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A sufficiently general theory of magnetic vibratory apparatus is deduced to cover all practical problems in the opera-
tion of the various types of telephone receivers as transformers of electrical into acoustical or acoustical into electrical
energy. A set of linear equations is derived relating currents in windings, mounted either on a stationary support (pole

piece) or on the moving part (diaphragm or armature), and the motion of the moving part.
From the equations derived, it is possible by simple algebraic

included by treating each eddy circulation as a circuit.

The effect of eddy currents is

processes to calculate the effect of eddy currents and diaphragm or armature motion in terms of the constants or impedances

of the system.

By making certain constants of the equations either infinite or zero the different receiver types are represented
including (1) simple receiver without eddy currents, (2) receiver with eddy currents in the pole pieces, (3) receiver with
eddy currents in the diaphragm, (4) receiver with eddy currents in both pole pieces and diaphragm, (5) receiver with
the driving coil on the diaphragm, and (6) receiver with non-magnetic but conducting diaphragm.

INTRODUCTORY

THE theory of the permanent magnet telephone
receiver was first worked out from fundamental

considerations of energy, using the Lagrangian
method of obtaining the equations of motion, by
Poincare, Eclairage Electrique, vol. 50, page 221,
1907, et seq. Interesting experimental studies of the
ordinary telephone receiver have been published by
Kennelly and his associates. The first of these, by
Kennelly & Pierce, was “The Impedances of Telephone
Receivers as Affected by the Motion of their
Diaphragms” (Proceedings of the American Academy
of Arts and Sciences, 1912, Vol. 48.) The general
method used throughout these studies is the inference
of the characteristics of the telephone from its imped-
ance under various conditions.
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A number of other articles on the receiver has ap-
peared in American and foreign periodicals during the
last few years. They are concerned principally with
methods of measurement of various constants.

This paper includes a somewhat more general theory
of receiver structures and its application to the tech-
nique of measurement. The method used is applicable
to any number of mutually dependent or independent
electrical circuits magnetically coupled to any number
of mechanical members, mutually dependent or in-
dependent. A paper by H. W. Nichols, “Theory of
Variable Dynamical—Electrical Systems,” Phys. Rev.
August 1917, gives the general considerations of vari-

able systems, of which the telephone receiver is a
particular case.

GENERAL THEORY

This section covers the theory of a sufficiently general
electromagnetic vibratory mechanism to be applicable
to any type of telephone receiver or transmitter opera-
ting on the principle of the reaction between relatively
movable magnetic fields produced either by magnets or
electric currents.

In Fig. 1, four coils are shown which are parts of
four circuits. Coils Nos. 0, 1, 2, and 3 are situated
so0 as to be inductively coupled each to each. Circuits
Nos. 0,1, and 2 are relatively fixed. No. 4 is a mechani-
cal member free to move with one degree of freedom
by a bending of its supports with respect to the support
or core of members Nos. 0, 1, and 2. Coil No. 3 is
constrained to move either with the mechanical member
No. 4, or with a motion having a definite linear relation
to the movement of No. 4. Fig. 1illustrates schematic-
ally a single-pole telephone receiver. The movable
member, No. 4, represents the diaphragm. Coil
No. 0 carries a direct current to supply the steady
magnetizing flux for the pole piece on which coils
Nos.0,1, and 2 are mounted. Coil No. 1 represents the
receiving coil which carries the telephone current.
Coil No. 2 represents the eddy current circuitin the
pole piece. Coil No. 3 mounted on the diaphragm
represents the eddy current circuit in the diaphragm.
A movement of the diaphragm, No. 4, alters the self
and mutual inductances of all four electrical circuits.

Notation. Let Ly, L, L., and L; represent the self-
inductances of circuits of which coils Nos. 0, 1,2, and
3 are parts, Lo, Loy, Los, L2, L3, and Ls3, the mutual
inductances between circuits as indicated by their
subscripts, and L,, the vibrating mass of the movable
member.

Let R,, R, R., and R; be the resistances of circuits
of which the coils are parts and R,—the mechanical
dissipative resistance to motion of the movable member.
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R, is assumed independent of the velocity of motion
and gives, when multiplied by the square of the velocity
of motion, the rate of dissipation of energy mechanic-
ally by the movable member. In order to conform
with the electrical units adopted this resistance will
be so chosen that the power dissipated is measured in
watts.

Let C,, C,, C,, and C; represent series capacitances
or displacement of electricity in the condensers per
unit of electromotive force in the corresponding cir-
cuits, and C,; the mechanical ‘“capacitance” or dis-
placement per unit of force acting on the diaphragm.
The reciprocal 1/C, is the stiffness of the mechanical
member.

Let 4y, 71, 12, and 7; be currents flowing through the
corresponding circuits, and z the velocity of motion
of the movablé member.

Let qo, qi, g2, and g¢; be the quantities of electricity
displaced as defined by dq/d t = 4, and .« the dis-
placement of the movable member definable by
dz/dt = 2.

Let Ey, E,, E;, and E; be the electromotive forces
tending to produce displacement of electricity or
current in the circuits and F the force tending to
produce a displacement of the mechanical member.

f = frequency,w = 2w fandj = v/ — 1.

The first step in formulating a theory of this struec-
ture is to obtain the electromotive force equations or
equations of motion; that is, a relation between the
currents in the various circuit branches, velocity of
motion of the mechanical member, electromotive and
mechanical forces and electrical and ‘“‘mechanical”
impedances.

The reactions due to resistances and capacities in
the various circuits are 7o Ry, 71 Ry, 7. Rs, 75 R3, and
q0/Co, ./C1, q2/C,, qs/Cs. Similarly the mechanical
resistance and stiffness reactions are gz R, and z/C,,
respectively.

