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ON INVARIANTS AND COVARIANTS OF LINEAR HOMOGENEOQOUS
DIFFERENTIAL EQUATIONS

By E. B. StouFFek.

[Received August 5th, 1917.—Read November 1st, 1917.)

It is known* that the most general transformations which convert the
system of linear homogeneous differential equations

(1) ?/;l+k§l (2pik!/f;+91'kyk) =0 (¢=12,...,n),

where p;; and ¢y are functions of the independent variable x, into another
of the same form, are given by the equations

(2) UYe = § an@n k=1,2, ..., 92),
A=1
@) £ = &),

where a,, and £ are arbitrary functions of z, for which the determinant
Iaxkl (K,}\:]_, 2, veey n)

does not vanish identically. A function of the coefficients of (1) and their
derivatives, and of the dependent variables and their derivatives, which has
the same value for (1) as for any system derived from (1) by the trans-
formations (2), is called a semi-covartant ; if the function keeps the same
vilue when (1) is transformed by (8) also, it is called & covariant. A
semi-covariant or a covariant is called a seminvariant or an invariant,
respectively, if the dependent variables and their derivatives do not occur
in the function. .

In a preceding papert the writer has obtained a complete system of
seminvariants for the system (1). It is the object of the present paper to
complete the problem by the calculation of complete systems of invariants,.

* Wilczynski, Projective Differential Geometry of Curves and Ruled Surfaces, Leipzig,
1906, Chap. I.

{ ¢“On Seminvariants of Linear Homogeneous Differential Equations'’, 1916, Proc.
London Math. Soc., Ser. 2, Vol. 15, p, 217.
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semi-covariants, and covariants. The methods used largely avoid the
solution of the complicated systems of partial differential equations which
arise by the Lie theory.

By means of the system (1) and its invariants and covariants we can
study the projective differential properties of any spread (except for special
cases) generated by ! flats in space of any number of dimensions. It
18 thus unnecessary to employ systems of higher order. This geometry
will be discussed in papers to follow.

1. The Invariants.

As invariants are also seminvariants, the calculation of invariants
merely requires the discovery of functions of the seminvariants which
keep the same value after the system (1) is transformed in accordance
with equation (3).

In the calculation of the seminvariants, it was found convenient to
introduce auxiliary functions of the coefficients of (1) and of their deriva-
tives, denoted by Uik, Vip, Wy (G, k=1,2, ..., n),

and defined by the equations
”
Ui = Pix—qixt '21 Dii Pix
j=

(4) Vi = Ui+ E] (Poup—piuy) @, k=1,2, ..., n).

n
wi = vi+ 2 (Pijvik_pjk'vv‘j) |
j=1 '

If I is a seminvariant involving w4, » successive applications of the
operator

=% <
* i=1 Ougg
upon I are indicated by -
0=pI== 3 9 )1.
“ rl i \dug
Similarly, successive applications of the operators
-Duv == § § Vik a ]
=1 k=1 Ol
-Dvw = E 2 w; a

=

k =
k=1 OVix

—
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are indicated by

JUS) — D:,,v I = ._1_ 5 é (U;A:"\—a—>s ](r)’

s! =1 k=1 Ul
™ = Dt I(rs)zl 5 g (w,k __a__)zI(n)
v 8 st o Oy ’

respectively.
For the purpose of the calculation of the invariants it is convenient to
replace the complete system of seminvariants* consisting of

(5) {I('N)(r‘ =0,1,..,n=1;5=0,1,2 ...; r+s<n), I"(s>2),
1"V (s>0), D\.J(¢=0,1,..n—9),

and certain derivatives, by the system consisting of
fl(mm =1 r=0,1, ..., n—1),

6) A IN=I"4=0,1,..,2—1;s=12..; r+s<n),
I (r=0,1,..,m—1; s=1,2,...; rds<n; t=1,2,8; t.<9),

and certain derivatives.

These seminvariants are proved to be independent by methods very
similar to those by which the seminvariants (5) were proved to be inde-
pendent. In fact, it is only necessary to find a non-vanishing deter-
minant of maximum order in their functional matrix. First put

wugp =0 @£ k).

