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We may take the generalized reducing functions

Y, =B,X,
Y, = B1X2+ﬂsX17
Y,= X,
Y, = Y|X¢+'Y:Xm
Y, = 6, X,

where B,, B;, v1, v 6, are arbitrary,
Prof. Burnside’s two reductions are given by
() By=-38, =0, vy=-3, y,=0, L=-1,.
Gi) Bi=13, Bi=% n=1 n=—% bL=—hL
[February 15¢h.—Since completing the above I have seen Mr. A. C.

Dixon’s paper (p. 170 of this volume). His method is quite different
from mine.]

Notes on the Theory of Automorphic Functions. By A. C. Dixon.
Received November 8th, 1899. Communicated November
9th, 1899. Received, in revised form, January 9th, 1900.

Under the above heading I propose to make some remarks on
certain points in the theory of automorphic functions, from the
point of view taken by Poincaré in his memoirs (Acta Mathematica,
Vols. 1., 11, 1v., v.).

In the first place, I show how the theorem given by him that a
IPuchsian function exists of the second family and of class O, and
taking assigned values at singular points, may be used to establish
the existence thecorem on a Riemann surface, so far at least as that
theorem relates to uniform functions of position on the surface.

Next I give expressions for Abelian integrals of the first two kinds
in terms of series of the type used by Poincaré. Series of the same
type are also used to form factorial functions, .

It is also shown that a uniform function of the automorphic class
exists which will serve ns a prime function in the expression of
Fuchsian functions as the product of factors. Such have been con-
structed for automorphic functions existing all over the plane. That
which is here given serves for the other class.
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The Existence Theorem of Riemann.

1. The existence of a second uniform function of position on a
Riemann surface of the ordinary kind, consisting of = spherical
sheets connected together, may be proved on the lines of Poincaré’s
work* as follows.

Let  be the original variable, so that each of the sheets is the
inverse of the a-plane, and let ay, @y, ay, ... be the values of 2 at the
branch-points. Then it is proved by Poincaré (Acta Mathematica, Vol,
v., pp. 242-250) that @ may be made a Fuchsian function of class
(genre) O of a new variable z, in such a way that the vertices of the
fundamental polygon al rest on the circular boundary of the function,
the angles at those verbices being accordingly zero, and that only one
point in the polygon correspouds to each point on the a-plane or
sphere, while the points corresponding to a,, ay, ay, ... are all vertices
of the polygon. The present argument is not affected by the
symmetry of the polygon, or the fact that it generally has other
vertices as well as those corresponding to the points ay, ay, ag, ...

This function gives a conformal representation on the Fuchsian

polygon of the a-splere, that is to say, of a single sheet of the Riemann
surface.
- The sides of the polygon, in pairs, represent the parts of a cut in
the a-sphere, still a single sheet, the cut passing through, or at least
reaching to, the points ay, a,, a, ..., but not dividing the spherical
surface into parts. Lct this cut be made right through all the sheets
of the Riemann suiface. This surface will then be divided into
n separate shects, each consisting of a spherical surface with the one
cut, and any one of these shects is conformally represented on any
one of the polygons into which the area enclosed by the circular
boundary of the function is divided. Distinguish these polygons as
L, IL, 111, ... .,

Take the polygon I. to rebrescnb the first of these separate sheets,
and remove a piece of one of the cuts in such a way as to connect
this with another sheet, say the second. As z travels into the
sccond sheet across this cut, z will travel into a new polygon II,,
adjacent to I.  Suppose II. added to I. Now take out anothev piece
of n cut 8o as to connect the first or sccond sheet with a third, and
suppose IIL to be the polygon into which z passes from 1. or IT. when
x crosses this cut into the third sheet. Add III to I. and II. and

