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We may take the generalized reducing functions

where fiv /3a, y,, ya, <5, are arbitrary.
Prof. Burnside's two reductions are given by

( i . ) / 3 , = - 3 , ft = 0, y, = - 3 , y, = 0, Zs = -Z, .
(ii.) ft = | , /3, = | , Yi — h 7% ~ — | . *3 = — *i-

[February 15th.—Since completing the above I have seen Mr. A. C.
Dixon's paper (p. 170 of this volume). His method is quite different
from mine.]

Notes on the Theory of Automorphic Functions. By A. C. DIXON.

Received November 8th, 1899. Communicated November
9th, 1899. Received, in revised form, January 9fch, 1900.

Under the above heading I propose to make some remarks on
certain points in the theory of automorphio functions, from the
point of view taken by Poincare in his memoirs (Acta Mathematica,
Vols. i., in., iv., v.).

In the first place, I show how the theorem given by him that a
PucliRian function exists of the second family and of class 0, and
taking assigned values at singular points, may be used to establish
the existence theorem on a Riemann surface, so far at least as that
theorem relates to uniform functions of position on the surface.

Next I give expressions for Abelian integrals of the first two kinds
in terms of series of the type used by Poincare. Series of the same
type are also used to form factorial functions.

It is also shown that a uniform function of the automorphic class
exists which will serve as a prime function in the expression of
Fuchsian functions as the product of factors. Such have been con-
Rtructed for automorphic functions existing all over the plane. That
which is here given serves for the other class.
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The Existence Theorem of Riemann.

1. The existence of a second uniform function of position on a
Riemann surface of the ordinary kind, consisting of n spherical
sheets connected together, may be proved on the lines of Poincare's
work* as follows.

Let x be the original variable, so that each of the sheets is the
inverse of the aj-plane, and let an a2, a3, ... be the values of a: at the
branch-points. Then it is proved by Poincare (Ada Mathematica, Vol.
iv., pp. 242-250) that x may be made a Fuchsian function of class
(genre) 0 of a new variable z, in such a way that the vertices of the
fundamental polygon all rest on the circular boundary of the function,
the angles at those vertices being accordingly zero, and that only one
point in the polygon corresponds to each point on the ai-plane or
sphere, while the points corresponding to a,, nv as, ... are all vertices
of the polygon. The present argument is not affected by the
symmetry of the polygon, or the fact that it generally has other
vertices as well as those corresponding to the points an a2, a3, . . . .

This function gives a conformal representation on the Fuchsian
polygon of the g-sphere, that is to say, of a single sheet of the Riemann
surface.
• The sides of the polygon, in pairs, represent the parts of a cut in
the a-'-sphere, still a single sheet, the cut passing through, or at least
reaching to, the points a,, a2, as, ..., but not dividing the spherical
surface into parts. Let this cut be made right through all the sheets
of the Riemann surface. This surface will then be divided into
n separate sheets, each consisting of a spherical surface with the one
cut, and any one of these sheets is conformally represented on any
one of the polygons into which the area enclosed by the circular
boundary of the function is divided. Distinguish these polygons as
I., II., III., ... ..

Take the polygon I. to represent the first of these separate sheets,
and remove a piece of one of the cuts in such a way as to connect
this with another sheet, say the second. As x travels into the
second sheet across this cut, z will travel into a new polygon II.,
adjacent to I. Suppose II. added to I. Now take out another piece
of a cut so as to connect the first or second sheet with a third, and
suppose III. to be the polygon into which z passes from I. or II. when
x crosses this cut into the third sheet. Add III. to I. and II. and

Sec especially Ada Mathematica, Vol. rv., pp. 301, 302.
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carry on this process until there are n polygons joined together, one
representing each sheet. Let Pn be the polygon which is made up
of these n. Then the whole Riemann surface as bounded by those
cuts which are left is conformally represented on P,( by means of the
functional relation between x and z. But P,, is a polygon bounded
by circular arcs orthogonal to the bounding circle, and all its vertices
lie on this bounding circle. Also the correspondence of its sides in
pairs is quite definite, being ascertained by noticing the way in which
the n sheets must be united again to form the original Riemann
surface. Hence Pf, is the generating polygon of a Fuchsian group,
which is a sub-group of the original one.

