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THE SIMULTANEOUS SYSTEM OF TWO QUADRATIC
QUATERNARY FORMS

By H. W. TurNBULL.
{Recsived September 20th, 1917.—Read November 1st, 1917.]

TABLE A.
The 125 Irreducible Forms of the System of Two Quaternary Quadratics f = 2 and f* = b2.

5 Invariants. a2, b2, (AB), a, b, ie. 4, ©, @, O, a'. § 28 (ii)
5 Covariants, f, (482)3, (Baz)? f' and the quartic § 28 (ii)
azb.agb. (4 B)(ABz)(Bax). §34

5 Contravariants. w2, (Abu)?, (Baw)?, uy and the quartic
U, gasd, (A B)(Abu)(Bau). § 34
16 Complexes. (4p)*, (Bp)?, (abp)?, (aBp)?, (4B)(4pXBp), § 28 (ii)
(abp)(aBp) agb., §29
(adp)(a'bp) apas (= Fy?), (abp)(adp) b.b: (= FyY) §14

{ (abp)(aa'p)(a’'bp) aga’y, (aa’B)(Bp)(a'"bp)(abp)aga’y, §§87
(aa'p)(aBp){abp) ajb., (aBp)(aa’B)(abp) asbe (Bp),  -to 39
and 4 similar forms.*

20 Mixed Forms containing  a.asu,, b:b.u., (4B)(aBu)a;, (§35), § 28 (ii)
< and u. (aBu)(a'Bu) a.a;, §85
(Abu)(A48x) bsug, (Baw)(Bax)a,, § 28 (iii)
(4 B)(Abu)(Baw) a,b;, (AB)(ABx)(Bax) tus. §29
(Abu)(ABz) b.agu.ar, (Bau)(Baz) asb.zb;, §31
(Abu)(ABx) bauats and a similar form §29
(Abu)(48zx) azab, " ” -
(4 B)(Abu)(Ba) b.u.a. » ” §31
(4 B)(Abu)(Bau) astsb: . " v
(@'’ bu) (Baat)(Ba'u) azb.ay §35

(a'a" Bx){Bax){Ba'u) w.auay .

* By *‘ similar form ’’ in the above is meant a form in which all the symbols a, 4, a are
interchanged respectively with b, B, 8.

In this, ae=aa'a", 4=aa, (aBp) = (aBuv) = UVs—V.Usg.
B= bbb, B=0bb, (ABz)= asaieajas.
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TABLE A.—Continued.

Mixed forms containing (abp) a b, (aBp) agb.a.b,, (4B)(Bp)(A4Bz)asa.,

zand p: § 28 (ii), §298, §29

9oforders8in z and 1in p. (4B)(4p)Bax) b.br, (AB)(A4Bz)(Baz)aBp), §29

(4p)(ABc) agas, (Bp)(Baz) bb,, § 98 (iii)

(abp)aj (4B2) bs, (abp) b (Baz) . §89

4 of orders 2 in z, 2 in p. (aBp)(48z)(4p) bbs, and a similar form, § 298

(abp)(4 B)(Baz)(4p) b.a. " §81

1 of orders 2 in 2, 3 in p. (aBp)(ABz)(Bax)(Ap)(Bp). §29

Mixed forms containing  Re.write above set with « for z, §29
% and p. Correlative of a,, a
the above 9+4+1 =14 a, a,
forms. 8, b
b » Bl

and 4, B, p unchanged.

Mizxed forms containing (Abu)(Ap) b, (ABx)(4p)us, and two similar forms, § 28(ii)

z,p,u: (abp) a:b.a,, (aBp) apsasi,, " ' § 28 (iii)
16 linear in all variables. (4 B)(Abu)(Bp) b:, (AB)(ABx)(Bp) s, » "

(abp)(Abu)(ABx) as, and one similar form, §29

(aBp)(Abu)(482) b., " " §29

26 of order 2 in p, linear in  (4p)(Bp)(4bu) b;, (4.B)(a8p)(4p)(Bau) asb.b., §35, § 3¢

o and z. (abp)(aBp) asr.b;, (abp)(aBp) basa., § 298

(abp)(Abu)(4p) a., (aBp)(4B8z)(4D) u., §28 (iii)

(AB)(abp)(4Abu)(Bp) a:, (AB)(aBp)(dBx)(Bp) ., §29

l (aBp)(Abu)(4p) asd.a., §31

and five similar forms.

(abp) azbus (Ap), (abp) aj (Abu)(ABz)(4'D),  §37,§38
(AB)(abp) agbsws (Bp), (abp) ag(Abu)(48z)(4'B)(Bp), .,
(abp) aj(a''bp) aj (Ab'w) bs, (abp)asb. (aBp)(ABx) s, §388

and six similar forms.