* Sce especially .dcta Mathematica, Vol. 1v., pp. 301, 302.
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carry on this process until there are n polygons joined together, one
representing each sheet. Let P, be the polygon which is made up
of these n. Then the whole Riemann surface as bounded by those
cuts which are left is conformally represented on P, by means of the
functional relation between 2 and z. But P, is a polygon bounded
by circular arcs orthogonal to the bounding circle, and all its vertices
lie on this bounding circle. ~ Also the correspondence of its sides in
pairs is quite definite, being ascertained by noticing the way in which
the = sheets must be united again to form the original Riemann
surface. Hence P, is the generating polygon of a Fuchsian group,

which is a sub-group of the original one.
Form by Poincaré’s method a Fuchsian function of z having this

group. Take, for instance, as generating function —-l~, where «
Z—a

is a point within the bounding circle. The theta-Fuchsian function
© thus formed will not vanish identically, nor will it have the pseudo-
automorphic property for any greater group than that of P,, Buta
is included among the Fuchsian functions belonging to P,, and there-

fore © divided by the proper power of gﬁ' will be another of them,

necessarily distinct from a because its group is not the same as that
of 2. Thus we have another Fuchsian function of z, say y, which is
« uniform function of position on the Riemaun surface, and is there-
fore connected with 2 by an algebraic equation to which the given
Riemann surface will be appropriate; from the way in which y was
formed it follows that every uniform function of position can be ex-
pressed rationally in terms of « and y, since y becomes infinite at a
point in one sheet and not at the corresponding points in the other
sheets.

A gimple example of the construction may make the argument
clearer. Take a surface of three sheets having one branch line AB
(Yig. 1), and no branch-points other than A4, B. The closed circuit
drawn round B shows the order in which the sheets are connected,




300 Mr. A. C. Dixon on the [Nov. 9,

the unbroken part being in the first sheet, the broken part in the
second, the dotted part in the third.

In Fig. 2, let acec’bdb'c’e be the original Fuchsian polygon, the
c

Ed, b
Fia. 2.

pairs of corresponding sides being ac and ac”, ce and c'e, ¢'b and ¢V,
db and db’; the cycles are then a, bb, cc’c”, d,e. Let A4, B, 0, D, E
be the points of the z-plane corresponding to these cycles respectively
(Fig. 3); then what is conformally represented on the Ifuchsian

0

>
o)

Fia. 8.
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polygon is the z-plane, a single sheet only, bounded by a cut con-
sisting of three lines UA, CBD, OE; these are supposed drawn in
Fig. 3. '

Now distinguish points in the different sheets by suffixes, and
suppose the whole surface cut through along the lines 04, CBD, CE ;
it is thus divided into three sheets whose boundaries are -

AC,E,0,BD,BC, A,
AC,E,0,BD;B(, 4,
4C,E,C,BD,B(C, 4 ;
in fact, the area 4O, B is transferred from the 2nd sheet to the 1st,
" AGC,B ” " 8rd »  2nd,
w - ACB »” » 1st " s Ord.

Take the representation of the first sheet A0, F,0,BD, B0, A upon
the polygon acec’bdb'c’a. Since the passage across BD, or C,E, does
not lead into another sheet, the polygons adjoining acc... ¢'a along
bd, b'd, ce, c’e will also represent the first sheet. On the other hand,
the passage across A0, or C; B leads into the second sheet, which is
therefore represented. by either of the polygons adjoining ace...c"a
along ac” and ¢"b’, and the passage across A0, or O, B leads into the
third sheet, which is therefore represented by either of the polygons
adjoining ace ... ¢"a along ac and bc’,

Remove the cuts BO,, BO,; the three sheets are thus joined
together into a simply connected whole whose boundary is

AO,E, 0, AC, E, 0, BD, BD, BD, B0, A0, E, C, A.

Let the polygon adjoining acec’bdb’c”a along c”b’ be ayc,e,c”b’dy by ay,
and that adjoining along c¢’b be a,cye,cibydsbod’a,, Then the Riemann
surface with the boundary