It is then easy to see that there exists a determinant of maximum order
which has for one factor the cube of the non-vanishing Jacobian of the
elementary symmetric functions of %y, g, ..., %un. The other factor F
is a determinant in which the coefficient of the highest power of w,,. is
different from zero. In fact, this coefficient is the product of the deter-
minant which corresponds to F, in the case of 2—1 variables i equations
(1), and the functional determinant of I™) (r4-s ==, t = 0, 1, 2, 8) with
respect to all variables vy, wy for which ¢ =n or k = n, except v, .-,
Vuny Wan- 1f we arrange the rows and columns in proper order in this
latter determinant, and put wi, ¢ =1, 2, ..., n—2) and all vy except
¥, i1 0 =2, 8, ..., n) equal to zero, the determinant has all elements of
the principle diagonal different from zero and all elements above the

* Stouffer, loc. cit., p. 226.
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principle diagonal equal to zero. Thus this factor does not vanish, and
the whole functional determinant is different from zero, provided it is
non-vanishing in the case of n—1 variables in (1). But it is easily seen
to be different from zero in the case of » = 8. Hence by induction the
seminvariants are proved to be independent.

The system (6) contains 2n’41 seminvariants. But the system (5)
also contains 27°41 independent seminvariants, and these with the
successive derivatives of the #* seminvariants of (5) which contain 1w
form a complete system. Therefore the system (6) and the successive
derivatives of any #® of the seminvariants 70 (¢ =1, 2, 8) form a com-
plete system. e shall use the successive derivatives of the #* semin-
variants for which ¢ =1, 2.

In order to calculate the invariants we shall need to find the effect of
the transformation (3) upon the seminvariants. By this transformation
equations (1) are converted into

dﬁli - — diy - ]

where

Dii = ‘fl,' (pii+%"l)v
(rd (i 1 )
™ (= Fon GED),

Gir = @2 Pits
with
(8) "=

If the transformation (3) is made infinitesimal by putting
(N E(r) = x4 ¢ (x) 8¢,

where ¢ (z) is an arbitrary function of  and 8¢ an infinitesimal, we have,
on neglecting higher powers of d¢ than the first,
i = Pu—pu = (—¢'put+3¢") 64,
(10) 1 0Pk = Ppu—pu; = — ¢'pudt (@ FE k),
laqik = qu—qu: = — 2¢'qa St ;
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whence, by substitution in (4),

(Suy; = (—2¢ uwi+3¢®)dt

Suy, = — 2¢'uy,dt (0 F k),

o = (—8¢ vy —2¢"uy+ 3¢W) e,

0vi, = (—3¢'vy—2¢"1y) 0t (& F k),

owi; = (—4¢"w;—5¢"v;—2¢u;+3¢9) dt,

11 1

owi; = (—4¢'”’H;‘—5¢"’-‘il.'—2¢(3)“ik) ot (0 F k).

From these values for du;, and the definition of I, it follows that

3I¢) — r.)_](_) = —_ 9_1.__ (3)
oI = ?..L Stva. Suy, = _, blbu( 2¢"1;.6t) + Z (%q& dt),
or '
(12) 01" = —2m—r) ¢'TV ot +3 (r+1) ¥ 10 V48,

If f is an invariant, the system of partial differential equations* which
it must satisty is obtained by equating to zero the symbols of the infini-
tesimal transformations of f. If f depends only on JO. JO =Y
equations (12) show that it must satisfy

£ janrin L <o,

Jj=

(18) .

3 W e O

S 0= 19 oy =

We proceed to find all these invariants. The second equation of (18)

merely requires that absolute invariants be isobaric of weight zero, or
relative invariants be isobaric. Since there are n independent variables
and two independent equations in the system (18), there are n—2 abso-
lute invariants or n—1 relative invariants here. The method of unde-
termined coeficients shows that two isobaric functions which satisfy the
first equation of (18) are

(_) _— (I(n 1))2 Len ](n—’)

: (T(=1N3 __q Tae—~1) 61 (n—3)
H3 = \] ) —3] ‘:’2—— m I .

* [ie, Mathematische Annalen, 1884, Vol. 24, p. 537.
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It is now easily shown by induction that the first equation of (13) is
satisfied by the isobaric functions

a—=1 1
ea —_ (I(n_l))“—a! E

iz2 (@a—12)!4!