4 forms of orders (2, 1, 2). (Abu)(Baw)(4p) bias, (Abw)(Baz)(4p) b, §35
and two similar forms.

I

Prelyminary Reductions.

1. In the Mathematische Annalen, Bd. 56, Gordan has worked out a
gystem of invariants for two quaternary quadratics. In the following
pages it is proposed to shew how Gordan’s system can be very much
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simplified. In fact, we shall reduce the system to 125 forms instead of
Gordan’s 580 forms.

The theorems established in Sections I and II of this paper are sub-
stantially the same as in Chapters 1 and 2 of Gordan’s work. They are
only reproduced here to make the investigation complete.

2. Let f:ai:a’f:...]
and f’:bi:b’f:...{

be the two quadratics.

, D

Then any invariant is expressible as a product of factors d,, (dd, p),
(dd,dyw), (dd,d,ds), where d stands for a or b and each different d occurs
exactly twice in the form. The symbols z, p, u are the variables,

u denoting plane coordinates,
p = (uv) ’ line . ,
z = (uvw) point " .

go that %, = v, = w., = 0 always holds good.
To be more precise, we define v by the relations

wo—vu, =pax (G, k=1,2,8, 4).

Any invariant J is then a function of the variables z, p, w: but for
purposes of reduction it is sometimes well to break up p into its elements
u, v; in which case we may have, in addition to the four types of factors
d,, (dd,p), ... above, the new factor

[(dd, dyw)(dydy dsv)— (dd, dgv) (d3 dy dsu)] -
This factor is equal to
(dd, dqdy)(ddsuv)y+-(dd, dyd ) (ds dguv) 4 (dd, dads) (dyd, uv),

which contains p explicitly.

The Fundamental Identities of Quaternary Forms.

3. Neglecting reducible terms containing #, or v, we have three
identities :

(abed) e, = (abe¢e) d=+ (abed) c.+ (aeed) b+ (ebed) az, (D
(abew)d, = (abdw)c,+(@dbu) b+ (dbcw) a, (In
(abp)e, = (acp) b, +(cbp) a,. (I1T)
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In these, let ¢g; denote the bracket in-the left-hand member. Then a
useful reference symbol is

(@, € for identity (D),
Go d) - D,
@o &) » (IID).
These identities follow from the identical vanishing of a determinant
@ G G G G-
b;
G
dy
€

Determinantal Permutations. »

4. Let a; denote a, or else a bracket containing a. Then, if a;, . i8 a
pair of such symbolic factors, let

as 13, denote azb.—b;a.;

but let (abkl) leave (abkl) unchanged.

This is a determinantal permutation of @, b. We extend the operation
to any number u of such symbols, @, b, ¢, ..., the dotted letters undergoing
all interchanges, as in the development of a determinant. Thus

asb.é; denotes the 6 terms asb.c;—asc.be+...,
while  (@bkDé . 8 . (abkDos+(bekDas+(cakdbs.
This allows a very concise notation for the symbolie identities.. In fact,
it u« = 2, we have the identity (akmn) bs = (abmn) ks ; av
, »=28, , , besides this, (akmn) bsé. = (abcn) ksme, 45
with its 6 terms on each side;
if =4, we have asb. é;(i,, = (abed)(deln)
= (abed) dJ}(I,', where é = (dd'd"), (VI)
(abmn) cod, = (abod) igin, (VD)
@bkD(edmm) = (abed)(kimn) ; (VII)
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if u > 4, the result is zero, e.g.
(@béd) e, = 0.

Each‘identity can easily be verified,* being deduced from Identity (I).

11.

Application of these Identities to Two Quadrics.

5. Suppose that in the above identities, a, b, ¢, ... refer to one quadric
f. Complementary to these therz will be another set of symbols a, b, ¢, ...
in each symbolic product P representing an invariant of the system. Now
let these u complementary symbols lie in one bracket, g, where u }> 4.
We may then typify the product P as

(abe ... kdydy ... dy_)[a, b, ¢, ..., k],

Now permute [a, b, ¢, ..., k] determinantally. Then from one or other
of the identities, we have

(@be ... kdydy ... ds_)[a, b, ¢, ..., kK] = 299,92 -

where ¢, is a bracket containing (adc...k ...), and where g denotes the
initial bracket on the left. But each term of the series on the left may
immediately be reduced back to + P, since all the symbols a, b, ..., k are
equivalent. We may therefore say that

P = 0 mod gg,,

where both g and g, contain (abc... k).

Moreover we may select for ¢,, any bracket whatever, except g, of the
original form P. What happens is that the contents of g, are diverted to
the positions in P which were originally held by the x symbols a, b, ..., k.

Suppose now u = 4. Then gg, is equal to the invariant (abcd)®.