AO,E, 0, A, E,C, BD, B, BD,BC, A0, E, C, A

is conformally represented on the polygon

acec'ay Cy ey C3by dy bdb'd, bicy agcye,c”a.
The pairs of corresponding sides are ac and a,c’, ce and c’e, ay0, and
a,cy’y cyey and cyey, ¢3by and ¢;'b;, byd, and bd,, bd and b'd, b'dy and b;d,,
a,¢y and ac”, ¢y, and c’e, ; the cycles are aa,a,, cc, ¢, ¢,c; ¢, €, bb'bib,,
dy, d, dy, csc”, €.
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2. The method here used is the general one (Poincaré, Acta
Mathematica, Vol. 1v., p. 286) for forming sub-groups of a given auto-
morphic group whose generating polygon is, say, Ii,. Join together
E, and any number of the polygons into which it is transformed, say
Ry, Ry, ..., R, in such a way as to form a new polygon. Let a,, b, be
a pair of conjugate sides* of I, and a,, by, as, by, ... the correspond-
ing pairs in R, Y, ..., any that do not form part of the boundary of
the whole being left out. In the new polygon make a,, a a, ...
conjugate with b, b,, by, ... in any order; this will be possible since
all have the same non-Euclidian length. Then, subject to the condi-
tion that the sum of the angles of any cycle in the new polygon shall
be a sub-multiple of 27, the new polygon will generate a new dis-
continuous group, included in the original one. If all the vertices of
E, are on the bounding circle in the Fuchsian case, or if B, has no
vertices, the condition as to the angles disappears; if, on the other
hand, the original group includes elliptic substitutions, or, in fact, if
R, has finite angles, the condition will generally restrict the order in
which b, b, ... may be taken as conjugate with a,, a,, ... . For in-
stance, if I, has only one cycle, the sum of whose angles is 2, the
new polygon must have at least # cycles.

The consideration of sub-groups of an automorphic group and the
associated theory of transformation of automorphic functions is thus
closely connected with that of the functions that exist on the surface
formed by joining together a number of sheets in Riemann’s manner,
when each of these sheets is a multiply connected surface, and is, in
fact, the original Riemann surface deformed; the new surface is, of
course, only equivalent to a spherical Riemann surface of a special
class. The order of connexion of the new surface may be the same
as that of the old; the theory for such a case will be in close con-
nexion with the transformation theory for Abelian functions, since
the Abelian integrals of the first kind on such a multiple surface will
be the same as for one of its sheets, but their moduli of periodicity
will be multiplied.

As an example, suppose R, to have four sides and opposite sides to
correspond. Call the vertices @, b, ¢, d, and let R, (beef) be the
region adjoining [, along be, Ry (cdgh) along cd (Fig. 4). Then
R,, B,, 'y may be supposed to form the new polygon; we are to takg

* The argument as stated applies to a Fuchsian group; for the modification in
the case of a Kleinian group compare Puincaré, Actu Mathematica, Vol. ur., p. 72,

.
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b

9 h
Fia. 4.

as conjugate to ad, dy either fe, ck or ¢k, fe, and as conjugate to ab,
bf either gh, ce ovce, gh. Thus there are four possible arrangements—

[. ad dg ab bf

fo o gh ce giving one cycle afedcbhy,

II. ud dy ab Uf

. giving one cycle acbhdfeg,
ch  fe gh ce

L. ad dg ab U - .
fo o 5 giving one cycle afhgbede,
e ch ce gl

IV. «d dyg. ab’ Lf

giving three cycles ac, dif, bey.
ch  fe ce gh

Now in the original region II; there is only one eycle, and the sum
of the angles is therefore a sub-mnltiple of 2m, say 2r/y. Hence,
with the arrangements L, IT., 1., we have the sum of the angles of
u cycle equal to 6r/q.  These must therefore be rejected unless g is o
nmultiple of 3, but will be u(.]mis:,:il)lc if g is & multiple of 3. The
arrangement 1V. is always admissible, since the sam of the angles in
ench cycle is 2r/g, a3 may be readily seen from the figure.

Let 8, 1' bo the generating opervations of the original group, and
suppose, in fact, that I, is SE,, I is TL,. The relation satisfied by
S, Tis

(8T8 = 1.
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The generating operations for the sub-groups will be*
I 8, T8T-, 1% STS™;
II. 718§, 8T, T%, 8TS™';
II1. &, 78T, 8T, 18!
(these three sub-groups will therefore exist if g is divisible by 3) ;
Iv. T8, 81, 8T, T*8"!
(this sub-group exists for all values of g).