Form by Poincare's method a Fuchsian function of z having this

group. Take, for instance, as generating function , where a
z— a

is a point within the bounding circle. The theta-Fuchsian function
9 thus formed will not vanish identically, nor will it have the pseudo-
automorphic property for any greater group than that of P,,. But x
is included among the Fuchsian functions belonging to P,,, and there-

dx
fore G divided by the proper power of -• - will be another of them,

dz
necessarily distinct from x because its group is not the same aR that
of x. Thus we have another Fuchsian function of z, say y, which is
a uniform function of position on the Riernaun surface, and is there-
fore connected with x by an algebraic equation to which the given
Riemann surface will be appropriate ; from the way in which y was
formed it follows that every uniform function of position can be ex-
pressed rationally in terms of x and y, since y becomes infinite at a
point in one sheet and not at the corresponding points in the other
sheets.

A simple example of the construction may make the argument
clearer. Take a surface of three sheets having one branch line AB
(Fig. 1), and no branch-points other than A, B. The closed circuit
drawn round B shows the order in which the sheets are connected,

FIG. 1.
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the unbroken part being in the first sheet, the broken part in the
second, the dotted part in the third.

In Fig. 2, let acecbdb'c'a be the original Fuchsian polygon, the

pairs of corresponding sides being ac and ac", ce and c'e, c'b and c"b\
db and db' ; the cycles are then a, hb\ cc'c", d, e. Let A, B, 0, D, E
be the points of thoz-plane corresponding to these cycles respectively
(Fig. 3) ; then what is conforraally represented on the Fuchsian

|0

PIG. 3.
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polygon is the a-plane, a single sheet only, bounded by a cnt con-
sisting of three lines (L4, CBD, OE\ these are supposed drawn in
Fig. 3.

Now distinguish points in the different sheets by suffixes, and
suppose the whole surface cut through along the lines OA, GBD, GE;
it is thus divided into three sheets whose boundaries are

in fact, the area A O3B is transferred from the 2nd sheet to the 1st,

AOtB „ „ 3rd „ „ 2nd,

„ AGXB „ • „ 1st „ „ 3rd.

Take the representation of the first sheet .A Ĉ -EjO^ UP, J9Oa-A upon
the polygon acec'bdb'c'a. Since the passage across BBX or GlEl does
not lead into another sheet, the polygons adjoining ace ... c"a along
bd, b'd, ce, ce will also represent the first sheet. On the other hand,
the passage across AG3 or G2B leads into the second sheet, which is
therefore represented by either of the polygons adjoining ace ... c"a
along ac" and c"b\ and the passage across AOX or OtB leads into the
third sheet, which is therefore represented by either of the polygons
adjoining ace ... c"a along ac and be.

Remove the cuts BOU BO^; the three sheets are thus joined
together into a simply connected whole whose boundary is

Let the polygon adjoining acec'bdb'c"a along c"b' be
and that adjoining along c'b be a8c8e8Ca&gd,60'a8. Then the Riemann
surface with the boundary

is conformally represented on the polygon

The pairs of corresponding sides are ac and aac, ce and e'e, a8e8 and
aic'ti cse» an<^ c*e»> C3̂ « a n ( l c'/b'i, btds and bds, bd and b'd, b'dt and b'2dv