Hence if P contain (@ayazas) or (b, byby),

it is reducible. A (2)

* For a formal proof in the general case, see the author’s paper, ‘‘Quadratics in
n Variables ’’, pp. 201-4, Camb. Phil. Trans., Vol. 21, No. 8.
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The Characters cy, ¢, Cpa, ... .
6. Let ¢, = the degree of P in the coefficients of f,
Cy = " " f
¢, = the total of factor pairs gg, containing «,a, ... a,,
Coy = ” " bb, ... D,

It follows that, if ¢, > 0 or ¢y > 0, P is reducible.
Then we consider the forms P in the following order :—

1. P, comes before P, if ¢, or ¢y’ in P, is less than in P,, while the
other ¢, or ¢, is not greater.

2, If P, and P, have the same ¢, and c; take P; before P, if ¢, is
greater in P;, while cyq i3 not less ; or vice versa for ¢, Cog.

8. If ¢y, ¢y, Cy3, Cog are the same, take P, before Py, if ¢y is greater in
P,, while ¢y 18 not less; or vice versa for c¢,g, Cog.

The Modular Notation.

7. It P contains a factor g which implies reducibility, we write either
P =0, or g = 0, indifferently.

There may be groups of equivalent forms P,, P, Pg, ..., whicl are
such that each form of the group differs from another by reducible terms.
Then we write P=P,=P,...

The Contracted Symbolic Notation.

8. Let a denote three equivalent symbols aa,a, bracketed twice.

ﬁ 7] ” bbl bﬂ ' 1]
A two ” aa, »
-B 1] ’” bbl ”

Then c¢,5 denotes the number of different symbols « in the form. And
it is clear from § 5 that
=0, 0L=0. 8)
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The Symbols a, B.

9. If P contains (a,azazu)(a;a;arv), where i,j, k=1,2,8 or any
other suffix, P is reducible.

For, if the complementary a, is absent from the second bracket g, by
using the process (g, @,) of § 8, we express this as 8 terms

(@) @y azu)(@y a;a;v) mod (ara;a;a,), B.. Gy
Repeating the process, twice if necessary, we obtain
(a,a3a3u) (@, ayas v) mod c,,,
“t.e. UaUa.«

As this increases c¢;;, with c¢,c; unaltered, P is therefore reducible.
Further, it implies that all the symbols «, a), a; of P are interchangeable
in every way whatever. We may therefore drop the suffix 1, 2, ..., and
call them all «. Similarly for 8.

In the above, « and v denote any symbol.

The Factor (ayazagzd) = 0.

10. If a,a,a; are not twice bracketed, their complements are found
either in brackets or in factors a,,, a,,. If the tag suffix is the same in two
cases, P is zero.

Hence there is at least one bracket g,. By a determinantal permuta-
tion we may bracket the three complements a,a,a; in g;,. This expresses
P in terms of products where a can be written twice for (a,asas). So P
is reduced. But we must include & new type of bracket defined as

(aBp) = (UaVp—V,2g) = 2, Vp. (4)

For if in the above reduction ¢, contained p or (uv), then necessarily v
are separated when a,a,ag all come into g,. Let them stand in wsvs.
Since uv staried from one bracket g,, they will now be found in the com-
bination ..
Us Vs
where 6, &' stand for «, 8, z or (dp), dd,u, dd,d;. In these cases wv may
be rebracketed in one or other factor #; or vs, thereby regaining the lost
symbol p, unless both &, &' are a, 8 or z. But uy, v, are both 0, which
only leaves the new type (a8p).

To sum up the present results, we must consider forms made of factors

Uay gy Qzy Doy @g, ba, (aBp), (@bp), (aa, p), (aa,bu), (b, p), (abd,w), (aa,bd).
(5)
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Factors g with two Symbols a o7 b.

11. The product (aa, k) (a;a;mn), where k, I, m, n =1, b, or p, is re-
ducible. As before, by permuting the complements of a, «,, we express

this in-terms of (aa, kl)(aq,mn),

and terms with more than two symbols a in the second bracket. We write
bhis as (AED(Amn).
Thus if there are an even number of brackets each with two a’s, we can

pair off symbols A4, 4,4,, ... to fit them. Clearly the permutation

4,4, would now shew that any pair of A’s can be interchanged. The
same can be done for B. We have then possibly one pair (aa,) left over,
which weé do not call 4 until its complements are explicitly bracketed.
As for the other 4’s, we may drop their suffixes. We deal with (bd,) in
like manner.

We have now to consider these factors

(aa;bb)), (abbyw), (baa,w), (abp), (4 B), (@Buw), (bAw), (4p), (Bp), ag, ete. ()

The Factor (aa,%)).