In this example there were four possible arrangements, and only
one of them satisfied the condition as to the angles in general. Thero
is at present nothing to show that in general even one of tho possible
arrangements will satisfy the condition.

Poincaré's generating polygons do not always absolutely fix the
corresponding groups; take, for instance, the case of a Fuchsian
group generated by a polygon with no vertices except on the funda-
mental circle. When this is so, the operations of the new group
which is proposed as a sub-group must be chosen from among the
operations of the original group ; this cau always be done.

The Abelian Integrals.

3. I have not seen it observed that some Abelian integrals on the
Riemann surface are zeta-Fuchsian or zeta-Kleinian functions of z,
the automorphic argument. If «, for instanco, is an Abelian integral
and is considered as a function of z, say w«(z), we have for any
generating substitution of the group, say S,,

% (8,2) = u (3) +py,
m being the modulus of periodicity for the cut on the Riemann
surface which corresponds to the boundary between R,, the original
region, and S,It,. Thus u(z) and 1 are a pair of functions which
undergo o homogeneous linear transformation for any substitution
of the group, the determinant being, for §,,

1 I»‘||""
0 1]

& Here 87, for instance, meaus I followed by §.

+ Prof. Burnside remarks that we aro thus led to a class of self-conjugate sub-
groups of the automorphio group. Such u sub-group will, in fuct, bo made up of
all substitutions which leavo the function u(z), or u set of such functions, unaltered.
Since Abeliun integrals of the sccond kind (not canonical) may be so chosen as to
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They have therefore the characteristic property of zeta-Fuchsian
functions, as given by Poincaré (Acta Mathematica, Vol.v., pp. 227-8).
The analytical expression given by him for these functions in the
caso of groups of the first two and sixth families* (pp. 232-5, 257-264)
can be adapted to the present case as follows :—take p =2, I, = 0.
Let the generating substitutions be 8§, S,, S;, ..., and suppose any
substitution S of the group to be S¥8ySY, ... Take a series of
quantities p,, py, py ..., and suppose each to correspond to the sub-
‘stitution with the same suffix; corresponding to S take the quantity

p=a'p,+bu+cp,+... .

Suppose also py, py, ... to be such that when S is an identical or
elliptic substitution u is O; this ensures that, if the same substitution
S cau be expressed in terms of S, S,, S, ... in two or more ways,
there shall be no ambiguity in the value of u. The group of lineur
substitotions, such as

1

01

is then isomorplic to the Fuchsian group.t

have any set of their moduli of poriodicity zero, we are thus led to different self-
conjugate sub-groups according to tho particular set of moduli that aro mado to
vanish, Any such sub-group will includo all the clliptic substitutions ; tho number
of its genernting substitutions will usunlly be infinite.

* It is poiuted out below (§9) that this restriction is unnecessary.

1 Tho fundumental rolations among the substitutions of a Fuchsian group aro
discussod by Poincaré (Aete Mathematica, Vol. 1., pp. 45-7). Heshows that one such
rolation arisgs from each cyclo of the first category, and that thero are no others.
Tho number of rolations that must be sutisfied by the moduli gy, g, ... to secure
tho isomorphism is therefore the saume as tho nuber of cycles of the firat category.
With his notation we must, in fact, have

Afa, oyt ot .0) = 0,

that is to say, the modulus of periodicity for tho elliptio substitution {c, #'(z)}
must vanish. Thero will be one such rclation among the.moduli py, pg, ... for
each cycle, hbut amony theso relations one will sometimes be & consequence of the
rest, as pointed out lator in the toxt.

Or thus: let 8, 7' bo any two substitutions of the {{runp, u, v the corres{)onding
moduli ; then the modulus for the substitution 2’7~V will be v + u—v, or the same
as for 8. Now, all tho clliptio substitutions’of the gronp can be oxpressed in the
form I'ST-}, whero &, 1' belong to the group, and § is vne of the finito number of
clliptic substitutions that ariso from tho respective eycles of vertices of the original
polygon. 'The sune holds for parabolic substitutions.

