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ON A MODIFIED FORM OF PURE RECIPROCANTS POSSESSING
THE PROPERTY THAT THE ALGEBRAICAL SUM OF THE

COEFFICIENTS IS ZERO

By Major P. A. MacMaHoN, Se.D., F.R.S.

[Received March 14th, 1914, — Read April 28rd, 1914.]

Pror. SynvesTeR at the close of his Sixteenth Lecture on the ‘ Theory
of Reciprocants,” remarks :*—* It will be already seen from an inspection
of the fundamental forms that there is no law for the coefficients of re-
ciprocants akin to that of their algebraical sum being zero in invariants.”

I wish to shew in this short communication that the forms may be so
modified that the vanishing of the algebraical sum of the coefficients is in

evidence.
Denoting with Sylvester dy/dz by ¢ and dr/dy by T, also

1 'ty 1 Ay
(s+2)! da**? by @, G+2)! dy*® by as,

we have the well known formule

a = — ag + B,

ay = (—a;t+2a)) =+ &,

ay = (—ag+5aya, t—5a3) ',

ag = | —agt*+(Baya,+3ad) £ —28ata, t+14ad} =+ &,

a, = {—a,t*+ (Tagas+Ta,a9 £—(28aa,+28a.a3)

+84ala, t—42a3} <+ Lt ...

In these formule we may interchange the sets of symbols

tla’O! Ayy <oy T10gs Gy --- =

% Mathematical Papers, Vol. 1v, p. 398.

t Observe that in the Mathematical Papers, Vol. 1v, p. 311, the term 28aga, is erro-

neously printed 28af .
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A pure reciprocant is a homogeneous and isobaric function of
(lo, ay, aB: ey
which is equal, the sign being disregarded, to the same function of

Qyy A1y QAgy ooy

multiplied by some power of £

If we form from the above relations any such function of ay, ay, @, ...,
each term of the function, when expressed in terms of ¢, ag a, @, ...,
gives rise to a term which is simply a power of a, multiplied by a power
of ¢, and in the combination of terms which stands for a pure reciprocant
these powers of a; must in combination vanish.

Ex. gr.,
ay\ 2 ag
aﬁa3—3aoala2+2af:...+<——t-§-) <14 —0)

= (-5) (%) (0 )42 8

and since the right-hand side is equal to ala;—8aga,a;+2a with a
negative sign and a power of £ it is clear that the terms written on the
right-hand side must vanish identically.

Hence, if f(ay ay, ay ag, ...) be a pure reciprocant,

S(—ay, 2a}, —5aj, 14a?, 424, ...)

must vanish identically.
The general «, term here is

s 1 [ 2s .
(=) s (s-—-l) %o
. . 1 2s+2
v —_— S+l &
Hence, if we write a;, = (—) S+ ( s ) bs,

(s+1)! d+2y

that is to say bs = (_)s+1 (28‘*“2)' W ’

and denote the pure reciprocant by

¢)(b0! bl’ bz: "')7

the forin is such that the algebraical sum of the coefficients vanishes.
If a term of the reciprocant be as regards the literal portion

Ay A A
ayraray ...,



1914.] A MODIFIED FOKM OF PURE RECIPROCANTS. 69

this, by the substitution, acquires the sign

(__)R0+A2+)\¢+...,

which is the same for every term because

(—Potrathit. — (—)RoFArtAat ) =+ 20t Sha T dha+...)
H

and the right-hand side is constant for every term of the reciprocant.
Hence we may take the substitution to be

w= (77

and then the algebraical sum of the coefficients vanishes. QOtherwise we
may assert that a pure reciprocant vanishes on putting

= ()

The same result iz deducible from the writer’s theorem given in the
Transactions of the Cambridge Philosophical Society, Vol. xx1, No. 6,
pp. 143-170. The paper is entitled *“ The Operator Reciprocants of
Sylvester’s Theory of Reciprocants,” and the theorem will be found on
p. 166.

It states that the fransformation

ol
0 — CO 4
2¢,
4 = — -3
00
__ 3¢ 8¢t
ag = 6 =24 ==,
<
0 = 403 4 80ac, 300102 40c}
3 — T
0 00
&e.,

converts all pure reciprocants in the elements
Qg Ay, Gy, @3y ...y
into seminvariants in the elements
Cgy €1y Czy Cgy .-

The reader will observe that on the dexter of the above relations the sums
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of the coefficients are respectively

W’
1, =2, +5, —14, +42, ., (= == (P F7)

s+1 s

and that knowing that in seminvariants the sum of the coefficients
vanishes, we at once proceed to the theorem of this paper.

The substitution of
1 23+2)
sF1 ( s b, for a,

in pure reciprocants leads to a remarkable simplification in the numerical
values of the coefficients which must be of importance to any investigator
who desires to study the mutual relations of the forms.

Below are given (1) Sylvester’s forms, (2) the forms which arise by the
modifieation which has been explained.

ap
L
4a0a‘2~—5a3
{ boby— by
anag— By as+2a;
{7b§b3~15b0b11)2+8b?
50a§a4—175a0a1a3+28a0a§+105a;')ag
{ 8b2b, — Thob by + bobs+ 8biby

)

{ 8000 s @y — 87542 ai— 1000, a? .+ 2450y, ay a;— 1844a,a5— 354, a3
48babyb, — 49b2bs— 48bobib,+  98bgb byby — 48bybs — biby
{ 125atal—T750a a, aay+256a;a5+165a,a] a)+ 500asa;— 300a; a;

4963 b2 — 210520, byby + 640205+ 880,550; 4112630 — 480;b,

625a5a’ — 487502 a,aza,—49700a; aja,+55125a, ay @i+ 1286250, a;a.a,
—61250a,a’al—156800a,a,a,as+84868aqa;

—78750aa, —+188750a’a,a; —102165aa;

9630 —42b2b, by b, —4260) 535, + 44100, b+ 882D, b7 b, b,

— 8920, b2 bE—896b, b, b2 b+ 4380,
| — 482610, +8400;0,0; — 417070,