a^c, and ac'\ c,e, and c"e,; the cycles are aa^a^ cc\ e, ctc'2C3, et, bb'bjbit

</„ d, dit Cjc", e,.
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2. The method here used is the general one (Poincare, Ada
Mutltematica, Vol. iv., p. 286) for forming sub-groups of a given auto-
morphic group whose generating polygon is, say, 12,. Join together
12, and any number of the polygons into which it is transformed, say
li2, Ra, ..., Rn, in such a way as to form a new polygon. Let a,, fr, be
a pair of conjugate sides* of Bl and a4, b2, aa, bs, ... the correspond-
ing pairs in J22, 2?s, ..., any that do not form part of the boundary of
tho whole being left out. In the new polygon make a,, aa, as, ...
conjugate with fc,, b2, bs, ... in any order; this will be possible since
all have the same non-Euclidian length. Then, subject to the condi-
tion that the sum of the angles of any cycle in the new polygon shall
be a sub-multiple of 2v, the new polygon will generate a new dis-
continuous group, included in the original one. If all the vertices of
U, are on the bounding circle in the Fuchsian case, or if E, has no
vertices, the condition as to the angles disappears ; if, on the other
hand, the original group includes elliptic substitutions, or, in fact, if
.K, has finite angles, the condition will generally restrict the order in
which 6,, 62, ... may be taken as conjugate with a,, aa, ... . For in-
stance, if Bl has only one cycle, the sum of whose angles is 2ir, the
new polygon must have at least n cycles.

The consideration of sub-groups of an automorphic group and the
associated theory of transformation of automorphic functions is thus
closely connected with that of the functions that exist on the surface
formed by joining together a number of sheets in Riemann's manner,
when each of these sheets is a multiply connected surface, and is, in
fact, the original Riemann surface deformed ; the new surface is, of
course, only equivalent to a spherical Riemann surface of a special
class. The order of connexion of the new surface may be the same
as that of the old; the theory for such a case will be in close con-
nexion with the transformation theory for Abelian functions, since
the Abelian integrals of the first kind on such a multiple surface will
be the same as for one of its sheets, but their moduli of periodicity
will be multiplied.

As an example, suppose Rx to have four sides and opposite sides to
correspond. Call the vertices a, 6, c, d, and let R3 {beef) be the
region adjoining .ft, along be, Rt (edgh) along cd (Fig. 4). Then
If,, II.,, I?3 may be supposed to form the new polygon; we are to take,

* The argument aa stated applies to a Fuchsian group; for the modification in
the caee of a Kleinian group compare Poincare, Acta Muthematica, Vol. HI., p. 72,
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FIG. 4.

as conjugate to ad, dg either/<*, ch or ch, fe, and as conjugate to abt

/'/either gh, ce ovce, gh. Thus there are four possible arrangements—

[. ad dg ab bf .
giving one cycle afedcbhg,

*fe ch gh ce

II . ad dg ab bf
giving one cycle acblulfeg,

ch fe gh cc

III. ad dg ab bf •
giving one cycle afhgbedc,

fe ch ce gh

IV. ad dg ab bf
giving three cycles ac, dhf, beg.

ch fe ce gh

Now in the original region li{ there is only one cycle, and the sum
of the angles is thereforo a sub-multiple of -TT, say -«•/</. Hence,
with the arrangements I., II., If I., we have the sum of the angles of
a cycle equal to Gv/q. These must thereforo bo rejected unless q is a
multiple of 3, but will be admissible if q is a multiple of 3. The
arrangement IV. is always admissible, since tho sum of the angles in
each cycle is 2v/q, as may be readily seen from the figure.

Let S, T be the generating operations of the original group, and
supposo, in fact, that H.x is Slllt U3 is Tlit. The relation satisfied by
»S\ T is

-'T-1)" = 1.
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The generating operations for the sub-groups will be*

I. S\ TST-\ T\ ST8-1;

II. TS, OT"\ T\ STS-*;

III. &, TST-\ ST, T*S-1

(these three sub-groups will therefore exist if q is divisible by 3) ;

IV. TS, S°-T-\ ST, T'S-1

(this sub-group exists for all values of q).