In liko manner all the identical rolations nmong the operationa of the group are
combinations of truusformations of a certain finite number.

YOL. XXX1.—N0, 698, X
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Form the two series

—SuH (S (S’) = 7(z),

SH (S2) (il‘z) =0 (2),

_the summations being taken over all the substitutions of the group,

and H denoting such a rational function that © (z) does not vanish.
The ahsolute convergency of zeta-Fuchsian series for the first two
fumilies is established by Poineard in the memoir referred to, on the
supposition that m is great emough (p. 235), and that the zeta-
Fuchsian functions whose expression is sought ave of the first species
(p. 258). MHere the last. is evidently true, since all the multipliers
are unity, whether for eritical, or other, substitutions.

Then, taking any substitution S,, belonging to the group, we have,
still following Poincaré (p. 232),

7 (8,2) = — Spll (88,2) (df;_f)

4= =3 (urm) H(SS,) (B

the last expression containing tho sameo terms as the former series
for Z (z), but differently arranged. Hence

2()=2(89) (%) = —we ()*

2G)_4(S2) _
0() B8, M

A like result holds for each of the other substitutions of the group.
Hence Z (2) /© () is a nniform function of 2, and its values at corre-
sponding points of different polygons differ by mnltiples of the
moduli p;, p ..., these multiples depending on the particular
polygous in question only. Thus Z(z)/©(z) is an Abelian integral
belonging to the Riemann surface. This investigation applies to the
first, second, and sixth familics,

The modulus for a parabolic substitution need not vanish, although

* Thus, if @ (z) vanishes identically, Z(s) is a theté-Fuchuiau function.
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the principal point of such a substitution forms a cycle, or at least
may be made to; suppose this to be done. Then the substitution
changes one of thoe sides drawn from this vertex of the polygon into
the other. A lino drawn bebween these sides corresponds to a circuit
round the corresponding point on the Riemann surface ; hence, if the
modulus for this substitution does not vanish, the Abelian integral
has a lognrithmic discontinuity at the corresponding point on the
Riemann snrface.

The Abclian integrals of the first two kinds will therefore have
the moduli corresponding to the parabolic substitutions zero.

If the fundamental polygon is not simply connected, some irre-
duncible cirenits on the Riemann surface will correspond to contours
round the holes, and an Abelian integral will therefore only be a
uniform function of z when its moduli for all such circuits vanish.

4. Tako o Fuchsian gronp of tho first, second, or sixth family,
giving functions with a natural bonndary. The fundamental polygon
iy here simply connected ; the number of moduli is the number of
pairs of corresponding sides; the mumber of relations connecting
them is the number of cycles diminished by one, sinco the aggregnte
of all the cycles containg each substitution once, and also its inverse
once. This is on the supposition that the modulus for each paraholic
substitntion vanishes. Ilenco the number of arbitravy moduli is the
same as that of irreducible cirenits on the Riemann surface,* and
the modulus for each ivredncible circuit is, in fact, arbitrary.

The difference of two functions whose moduli are the same will
clearly be a Fuchsian function, that is, a uniform function of position
on the Riemann surface.

Let ¢ be the number of irreducible circuits. Then ¢ linearly inde-
pendent functions can be formed having certain assigned poles,
amongst others, and having different sets of moduli.  The poles can
be assigned by making them zeroes of © (2) which need not bo finite
everywhere, and can therefore be made to have any assigned zeroces.
Let p+1 be the least number of arbitrary poles that can be assigned
for a Fuchsinn function which is to have no others. Then by sub-
traction of Fuchsian functions the nbove set of ¢ functions can be
made to have p arbitrary poles and no others. By combining them
linearly we ean form c¢—p functions whose residues at these poles

* Compnre Acta Mathematica, Vol. 1., p. 229, lines 1-6.
x 2
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are zero, and which are therefore everywhere finite. Dut now
consider tho integral [ wdu, where w is a Juchsian function, and
% one of theso functions that are everywhere finite. The value
of this integral round tho contour of the polygon is zero, and thus
we have o linear relation connecting the residues of w at its different
poles. There will bo one such relation for each of the c—p functions
that may be taken in the place of u, so that, if the residues are not
all to vanish, theve must be at least ¢—p+1 of them, and we conclude
that p = c—p or ¢ = 2p. 'T'his argnment is, of conrse, loose ; hut, as
the result is so well known, there is no object in Inhouring the point.
The ¢ (or 2p) independent functions with p avhitvary poles and with
moduli as abovo can thus be combined 8o as to give p functions with.
out poles aud p others having ono pole cach; these ave, of comse,
tho usnal Abelian integrals of the first two kinds.