12. If P contain this odd factor (aa,?j), the complements a, a; must
occur in factors of type

(abbdyw), (abp), (@Bu), ag, @z, O g, Ga, I3 Gu» 95 S8Y-

If g, occurs, we may bracket the complements @, @, in ¢, and reduce P.
The same process avails if @, a, occur in two factors like g, or g,g; or
gads OF g3gg.  Two factors g,gs or gsg; are clearly reducible. We have

then left over
9293 9294 9395 G495

Now 9a0s = (abp)(a, Bu)
= }abp)(a,Bu) (since aa, is in another bracket)
= 13(0"bp)(4b'u) Gf B =0b'0")

15(Bp)(Abu) (§ 11)

0 (for cyy i8 increased).
We have left over go94, 9395 9495, t-€. forms containing

(@ %)) @bp) ar,, (aay%)(@Bu) ay,, (aa,%) agay,.
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77
Let us denote these by
Fl = (a.'bp)u‘]ﬁy .
(AB) = @Bu)dy, = —(bAwb,, [by (1) of § 8], @

and (4Bz) = agay .

13. Similarly for an odad factor (bb,j), only now we have to add to the
five possibilities corresponding to g, gg, -.., g5, & sixth

96 = F, = — (abp) dxp‘
If b, b, stand in F, and another p-bracket, or F, and b,, we may at
once bracket bb, in F, and reduce it. The other two cases are
F,(byAw) and F,b,.
Of these, the first is reduced as in g,9; just above. The second is sub-
stantially
P = (aa, %) (b, kl)(abp) a, b;, (where p = wuw)
= % 2 ” (a’bp) a'l, I‘)_l‘
=% , ., (abbd)a, . [by @ of §8]
=1 , (Bkh(@Bv) @yl
(where the dots go in two pairs, aa, being permuted separately from wv)
= i " 2] (AB) 'bﬂiLa
= }(A4Y)(BE)(AB)(afp)
=0. (8
14. This completes the preliminary investigation. All the pairs aa,,
bb, are replaced by 4, B.

Any form P of the system is composed of factors of types (¢). (¢y).
and F; where

(P) = @y by, %oy up, (4p), (Bp),
(p) = (abp), @., ag, b., bs, (aBuw), (bAu), (4B),
(AB)', (4Bz), (Baz), (aBp).
F, = (bap) ag—ba'p) ag = (bap) ag = (AB0p),.
Fy = (abp) b.—(ab’p) b, = (abp) b, = (Baap).
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Moreover, each symbol can be interchanged with any equivalent symbol,

a with a’, 4 with 4', and so on.
Gordan proceeds to arrange the system in 6 classes J.

J contains the squares of these factors including (AB)(4B) ......... 21 forms
J »only factors () ..o 23
Jay o, " (B9), (®) cvoeeee oo e 186,
Ju i Fybut not Fa .o 134 ,,
IO Fy 0 By o e, 134,
J v P 82
Total...... 580 ,,

ZWe shall prove that these sets contain at most

21474+7841241240 = 125

irreducible forms.

II1.

The 1, 2,8 Notation.

15. To discriminate between forms which are not equivalent it is well
to change our notation, using a device employed in dealing with systems

of ternary quadratics.*

Let every form P be rewritten a.ccording to the following notation : —

for @, write 1; or 1, for b, write w or jw,
» Ap) o 25, 82, 5, (Bp) o, @y 4 2w,
no Ua s B¢ g 88y 5 Up 4, @y oy 303

for (abp) write 1, or ,1,

»w (@Bw) ,, 1 ,, o1,

w @By, 2, 42,

w @B, 2, 2

i3] (UIBP) LX) 33 19 33:
and S0 on.
Thus 1, 2, 3 denote a, 4, a, while 1, 2, 3 nsed as suftices
b, B, B3, respectively.

#* Cf, Turnbull, ¢ Ternary Quadratic Types’’, Proc. London Math. Soc., Ser. 2, Vol,

denote

9, p- 83.



1917.] SIMULTANEOUS SYSTEM OF TWO QUADRATIC QUATERNARY FORMS. 79

The factors F, and F, are however retained.
Let the symbols 7, 7, k, ... denote 1, 2, 8 indiscriminately.

Chains and Tags.*

Further, let such a product as
ij.kj .kl LMy ...

be abbreviated to (m?’jklmm) )
If this expression start with ¢ and end with £ or o, it is called a tay.

We denote it by (s). Otherwise it is a chain, when both the extreme

symbols are of type £ or w, or else neither £, » appear at all. We denote
a chain by its extreme symbols

Wn (%) (g7) oo

Properties of Chains and Tags.

16. (1) In one chain or tag all the upper symbols ¢, &, m must differ,
except possibly the two extremes of a chain.

(2) So also must all the lower symbols 7, I differ.

Otherwise the form
is reducible. Thus the chain

181w . 131
(«f 218 ) contains the factor ( 92 1 )

(8) In a tag (¢), each symbol j, %, ... is paired, but ¢ only occurs once.

(4) In a chain (£, £) or (w, w) each symbol is paired..

