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ON A MODIFIED FORM OF PURE RECIPROCANTS POSSESSING
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COEFFICIENTS IS ZERO
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[Received March 14th, 1914. - Read April 23rd, 1914.]

PROF. SYLVESTER at the close of his Sixteenth Lecture on the “ Theory
of Reciprocants/' remarks :*-“ It will be already seen from an inspection
of the fundamental forms that there is no law for the coefficients of 1'e
ciprocants akin to that of their algebra꾀al sum being zero in invariants."

I wish to shew in this sbort communication that the forms may be so
modified that the vanishing of the algebraical sum of the c<;>efficients is in
evidence.

Denoting with Sylvester dνIdx by t and dx/dy by 7", also

1 ds+ 2 y . 1 삶+ :! x

(룹2) ! 옳;옳 by αs， 강주파i 월펴 by as,

we have the well known formulre

ao=-α。 -;- t3,

a1 = (-α1 t+2챔) -;- t5,

a2 = (-a2 t2+ 5αo에t-5α핑 -;- t7,

as = {-α3 t3+ (6αO a2+ 3혀) t2-28때a1t+14챔 t -;- t9,

a4 = {-α괴용十 (7α。α3+ 7al a2) 현- (28a챔2+28ao야) 핸

+84α3α1 t - 42얘 } -;- tll ,t

In these formulre we may interchange the sets of symbols

tlao, aI' ... , 7"1ao, aI'

• Mathematical Papers, Vol. IV , p. 398 ‘

t Observe that in the Mathemαtical Papers, Vol. IV , p. 311 , the term 28ao짜 is erro
’neously printed 28a~ .
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A pure reciprocant is a homogeneous and isobaric function of

α。， αl ' a2'

which is equal, the sign being disregarded, to the sanle function of

a o, aI' a2' ... ,
multiplied by some power of t.

If we form frOIll the above relations any such function of a o, aI' 띤， ... ,
each ternl of the function , when expressed in terms of t, ao, aI' ((2' .•. ,
gives rise to a term which is simply a power of α。multiplied by a power
of t, and in the combination of terms which stands for a pure reciprocant
these pmvers of ao must in combination vanish.

Ex. g1·. ,

aeaa- BaOa1 a2+ 2a~ == ...+(- 혈) 2 (14 혈)

-3 (-짧) (2 혈) (-5 얽) +2 (2 량) a,

and since the' right-hand side is equal to α~ aa- Ba。αl a2+ 2혀 with a
negative sign and a power of t, it is clear that the terms written on the
right-hand side must vanish identically.

Hence, ifj(ao' αl' α2' as, ...) be a pure reciprocant,

j(-α。， 2때， -5챔，14때，42챔， ...)

lllust vanish identically.
The general ao term here is

1 I 28 、
(_)S _도 ~8=1) a~.

Hence, if we write

that is to say

αos == (- )S+ 1많 (28;2) bs,

1 (8+1)! ds+2 y
bs == (_)S+ l /~ ~ ' ， ~~~I ~:~~~ .•~

(28十2)! dX s+ 2
'

and denote the pure reciprocant by

φ (bo, bI , b:!., ...),

the form is such that the algebraical sum of the coefficients vanishes.
If a , term of the reciprocant be as regards the literal portion

αSoα:1α암 ... ,
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this, by the substitution, acquires the sign

(_).0+시+시+ - - - ，

which is the same for every term because

(_ )"n+사+-\'1+'" = (_)(AO+Al十시+ … ) 얘1 +2A2+ 3A3+ 4>... + ...)
’

and the right-hand side is constant for every term of the reciprocant.
Hence we may take the substitution to be

α _ 1 (2s+2 \
s+l \ s )

and then the algebraical sum of the coefficients vanishes. Otherwise we
may assert that a pure reciprocant vanishes on putting

04

싹

s

94

-
-
빔

--a

The same result is deducible from the writer’s theorem given in the
Trα'nsαctions of the Cα1nbridge Phil()sophicαl Society , Vol. XXI, No.6 ,

pp. 143-170. The paper is entitled “ The Operator Reciprocants of
Sylvester’s Theory of Reciprocants," and the theorem will be found on
p.166.

It states that the transformation

-
α

2c,
α1=-τ3'

~O

3cll I 8c~
a2 ==-τ4' T τ5 '

~O ~O

α = _ 4~3 + 30~IC2 _ ~
3-- -:5 ' --_강- - ---::r- ,

~O ~O '0

&c.,

converts all pure reciprocants in the elements

α。， aI' α2， α3， ••• ,

into seminvariants in the elements

co, Cl' C2, C3,

The reader will observe that on the dexter of the a.bove relations the sums



70 A l\WDIFIE D FORM OF PURE RECIPROCANTS.

of the coe퍼cients are respectively
1 (28+2\1, -2, +5, -14, +42, ... , (-Y~(-~_I-)

8+1 \ s J

and that knowing that in seminvariants the sum of the coefficients
vanishes, we at once proceed to the theorem of this paper.

The substitution of
1 (28+2、
~ (-~ I -) b~ for αi8+1 \ 8 J~" 4~. ~/;

in pure reciprocants leads to a remarkable siluplification in the numerical
values of the coefficients which must be of importance to any investigator
who desire잉 to study the mutual relations of the forms.

Below are given (1) Sylvester’s forms , (2) the forms which arise by the
nlodification which has been explained.

rαoα2-5혀

bob2- b~

{ 했- 3αoα1α2+ 2했
7b~b3 -15bob1 b2+8b i:

r~α3α4- 175aoα1α8+ 28α짧105ai a2

3b~ b4 - 7bob1b2 + b。넓 + 3b늄2

{ 800α3αgα4- 875α짧-1000αo歐+2450aoα1월αR- 1344αoa3- 35a: α3

48bgbg b4 - 49b3bg - 48bob섭4 + 98bob1 b2ba- 48b。혀 - bf파

{
I25α뚫-750α3α1 α2as+ 256α짧+ 165αo a찮+ 500혀α3- 300αt α2

49b~b~-210b~blb2bs + 64b~b~+ 33bob~b~ +112b~b3- 48b~b2

625α3ag-4375α3α1α3α4-49700혀α삶4+ 5 5 1 25α야2α;+ 128625aoα힘g따

-61250ao칙핵- 156800α。α1때 αs+ 84868ao a~

-78750a~α4 +183750껴α2 α3 -102165썩핵

9b3b3-42b3b b b -426b3%b +441l)3b 1)3+882b b:b b

-392b。야 b;- 896bob1 갱 b3+ 43 3 bo b~