It is clenr that in general an Abelian integral of the third kind is
not & uniform function of the automorphic argument. If, however,
tho points of logarithmic discontinnity fall at vertices of the polygon
belonging to parabolic cycles, this statement ceases to bo true. In
fact it was seen above that the function Z (2)/0 (z) wns an Alelian
integeal of tho third kind if ity modulus for any parabolic substitn-
tion was other than zero. Now, in the construction of § 1, we may
add any points wo please to the list of branch-points a,, ay, ..., with-
out uffecting the argument, and thus ensure that the logavithmic
discontinnitics of any finite munber of Abelian integrals of tho third
kind shall fall on the bonnding civcle; hence we may, if it i desired,
suppose the antomorphic vepresentation so chosen that any finite
number of specified integrals of the third kind avo uniform functions
of the antomorphic argument.

5. Now take an integral of the first kind «, and another of tho
sccond kind v,, having in the polygon a singlo pole for the value
z=¢, and such that

. . du
Lim (s—c¢) v = = 1.
o) v =1

dn , . . . . .
Then exp [ ve dz 18 a uniform function of z, having simple zcroes
dz

'Il
at ¢ and the corresponding points in other polygons only, and having
no infinity except at the essentind singnluvitics, Tl us consider the

effect on it of any substitntion S of the gronp, Suppose g, to he the
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corresponding modulus for v.; then

r'v, de dz = r'ovc du dz+ r' v, dn dz -
. dz o Uz o, Oz

= j:‘%o, ?l-;f dz+j:° (vt pe) g;f dz

= L'v, %Z- dz+ p. (u=—1,) +I:°v, %"d:.
If, then, we write g%:z) for exp g: v %;—"dz, we hﬂve-

9. (Sz,)
f9 e (%)
Suppose now that v, is a multiple of the normal integral of the

sccond kind, and take 2(p-+1) distinet points by, by ...y bpury
Cly Cay veey Cpere ' T'he function

119, () + 119 (2)

3. (8z) = 3, (2) exp p, (u—14).

is a uniform function of z, and Ly the change of z into 8z it is
mnltiplied by .
exp (Zps—Zp.) (u—1n,).

If, then, Sp, = 3p,
for cach substitution, that is to say, if p conditions are satisfied,
113, (z) + 1138, (2)

is n uniform function of position on the Riemann surface, having,
sny, p+1 arbitrary poles and one nrbitrary zero.

The fanetion 3. is not nnique, since « may he any integral of the
first kind. The quotient of two such functions, having s common
vanishing point, will therefove be a uniform function of z, neither
vanishing nor hecoming infinite except at an essential singularity ;
also, if v is an integral of the fivat kind, exp [ vdu will have the same
propertics.

The function $,(z) is clearly very like the prime function of
Schottky and Klein. (See, for instance, Prof. Burnside's paper,
Proe. Lond. Math. Soc., Vol. xxur., pp. 289-293.) It differs, however,
“innot having a pole ut inlinity, as is to be expected, sinco infinity is
outside the region in which it exists,
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Factorial Functions.

6. Pseudo-automorphic functions of the factorial class can also be
considered as zeta-Fuchsian or zeta-Kleinian functions.  Let the
maultiplier corresponding to the substitution

S= S:l S': S:
be M= MYMYM L
Suppose nlso that, when S is an clliptic substitution of period k&, M is
o k" root of unity; that, when S is a parabolic substitution, the
modulus | Al | is unity (sce Acte Mathemutica, Vol. v., pp. 258, 269) ;
and that, if S=1, then A = 1. Form the series
(ZSZ

31 (82) (2)" = ¢ (2,

S8 ( ”/5) "= o)
oz

the summations being taken over all the snbstitutions of the gronp.