(5) In a chain (¢, o), (3, §), or (z’ ]->, each symbol except the two ex-
tremes is paired. ‘ '

(6) The symbols £, » can only occur as extreme symbols.

* See note on previous page.
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The Set of Forms JV, J®, J©,

17. It is obvious that all forms P which are made up of symbols
1, j0, ki, but which have no factor ¥, or Fy, are only of two kinds, viz. :—

() chains such as ‘(fz g), (E'b w), (wq) w)T

(IT) chains such as (’bjk 7,)’ (,k ]).

For P consists of chains and tags on'ly, and each extreme symbol of s
chain or tag must be paired with some other extreme symbol elsewhere.
The resultant of such can only be one chain.

Reducibility.

18. If by any process we can transform P to terms involving (1) either
less symbols 1, 2, 8, or (2) more symbols §, o, then P is reducible.

Progof.—(1) The number of pairs of symbols 1, 2, or 8in P is the
grade of P. To diminish the number of these symbols is to lower the
grade. All we have to do is to deal with the forms in ascending value
of grade.

(2) If we consider the chains (I) before chains (II) of the same grade,
then P is reduced if we increase the number of £, » symbols in P.

IV.

Formulae of Reduction.

19. The above principles will now be illustrated by establishing the
following formule :—

(A) 2.8, =2,.8,42,.8;. 0
% 1, = —2.1,—2,. 1;. g0,
B) 2.1, = —2.1;.00—1,. 0.2,
2.8, =+ 2. 8;. 0043, 2. g0,
©) Fy.q0=8,. 1,4 15. 8; . g0,
Fy.8 = —8;.2,+8,.2. 0,
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D) Fy.y0 =—1,.8,—8,.1;. 40,
Frole=1,.2—1;.2 .30,

E) F,.2, =2;.8,.1,41,.8:.2,
Fil,=w;.15.%—1; . 0.2,

(F) Fy.23=—2,.85.1;—2.15.8,,
Fy.8,=2.83.00—;.8,.2,

() 2,.1,.8, =0,

H) 2,.8,.1, =0,

) F,F,=—2,.8,.1,+2:.0.1,.8,

X) Fp. 2 =+2.85.1,—2,.8;.q0. 1,
F,.2,=0,

L) 2,.85. 1¢4+1,.8:.2,=2;.8:. 5. 0+ 1. qw.8,. 2,

' (M) 12.33.1tu+11.3w.325 0.

Proofs of the Formulae.
(A).

20.  2,.8, = (Abu)(Baz) = (Abu) b.1" (say)
= (Abb")ug b+ (Ab'w) b, b (mod a,) (by 1d. 1)
= (AV) wubyAH(ABY b,

(and termns with bb'd" bracketed, »which are reducible by § 10)

= —(AB)u,.b,+AB) b,
=—2,.8:.,0+2:.8,.

Interchange the symbols of the two quadratics f and f’ throughout,
and the second formula is established. .The signs are changed because

(BA) = —(4B)'.

SER. 2. voL. 18, 0. 1330. G
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(B).
21. 25. 1, = (aa'bu) b} (@"b"p) ;
and using 1d. IT, remembering (1p) = 0, this
= (aa'b"u) b} (@"bp)+ (@b"bu) b} (@"a'p)
(where a is only permuted with o' and b with b')
= (Ab") a; (b'bp)+(a”b" bu) b, (aa'p)
” +(a"b'bw) b} (aa'p)

if

_21. lg.glo—lg.lw. 25.

The second formula (B) follows from the first by the principle of
duality, which is effected by interchanging « with z, a with a, and b with
8: or simply 1 with 8. But we give a direct proof: we have

22. 83 = — (aBuw) a; (. vs—ugv,).
Using 1d. I upon (aBu), vg, this product
= — (vBu) a; u,a5— (@ BY) a, 1,15+ (@ B) @, ugv,.

The first term = (Bp) a,agu, [since p = (uv)],

= (Bp)(ABx)u, (i.e. q0.8;.2).
The other two terms = — (aBv) a;2t.uz (as they stand)

= —(aa'b'd) by, (since v, = 0);
and now using 1d. I on u, and this bracket, this

= —(aa'uv) b, i)Luﬂ

= (dp)(Baz)ug (i.e. 2¢.85. j0).

Hence 25,83 = gw.8;.2;F2;. 8. go.
(©).
22, Fy. g0 = (abp) b.. ug = (abuv) b, . up

= (abd'v) u,us—(abd'w) v up.
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Now using 1d. I upon the first term, this
= (ubb'v) u,ag+ (abb'u) 1tg Vp—(@bd'u) v, g
= (Bp) ztaap-!—(aBu)(a,Bp)
=g0.8;:.1341,.8,

Interchange f and f’, and the second formula follows.