The reaction in an invariable circuit due to in-
ductanceis Ldi’dt. In this case the inductances are
variable, depending on the position, x, of the mechanical
member. The motion is assunied to be small enough
so that each inductance is a linear function of the
mechanical displacement x and of the form L (1 + k x,)
where Lis the mean value of an inductance about
which the variation takes place and kis a constant.
On this assumption, k x is small compared to unity.
The inductive reactions are obtained from the kinetic
energy, T, of the system by means of a differential
formula due to Lagrange for mechanical systems and
Maxwell for electrical systems. This formula is:

d (dT)_ daT
di di dg

To get the inductive reaction in circuit No. o, 7, and
go are used. The reactions in the other circuits' are

obtained by using the proper: andq. The mass
reaction is found by using yx and =.
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The instantaneous kinetic energy of the whole
system is
T =1/2Lyt* +1/2 L7, + 1/2 Ly 15 + 1/2 Ly 5
+ 1/2L4 x4+ Lo 40t + Lo @0t + Losto 23
4 Lia %1%y + Lis 2125 + Los 1213 (1)
The force equation of any member, electrical or mechan-
ical, is then given by an expression of the form

g < aT ) _aT
dt dt dq
Applying this formula to each member of the system,

the following five equations of motion are obtained:
3

E=Ri+ -1
v+ C +

Ey, = Ryi, + % qo + _ddT (Lo (1 + ko) %0
+ Loy (1 + koy ) 1 + Loa (1 + ko2 ) 22
+ L (1 + ko3 x) '53]
By =Rt Y qt+ L (L + kan)io
C, dt
+ Ly (1 +kix)is + Lia (1 + k) 22
4+ Liz; A+ kisx) 25
E, = R,i, + 52" g + —;t— [ Loz (1 + koz2) %0
+ Ly (I + kipx) 6y + Ly (1 + ko) 22

@
4+ Loz (1 + kos x) 14

L
Cs

+ L3 (1 + ki3 x) 11 + Ly (1 + ko3 x) 2
+ Ls (1 + ks x) 14
1 dz .
Ly —= —[1/2 (Lo k
C4x+4dt [1/2 (Lo ko 20
4 Loy ko1 ©1 4 Loz koo ©s + Loz kos 23) %0
+1/2 (Lo kor %o + Ly k1 ty + Lo k1o 2
4 Liskist3) 11 + 1/2 (Lo2 ko2 %o + L2 k1o 11
4+ Lo ks iy 4+ Los kas t3) 22 + 1/2 (Los kos %o
+ Lz ki3 ty + Los kas s + Lj k3 t5) 23]
Suppose now that the capacitance, C,, is omitted,

and a relatively large direct current flows in circuit
No. 0 through a high enough impedance so that the

E; =R, 7«.3 + Qs + Tdtm [Los (1 + ko3 x) 10

F =R,y +

reactions depending on _a% can be considered negli-
gible. The first equation then becomes E, = 7, R,
and in this investigation will not be considered. The
purpose of this circuit, it will be seen later, is only to
supply a large permanent steady magnetic field.
In a permanent magnet receiver this is a fictitious
winding so disposed as to give the field, in magnitude
and distribution, of the permanent magnet.

In the foregoing equations, ¢, occurs in products
with other currents. Products of the small ), 7., 73,
and x also occur. The terms containing these pro-
ducts involve reactions which are negligibly small
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compared to those of the terms containing 4,. The
term 1/2 Lo ko ¢¢® is a constant entering the equation
of mechanical force and determines the permanent
deflection of the mechanical member from its
equilibrium position. This term can be eliminated
by measuring the displacement x from the equilibrium
position when the large current i,is flowing.
If, in addition, we define
Lo korip = b14, L kos 10 = b24, Los kos 20 = b34,

and neglect the second order terms as explained above,
the above five equations are reduced to four as follows:

Lidi,/dt+ Ryt + (1/C))q,+ Liy d 12/dt
+ Lisdis/dt by x = E,
Lydiy/dt+ Reie+ (1/Cy) qo + Liad i:/d t
. +L23d13/dt +b24(é = E2
Lydis/dt+Rsis+ (1/C3) qs+ Lisd i, /d ¢
+L23di2/dt + by = E;
Lidz/dt + Ryx + (1/Cy)  — b1at1 — basts
~b34@.3 =F

It will be seen from dimensions that the quantities
bi, b2y and bz are either back electromotive forces
per unit velocity of No. 4 or forces on No. 4 per unit
of current. .

The free vibrations of this system are obtained by
placing E;, = E;, = E; = F = 0 and solving for the
free periods and the damping in the usual way. The
expressions thus obtained, except for the simplest
cases, are very complex and will not be of interest
in connection with this treatment.

For forced vibrations, each value of E and F' may be
considered to be of single frequency. If a number of
frequencies act simultaneously, they may be considered
separately since in any system represented by a set
of linear equations such as these the law of superposi-
tion holds.

We will therefore consider each value of E to be
sinusoidal and to contain ¢/ as a factor. The forms
of the 7’s, ¢’s, x, and x will then be complex and contain
the periodic symbol ¢ as a factor. Under these

|
&)

conditions d,/d ¢ can be replaced by j w andfd t

can be replaced by 1/ w. When this is done the above
equations become

GwLi+ R+ 1/j w C1) @1 + J w Ly 4y
+].WL13i3+ b14.fé = K,

(JwLy+ R + 17w Cs) 2o+ J w Ly 2,
+j W Loy 75 + bo g = E»

(JwLs + Ry +1jwCy i+ 5 w Lis 7,
"f“]' w Loy o+ by g = E,

(1w L, +R4+1,'jwc4)9é— b 11 — bay 1y
—b342.3=F

(4)

The coefficients of currents ,, 7, 73, and velocity
x are seen to be impedances. Using the standard
notation, Z, for impedance, these equations can be
written
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Znwiy+Zyte +Zyis+Zux = E

Zisty+ Zogio + Zosis + Zaux = E,

Zla ’51 + Z23 1'2 + Zs3 is + Z.‘M :)C = E3
—Zut— Loty — Zsts +Zyx =F

The significance of these equations will be better
understood by pointing out their similarity to those
of a familiar electrical analog.

Fig. 2 is the diagram of a four-winding transformer.
Coils Nos. 1, 2,and 3 are parts of three circuits which
correspond to circuits 1, 2, and 3 of the mechanism
of Fig. 1. It will be of interest to compare the effect
of circuit No. 4, which is like Nos. 1, 2, and 8, with that
of the mechanical member, No. 4.

The same method of deriving the “equations of
motion” or impedance equations can be employed for
this simple transformer, but the theory of electrical
networks is in such common use that this is unnecessary.
The equations can be written directly.