(I(n—l))a-—i ei

a! no!

T —Dm—2)...m—a+1)

I (=238, ..., n).

These n—1 expressions are relative invariants whose respective weights
are twice the subscript of ©. They are independent since each contains
an independent seminvariant not contained in those of lower weight.
Since there are only #—1 such relative invariants, we have them all.

We next proceed to find the invariants involving I (s> 0). If
O..p denotes such a relative invariant, homogeneous of degree a in u;
and of degree B in vy, that is, isobaric of weight 2a in u; and isobaric of

weight 88 in vy, the transformation (8) converts it into 0,4, Where

= 1
Basp = W Ourp

and the infinitesimal transformation (9) gives to O, the increment

59”5 = - (2a+3,3) ¢'9a+53t.
It follows that

N on a a n n R a
8(DyyOurp) = Z X vikg,l—‘ik[fgenp—fgucka?—“keaw +2 2 Ovikm9a+ﬂ

i=1 k=1 i=1 k=1
= {—(20+8B—2)¢,D1w9a+ﬂ

+(—8¢'Du:6.+s—2a4"0.45+1¢DuO.sp)} 82,
() 2PuOed) = (9,4 88+1)4/DurBsip— 20900 s+ 369 D10,
Now D.6, =0,
.whence by induction D,0, =0 (a =2,38, ..., n).
Therefore, if we put 8 = 0 in (14), we have

5—(%'%—6“) = —(2a+1) ¢$' DO, —2a¢"O,..
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Consequently, the isobaric expressions
(15) 0,1 = 20, D.,0.— a9, DyOy (a =3, 4, ..., n),

are relative invariants of weight 2a+2 in w;; and 3 in vy.
A more general form of (15) is obtained if we notice that, according
to (14),

(16) 9“5, 1= 292Duv9a+ﬂ—aea+pD.,w9.z

is & relative invariant provided that

Du6a+ﬁ = 0.
Since
an Du(D,0. = Di,(D.6.) = 0,
we have D6, =0.
Therefore

0., 2 = 263 D,,0,1—(a+1)6,1D,,0, (a =38, 4, ..., n)
are invariants. Again, by (17),
D,O, =0,
whence 0,5 = 263D,,0, :—(a+2) 0, 2D,,0; (@ =38, 4, ...,

are invariants. In fact a continuation of this reasoning gives the
2

n'+n—6 .. .
—+2—-— relative invariants

0., = 20, D0, 51— (a+B8—1) O, -1 D1y Oy
(@=38,4,..,7; 8=12, ..., ),

whose respective weights are 2a +283 in u; and 88 in vy,
2 —

The invariants ©,, ©,, s are 7—1'—_*_—32”'——§ in number. Moreover they
are independent, since each contains a seminvariant not in those which
precede when they are arranged in order of ascending values of a and S.
The system of partial differential equations which these invariants must

. . . n*48n . (rs)
satisfy contains 4 equations and 5 variables I, There are, there-
fore,
2 Q. 292 —
" -{2-3)1_4+1 _n +3;Zn, 6
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independent relative invariants here. We have all but one. It is easily
found by the method of undetermined coefficients that

90 9 = 49 (I(’l 5 1)) — 1("—’ ) e)—(92)2

is a relative invariant of weight 10. That it is independent of the other
invariants is seen by arranging them in the order O, $o,5, O, 5 and in
order of ascending values of a and .

We continue the process of finding the invariants by seeking those
which involve I¢ (t = 1, 2, 8). It may be verified easily by direct sub-
stitution that the expressions

16a?