In this example there were four possible arrangements, and only
one of them satisfied the condition as to the angles in general. Thero
is at present nothing to show that in general even one of the possible
arrangements will satisfy the condition.

Poincare's generating polygons do not always absolutely fix the
corresponding groups; take, for instance, the case of a Fuchsian
group generated by a polygon with no vertices except on the funda-
mental circle. When this is so, the operations of the new group
which is proposed as a sub-group must be chosen from among the
operations of the original group ; this can always be done.

The Abelian Integrals.

3. I have not seen it observed that some Abelian integrals on the
Rieniann surface are zeta-Fuchsian or zeta-Kleinian functions of z,
the automorphic argument. If n, for instance, is an Abelian integral
and is considered as a function of z, say n (z), we have for any"
generating substitution of the group, say &,,

/*i being the modulus of periodicity for the cut on the Riemann
surface which corresponds to the boundary between I?.,, the original
region, and $,/£,. Thus u(z) and 1 are a pair of functions which
undergo a homogeneous linear transformation for any substitution
of the group, the determinant being, for $,,

0 1 i

• Here ST, for instance, means T followed by S.
t Prof. Burnmde remarks that we aro thus led to a clans of self-conjugate sub-

groups of the automorphio group. Such u sub-group will, in fuct, bo made up of
all substitutions -which leavo the function i«(r), or a set of mich functions, unaltered.
Sinco Abcliuu integrals of the second kind (not canonical) may be BO chosen as to
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They have therefore the characteristic pi*operty of zeta-Fuchsian
functions, as given by Poincare (Acta Mathemat.ica, Vol. v., pp. 227-8).
The analytical expression given by him for these functions in the
caso of groups of the first two and sixth families* (pp. 232-5, 257-264)
can be adapted to the present case as follows :—-take p = 2, IIx = 0.
Let the generating substitutions bo #„ Sit 83) ..., and suppose any
substitution S of the group to be S'iSlSc, . . . . Take a series of
quantities /uu /i2, /*„, ..., and suppose each to correspond to the sub-

1 stitution with the same suffix; corresponding to S take the quantity

ft = a'fjia + b'fib 4- c'fj.c4-... .

Suppose also ^1,^3, ... to be such that when 8 is an identical or
elliptic substitution /* is 0; this ensures that, if the same substitution
8 can be expressed in terms of 8t, St, 8S, ... in two or more ways,
there shall bo no ambiguity in the value of fi. The group of linear
substitutions, such as

1 f>

0 1

is then isomorphic to the Fuchsian group.f

have any net of their moduli of poriodicity zero, we are thus lod to different self-
conjugate sub-groups according to the particular sot of moduli that aro mado to
vaniHh. Any ouch sub-group will includu all tho elliptic substitutions ; tho number
of it* generating substitutions will usually bu infinite.

* I t is pointed out below (§' 0) that this restriction is unnecessary.

t Tho fundamental relations among tho substitutions of a Fuchsian group aro
discussed by .T'oinoaro (Ada Muthtmnlica, Vol. r.f pp. 45-7). Hoshows tliatonOHUch
relation ames from each cyclo of tho first category, und that thero aro no others.
Tho number of relations that must bo satisfied by tho moduli /u,, /<•;, ... to secure
tho isomorphism is therefore the HIUIIO as tho number of cycloB of tho fii»t category.
With hia notation wo must, in fact, have

A(^a,+/<a, + ̂ o.+ .-.) = 0,

that is to say, tho modulus of poriodicity for tho elliptic substitution {c , / ' ^ )}
must vanish. Thero will be ono such relation among tho.moduli fxu /u2, ... for
each cycle, but among theso relations one will sometimes bo a conscquenco of the
rest, us pointed out later in the toxt.