)

Transformer

Fic. 2—Four-WINDING TRANSFORMER

(jwL, + R, + 15w Cy +7w L,y 7, ]
4+ 7 w Ly 13 +j7wLyi =E,
(]'%UL2 + R, + 1/jwcﬂ) 12 +j w Ly, 1,
+]‘ w Loy 13 +]'WL247:4 =K,
(iw L; + R; + 1/jwcs) i3 + ] w Lys 7,
+]‘ w Ly 7:1+].WL34’54 =FE,
(j’w-L4 + Ry + 1/].?'4)04) 14 +j w Ly 7,
4+ 3 w Loyts +jw Ly i3 = Ey

(6)

The coefficients of the currents are impedances and
can be written:

leil + leiz + 2132.3 + Z14'1:4 = El
Zysty + Zasts + Z23 is + Zoty = E2
Z13i1 + Zs 2.2 + Zss’ia + Z34 i4 =k,
Z14 2'1 + Z24 iz + Zs4 2'3 + Z41 ’5'4 = E4

There are two notable differences between this set
of equations and that of the ‘“magneto-mechanical”
device. The mutual impedances by, b.sy, bss, between
the coils and the mechanical member are constants,
independent of frequency and involve no phase dif-
ference between the current and induced force, while
in the transformer the corresponding mutual im-
pedances, 7 w Ly, j w Ly, and j w Ly, are proportional

].
iL )
|
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to frequency and involve a phase difference of 90 deg.*

between the inducing current and induced electromotive
force. The mutual impedances, by, bas, b, are of the
character of resistances, in that they are in phase with
the currents but are unlike resistances in that they are
non-dissipative, which is shown by the fact that their
signs in the electrical equations are opposite to those
in the mechanical equation (See equations 4 and 5).
The analogy between the transformer and the receiver
is not complete because of the difference indicated by
these differences in sign.

The difference may be illustrated in another way, by
an application of the “principle of reciprocity’” which
for a pure electrical network may be stated;

In any invariable electrical network, if any electro-
motive force, E, is applied in any branch and the current
I measured in any other branch their ratio E/I is equal
n magnitude and phase to the ratio obtained if the
positrons of E and the measurement of I be reversed.

This principle can be proved directly from the
symmetrical form in magnitude and phase of the equa-
tions of a network of which the transformer (Eq. 7)
is an example.

The same reciprocal relation holds between dis-
placement or velocity and mechanical force in an
invariable ‘“‘mechanical network,” composed of any
combination of elastic and inertia members, with or
without damping.

In a “magneto-mechanical network” such as the
one under discussion in this paper a similar principle
can be formulated. For the sake of brevity a variable
dynamical-electrical system in which the only varia-
tions are small changes of inductance will be alluded
to as a ‘““magneto-mechanical network.”

In a “magneto-mechanical network,” the ratio of an
electromotive force placed in any electrical branch to the
resulting displacement (or velocity) of a mechanical
member (or branch) is equal in magnitude but opposite
in phase (180 deg.) to the ratio of a mechanical force
acting on the same mechanical member to the resulting
current in the same electrical branch.

This can be proved directly from the symmetry of
magnitude and asymmetry in signs in the characteristic
equations No. 5, of a “magneto-mechanical network”
of which the subject of this paper is an example.

In regard to the transfer of power from one circuit
to another, from one mechanical vibratory element to
another or from an electrical to a mechanical element
or vice versa these systems are alike. For a maximum
transfer of power the impedance of an element which is
to be fitted to another must be the conjugate of the
element to which it is fitted. This follows directly
from equations 5 or 7, which are typical though not
general.

A number of general expressions will next be derived
for the calculation of the various currents and velocity
and impedance characteristics. A set of linear equa-

WEGEL: THEORY OF MAGNETO-MECHANICAL SYSTEMS

Journal A. I. E. E.

tions of this kind is manipulated most easily by the
short hand method of determinants.
For convenience, define
Z21 = Z12) ZSI = Z13;‘Za2 = Z23; Z41 = _Z14r
Z42 = - Z24, Z43 = - st
Rewrite equations 5.

leil + Z12i2 + Z13i3 + Zl4 x = El

Zzl?:1+Z22’52+Zza7:3+Zz433=E2 .
Zsity + Zso s + Zsz iz + Zaux = Es i
Z41i1+Z42i2+Z43i3+Z449é=E4 ;I

Denote the discriminant of this system, or deter-
minant of the coefficients of current by D, and its
minors by D with proper subscripts. To illustrate:
D,; is the first minor of D obtained by suppressing
row 1, and column 3 of the coefficients; D> is"a
second minor determinant with row 2 and column 4
eliminated in addition.

Inspection will show that a relation similar to that
between mutual impedances holds for the first minors
of this discriminant,

D21 = D12; D31 = D13; D32 = D23)

D41 = - D14, D42 = - D24, D43 = - D34,
In the purely electrical system, as in equations 7,
corresponding minors are identical in sign as well as in
magnitude.

The solutions for currents 7, 7., %5 and velocity of
motion of No. 4, z, are directly written.

ix = (E1D11—E2D21+E3D31—FD41) /D ;
ts = (—E1Dis+ EyDys— Es Dy + F Dys) /D 9)
ia = (EIDIS—E2D23+E3D33_FD43) /D ;
.x=(—E1D14+E2D24—E3D34+FD44)/D i

As a rule, of course, only one electromotive force,
E, or mechanical force, F, acts at atimesotheseexpres-
sions are greatly simplified by placing the others equal
to zero. The expressions for various current ratios,
ratios of current or velocity to applied electromotive
force or mechanical force are easily written from equa-
tions 9. In particular, the ratio of any electromotive
force, E, to the resulting current 7 in the same element
is the ““driving point” impedance of the system. The
ratio F/z is a driving point impedance and is given in
mechanical units—dynes per centimeter per second.
The ‘“‘driving point”’ impedances measured in the four
circuits (the mechanical member may by analogy be
referred to as a mechanical circuit) are:

Z1 = D/Du, Zz = D/D22y Za = D/Dssy
Z4 = D/ D44 (10)
Since all of the impedances are involved in these
determinants, the driving point impedances Z,, Z,,
Zs, Z4 are seen to depend on the reactions of all the
circuits and the mechanical member.