D).
These are the reciprocals of (C) :
Fy. 10 = (abp) b.b"
= (b"bp) bia,+(ad"p) bL, (by 1d. III)
= (0'bp) baas+(ad"p)(Bra) [mod (bb'd")]
= —(Bp) b;.a,— (ab"p)(Bax)
=—.8,.1,—1,.3,

The second formula is analogous to this.

().
28. F,. 2, = (abp) bL(d"4u)
= (abp) b0’ Au) + (@bp) ua(b" 41"
= (aa'p) b, (0'ba"u) + (ab"p) 1, (bAD')

83

[on collecting bd' into the second bracket and omitting reducing factors

{b"B) or (ad), A being (a'a")]
= (a"a'p) b, (b'bau)-{-(qb"p) Uy (ADD")
= (4p) b;(aBuw)+(ad"p) u, (4 B)
=2.8,.1,+1,.8.2,

Similarly for Fy. 1,.



84 ' Mg. H..W. TurNsULL [Nov. 1,

).
These are the reciprocals of (E):
Fy.2; = (abp) bl..apal
= (a"bp) blapa.~+(ad"p) blasb, (by 1d. I1I)
— (aa'bb')(afp) a.+(@'a"p) biagh: [cf. § 18, (8)]
—92,.8,.1;—2.8,.1,

Il

Similarly for F;.8,.

(@).

24. Multiply the first formule (C) and (E) by 2, and z» respectively
and equate results. This expresses 2,.1;.8; in terms each involving ¢,
w symbols, and so it is reducible (§ 18).

Likewise (H) follows from formule (D) and (F).

.
25. Here
F\F,= (abp) b (0"a'p) ag
(@'bp) bl ("ap) ag+ (@a'p) b, (b"bp) g
— (4 B)(afp)(abp)+(4p)(Bp) boag [as in formula (F)]
—2;.85.1;4+2;. 2w .15. 8.

(K).
26. Fy.2 = (abp) . (a"Bu) d.
= (a"bp) b, (@ Bw) at+ (abua”) b, @Bu) 4  (hy 1d. I)
= (a"a'p) b’ (aBu) b+ (abb'a") u, (Bow) '
= %.1,.8,+('bb'a") u, (Bou) a,
=92 .1;.8,—2.8;. 0. 1.

Similarly for F,. 2;.
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(L).

27. This follows by combining formule (C) and (D), eliminating F, as
in the case of (H). In formula (L) the two right members contain more
¢, w factors than the left. They are therefore reducible. Lastly (M)
follows by eliminating F, from (C) and (D).

V.
The Complete System.
28. We take the forms in the following order :—
(1) forms with no factor 2; F,, F,,
(2) ” 2; but no F,, F,,
(3) ” F,, F,.

Let these be denoted by K™, K@ K® regpectively:

The System KO,

We enumerate these in ascending grade.

(1) Grade 1 has six forms
fr f's (Ap?, (Bp), ul, u.
(i) Grade 2 has nine forms
oy
EJ /)’
i, j being 1, 2, 8 in all their arrangements; and nine forms
()
i)
(iii) Grade 8 has eighteen forms
( 1 k ) (w J w)
£5 & k)

where ¢ =& k, but 4, j, & are all other possible permutations of 1, 2, 8.
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Note that these forms are exactly the same if ¢, ¥ are interchanged. No
obvious reductions exist for any of these forms.

(iv) Grade 4 has two types

(fi] _ klw> and (z'jkli) ’

where 1, 7, k, I must contain a repetition.
(a) Let <, 7, &, I include a repetition of 2,
(B) k2] bR s b2 1 Or 8'

(a).
29. We may have
(éz'.Z w> (z’ 2_w) ( 2 'i.w> ( 2j w)y
£j2) 275/ \&25) \£i2
where ¢, 5 denote 1, 8.

The second and fourth of these reduce by formula (A), if v 5% ;. We
must omit these cases.

Proof.—The chain ...1,2;... = 1,.2,.2; (in full)
= 0 (modd 2, X 2, 2,%X23) [by (A)].

8.

Besides (fll'ljj?;w) , where 2 does not appear, we may have

o R O A B P I VA

and four similar forms with 2 as a suffix.
By squaring formule (C) and (D) we reduce the second of these four

forms. For example,
7 () =Co) C+ () () (67) 2%
Again, the third form

(gfj.“’) =i 2. Y =i 2wy (£ Fy it . 2.0,

.3 .
by (C) or (D), and each term has & reducing factor (%) or (57:7'“>'
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The first and fourth forms, however, do not reduce.
The gecond type, for Grade 4, viz. (zjkzz), isunaltered by interchanging

tand k or j and /, as is seen by writing it in full.
There are seven irreducible forms

(12211), (11231), (11321), (11331)' (12331), (81233)’ (32233),

.
omitting the form (’L2“]-7'), which reduces by formula (A).

Grade 5.