Or thus : let S, Tho any two substitutions of the group, n, v tho corresponding
moduli; then the modulus for tho substitution 7'6'J1-' will bo v-\ fi — v, or the same
as for i>. Now, all tho elliptic substitutions'of tho group can bo oppressed in the
form TST-1, whoro <V, T belong to tho group, and 6' is ono of the finito number of
elliptic substitutions that arise from the respuutivo cycles of vortices of tho original
polygon. Tho same holds for parabolic substitutions.

In liko manner all tho identical relations among the operations of the group are
combinations of transformations of a certain finite number. -

VOL. XXXI.—NO. GD8. X
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Form the two series

the summations being taken over all the substitutions of the group,
and II denoting such a rational function that 0 (2) does not vanish.
The absolute convergency of zeta-Fuchsian series for the first two
families is established by Poincaro in tho memoir referred to, on the
supposition that m is great enough (p. 235), and that the zeta-
Fuchsian functions whose expression is sought are of the first species
(p. 258). Here the last, is evidently true, since all tho multipliers
are unity, whether for critical, or other, substitutions.

Then, taking any substitution Sv belonging to the group, we have,
etill following Poincaro (p. 232),

Z (z) = - 5

the last expression containing the same terms as the former series
for Z (z), but differontly arranged. Hence

•O(a) 0 ( 6 ' , z) Hv

A like result holds for each of the other substitutions of the group.
Hence Z (z)/6 (z) is a uniform function of z, and its values at corre-
sponding points of differont polygons differ by multiples of tho
moduli ftj, pit ..., these multiples depending on the particular
polygons in question only. Thus Z(z)/Q(z) is an Abelian integral
belonging to the ltiemann surface. This investigation applies to the
first, second, and sixth families.

The modulus for a parabolic substitution need not vanish, although

* Thus, if 6 (2) vaniahoB identically, Z(z) is a theta-Fuchsiau function.
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the principal point of such a substitution forms a cycle, or at least
may be made to; suppose this to be done. Then the substitution
changes one of the sides drawn from this vertex of the polygon into
the other. A lino drawn between these sides corresponds to a circuit
round the corresponding point on the Riemann surface ; hence, if the
modulus for this substitution does not vanish, the Abelian integral
has a logarithmic discontinuity at the corresponding point on the
Riemann surface.

The Abelian integrals of the first two kinds Avill therefore have
the moduli corresponding to the parabolic substitutions zero.

If the fundamental polygon is not simply connected, some irre-
ducible circuits on the Riemann surface will correspond to contours
round the holes, and an Abelian integral will therefore only be a
uniform function of z when its moduli for all such circuits vanish.

4. Tako a Fuchsian group of tho first, second, or sixth family,
giving functions with a natural boundary. The fundamental polygon
is here simply connected ; the number of moduli is the number of
pairs of corresponding sides ; the number of relations connecting
them is the number of cycles diminished by one, since the aggregate
of all the cycles contains each substitution once, and also its inverse
once. This is on the supposition that the modulus for each parabolic
substitution vanishes. Hunco the number of arbitrary moduli is the
same as that of irreducible circuits on tho Riemann surface,* and
the modulus for each irreducible circuit is, in fact, arbitrary.

The difference of two functions whoso moduli are tho same Avill
clearly bo a Fuchsian function, that is, a uniform function of position
on the Riemann surface

Letc be tho number of irreducible circuits. Then c linearly inde-
pendent functions can be formed having certain assigned poles,
amongst others, and having different sets of moduli. The poles can
be assigned by making them zeroes of G (z) which need not bo finite
everywhere, and can thereforo be made to havo any assigned zeroes.
Let p + 1 bo the least number of arbitrary poles that can be assigned
for a Fuchsian function which is to have no others. Then by sub-
traction of Fuchsian functions the above set of c functions can be
made to havep arbitrary poles and no others. By combining them
linoarly we can form c—p functions whoso residues at these poles