The sevies ¢ (z) is wu zeta-Inchsian series.  We may therefore nse

Poincaré’s resnlts as to the convergency of such series, already

quoted.  The subject is further disenssed below (§49). Chen, if S, is

a substitution belonging to the group, we have

b (85) = SML(SN.2) (MO5=)"
b (S,z) = SM-IL(SN,z) ( e ) ,

& (c) = SMP M TI(SS, ) ( ﬁﬁ;ﬂf)’",
oz

sothat ¢ (S,2) = ¢ (c) = M, ( ’l'l‘.‘f) 7= M0 (8,5) = 0 (2).
s

Thus ¢ (z) + O () is a factorial pseudo-nutomorphic function.  The
restrickions on the multipliers are very much like those on the
moduli in the former cuse ; if, however, the multipliers for parvabolic
substitutions are nuity,those for irredneible cirenits will he arbiteary,
and the roots of unity chosen Tor the ellipiic substitutions must
satisfy a relation which may compel them all Lo he nuity itself.

1t we further choose roots of unity for the avbhitvavy multipliers,
we have a class of factovial fanetions that will be of great importance
in the transformation theory of antomorphic functions.  (Compare
Ritter, Math. Annalen, Vol. xu1., pp. 31, 58.)
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7. Other expressions for the Ahelian integrals have been given,
as, for instance, by Prof. Burnside (Iroc. Lond. Math. Soc., Vol., xxi1r.,
pp- 66-9), and it is a point worthy of notice that his function

1 dS:
Sz—a dz’

0(z,0) =

if considered as a function of a, # being constant, is an Abelian
integral, and, in fact, is practically the normal function of the second
kind.* Prof. Burnside's paper treats mainly of functions of the first
class; whereas the method used in the present paper is only com-
pletely applicable to those of the second class.

8. The following investigations relate to the convergency of some
of the series that are used in the paper.

To prove the convergency of the scries

SuIT (8) (2%,

and to show that this convergency is uniform when 2 varies within
proper limits, it is enough to prove the convergency of the series

2 “I:,j, )
where Sz = 3%?, ai—By =1.

The function H is supposed to have no pole at any essential
singularity of the group, and z is supposed not to fall at any point
that is transformed by a substitution of the group into oo or one of
the poles of H (z). "Thus a superior limit can be fixed for | H(Sz) |

. Ce é | .
and superior and inferior limits to | 24 — I , if we suppose, as we
Y

may, that one of the polygons outside the fundamental circle contains
the point o, so that y does not vanish for any of the substitntions
except tho identical one.  Such an exception affecting only an
isolated term may be ignored.

Let « be the greatest among the absolute values of the moduli of
penodlcﬂ;y p for the generating snbstitutions, and let » be the ex-
ponent of the substitution S, that is the least value of a'+b+¢'+ ...,

* Sco H. F. Baker, Abelian Functions, p. 357, Ex. ii.
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when S is expressed in the form S S; S; ... in terms of the generating
substitutions and their inverses in such a way that o', ¥/, ¢ ... are all

positive whole numbers. Then

| ] P nx
Thus we have to consider the series Zn |y | “*. Now, since

I z+ —3- has both a snperior and an inferior limit, the series

Sy | S| yedd |

converge or diverge together. (The identical substitution for which
y = 0 is, of course, left out here.) All the terms are positive; so,
if V., is the sum of all the terms in 3 | v | -*" corresponding to sub-
stitutions of exponent n, the series

"+ V+. + Vo +..

is convergent, when m>1. Thus, when m>1,

< 1
nlogn

from and after some term in the series.

1

H n S~ T o
ence nV? < n(log n)’

after this term, and therefore
V42V +... +0V) +...

in convergent. Now V) is greater than the sum of tho terms in
=]y 1" which correspond to suhstitutions of exponent », and
therefore S | y | =™ is convergent if m > 1, or

. ‘_ILSE "
Sull (52) (%)
is absolutely and uniformly convergeut if m > 2.