The “damped” impedance of a receiver is the im-
pedance of the coil measured with the diaphragm con-
strained from moving. This may be regarded as
making the mechanical impedance infinite or “opening”
the ‘“‘mechanical circuit.”” The damped impedance
of the system measured from circuit No. 1 is obtained

(8)
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from the driving point impedance by suppressing row
4 and column 4. Designating the impedance measured
in circuit No. 1 with No. 4 damped by Z,4:
Zyas = Dy/Dy* i
Slmi]arly Z2d4 = 1)44/D2244 ,5 (11)
Z3d4 = DM/D.%44 J
These give the damped inpedances as measured from
any of the three electrical circuits. These expressions
also hold for the driving point impedance of the trans-
former, Fig. 2, equations 7, with circuit No. 4 “opened.”
The mechanical impedance of the vibrating member
No. 4 under the influence of the reactions of circuits
Nos. 2 and 8, but with No. 1 open, which by analogy
can be called ‘“damped mechanical impedance” is
given similarly by
Z4d1 = [)ll/Dll44
Motional impedance is defined as the difference
between the driving point impedance with the
mechanical member free to move and with it damped.

Zlm4 = Z] - Zld4
In terms of the determinants of the system
Z1m4 = - D14 D41/D]1 Dll44

This is typical of any electrical network as well and
gives the effect on driving point impedance in any
circuit No. 1, of any other circuit No. 4. In the case
of the magneto-mechanical system D, = — Di.
Zims = (Dn)z/Du Dy,
Z2m4 = (D24)2/D22 1)2244
Z3ms = (D34)?/D3s D3s* )

These give the motional impedances measured in
any of the three electrical circuits.

In any invariable electrical, mechanical, or
magneto-mechanical network, the driving point im-
pedance Z, measured from the p'™" element, can be
expressed as the sum of two terms, the first of which
is independent of any other ¢'" circuit and the second
of which is due to the reaction of the ¢*" circuit.

p = Zpdq + meq

Similarly } (12)

Where
Zpaa = Daa/Dpp"; Zpma = — Dypa Day/Dyp D™

The first term may be called ‘“damped” impedance
and the second ‘“motional”’ 1mpedance

The force per unit current in circuit No. 1 when the
reactions of Nos. 2 and 3 are eliminated by ‘“‘opening”
is Zy,. A current in No. 1, however, induces currents
in Nos. 2 and 8 which in turn act on No. 4 through
their force factors Z,, and Z;, respectively. The total
force acting on No. 4 is

ZM il + ZZ4i2 + ZS4 7/.3

A motion of the mechanical member causes modifying
reactions on these currents producing a different
force on this member than when constrained. By
solving for the force resulting from unit current in
circuit No. 1 after constraining No. 4 by suppressing
row 4 and column 4 of the discriminant, it is found
to be
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Bias = Dys/Dyy* ]
Bsas = Dsy/Dyp p(13)
B3d4 = D34/D33“ J
These give the force per unit current in magnitude
and phase with an electromotive force acting in circuits
Nos. 1, 2 or 3 respectively as modified by induced
currents in the other two circuits.
The electromotive force in circuit No. 1 per unit
velocity of No. 4 is given by

Similarly

Bisi = Dyy/Dyt = — B )

Slmllarly B4d2 = D42/D4422 = — BQd4 } (14)
B4d3 = D43/l)4433 = - B3d4 !

This property holds generally for a ‘‘magneto-

mechanical” network, and like that given above in
contrast with the principle of reciprocity for invariable
electrical and mechanical systems, is evident directly
from the characteristic determinant by the fact that
D14 = - D4l; D24 = - D42; DIN = - D43'

“The available force on a mechanical member per
unit current in a circuit is equal in magnitude but
opposite in sign to the available electromotive force
in the same circuit per unit velocity of the same me-
chanical member.”

In general, for an invariable electrical or mechanical
network, or for a magneto-mechanical network,

B,iq = Dye/Dpp"

Motional impedance and the “démped” force
factor B4 are therefore related by:
R
Similarly e - %)i '5 15
Liyms = %% !

)

Equations 15 give the most useful form for motional
impedance.

The most useful substitutes for the general equations,
No. 8, of motion are two in number, involving the
current in the ecircuit in which the driving electro-
motive force acts and the velocity of the mechanical
member on which a mechanical force may act.

Zld4i1+Bld4x‘ = EI \L
Biniy+ Ziar i = F [ (16)

These correspond to equations No. 8 with currents
172 and ¢; eliminated. They hold for invariable electri-
cal and mechanical networks as well. Z,4 is the
apparent electrical impedance of the receiving coil and is
independent of diaphragm motion. B4 is electro-
motive force generated in the coil per unit velocity,
2 of the diaphragm. B, is force on the diaphramg
per unit current in the coil and is equal to B, in
magnitude but opposite in sign. Z4 is the apparent
mechanical impedance of the diaphragm. The re-
action of the diaphragm in response to an applied
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force is modified, both in magnitude and phase, by
eddy currents.

APPLICATIONS OF THE GENERAL THEORY TO
PARTICULAR RECEIVER STRUCTURES

The application of the general theory to particular
types of receivers consists in first showing the modi-
fication of the general structure, (Fig. 1) to which
each corresponds, and modifying the characteristic
equations (No. 5) accordingly. For example, if the
simple receiver without eddy currents is to be studied
the effects of circuits 2 and 3 are eliminated. In the
equations the mutuals Z o, Z13, Z23, Z2s, Z 3, Or currents
15, 13, are placed equal to zero. The various types
and discussions of their characteristics will be taken
up separately.

A. Simple Receiver. The simple receiver is defined
as one having no eddy currents in the core or dia-
phragm. This sort of receiver is never actually met
with in practise but may be approximated by the use
of high resistivity material or laminated cores and
diaphragms.

The diaphragm of the receiver is not a mechanical
element with one degree of freedom but may be so
regarded without involving serious error. While vi-
brating, all parts of the diaphragm do not move with
the same amplitude. The integrated product of
surface density of the diaphragm and square of the
velocity (r.m.s.) over the surface, gives the kinetic
energy of vibration. The apparent vibrating mass,
L, of the diaphragm is found by dividing the kinetic
energy by the square of the velocity (r.m.s.) at the
center. The shape of the curve of bending caused
by the electromagnetic force acting about the center
of the diaphragm varies with frequency of excitation,
and hence, the apparent mass, L, must be considered
as varying to a certain extent with the frequency.
Similarly, the apparent elasticitance, C, is determined
by the integrated potential energy of flexure which
also varies with the frequency. The variation in
L, and C, to be expected between the frequencies of
zero and 3000 cycles is probably a matter of a 10 or
20 per cent gradual change for an ordinary receiver
diaphragm. Similarly a variation in R, occurs in the
receiver.

