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On the Form of the Energy Integral in the Varying Motion of a
Viscous Incompressible Fluid. By J . BRILL, M.A. Received
May 29th, 1895. Read June 13th, 1895. Received, in new

•. . form, September 11th, 1895.

1. In the varying motion of a viscous incompressible fluid, the
energy integral can, in two special cases, be put into the same simple
form as in the motion of the perfect fluid. These are the two-
dimensional case and the case in which the motion is symmetrical
about an axis. In the three-dimensional motion of the viscous fluid
the energy integral is of a more complex form than in the corre-,
sponding case of motion of the perfect fluid.

. 2. We will first consider the case of two-dimensional motion. If
we write

the equations of motion may be written in the form

Ox Ot dy , .

1^+^+2^-23 =+ | + 2 ^ 2 ^
oy •at ox

Eliminating Q from these equations, we obtain, for the equation
controlling the vortex motion,

oy x oy

Now, consider the differential equations

d.x dy dt

r 8: r dtT
uZ—V;- vC,—v —

ox oy
If TO = const, and /3 = const, be two independent integrals of these

•equations, we have

Ox _ oy _ 4 .

d (m, /8) ~~ 9 (m, ft) ~ 9 (w, ft)
) d(t,x) d(xyy)
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Also, in virtue of equation (2), we see that m and /3 may be so
chosen that we may write

Qfr _ 3 (W, fl
. • 3 (iB, y) .

.(4).

But we have

dv 3M o«. 3 (m, /3) 3 / 3/3 \ __ 3 / 3/3 \
3a; dy d (a*, y) 3a;* 3y ' 3y » 3a;'

from which it follows that there exists a certain function a, such that

3a . 3/3'

.(5).

v =

dx dx

3a , 3/3
—
dy

.( If.,we substitute from equations (4) and (5) in the first of equa-
tions (1), it becomes

a*

which reduces to = 0 (6).
3a; dx W dt

Similarly, the second of equations (1) may be reduced to the form

dy

From equations (6) and (7) we immediately deduce the energy
integral in the form

j~> , da , oft j > / , \ / o \

Q+ _.+mI =/(*) (8).
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Now, if we write
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zv~ i f . an

then equations (3) assume the form

dx dy _ ,.
u v

from which it follows that m and /3 satisfy the equations

dm ,dm , , dm __ ~
dt dx dy

ot Ox dy

3. In the case in which the motion is symmetrical about an axis,,
the equations of motion assume the form

.(9).

dz dt

Eliminating Q, as before, we obtain

a ( TT /da, to \ ) , a t TT a<ii\^ + l ( [ 7 w _ v ( ^ + J l ) | + 3 ( F o > - v ^ ) = O .(10).
dt dr v. Vdr r I ) dz\ dz'

Thus, if m and /? be two independent integrals of the equations

dr dz dt

we have

„ /OW , W \ " Tr dot W

( Ou o> \ -|7- d(i>

dr r / di!
3 (m, /8)

a (,, o
(w,

, r)
(m,/3)
Ur,»)
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and, in virtue of equation (10), we see that m and /3 may be so
chosen that we may write

3(M)

* dz' d(t, r)
.(12).

Thus we see that there exists a function a, such that

= r + T O r
.(13).

Substituting from equations (12) and (13) in equations (9), we
readily find that they reduce to the form

These equations at once give us the energy integral in the simple
.form P) 3rt

• (14),

which is exactly like equation (8).

Further, if we write

T T / mmma T T ' O 1/*-^ _ ^ ^

3r <«



478 Mr. J. Brill on the [June 13,

we see-that equations (11) assume the form

dr dz j ,

u'=v> = dL

Thus m and /3 satisfy the equations

9* 3 + & *

f
Oz

4. We now come to the discussion of the three-dimensional case.
We will write .

9a , 9 / 3 9a , 9/3 9a , 9/3
Oa; Co; . Oy oy dz uz

.from w,hiph,jt foUQWS. .that

9t — ° (w» )S) on _ 9 (m, /?) o . _ 9 (w, /3)
0 (y, z) o (z, x) d (», y)

The equations which control the vortex motion in this case are

Guided by our former work, we will now make the assumptions

, t)

Oy' J d(z, t)
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Substituting these values in equations (15), and taking account of
the values for £, TJ, £ given above, we obtain

^£ _ ^ — O n _ ^£' — ^k — ^a — o
• . dy dz dz dx dx dy . .

These equations indicate the existence of a function $, such that

ox • *• oy ' vz

Now the equations of motion of the fluid maybe written in the

B Oy

By means of the results given above, these equations may be easily
reduced to the forms - -

" dx dx^dt . dt' dx

Hence we obtain for the form of the energy integral

The function & satisfies the equation

.(16).
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Fx'om equation (16) we see that the energy integral can only be-
come reduced to the simple form that obtains for the motion of the
perfect fluid if the vortex lines can continually be cut orthogonally
by a family of surfaces. This is necessarily so in the two special
cases we have considered. It, however, indicates a state of affairs
that must be very rare in cases of three-dimensional motion.

If we write u = «'-}-/, v — v +g, w = w'+h,

and determine/, g, h so as to satisfy the equations

then we have 2 (w'n-v'Q =

From these equations, we obtain

. / d(m,0) , , 3 (m, 0)

.(17);

which may be replaced by the two equations

, 3nj, , / 3m , / 3«i . , 3nt
Of da; d

From these we easily deduce
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Comparing this with the equation given above, we seo that k — 1,
aud the above equations assumes the form

dm , am , i dm , , am ' n

at CM ay dz

ob ox uy dz

Thus TO and /3 are solutions of the equations

dx _ dy dz 7,
«' v w

It is to be noted that equations (20) allow one dogree of freedom
in the choice of tho quantities / , y, h, as should bo the case.

On an Expansion of the Potential Function l/R'~l in Legendre's

Functions. By E. J. ROUTEI. Received May 29th, 1895.

Read June 13th, 1895.

1. When we require the potential of a body attracting according
to tho inverse square of the distance, wo use Legendre's series

~ = 2 P , , / r '.'. (1),

where Ri=l-2ph + h\

But, when the law of attraction is the inverse attl power of the dis-
tance, we require the expansion of 1/iJ""1. There are two ways of
extending Legendre's series.

First, we may continue to make the expansion in powers of hn
t and

put •
p = W •..-•• (2).

Jf i: —1 is an odd integer equal to 2/n. + l, we have

t i * P ('A\Ji'
1. o .5 ... (2m—
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