech ¥, 75 =1+ e,
(145)
e —=wm, — h 571 __..l__. . s
el t 1 ll es

Since all of the equations are homogeneous this constant factor is unessen-
tial. Furthermore, one notices that the same constants I,, m,, n, appear in
(145) as in (144), and in the same way. Hence

If S is o special surface of GUICHARD of class (A B C D), each comple-
wenlary surface is a special surface of the same class.

From (26) we find that

esch Eg—i = ¢sch 9 g‘{i » secht %if =sech 6 %f; :

Combining this result with the first of (26), we have from (VII) that

The surface S associate to a special surface of GUICHARD of class (4BCD)
is o special surface of class (C, B, A, D).

We have seen that the circle-plane of a complementary transformation
of a special surface of GuicHARD possesses the property that in general it
contains three circles associated with complementary transformations. It will
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be found that the envelope of this singular circle-plane is applicable to a
quadrie.

If we apply the results of § 4 to the particular case under discussion,
the functions e, », ¢ have the form

A4 A
--——-_Z;'(}llh—}—m1 %), rz—g(hg—— 1)9—5-—~e§—g—,
1 (146)
= Q—r'{%mi -"?—§—(ml—}—1) +l e*f(h"—l)}
Putting
et \
———-(hl+e m,), J—'-I/Z——-“T: (
(147)
y+iz = — {leh-—%—k(m +1) +le“5(h— )J, S

we have in consequence of (55)
dst=dx’+dy' +dz".

Hence the surface whose coordinates are-given by (147) is applicable to S,.
From (147) it follows that
A B B A4

=& — (y—}—zz)—{ng (y—iz)|[(m — 1) ' —Clj+1,. (148)
Eliminating €5 and k from the expressions (146) for » and (147) for & and
y —i%, we obtain

{ ) L L

yil [ +M(J——l«”)] {W-Q(y-»z)+0(y—~~¢z)2=0.

L
r? I

4!
4
When the expression (148) for -}; is substituted in this equation, we see

that the surface of coordinates ®, y, # is a general quadric meeting the
cirele at infinity in four distinct points.

The equation of the quadric as thus found involves the four constants
A, C, I, and m,. But by means of equations (141) I, and m, are expressible
in terms of 4, B, C and D. Recalling these results, we have the theorem:

The envelope of the singular circle-plane of a special surface of GUICHARD
of the firsi kind is applicable to a general quadric which meets the circle al
infinity in four distinct points; this quadric is the same for all special sur-
faces of the same class.
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§ 17. TRANSFORMATIONS OF SPECIAL SURFACES INTO
SURFACES OF THE SAME CLass.

We have seen that the surfaces complementary to a special surface are
surfaces of the same class. With the aid .of this result and the theorem of
permutability for general transformations 7,, we shall show that, if S, isa
surface arising from a special surface S by a complémentary transformation
T,,, then oo® of the oo® surfaces arising from § by transformations T,,,
where n, =|=n,, are special surfaces of the same class as S.

Let 8, be one of the latter surfaces. From § 9 it follows that the trans-
formation fonctions of S, are of the form

. rr . ]
a, = }:;;Lxewg—}—al).? 4, (nl——-»m)‘,
By = — ! _ii‘FJf«B l.s(n—-n\'
2 )202 L 2 2 1 N Y2 1 2— »
o 1 . . 1
L= e W, 2 k0, (0, — )], (149)
2 M2 Ny
, 1 ]
oo = ﬂ“ g ¥, -+ ®y X, 6, (nl . nz) )
, O, ]
, 1 e~ B (n,—n,)(t, —1) 6, ¥
G, == " [Gewz%_’;l)zaz(nl—“n‘z) + L qj.2€}:(n 25@‘))‘ Z‘) 2 2]»
2 t 2 1 @2

where
¥y = o, x, 4§, ﬁz Yy g — 2, (‘71 7g 1 Gy )‘1) — Ry % n, (tx —_ t2)2- (150)

We inquire whether it is possible to determine «,, 8,, 7,, ¢, 5, so that &
shall be a complementary surface to S;, when «,, B,, ,, p,, ¢, have the
values (144). If this is possible, the functions «’,,..., ', given by (149) must
be equal, to within a constant factor, to

z £
csch 8, g;‘ » sechd, gf:;i}z, e 1, m, —h,, )
{ ; (151)
T {cl — (€5 1) e 5 (1 — t’;)J ) \

1
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One finds readily that if the constant multiplier in (151) be taken as
(n, — ny), the equivalence of the two values of the first four quantities in
(149) and (151) requires that

Q=¥,—aq, (nl — nz) (GE" - 35) = 0.