S = 4a829n—(4a+1)(e;)2+ 22¢ - 1)9>

called the quadriderivatives* of ©,, are relative invariants. The quadri-
derivatives of O, and 6,

64

35 = 86?92—9(65)2_*_ == =1 el

S, = 120;0,—18(65*+ EtiiI<'°-”e§,

contain J¢*~'.1  Je=x LD and J*-3LD but no other seminvariants
I*9 (¢ > 0). For O,and 9, contain only I®~Y, I3 and I"~® whose
second derivatives expressed in terms of seminvariants are respectively

I(u-—], I, 1), 21(1;—2, 2)+ I(n—?, 1, l)’ 21(:1-3, 2)+I(u—5, 1, 1)'

It is not difficult to verify the extended form of equation (14),

(18) Mntiﬁ ¢' @a+58+1) D, 6, g—5B8¢"0, 5

—2¢9 D, 0,,s+3¢9 D, O, ;.
Moreover, by induction, it is easily shown that
DypO, =0, D,O,z=0.
Consequently (18) becomes

(19) 0_(2%9.,_1) — ¢'(2a+58+1) Dy Bo, 5— 58400

* Wilezynski, loc. cit., p. 112.
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Therefore, the expressions
(20) O 81 =651 D9, 5— B0 5 Dy 93,1
(x=38,4,..,n; 8=1,2,..,a,

are relative invariants of weights 2¢+58+412. Of course O;, ,,, vanishcs
identically. Moreover, since

Dw (fowea, B) = 0: Dv(D[m"Ha, B) = 0,-

we have ‘%&L‘—) = — ¢'Qa+58+418) D, Oy, 51— 5B¢"0. 5.1,

whence it follows that
H,., 82 = 93,1 D, (_)a., p,]“,BHa, B 1 D,y H.".. 1

is an invariant of weight 2a-+58-++24. A continuation of this process
shows that
Ha, B,y = 63, lDt'I" Ha, B,y ! _;8(_)4, B, y—-1 Dzﬂ" 63. 1

(a=38,4,...,n; B=12,..,a; y=1,2,...,08),

are invariants of weight 2a+58+ 12y, respectively. If only the semin-
variants (6) are to be included, y must be limited, to the values 1, 2, 8.

6 (-Duw SO 2) J—
Jt -

Again, - 1 1¢’D:~.(~Sn, et 10¢"SO, 2y

which shows that
SO, 3 = 292Dm:‘ SO. 2= 56% 50' 2y
So,4 = 40,(20, D28, :— 560D, o, ) +25 (O Y. 2

are relative invariants.
If the invariants

(21) ea: 90,2, en,ﬂv 55’ 57’ S'). 8y SO, 4y g‘h B.y
(@a=2,8,4,...,n; 8=1,2,...,0; y=1,2,8: y<P)

are arranged in this order and in order of ascending values of «, B, v,
they are seen to be independent since each contains a seminvariant J¢
not in those which precede.

In each invariant the weight is twice the first subscript plus five times
the second, if it oceurs, plus twelve times the third, if it oceurs.

The system of partial differential equations which the invariants
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depending on the seminvariants (6) must satisfy contains five independent
equations and 2n°+1 variables, and has, therefore, 2n®—4 solutions.
Thus there are 2n°—38 such relative invariants. The set (21) contains
the required number of independent relative invariants.

The complete system of seminvariants involves, in addition to the
seminvariants (6), the successive derivatives of n? of the seminvariants
I, say those for which ¢ =1, 2. The first derivative thus introduces
n? new seminvariants, and the system of partial differential equations for
the invariants has one more equation than before. Thus there are n*—1
new relative invariants. _

To obtain these let us notice that, from two relative invariants 9,, O,
of weights u and v, respectively, we can obtain a relative invariant

146,0,—10,0,,

the so called Jacobian* of O, and ©,. Thus the combination by the
Jacobian process of some invariant, say O, with the n*—1 invariants
9% S 90,3 90,40 Oa 5,1, Oap e gives n—1 new relative invariants in-
volving first derivatives of I*» and I"*». Moreover they must be inde-
pendent of each other and of the invariants (21). For, inasmuch as these
new invariants are merely combinations of the invariants (21) and their
derivatives, a relation involving them would imply a relation between the
Invariants (21).

The n*—1 invariants involving the next higher derivatives of
It (¢=1, 2) can be obtained by combining O, by the Jacobian pro-
csss with the n®—1 just obtained. A continuation of this process gives
the relative invariants involving derivatives to as high an order as
desired.

‘We thus have proved that :

The invartants (21) and those obtained from them by the Jacobian
process form a system of invariants, complete in the sense that all in-
vartants can be expressed in terms of them.