9. M. Poincaré’s discussions of the convergency of theta-Fuchsian
and zeta-Fuchsian series may be andapted to the case of Kleinian
groups as follows. ‘

Suppose the planc of the vaviable z which is unchanged by the
operations of the generalized Kleinian group (dActa Mathematica,
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Vol. 11, pp. 52-6) to be turned into a sphere by stereographic pro-
jection. Take this to be the sphere

P+y’+ =1,

Then any operation of the gronp turns the point P (z, y, z) into the
point P’ (&', ¥, 2’), where

@yl oy 21
4yl A B

A, B, 0, E being linear in 2*+3y'+2" 2,9,2, 1. Also, if ds is any
P . ds .

infinitesimal arc at the point P, by e | is unchanged by any
inversion which leaves the sphere 2°+y'+2z'=1 unchanged, and
thereforc by every operation of the group. Hence the linear
ds’ . 2’ +y7427 -1 1

i 1o = and to = .

o518 equal to Pt e and to —

Now, if P’ goes to infinity, P approaches a definite limiting posi-
tion K, and therefore I can only be a constant multiple of PK?,
which will be positive here, since the inside and outside of the sphere
#'+y*+2' = 1 are not interchanged by any of the operations. We

may then write E = . PK?

magnification

1

and = -.., the summation being over all
i

"

Take, then, the series 3 I’_}—

the operations of the generalized Kleinian group, and the #, y, z which
occur in J7 being the coordinates of a point I’ which is inside one of
the polyliedra, and does mnot coincide with the point in that poly-
hedron which corresponds to 0. We shall suppose that oo, and
thercfore also the origin, is within one of the polyhedra ; this can be
secured by proper choice of the vertex of the stercographic projec-
tion. Thus Ji + »* has a superior and an inferior limit, for every
position of the point P, including the origin, except those which

correspond to o in the different polyhedra. The scries 2__E1'..'. and

b L will therefore converge or diverge together. Now, if P lies on

21
the sphere #*+y*+ 7' = 1, and within one of the polyhedra, the series

p ;,2 converges, as in M. Poincaré’s first proof for the theta-

Iuchsian  series, since the wholo surface of tho sphere is finite.

Therefore the series E-»l converges, and so does 2-]3‘,_3 for all posi-
7 “

4
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tions of P, including the origin, -~ Let E, be the value of E when P
is at the origin ; then, since

we have = 1—7

7 being the distance from the origin of the point into which it is
transformed by the substitution in question. That is,

Iy = cosh® IV,
T2 being the non-Enclidian distance of this point from the origin, so

that ,
' R:{ dp =

147
1o
o1=p 8

l1—7»

Now the arguments used by M. Poinearé (Acta Mathemnlica,
Vol. v,, pp. 233-235, 259-264) apply here, with the substitution of
polyhedrn and spheres for polygons and circles, and show that, if
there is a group of lhomogeneous linear substitutions isomorphic to
the Kleinian group, the cocflicients A in any substitution of the new
group are all less in absolute value than

alt
e )

where I is the quantity just now indicated, and @ is a constant. ‘It
is, of conrse, still necessary. to suppose that all the multipliers in »
substitution of the new group which corresponds to a parabolic sub-
stitution in the Kleinian group have modulus unity.

Hence the series Ej—%, and thervefore E-%, E—L%. will be con-
vergent if o K
2m > 4+a,

since 3 1_«%'—“, i8 known to be convergent.

The ratio of the magnification on the oviginal plane to that on the
sphere has finite limits, saperior and inferior, if we suppose @ on
the plane to be contained within one of the polygons. Hence the
convergency of the zetu-Kleinian series is assured for values of
exceeding 2+3a.

M. Poincaré’s arguments here referred to apply to all families ;
the absence of closed cyeles wonld, in fact, simplify the discussion.
Closed hyperbolic cycles must be vemoved, as at Acta Mathematicu,
Vol. 1L, pp. 71, 72.