80. There are two sets of correlative forms

z]k) (wl’lnw)
(§ Im and ij k /)
where 1, 7, k& are 1, 2, 8 in some order.
(a) First take forms with 2, as a factor, and let ¢, 7 denote 1, 8.

There are two sorts, (522 f) and (57’22 f)’ since the chain may

be written backwards or forwards, (é"l]mkf) being the same as

(de):

Thus we have the four types
<$22 iijf.\)’ (Ei221j§‘>’ (522ijjf)’ ($i22§j$>'

By squaring each of the formule (E), (F), we reduce the first of these
four types.

The second reduces by formula (A).

The other two lead to four irreducible forms.

(B) Next take forms with no factor 2,.
With 2 in the middle of the top row we may have

(518 (¢1758)
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of which the latter is reducible by formula (D), as it contains the com-
bination lt . 11 . 23.

With 2 at the end of the top row, we may have

(e (22 (70 ()

The first reduces by (C) or (D), as it contains ¢.j, and 2;. The
second, containing, 2;. 7, reduces by (A). The third, containing 2;.j; with
Je reduces by (C) or (D). The fourth, representing two forms, involves

the relation
281 213\ _
(1% )+ (s 1g) =0
which is proved by multiplying formula (L) by £%.1%. 8%

81. Summing up, Grade 5 has six forms ¢,

(522i]jf) ' (fi22%j f)’ (51321 Sf) ’
and .one of ( 52]'7;7}]- f) .

Together with six  forms, this makes twelve forms in all.

Grade 6.

89. There are two kinds
I ( ) ] k w>
Eug Kk )’

7 k¢
I (”.J. )
i Ky
i, 7, k as well as ¢, jy, k, being 1, 2, 8 in some order.

1 (fz'il]jlkklw) —PFirstlet 7y = 2. If ¢, = 2, then, by formula (A), i
and ¢ cannot differ, so that j, = ¢. This gives ( $w22ikkw), which reduces

at once by (G) or (H). Hence ¢, cannot be 2.
It follows that either j, = 2 or &, = 2.

If j, = 2, then by formula (A) 7; and & cannot differ.
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This gives the form (5322‘7,0-“’). ‘ 9)
Again, if k; = 2, t.e. if we have
(2 'w)
g2 )
then j, = k by formula (A). This gives
( £ 2 k w)
Et k2 )

which reduces by (G) or (H).

This exhausts the case when j = 2. Correlatively it exhausts the
case when j, =2. Take now the remaining cases, when 2 is found
among ¢, k as well as 4, &, :

@ ((2n) 0 ()

17 2 w) ( ) 2 w)
@ (&5 @ \¢gij2 )
In these (@) and (d) are correlative cases.

(@) If j=,,, then k=1Fk;, and the form reduces, as it contains
Ja- ki . rw, by the first of formule (C) or (D).

This leaves the case (522‘7 kkjw). Similarly for (d).

() If j =), the form reduces by formula (G) or (H), as it contains
2;.J;. 4. Similarly for (c).

But if j 5 j;, then %, 5~ k, and the form reduces by formula (A), as it
contains 2;, &, (¢ 5= k). Similarly for (c).

Altogether we have then (522] kkjw) and (fj kk]-22w). But maulti-

plying formula (L) by 15. 8, . 2,. 40, we get
182w 812w\
(69 127)+ (1 s%) =0
Similarly for ( 522] kk].w).

. 2138
Again (5 98 lw) = 2,.8;.8,.1,{1,. 2;—F,. 1;}, by (D,).
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The first term reduces by applying formula (A) to 1,.2;. The second
term contains F, .1, Using (E,), this

:(1 3w)(2)2_(1 32@)
—\f13 2 £812 )
Hence forms (a), (d) are all equivalent. We retain one of them.

17k 1 . ) .
ixjjx k, ).-—-Wlthout; loss of generality we may consider only

(1 28 1)
\itg k)

(@) If j = 2, then ¢ cannot be 1, by formula (A); nor can ¢ =38, for
then k& = 1, and the form contains 1,.8,.2,, which reduces by (H).

83. 1I (

() If © =2, then 7% 38 by (A); nor can j =1, by (G).
(c) If k=2, then 758 by (H); nor can 72 = 38, by (A).

So all the forms reduce.

34. Summing up, Grade 6 has three forms
< 123 w) ( 321 w)
&s21) \f128)

24)w
d one of (£072)
and one o £271
There are no irreducible forms of higher grade, as all the upper or
lower symbols must differ, so that three is the maximum number of each.

The System K®.

85. This consists of chains involving 2;.

By formule (A), (B), the combination 2;.7; is reducible if ¢, j denote
1,1 or 1,3 0or 3,1 or 8, 3; for the formule express these factors in
terms of forms not involving 2; at all.

It follows that the only possible chains involve not more than two
symbole <, 7.