2. Semi-Covariants.

It is not necessary to seek semi-covariants which involve higher
derivatives of y; than the first, for such higher derivatives may be
removed by means of equation (1). Since seminvariants are also
semi-covariants, the systems of partial differential equations which
semi-covariants must satisfy are the same as the systems which the

* Wilezynski, loc. cit., p. 112.
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seminvariants must satisfy, with the addition of the terms which arise
from the'infinitesimal transformation of y; and yi. Thus to the system*
which determines the seminvariants involving pu, pix, Pit, qix, qix is added
the 2n variables y; and y} but no new equations. However, the one rela-
tion between those equations ceases to hold, so that there are only 2n—1
more solutions, that is, there are 2n—1 absolute semi-covariants, or 2n
relative semi-covariants, which are not seminvariants. Moreover, the
systems which determine the semi-covariants involving higher derivatives
of py and gy show that there are no more independent semi-covariants.
We proceed now to find 27 independent semi-covariants.
The transformation (2) may be made infinitesimal by putting

uii (@) = 149 (@) 6, ax (@) = @)t GFEk; 4, k=1,2,...,n),

where ¢¢ is an infinitesimal and the ¢;’s are arbitrary functions of z.
The infinitesimal transformations of y;, pu, i, va. are then found by
direct substitution to be

6y; n 3
St - jgl ¢i.)' Yi
6}71,1.

= Zz (¢ Piy— P Ps) + i
i L G k=12 ...,0).

6t E (P Uij— Pij Ujr)

. a_t (¢:k Vi i Ujr)

/4
The expressions u;. and vy are therefore cogredient.
L "
The quantities rM = -21 ugy; ©€=12,..,n
j=

are cogredient with y;. For

6 (1) n n n
6t = 2 [uij T (—ony)+yi 2 (Pajttia—dirtn))
j=1 A=1 A=1

* Stouffer, loc. cit., pp. 221, 222.
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It follows that each of the n—2 sets of quantities

n N
2 1
rg’ = X ll/,"“Tg-)
j=1
3 _ 3 )
r; = U R
i S (i=1,2, ., 0)

n

n=1) _ Lit=2)

r; = ‘21 Ilz;jlj
J:

are also cogredient with y;,. Therefore the determinant

R= y wp - Y
A1) (1) (1)
7] )2 7“‘
(2) {2) £2)
71 }2 )“
Lit—1) {n—2) (=1
)1 }2 J"

1% a semi-covariant.

Again, since ;; and vy, are cogredient, the quantities

M=

Si =—

viy; (G=1,2,..,n
i /

are cogredient with y;. Therefore the n—1 determinants

. _ < OR .
Si = jE] 55 ‘n—’z) (L = 1, 2, ceey n'—'l)
J
are relative semi-covariants.
In order to prove that R and S; are independent of each other and of

the seminvariants, we need only show that the functional determinant

a(R, Sl’ SQ, ooy Sn-—])
a(yp Yas Yzs oy ,’/n)

(22)

does not vanish identically. If we put u; = 0 (¢ 3£ k), the highest
power of u,, In R and in all S; except S,_; occurs in each semi-covariant
in the form «},'y,, multiplied by the corresponding semi-covariant for
the ease of n—1 variables in equations (1). Moreover, »";' does not occur
in S,-1. Henece in the functional determinant above the highest power
of u.. occurs in the form (u%;'y,)*"!, multiplied by the partial deri-
vative of S,.; with respect to y., and by the functional determinant
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corresponding to (22), with u;, = 0 (¢ 5 k), in the case of n—1 variables
in (1). If the latter determinant is different from zero, (22) cannot
vanish identically. But (22), with w;, = 0 (¢ 5 k), does not vanish
identically for » = 2, as is easily verified, and it follows by induction
that (22) does not vanish identically.

Again the quantities & =y'i+ X psy; €=1,2,..,n
are cogredient with y;,. Ior

5 = .2 (pijyit+ iy
J=1

" " »
+j§] Y El(—‘ﬁikyx)'l'!/j E] (Pajpin—pir D2) + U l/h"j]
=— Z ¢y|lyi+ = mm]
i=1 A=1
= — : ¢;j tj.
Jj=1

Hence the 2 determinants

TU = X tj:‘l‘{,
= oy,
o OB
T —JE tjm =12, ...,n-1),

are semi-covariants.