In consequence of (4b) this may be written
Q=¥, — (n, — n,) [3\28_§(I—i§)~6502]?—*0. (1562)

Without difficulty one shows that

R R )

) I, e
: I+ e

t,
& A
+e 3

With the aid of this result it is readily shown that when @ = 0, the expres-
sions for ¢, from (149) and (151) differ only by the factor (n, — n,).

We return to the consideration of the condition © = 0. From equations
analogous to (91) we have in the present case

%%;i = (1, — n,) csch 9 j——-@f [35 sinh 86, + =52, (£, 9, +- %)‘I’
6’;’; = (n, —n,) sech 9 g——{; [95 cosh 66, 4+ e~53, (4, 4 ?2)J .

Making use of these expressions, we find that

XY 4Q

5—:‘;- _— 0, -a_/U_ = O-
Hence if the initial values of «,,..., s, be chosen so that @ =0, this equa-
tion will be true for all values of » and ». Accordingly we have the theorem:

If S is a special surface of GUICHARD and S, is a complementary sur-

face by a transformation T, , of the oo’ transformations T,,, where n, ==n,,
oo’ give rise to special surfaces S, of the sume class as S; since the fourth
surface S’ of the quatern is complementary to S,, it also is a special surface
of the same class.
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§ 18. FirsT INTEGRAL OoF THE SysTEM (I) FOR
SPECIAL SURFACES, AND RESULTING TRANSFORMATIONS.

~ If in (150) and (152) we replace «,, B,,..., ¢, by the values (144) and in
the reduction we make use of (138) and (140), the function Q can be given
the form

\

a¢ af 4 0l ‘
> ; 2y = & RN
a2—1~sech()avp2+(9 nze)(cg—i—_)\) %

/

Q=csch T

2

: (153)
—— hy (B+IZ+Qn'gh)+72[nﬂ(1 ‘”hz)e~g+7)z C]'

We have just seen that 0 is constant, provided that =, =|=n,.

However, this restriction is not necessary. For if 4, B, C are constants
entering in the class of a special surface and #n, is any constant, the first
derivatives of Q given by (168) are reducible to zero in consequence of
equation (VII). Hence we have the theorem:

If S is a special surface of class (4 B C D), the fundamenial system (I)
udwits the first inlegral

z z / ’ 2
Q =csch b g;; 2 + sech § g—; B+ (%« —n ei) {o + ‘I)\)—
) , (VLII)
— (B4+h-+2nh)+ ‘A{n (1 —h*)et4 —é— C’] = const.

Suppose now that we have a set of functions «,..., ¢ satisfying (I) and
whose initial values are such that @ =0; then for all values of % and »
0 =0. We shall show that the surface arising from the transformation de-
termined by these functions gives rise to a special surface S, of the same
(9 zl a 51

ooty e

class ax S. In fact, if we substitute the expressions for 4,, an r ,

given by (36), (41) and (45), in the expression
2 2 &.51_ ) 2 (é _z..‘_ : - ~& (12 — .
W 4 csch® 9, (au)+sech 9, 20 +- Ae (b — 1) +
+QBh’1 +OEE'+D7

the latter vanishis identically, and consequently the desired result is
established.
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One shows without difficulty that certain of these transformations are
real. For, if the equation © =0 be written in the form

B \

23 3
csch9.7a+sech63—1}[ﬂ— - +h)p,(1—}—9n)—f—

) [+%n
/

- (% —n 65) (c - li)‘) -+ [n (I —0*) e g] = 0,

the coefticients of «, £, v. (1 +-2#) are the values of «, f, p for a comple-
mentary transformation. If = be eliminated from this equation and (I1), the
result may be written

. 2csch b 93 @ . 2sech6 93 {
AR L . L
rn A ok + An A £
5 —ne 5 —ne
B ! (1H4)
TR |
1.t I
[ U ot LRSI 1Y + 204 In(l—h?)et+ (| =0.
7n £ A £
Tl——ue —6‘—"8

We consider now the function

c9£_ Z \
. _cbchea—u B sechea \)
— £ A nh 4
ne—g |
155
PN (155)
U, | f—Qn-*—h
! - 9
o . 4 (1 +2n)
1ne '—q

When » is equal to one of the roots of the cubic (142), and «, B, 1. are given
the values (144), the function 1 is equal to zero. We shall show that these
are the only real expressions of «, B, v for these values of such that

v

2% +4-1>0. In fact, in consequence of (154), we find that
0= — ! Y 2[(1)—@1@)@1@(1—}—@1@)»—}—
2n (1 +2n) (n ef — —) ( (156)

5
+Acram—2np). \
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Since the expression on the right differs only by a factor from the left-hand
member of (142), the function I vanishes when #n is a root of equation (142),
thus establishing the above mentioned result.