Attention must be called to the fact that even though
L4, Cs, and R, vary with frequency, they do not vary
appreciably with amplitude of vibration at a.single
frequency for the small motions of a diaphragm. As
a consequence, the law of superposition holds and the
equations which have been deduced are valid. In
complete theory, Ly, C,, and R, should be replaced by
their proper functions of frequency but since these
changes are gradual they will not be included in this
study of fundamental principles of the device.

The equations for the simple receiver are

Z11i1+Z149L" = El
—Zuyt +Zya =F

\

an
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From these equations we find
El Z-H - F ZH

Q=

ZnZuy+ 2,8

. EZu+FZ,
YT ZuZu+ 2.2

These equations give either current or velocity re-

.~ Cast Iron
Z 77
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Cast Iron RE + NE
=N. u NE
_ Cement
\ NI /
Y \J
/ N f
7 N\LMagnets
7
7
Fia. 3—Cross-SuctioNn or KxperivMENTAL ReEcriver

sulting from an electromotive force acting in the
winding as in a telephone receiver, or from a force
acting on the diaphragm as in the case of a magnetic
telephone transmitter, or a combination of both.
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The electrical impedance of the receiver is the ratio
of the electromotive force acting to the resulting
current in the coil and is given by

Z1 = Zn + Z142//Z44
The damped impedance is simply the impedance of
the coil Z,,, and the motional impedance is Z,;® Z,,.
The “vector” locus of this motional impedance is a
circle with its diameter coinciding with the real axis
and tangent to the positive side of the imaginary axis.
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Fig. 3 shows a cross-section of an experimental simple
receiver. The pole piece was made of finely divided
iron pressed together with shellac and energized by a
pair of bar magnets. The cup was made of cement
to reduce any possible eddy current effects and to
minimize differential temperature expansions. The
cap and seating surfaces for the diaphragm were cast
iron. The diaphragm was a standard disk 0.009 in.
thick. The coil had a resistance of 48 ohms and an
inductance of 0.026 henry.

Fig. 4 shows plots of measured resistance and
reactance of this receiver as functions of frequency.
The eddy current effect is small as is shown by the
relatively small increase in damped resistance, E,
with frequency.

Fig. 5 shows the circular “vector’” plots of measured
motional impedance and computed velocity of motion
of the center of the diaphragm at various frequencies
in the region of resonance. The resonant frequency
is seen to be 1000.7 cycles.

o f0=1000.7
e

Motional Impedance Vector Plot Velocity Vector Plot

Fre. 5

- The effective vibrating mass, L;, of the diaphragm,
is 0.68 gram as calculated from the observed change
in natural frequency caused by adding a small known
weight to the center of the diaphragm. The logarith-
mic decrement per second as determined from the
motional impedance circle (Fig. 5) is A = 48. The
mechanical resistance, R;, of the diaphragm obtained
from the relation A = R, ‘2 L;is 58.5 dynes per centi-
meter per second. At resonance of the diaphragm,
Zims = b12/Rs. From this relation the force factor
b1, was computed and found to be 2.18 X 10° dynes per
absolute electromagnetic unit of current. The ap-
parent elasticity 1/C; of the diaphragm is 26.7 X 10°
dynes per centimeter.

The mechanical impedance is the ratio of force F
to velocity of motion, .

Z4 = Z44 —|"Z14 2/’Z11

Z; is analogous to damped impedance because it is
the impedance of the diaphragm when the electrical
circuit is “damped”’ or “opened.” Z,&/Z,,is analogous
to motional impedance because it is the effect on the
diaphragm of a ‘“motion” of electricity in the coil.
The “vector” diagram of this motional mechanical
impedance is a semicircle and gives the damping effect
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of . the circuit on the diaphragm at any frequency.
If a condenser is placed in the circuit of the receiver
coil the locus of Z,2/Z,, (= Zyn1) is a circle exactly
as in the case of Z;, but is given in mechanical units
(mechanical ohms) instead of in electrical ohms.

The ratio of power dissipated in diaphragm motion
to the total input is easily calculated. This ratio
should not be confounded with the efficiency of the
instrument as a telephone receiver because a large
part of the power is dissipated in diaphragm friction
as its supports and in air vibrations which do not
reach the ear.

The mechanically dissipated power is mod z* R,
(“mod’ is an abbreviation for modulus or ‘“‘absolute”

value). The input power is mod 7> R where R is
total apparent resistance. The ratio ¢, at any fre-
quency is

e = mod (2 R,/1,* R)
= TﬂOd (ZH"2 R4‘,/Z442 R)
= mod (Z14m42/Z1M4 R)

 The symbol Z,,; is used to denote the maximum mo-

tional impedance. At resonance, or the frequency
of maximum response this reduces to
ey = mod Z,,4/R

The theory of this receiver is the same as that of the
vibration galvanometer.

B. Receiver with Eddy Currents in the Core. This
receiver corresponds closely to the commercial instru-
ment in which the effect of eddy currents in the
diaphragm is usually small.

The theory of a receiver with eddy currents in the
diaphragm only, as seen from the characteristic equa-
tions is identical with that to be considered here. A
little consideration will make this apparent physically.
When the diaphragm is damped an eddy current in the
core obviously has the same qualitative effect asone
in the diaphragm for they are coaxial. Similarly when
the receiving coil, No. 1, is opened and the diaphragm
moves toward the pole piece, an increase in magnetic
flux in both circuits results. The damping effect on
diaphragm motion is qualitatively the same due to
either circuit.

We are regarding the eddy current in the core as a
circuit. This is as well justified as regarding the
diaphragm as a member of one degree of freedom. The
principal body of eddy current flows around the core
surface in a layer the thickness of which decreases
roughly as the square root of the frequency. In an
infinite cylindrical core inside of a solenoid the current
distribution is a Bessel’s function of the radial distance
from the axis. Regarded as a circuit, the core eddy
current consists of an elongated coil of one turn short-
circuited on itself. The resistance to flow of eddy
current is determined by the resistivity of the iron and
the thickness of the layer. The resistance of the eddy
current circuit, therefore, increases roughly as the
square root of the frequency. Its inductance is fairly
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constant since the flux linkage per unit current in this
layer is about constant. At very low frequencies
eddy currents are not confined to the surface, and the
effective resistance and inductance of the eddy current
circuit are, therefore, very small. The inductance
approaches a constant value, as frequency increases,
of the order of magnitude of the inductance of the
receiving coil divided by the square of the number of
turns.