!

Again, the chain (Z22j) is reducible by (A) if ¢==j. Hence we re-
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tain the following nine forms :—

(2 Go) () (9 (50 (625
' 1=1, 8.

The System K®,

86. This system, involving factors F; and F,, consists of two parallel
sets : J involving F, alone and J* involving F, alone. For, by formula

(J), the product F,F, is reducible.
We consider then forms P = kM, where M consists only of chains

and tags.
Formule (C) to (K) shew that we need not consider terms with the
factors 35’ 1§‘, 12: 3, 2;' 1o

There are three cases, besides the isolated form F?, viz.

I R(;) ()% uw A( 4)® m or( 7 ()

where ¢, 7 are 1, 8.
' I

2 (2) ()™

87. The presence of (2) implies that in the other tags no upper link
is 2. Likewise no suffix can be 1 or 8.

Thus 7, (li ) (3]‘ ) (2k...)

can only be Fyoe.go.2y Frow.ge (22w> ’

having regard to the list (10) given above.

II

Fi(y o)

88. The chain is (1"3> at most. For (17']. 3) implies j = 2 and

one of ¢, k=1 or 8, and so is reducible.  So- we have three cases,
v =1, 2, or 8.
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Case 1. F, <113) @
The tag (2) may be 2,

(2;0), t=1or 2 or 3; or (ZI.J ) :

here j 5 2, so take j =1 or 8.

If j = 1, then ¢ cannot be 1 or 8 because of (113). If j=1, then <

cannot be 2, since j; would reduce by formula (E). Thus j cannot be 2 or 1.
If however j = 8, then j; is inadmissible. So the tag must contain

another link % and be (213371:'”)‘ Here 4, k % 2, since 8, is a reducing
factor. Thus ¢, k=1, 8; and the form 1s again reducible, because

of the chain (1 3) repeated. We are left with the above two types

only. Of these, F, (113> (2jw) reduces if 7, j are 1, 3 ig either order.

For this contains +.2;. F, = Fi. 7t and reducible terms, by formule

(C), (D).

Case 8. F, (123) (2).

The tag (2) may be 2

22 w,

(2@_,‘ ) :

here ¢ can only be 2, because of the factors 2,, 2; already in (123).

Hence j cannot be 1 or 8, because j; would then reduce the form. Thus
no form exists.

Case 8.
This is parallel with Case 1.
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IIL.

F, (% 2) (7) @z, 7 being 1, 8).

89. If the upper link 2 appears in (@), this becomes a form already

discussed, having the chain (7; j)' Hence the upper links of (7> are ¢, J.

It follows that 2 cannot be a suffix, as 4, j, are reducing factors. Nor
can 7, 7 be suffixes.

This leaves j*, j*¢ (k=1 or 8) as possible. Of these the latter reduces,
because of ;. Hence j* alone remains.

The possible forms are Fy.d.59,

F, (iq’r... 2) Iy

here » %71, j, Case II. But if » = 2, then ¢ #4,5. Nor can ¢ = 2.
Hence the form always reduces.

40. In Table B overleaf these results are collected. But to make
the system more accessible, the 125 forms given below are sorted into
their orders in z, p, w, translated back into their original symbolic nota-
tion. Reducible terms in the expansion of Ff, and the like, are omitted.
These sets are given at the beginning in Table A.
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VI.
41. TABLE B.

Arranged in Groups to correspond with those of Gordan.

References. The 31 Forms J:Y,

af:' b:i‘ (4p)% (BP)S» “:v "‘:T;b (abp)"” ((ZBM)’, (bA“)’v

a2, ¥, (AB), (AB)(ABY, (4B)?, (4B%)?, (Baz)?,
(aBp)?, F3, F?, a, b

‘a?

The T Forms J@¥.

. $ 84\ [iji\ (i2d) (181\. . ._
i (%) (9, () (4%)s wi-ne
The 73 Forms J&.

(°) (&%) () wik=138

N (¢5'5°): (£5°) (f97°) (845°) wi=nn
(eijjiw)’
§2. (287). (88) () (&)
Grs'agf.f" (eged:‘je)' (:225 z)' (5132135)’ (zgjiiie)'
and four forms similarly for w.
e (&79) (A7)
§35. (&%) (fae) (%) (&%)

The actual numbers of each kind are, respectively,
(949+9)+(442+4+2)+44+(2+2+2+2)+2(2+2+1+1)
+(2+1)+1+2+2+2 =73

The 12 Forms J*'.
nl 2 1 ] B T i 2
$§87-39 B awow. 2y, Fow.w ( 2”), I, (113) 2, F) (113) ( ‘w),

F (11-3_)(220))’ F. (123)2“ 1‘11(123)(22“’)’ Fia2.g0,

Fl.;2.,w; i=1or3.

The 12 Forms J'® are similar.