• Compare Ada Mnthematica, Vol. i., p. 229, lincB 1-6.
x 2
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are zero, and -which are therefore everywhere finite. But now
consider tho integral J :o<ln, where w is a Fuchfrian function, and
u on6 of theso functions that are overywhere finite. Tho value
of this integral round tho contour of the polygon is zero, and thus
we have a linear relation connecting the residues of w at its different
poles. There will ho one such relation for each of tho c—p functions
that may be taken in the placo of u, RO that, if the residues are not
all to vanish, there must be at least c— p-flof them, and wo conclude
that jp = c—p or c = "2p. This argument is, of course, loose ; but, as
tho result is KO well known, there is no object in labouring tho point.
Tho c (or 2p) independent functions Avith p arbitrary poles and with
moduli as abovo can thus be combined so as to give p functions with-
out poles and p others having one polo each ; those are, of course,
tho usual Abelian integrals of the first two kinds.

It is clear that in general an Abelian integral of the third kind is
not a uniform function of the automorphic ai'gument. If, however,
tho points of logarithmic discontinuity fall at vertices of tho polygon
belonging to parabolic cycles, this statement ceases to bo true. In
fact it was seen above that tho function Z (z)/O (z) was an Abelian
integral of tho third kind if its modulus for any parabolic substitu-
tion was other than zero. Now, in tho construction of § 1, we may
add any points wo please to the list of branch-points a,, a.2, ..., with-
out affecting the argument, and thus ensure that the logarithmic
discontinuities of any finitu number of Abelian integrals of tho third
kind shall fall on tho bounding cirolo ; hence we may, if it i.s desired,
suppose tho automorphic representation so chosen that any finite
number of specified integrals of the third kind aro uniform functions
of tho automorphio argument.

!). Now tako an integral of tho first kind ?/•, and another of tho
second kind vn having in the polygon a niuglo pole for tho value
z = c, and such that

T • / (III i

I Jim \z — c) ve --- = 1.
• •> c dz

Then exp ve ' dz is a uniform function of z, having simple zeroes

at o and tho corresponding points in other polygons only, and having
no infinity except at l-ho essential singularities. List us consider tho
effect on it of any substitution S of the group. Suppo.su fta to bo the
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corresponding modulus for ve; then

du, ffto du . . fs> du,ve~dz=\ ve- -dz+\ ve — dz-
d J d* K ^

fSlo dn , , f" ,
J , da J,o

f du , , , v . f s'«

J «0 J "0

If, then, we write f ; x for exp I v ^-d«, we have
^ c ( ~ 0 ) J» "^

5C (Sz) = ^c («) i ^

Suppose now that v, is a multiple of the normal integral of the
second kind, and take 2 ( ^ + 1 ) distinct points 6,, bv ..., 6p+i,
c,, ca, ..., cp+v The function

1T56 0 ) + n^ (2)

is a uniform function of z, and by the change of z into Sz it is
multiplied by

exp

If, then, S/*t = 2/'c

for each substitution, that is to say, if p conditions are satisGed,

is a uniform function of position on the Riemann surface, having,
say, p + 1 arbitrary poles and one ai'bitrary zero.

Tho function $r is not unique!, since n may bo any integral of the
first kind. The quotient of two such functions, having a common
vanishing point, will therefore be a uniform function of z, neither
vanishing nor becoming infinite except at an essential singularity ;
also, if v is an integral of the first kind, exp jvdu will have the same
pi'operties.

Tho function #„ (z) is clearly very like the prime function of
Schottky and Klein. (See, for instance, Prof. Burnside's paper,
I'ron. Land. Math. Snc, Vol. xxur., pp. 289-293.) It differs, however,
in not having a polo at infinity, fia is to be expected, sinco infinity is
outside tho region in which it exists.
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Factorial Functions.

6. Pseudo-automorphie functions of the factorial class can also be
considered as zcta-Fuchsiari or zeta-Kleinian functions. Let the
multiplier corresponding to the substitution

be ili-= A O O / f . . . .