In a common type of receiver having 700 turns per
spool and 0.020-henry inductance, the inductance of
the eddy current circuit would be of the order of
0.020/(700)* or about 0.041 X 10 %henry per pole.
The eddy current circuit force factor, b., would be
given, in order of magnitude, by that of the receiving
winding divided by the number of turns, 5 X 10°/700
or(0.71 X 10* dynes per absolute electromagnetic
unit of current. As in the case of the diaphragm,
the constants of the eddy current circuit vary with
frequency, and to some extent with the character of
the diaphragm motion, but do not vary appreciably
with amplitude of current for the small values con-
sidered here. »

The equations in this case are

ZHZ.I +Z12Z‘2 +Zl41} = El

1
Z12i1+Z22?:2+Z24:1} :O ‘P (18)
‘Zl4i1—Z24@.2+Z441i =F /’
By eliminating 7, these equations can be written
(Zn— 212/ Zs) Uy + (Zva— ZowZrs/Zse) v = E, )
- (Zhl_‘ Z24 Z!Q/Z‘.m) 7/'1 +Z44 +

¢ (19)
(Z242/Z‘22> x = F J
In terms of quantities already defined, these equations
are identical with

Z1d47:1+Bld4x. =F \\k
—Biuty + Zyarx = F Jf (20)

The form of these equations is similar to that of equa-
tions (17) for the simple receiver. Z,4 corresponds to
Zi1, Bias to Zy, and Z,s to Zy. The quantity Z,,
or impedance of the receiver with the diaphragm con-
strained has been generally defined (equations 10).
Zsa1 1s the apparent mechanical impedance of the
diaphragm when the effect of the receiving coil is
eliminated by “opening.”

This shows how the receiver with eddy currents in
the core can be treated by the same method used for a
simple receiver by defining the coil, diaphragm and
mutual impedances as proper functions of frequency.
The motional impedance is given by

Z1m4 = Bld42/Z4d1

We will now compare the characteristics of these
new parameters with those of the simple receiver. In
the simple receiver the force factor, Z, is a constant.
In this case it (B,4) varies with frequency.

Jw Ly

R tiwl, 2

Bld4 = b14 -
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Fig. 6 shows a schematic ‘““vector” plot of the force
factor, B4, as dependent on frequency.

The locus is a semicircle below the real axis. At low
frequencies the force factor is greatest approaching
b4, which is in phase with the current at zero frequency.
At high frequency the force factor approaches the
smaller value

b14 - b24 Ll2/L2
which is also in phase with current.
The motional impedance is given by

Z1m4 = (B1d4)2/(Z44 + Z242 / Z22) (22)
The locus of Z,,, in a ‘“vector” plot is not a circle.
For circuit and diaphragm constants such as occur in
most telephone receivers it is very nearly so, however.
The character of the apparent mechanical impedance
of the diaphragm Z,,; as influenced by eddy currents
can be shown best by its expansion. (Represent the
modulus or absolute value of an impedance by z.)

) . ;

l Imaginary Axis by Lyp

| T 2L, I
0 l a
ﬁ | b24 Z12
Z
B]d’ [ 22
2
A%, | ©,
%%s"%
GQOJ)@
Frc. 6—ScueEmatic “Vecror” Pror or Force Facror
by
Zin =\ R+ R, 2.2
' <L L, ) ! 2
w — .
+ 4 p) 2 + jw C, (23)

The first term is the apparent mechanical resistance
of the diaphragm. It is increased over the pure
mechanical dissipative resistance R, by the addition
of an eddy current component R, b.?/2:,2. This
component decreases with frequency due to in-
crease of z, with frequency.

The second term shows how the apparent mass of
the diaphragm may be regarded as being decreased
by the influence of eddy currents. The effect is to
modify the mechanical reactance in such a way as to
increase the frequency of maximum response. The
decrease in apparent mass becomes less as the frequency
of excitation is increased due to the variation of z..

The “vector” plot of the reciprocal of Z,, is not
strictly a circle because of the variation of its real
component with frequency. Variation of z, with
frequency through the range of resonance of a receiver
diaphragm is small enough to make the deviation from
circular form inappreciable. The variation of the
reactive terms has no influence on this circular form
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of motional impedance. They determine only the
distribution of points about the circumference of the
circle and therefore lead to errors in the calculation of
logarithmic decrement per second by the standard
method from resonance circles or curves. The errors
are only serious when the resonant region is large.

The variation in force factor B4 with frequency due
to the term by Z15/Z5,, representing the eddy current
reaction, also produces a small deviation from circular
form in motional impedance. This term shows how
the eddy current produces a depression in the principal
diameter of the motional impedance circle. This
depression angle 23, Fig. 6, is twice the angle of B, .
Since @ is a funection of frequency the angle of depres-
sion 23, of motional impedance, is a function of the
frequency to which the diaphragm is tuned, being small
at low frequencies, higher at intermediate frequencies,

and small at very high frequencies.
fo=0~ %

N iI k }
AR =
~ —-L
\%\ N \\ ] 1 Ohms
B A ~—{fo.7; ]
2 T ~ N
ANINEN] R
N 4 \eisid
% [\ o, 2.3xem
e AN q‘%‘,f 465 .. m'/ 147 Ohms
ey S )
e SIS . .
! |\ -
L G | N/ é.ﬁx%_j )
\ \ \/ N !
AN 430}!}\,“@\-)/\ ,//"‘ == 73.2 %’;A\){I.Okms
N T
h 19fi% )‘L// isx%%’ J%hms
0 04 08 1.2 16 20

FORCE FACTOR x10°6

Fig. 7-——Force Facror, MoTioNAL IMPEDANCE AND VELOCITY
AT DIFFERENT FREQUENCIES

Velocity given per milliampere—dotted circles.

To illustrate the variation of force factor and mo-
tional impedance in this type of receiver, a simple case
shown in the diagram (Fig. 7) was computed.