To prove that 7', and T'; are independent of each other and of R, S;
and the seminvariants it is only necessary to show that the determinant

o, Ty Ty, ..., Tuld)
L yh Yh o Y0

does not vanish identically. If we put uy = 0 ({ 5= k), this determinant
becomes the product of (y;,%s...y.)""' and the reciprocal of the
Vandermonde determinant

1 1 1 T |
Uy, My Uz eer Una
2 2 2 2
Uy, U3 Uzy ... UL,

Wt ol gt vl

nn

(3
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It does not vanish identically, therefore, and the semi-covariants thus far
found are independent.

We thus have just the required 2n independent relative semi-
covariants and need seek no further.

3. The Covariants.

The covariants are those functions of the semi-covariants (including
seminvariants) which are unchanged in value after (1) is transformed by
(8). Since there are just 2n—1 absolute semi-covariants, there can be
only 2n—1 more absolute covariants than absolute invariants, and 2n
more relative covariants than relative invariants.

If the transformation (8) is assumed to be in the form (9), equations
{11) show that the infinitesimal transformations of 7", »®, ... are

&y . \
= 20+,
o ,

—&'t = _4¢'r-§2)+¢(3)"?) t=1,2 ...,n);

67’5.3)
5t

= — 6y 107
whence, by induction,
£0)
(23) ﬁ = — 21/ rP 431g® 4P
=12 ..,n;1=12, .., n—1),
whene we have put »® =y, Also, from (11),

(24) B = 85— 2O+ ((=1,2, ..., n).

ot

Finally, from (10), and the fact that

5!
(25) ==
we have
(26) ‘% =—ttidy G=1,2 ...

The results given by equations (28), (24), (25), and (26) make it
possible to calculate the infinitesimal transformations of the eovariants
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easily. Thus

B _ 3 10 @, -1y OB
5 kE_II 121 (—2l¢'r)+ 2@, )a o
= —n(n—1) ¢'R,
and R is therefore a relative covariant. Again,
08 _ ¢ N o1a® ®,0-1 98;
T e R L =
S (aare a1 4@,y 98 o —1-
+k>=31( 3¢'sk—2¢"r +3¢y) 35, t=12..,n—1);
8Sl U " (3)
whence 5% = [(nn—1)+1]¢'S;—2¢"B— ¢S,
6Si — [ 1 2. 3 ] 1 (3)
3t — n(n— )"" 'L"I‘ ]¢St—2(@+l)¢ Si
=28, ..., n—1),
where S.=0.

Therefore S._: is a relative covariant. Also

Ty — a1 +1] ¢ T, 4+ 3 B— 34O T,

and 861; —[nmn—1)—2c+1] ¢'T;—3 (2+1) ¢® Ty
z=1,2 .. n—-1),
where T. =0.

Thus T,_, i1s another relative covariant.

In forming the relative covariants we shall need before us the infini-
tesimal transformation of I given by equation (12), viz.

r)
8{% =—2(n—1) ¢'I'+}(r+1) ¢& I,
We can now write down the following series of relative covariants :
®. =R,
q>n 1= Sn—l,
@” 9 — S'n 2 n—=1y
§n—3 =S, 3+ In—l{;ﬂ_._ (ﬁ___m—:_l_). In-2) D,

nin—1)
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whence, by induction,

a’l i1 (—a+7)! (n—j)!
— F = +1 n-N. .
§u—ﬂ. - Sll—a jo1 ( l)J (?2 a)! n! I J @n—a‘*‘]

(«a=1,2,..., n—2).
Likewise

Vo= Tt S (— 1y Bt O g,

j=1 n—a)! n! 1-ati

(a=1,2,..,02—1).

n-2

Also 4,1 — 292[Sl+ p> (_1)1'+1 %’(n—ﬁ' T(u-j)q,jH]_Re;,
j=1 :
nt =t '
¥, =86, T,+ = (—1pn L2 o D\If,.]+Reg.
i=1 :
If these 2n relative covariants are arranged in the order
§u, Qn—ly oy éla \P'Il—h \I'n—:!a seey \P()s

they are seen to be independent, since each contains a semi-covariant nob
in those which precede. =~ We therefore have all the independent co-
variants.