Suppose also that, when S is an elliptic substitution of period k, M is
a hth root of unity ; that, when 8 is a parabolic substitution, the
modulus | ill | is unity (HCGy\da Mathematical Vol. v., pp. 208, 2G9);
and that, if S = l, then M = 1. Form the series

the summations being la ken over all the substitutions of the group.
The scries <f»(z) is a 7Xita-Fuchsiau scries. We may therefore use
Poincaro's results ns lo the convergcney of such series, already
quoted. The subject is further discussed below (§ !)). Then, if S, is
a substitution belonging to the group, we have

RO that $ (,S,2) -r- <f> (s) = yV, ( ' ^ ' ? ) = il/,0 (N,c) 4- O (z).

Thus <}i(z) -7-Q (z) is a fnctorinl psendo-Jiutomorphio function. Tlie
restrictions on the multipliers are very much like those on the
moduli in the former ease ; if, however, the multipliers for parabolic
substitutions are unity,those for irreducible circuits will bo arbitrary,
and the roots of unity chosen for the elliptic substitutions must,
satisfy a relation which may compel them all to bo unity itself.

Jf we further choose roots of unity for the arbitrary multipliers,
wo have a class of factorial functions that will be of great importance
in the transformation theory of automorphic functions. (Compare!
Hitter, Math. Annnfen, Vol. xu., pp. .'Jl, 5S.)
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1 7. Other expressions for the Abelian integrals have been given,
as, for instance, by Prof. Burnside (Proc. Lond. Math. Soc, Vol. xxm.,
pp. 66-9), and it is a point worthy of notice that his function

A /„ n\ __ v 1 dSz

if considered as a function of.a, z being constant, is an Abelian
integral, and, in fact, is practically the normal function of the second
kind.* Prof. Burnside's paper treats mainly of functions of the first
class ; whereas the method used in the present paper is only com-
pletely applicable to those of the second class.

8. The following investigations relate to the convergency of some
of the series that are used in the paper.

To prove the convergency of the seines

and to show that this convergency is uniform when z varies within
proper limits, it is enough to provo the convergency of the series

I*-

f'"
, c az + Q * o 1

where Sz = £, no— (iy = 1.
yz + 8

The function II is supposed to have no pole at any essential
singularity of the group, and z is supposed not to fall at any point
that is transformed by a substitution of the group into oo or one of
the poles of II(z). Thus a superior limit can be iixed for | H(8z) \
and superior and inferior limits to , if we suppose, as we

y
may, that ono of the polygons outside the fundamental circle contains
the point oo, so that y does not vanish for any of the substitutions
except the identical one. Such an exception affecting only an
isolated term may be ignored.

Let K be the greatest among the absolute values of the moduli of
periodicity /x for the generating substitutions, and let n be the ex-
ponent of the substitution S, that is the least value of a' + b'+c +...,

• Sco H. F . Baker, Abelian Functions, p . 357, Ex. ii.
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when S is expressed in the form &„ SbS* ... in terms of the generating
substitutions and their inverses in such a way that a', b\ c ... are all
positive whole numbers. Then

Thus we have to consider the series %n \ y \ ~2m. Now, since
8; + — has both a superior and an inferior limit, the series

converge or diverge together. (The identical substitution for which
y = 0 is, of coui'se, left out here.) All the terms are positive; so,
if Vn IB the sum of all the terms in 3 | y | ~2m corresponding to sub-
stitutions of exponent n, the series

is convergent, when m > l . Thtra, when m > l ,

V ^
n log n

from and after some term in the series.

Hence
* n (log w)a

after this term, and therefore

is convergent. Now Vl is greater than the sum of tho tei'ms in
2 | y | "*'" which correspond to substitutions of exponent n, and
tliereforo 2?i | y | "4m is convergent if vi > 1, or

is absolutely and uniformly convergent if m > 2.