The constants of the experimental receiver were
used with the exceptions that no mechanical resistance
R, was assumed in the diaphragm and in place of eddy
current in the core, a second winding was assumed of
the same constants as the receiving coil completely
coupled to it and short-circuited. In this case the
force factor semicircle has a diameter of b,,. Motional
impedance circles with the diaphragm tuned to six
different frequencies are shown in heavy lines at the
ends of their corresponding force factor ‘‘vectors.”
The frequencies of tuning are 0, 77, 165, 285, 495, and
1060 cycles. The circles increase in diameter with
frequency of tuning of the diaphragm. This is be-
cause the eddy current component of damping resist-
ance decreases at a faster rate than B,,. The dotted
circles are corresponding ‘‘vector” diagrams of root
mean square velocity of the diaphragm per milli-
ampere of current in the winding. These increase in
diameter indefinitely with frequency. In practise,
these circles may either increase or decrease with
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frequency of tuning depending upon the relative mag-
nitudes and variations of R,, B4, and eddy damping
reaction R, bys2/2,2.

The force factor semicircle can be determined ex-

perimentally for any receiver. The value of Bu
is found in phase and magnitude at resonance from the
motional impedance circle, or resonance curve, by a
method such as that given under “Simple Receiver.”
By reference to Fig. 6, it will be seen that the additional
measurement of the angle 6, determines the semi-
circle. The angle 6, is the phase angle of the eddy
current circuit at the frequency of diaphragm resonance
and is found from the damped impedance by the fol-
lowing reasoning.
Zias = (Rl + R, 2122/222) + ]‘ w (Ll — L, 2122/22) (24)
At low frequencies the apparent resistance and in-
ductance approach the values R; and L;,. These may
be determined by extrapolation from measurements
of damped impedance at low frequencies. The differ-
ences between the damped resistance and inductance
at resonance and these values give the last terms in
these two parentheses. The ratio of the differences
give, tan 6, = w L,/R,. Having found the semicircle,
the force factor B,s can be found at any frequency
by simply measuring 6, in this way from the damped
impedance, drawing a line from “a” (Fig. 6) at this
angle. The line connecting its intersection with the
semicircle and the origin is the force factor at the
frequency in question.

A variation in inductance L, of the eddy circuit will
cause a deviation from the circular form of the force
factor locus through the speech range of the frequencies
and above it. The eddy circuit inductance is usually
very nearly constant in commercial receivers. The
variation in the resistance R, of the eddy circuit alters
the simple theoretical distribution of points about
this locus. R, increases indefinitely with frequency.
This tends to retard the progress of the force factor
around this locus as frequency increases. In one type
of receiver investigated with a single cylindrical core,
the eddy current resistance approaches linear increase
with frequency such that the eddy current phase
angle 0, approaches a constant value of about 70 deg.
instead of 90 deg. at high frequencies.

To illustrate the application of this theory, an
analysis of a particularly efficient standard bipolar
head receiver was made. It is assumed that the coils
and eddy currents in the two poles are approximately
the same. This allows of treating two eddy circuits
asone. Fig. 8 shows curves of measured resistance and
reactance plotted as functions of frequency from 0 to
1500 cycles. The distortion of these curves from a
smooth variation in the neighborhood of 1000 cycles
is due to a large vibration of the diaphragm in the
region of its natural frequency. In a small region
between 1000 and 1050 cycles, the vibration of the
diaphragm is in such a phase and large enough actually
to give the receiver as a whole an effective capacity
reactance.
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The smooth curves are drawn asymptotically and
represent to a fair accuracy the “damped”” values which
would be obtained by restraining diaphragm motion.
The circular “vector” plot of motional impedance is
given in Fig. 9. The frequency of the maximum re-
sponse of the diaphragm is 1005 cycles, at which the
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motional impedance is 332 —5 180 or 380 ohmsat an
angle 28 of — 28.5 deg. The logarithmic decrement
per second, of the diaphragm is 138. This is obtained
from the circle by multiplying the difference between
the frequencies at opposite ends of the diameter per-
pendicular to the principal diameter of the motional
impedance circle by .

The apparent mass of the diaphragm (L, — Ly bog?/252)
is 0.400 gram. This is found by a calculation from the
measured change in frequency of maximum response
by the addition of a small known mass at the center of
the diaphragm. The resistance to motion of the
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diaphragm (R; + R.b.2/2.2) is 110 dynes per centi-
meter per second and is found from the relation

A = (Ry 4+ Ry bo?/25%) /2(Ly — Ly bog?/25%)
The motional impedance is given by

Zvwi = Bru? Ly + Zo2/Zs)

(see equation 22), which owing to the cancelling of the
mass and elastic reactances of Z,, becomes at the

frequency of maximum response
Zims = Bia®/(Ry— R2bs?/25?)
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From this, the damped force factor B, was computed
at the frequency of maximum response to be (6.28
—71.59) X 10° or 6.47 X 10° dynes per absolute elec-
tromagnetic unit of current, at an angle of — 14.3 deg.
This is plotted ‘“vectorially” in Fig. 10, the reference
phasebeing that of 7,, the current in thereceiving winding.
The semicircle given in this figure is the locus of
B4 as frequency is varied. The force factor at zero
frequency, b4, is 8.44 X 10° and is in phase with the
received current. The semicircular locus was de-
termined by the method given in the discussion of
equation 21. The force factors at 500 and 1500 cycles
are also given.

The part of the resistance due to eddy current
(Ry bu?/2:2) is computed to be 42 dynes per centi-
meter per second which is about 38 per cent of the total.
The eddy current component of resistance is computed
from the force factor diagram, Fig. 10, and damped

FORCE FACTOR

Fra. 10—Hzrap Rrceiver-Pror or Force Facror Bia

impedance, Fig. 8. A little calculation will show that
this is equal to the product of the real and imaginary
components of the “vector,” — by Z,2/Z,, of the ex-
perimentally determined force factor diagram (of Fig.
6) divided by w L. z,,%/z,* obtained from damped
reactance (see discussion of equation 24).

The apparent mass of the diaphragm is 0.400 gram.
This is less than the purely mechanical apparent mass
by 0.009 gram or about 2 per cent which gives an
increase in maximum response frequency of about
10 cycles. The eddy current component of apparent
mass can be seen to be equal to the product of the real
and imaginary parts of the “vector” — by Z,»'Zss
in the force factor diagram divided by the product
of the radial frequency w, and the added damped
resistance R, z,,2/2,? due to eddy currents (see equation
24). .