Equation (156) in which 1T has the meaning (155) is equivalent to Q=10
for special surfaces. Evidently 11 changes sign as » passes through the roots
of equation (142). Hence for certain values of » the function D is positive,
in which case the transformation is real.

These results may be stated as follows:

If S is a special surface of class (4 B C D) and +, B, A, p., 6 are solutions
of the system (1) satisfying the condition

0% ¢ (A AV
cschﬂa—ﬁa%—secheg—vﬁﬂ—(—ﬁﬂ—ne)t—}--—i)—

_p.[B+h(1+@n)J+x[n(1—h2)e—E+-%0]:0,

the surface S, determined by this transformation is of the same class as S;
for certain values of n these surfaces S, are real; the complementary surfaces
are the only real ones when n is a roof of the fundamental cubic equation such
that 2n +1>0.

§ 19. THEOREM OF PERMUTABILITY FOR TRANSFORMATIONS
OF SPECIAL SURFACES AND SURFACES APPLIGABLE TO THE (GENERAL QUADRIC.

We close the discussion of special surfaces with the proof of the following
theorem :

If a special surface S of class (A B C D) is transformed by a T, and T,,
respectively into surfaces S, and S, of the same class, the fourth surface of
the quatern is a special surface of the same class.

By hypothesis the functions «,, £,, A, ¢, 6,; %,,..., 0, of the transfor-

mations 7T, and T,, satisfy the conditions
3 oz 4 ) T
YA} - — e —— —— E _I P
cbcheaual+sech68vﬁl+(% )ble,(d'+?~1) 2

: . (157)
*_V'I[B_'—h(lﬂi_gnl)‘l_\t«)‘l [n;(l-hg)e—g—%—ﬁC‘]zO, s
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Cschﬂiw 2, -+ sech 6 B ﬂ» —nzes)(aﬁ‘;—?)m é
o T (158)
— s B+h(1+‘2nz)J+M{nz(l—h‘*)e—§+-§0}=0. ﬂ

The theorem will be proved, if we show that the functions »,, g\, V|,
'y, o, given by (V) satisfy the condition

eseh 8, gf ;+sechﬂia-3{5;—%-(§——nz 851)( '1+{;—}')—

—w | B+h (1+2 nz)] + [nz (1 — k) e fi4 é O] = 0.

g dé
954 p, oo
Y and sech '3

and «; and £, by their leues from (V); we subtract from this result equa-

We replace cseu 6,° by their expressions from (41),

tion (157) multiplied by —— ) and equation (1568) multiplied by (», — #n,). The

resulting equation assumes the form
(2 + bB4+c¢— + d =10,

where a, b, ¢, d are determinate functions. The expressions for b and ¢ va-
nish in consequence of (V).
The function a is

13 o 2 2
Uy ¥, Ug

”1 {_r_ - ol P _§_ 5 “}“ (nx '2 g, -+ S
hy 7y 0‘1 e

When the values of &', u',, X', from (V) are substituted, we find that a = 0.
With the aid of this identity and (45) we obtain for d the following
expression multiplied by (n, — n,):

v u?
Voeh — o) - n, (€5 — ef) (r:., —+ ‘J) — s (120, b+ 0y (1 — B?) =5

% h

i

- HE A 3
— (GE' —— @E) x_l_jii{)l pz
Fa

— e S (L — R R (=20, p,.

1
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When the value (87) of ¥, is substituted in the above, and use is made
of (45) and (36), we see that d =0. Hence the theorem is established.

The singular circle-planes of each of the surfaces S, S,, S, S’ envelope
surfaces applicable to the same quadric. Hence the preceding results lead
to a transformation of surfaces S, applicable to the general quadric, and the
last theorem shows that the transformations of these surfaces S, possess a
theorem of permutability.

Princeton University,
July 25, 1913.