9. M. Poincare's discussioiiR of the convergency of theta-Fnchsian
and zeta-Fuchsian series may bo adapted to the case of Kleinian
groups as follows.

Suppose the plane of the variably z which is unchanged by the
operations of the generalized Kloinian group (Ada Mathematica,
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Vol. in., pp. 52-6) to be turned into a sphere by stereographio pro-
jection. Take this to be the sphere

«I + y « + * l = l .

Then any operation of the group turns the point P (x, y, z) into the
point P ' (;c', y', z'), where

a:« + y« + z « - l A B~ 0 Ey

A, B, 0, E being linear in oj' + f/' + z1, x, y, z, 1. Also, if ds is any

infinitesimal arc at the" point P, -—-;—-• is unchanged by any
* +y +2 —1

inversion which leaves the sphere xi + y1 + zi = l unchanged, and
therefore by every operation of the group. Hence the linear

.„ ,. ds' . , , aj'a + 7/'a+jz'9 —1 i x 1
magnification — is equal to —5—*~-«—=- and to -=•.b ds ^ x^ + y^+z*— 1 E

Now, if P ' goes to infinity, P approaches a definite limiting posi-
tion K, and therefore E can only be a constant multiple of P7C8,
which will be positive here, since the inside and outside of the sphere
x2 + y* + z* = 1 are not interchanged by any of the operations. We
may then write E = n- PK*

Take, then, theReries % -- and 2 - --, the summation being over all
Jli"' rj '"

the operations of the generalized Kleinian group, and the x, y, z which
occur in E being the coordinates of a point P which is inside one of
the polyhedra, and docs not coincide with the point in that poly-
hedron which corresponds to 00. Wo shall suppose that 00, and
therefore also the origin, is within one of the polyhedra ; this can be
secured by proper choice of tho vertex of the stei'eographic projec-
tion. Thus E -7- if has a superior and an inferior limit, for every
position of the point P, including the origin, except those which
correspond to 00 in the different polyhedra. The series 2 ~ and

1 .
2 -r- will therefore converge or diverge together. Now, if P lies on

the sphere x? +1/ + z1 = 1, and within one of the polyhedra, the series

2 „ converges, as in M. Poincaru's first proof for the theta-

Fuchsian series, since the wholo surface of tho sphere is finite.

Therefore the series 2- -. converges, and so does 2 - •. for all posi-
7] E'
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tions of P, including the oz'igin. Let Eo be the value of E when P
is at the origin ; then, since

we have •-- = 1—r2,

r being the distance from the origin of the point into which it is
transformed by the substitution in question. That is,

]<]0 - cosh2 h\

R being the non-Euclidian distance of this point from the origin, so
that

Now the arguments used by M. Poincarc'; (Ada Mathemalica,
Vol. v., pp. 233-235, 259-2G4) apply here, with the substitution of
polyhedra and spheres for polygons and circles, and show that, if
there is a group of homogeneous linear substitutions isomorphic to
the Kleinian group, the coellicients A in any substitution of the new
group are all less in absolute value than

where R is the quantity just now indicated, and a is a constant. It
is, of course, still necessary-to suppose that all the multipliers in a
substitution of tho now group which corresponds to a parabolic sub-
stitution in the Kleinian group have modulus unity.

Hence tho series 2 —-, and therefore 2 — , 2-^- will be con-
, -o A. V &

vergent it

2m > 4 +a,

since 2 —, is known to be convergent.
Tho ratio of the magnification on the original plane to that on tho

sphere has finite limits, superior and inferior, if we suppose oo on
the plane to be contained within one of tho polygons. Hence tho
convergency of the zcta-Kluinian series is assured for values of in
exceeding 2-f-^a.

M. Poincaro's arguments here referred to apply to all families ;
the absence of closed cycles would, in fact, simplify the discussion.
Closed hyperbolic cycles must be removed, as at Ada Mathomaticu,
Vol. in., pp. 71, 72.