C. Simple Induction-Type Recetver. In principle,
an ordinary telephone receiver using a non-magnetic
conducting diaphragm such as aluminum or copper
is an inefficient induction receiver. The most familiar
example of a device working on this principle is the
Fessenden submarine oscillator. Motion of the dia-
phragm causes no change of inductance of any circuit
except the eddy current circuit on the diaphragm which
moves with it. This circuit is No. 3 in Fig. 1. As a
consequence, by = byy = 0. by is therefore the only
acting force factor.

Excluding all eddy currents other than that in the
diaphragm, the characteristic equations are
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Z11i1+Z13i3 = E1
Zist + Zssis + Zs z =0 l (25)
—Z34i3+Z44a§=F J
Eliminating 7,
(Zu - Z132/Z33) i+ (= Z 3 Z13/Z_33> x = E1, }
- (_ Z34 Z13/Z33) il + (Z44 + Z342/Z33) x =F (26>
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Following the reasoning given under “B. Receiver with

Eddy Currents in the Core.” These equations are
identical with

Zld4 Z.1 + Bld4 x = E‘l

- Bld4'i1 + Z—ldl x =F

MOTIONAL IMPEDANCE
595

(27)
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These are the equations of the induction-type receiver
reduced to the form of the simple receiver. As before
the motional impedance is given by
Zlm4 = Bld42/Z4(11

The forms of Z,4 and Z,,, are identical with the former
case and the same discussion holds here. The force
factor B,s and the motional impedance Z,,,, are some-
what different.

Fig. 11 shows the curves of measured resistance and
reactance as a function of frequency for an experimental
induction-type receiver. The smooth asymptotic
curves represent damped values.
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Fig. 12 shows the motional impedance and force
factor diagrams of this receiver at different frequencies.

The force factor for an induction-type receiver is
given by

_ b ij13
= — by —— "
R3 +]ng

By comparison with equation 21, it will be seen that
this has the same semicircular form as the force factor
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for a receiver with eddy currents in the core, but is
displaced on the real axis to a point of tangency on the
negative side of the imaginary axis. This is due to
the absence of the direct force factor, by, between the
receiving winding and the diaphragm. In order for
this type of receiver to be efficient, the semicircle must
be large, and the phase angle, 8;, of circuit No. 3 must

be large. This means that R; must be small.
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The force factor is determined experimentally by the
same method as that used in the previous case ‘“B”.

The angle, 23, of maximum motional impedance
is 336 deg. and that of the force factor at this frequency
is B = 168 deg. at the frequency, 602.4 cycles, of
resonance. The phase angle of circuit No. 3 is 6,
= 78 deg. at resonance. The theory of this apparatus
when used to receive mechanical energy is obtained
from the equations by allowing the vibrating force F
to act instead of the electromotive force E|.

It is interesting to note that the theory of this
system is the same as that for the simple receiver
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(without eddy currents) but working through a trans-
former. .

The force factor semicircles of cases “B” and “C”
are in a sense closely related.

. B1d4 = Z14 - Zz4 le/Zzz

This is the equation of the force factor for case “B”.
By changing the relative values of the first and second
terms, the semicircle representing it is moved along
the real axis from any position on the positive side
(Z14 larger), down through a point of tangency on the
positive side of the imaginary axis as in Fig. 6 to tan-
gency on the negative side which corresponds to
the induction-type receiver in which case Z,, = 0.
Fig. 18 illustrates a series of possible force factor circles
with one circuit in addition to the receiver circuit,
No. 1.
by > bay L1o/Ly

This is the case in which the eddy current is least.
If the semicircle shrinks to a point we have a case of a
simple receiver.

Dragram 1.

b14 = b24 Ll?/LZ

For this condition it is necessary that circuits Nos. 1
and 2 have 100 per cent inductive coupling. Fig. 7
illustrates this case.

Diagram 2.

bos Lya/ Ly > b1y > bag Lyo/2 Ly
This is the first case in which the phase of the force
factor can be greater than 90 degrees.

baos Li2/2 Ly = bys

The magnitude of the force factor here is independent

of frequency but its phase increases from zero to — 180
deg.

Dragram 3.

Dragram 4.

Diagram 5. b,y =0

This is the case of the induction-type receiver, or simple
receiver, working through a transformer.

D. Electrodynamic Receiver. The electrodynamic re-
ceiver operates by placing the driving coil on a movable
member or diaphragm which is non-magnetic. Re-
ferring to Fig. 1, this case corresponds in principle to
using coil No. 3 as the receiving coil. The theory
of this case is identical with that for the vibration
galvanometer which corresponds to a simple receiver
if no eddy currents are present.

We will consider the case where an eddy circuit
No. 2 is present in the stationary magnetic poles
supplying the polarizing flux. The -characteristic
equations are

Z22 ’&.2 + Z23 2.2 = O
Z23 i2 + Z33i3 + Z342} = E3

/ | 2s)
— Zyts+Zugx =F J

This is different from the induction-type ‘:receiver,
case ‘““C,” only in that the driving electromotive force
acts in circuit No. 3 instead of the stationary circuit.
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In this case we are interested in the impedance measured
from circuit No. 3.

Eliminating 7,
(Zss— Zoi?/Zss) 13 + Zawx = E

. ) 1(30)
—Zuts +Zux =F J

As before the coefficient of 7; in the first equation is
the damped impedance Z;4, of the receiver. The force
factor is independent of frequency and uninfluenced
by the eddy current. The motion of the diaphragm
is independent of eddy current which adds no elec-
tromagnetic damping.

Z3m4 = Z342/Z44
Motional impedance as in the case of the simple re-
ceiver is represented by a circle with its principal dia-
meter coinciding with the real axis as in the case of the
simple receiver. Eddy currents act simply as an in-
ductively coupled external circuit.
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Fig. 14 shows plots of measured resistance and re-
actance of such a receiver. Fig. 15 is a vector plot of
motional impedance. The natural frequency is 522.5
cycles. The depression angle of maximum motional
impedance is small due to a small effect of eddy cur-
rent in the coil supports on the diaphragm.

CONCLUSION

The object of this paper is to reduce the theory
of typical magneto-mechanical vibratory structures
to the simplicity of the electrical network theory,
which amounts essentially to a manipulation of complex
algebra.

The method is illustrated by experimental data on
representatives of the leading types of magnetic re-
ceivers and transmitters. It is equally applicable to
types having any number of circuits or mechanical
vibratory systems including electromagnetic galvano-
meters and meters.



