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ON THE INVARIANTS OF A BINARY QUINTIC AND THE
REALITY OF ITS ROOTS

By H. F. Baxker.
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TrE present note consists of three parts. In § 1 it is shewn that the
known rational relation connecting the four fundamental invariants of a
binary quintic is resoluble; namely, that three rational invariants, each
rational in the four fundamental invariants, can be taken, in terms of
which each of the four fundamental invariants can be rationally ex-
pressed ; thus all the rational invariants of the quintic are rationally
expressible in terms of three, these being two absolute invariants and one
of effective degree 2, the quotient of an integral invariant of degree 18 by
one of degree 16. In §2 a discrimination of the roots of the quintic,
when 1its coefficients are real, is given in terms.of the two absolute
invariants spoken of. In § 3, a proof of the results of §2 is given, by
means of Sylvester’'s canonical form. The roots of the quintic were first
discriminated in terms of the invariants by Hermite (Camd. and Dublin
Math. Jour., Vol. 1x.) ; much simpler results were obtained by Sylvester
(Phil. Trans., Vol. cLiv., 1864 ; Compt. Rend., Vol. L1x., 1864), and these
have been partly reconsidered, and the results, as stated by Sylvester in
the first of these papers, corrected by Salmon, Higher Algebra, and
Cayley, Coll. Papers, Vol. vi. In general the method followed here, in
§ 8, is put together from Sylvester’'s memoir; but for the case when the
quintic has a repeated root, which is not considered by Salmon or Cajyley,
I have made an independent examination.

1.

Let I, J, K, L be the invariants, respectively, of degrees 18, 4, 8, 12,
belonging to & binary quintic form, given for example in Salmon’s Higher
Algebra, 1885, Lesson xviir. ; they are connected by the equation

16I* = J(K*—JL)*+8K3L —72JKL*—482L%.
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so that £, », { are invariants respectively of degrees 0, 0 and 2 ; also let =
denote the absolute invariant, rational in £ and #, given by

@ = — £ 247267 —482£2 64,8 ;
then we have
= (K2—JL)® = — LY K*—JL¥+K*L*(K*—JL)*+4 72K L (K*—JL)
— 13218 —64K°L°

= L5 {J (K*—JL)*+8K*L —T2J K L*— 432L*"

= 161%L5,
so that w = 161°L°
(KE*—JL)®’
21655?9_ 216L2019 (K‘Z_JL)'H _
hence = K—JLP TL®
26 —H§ _ 2 [KL— L (P—JL)]I* (C—JL) _ ;
= (K*—JL) 275 T

2852,&-4 _ 28L8KL‘2I4 (K'Z___JL)PZ - K
= (K—JL)® PIL0

21254{6 . 212L16I6 (KE_JL)IS -1
=  (K*—JL)® 2®I°’LY% T

4.2 A 52 8 £2 5122456
=2(’1 f)f, K = 25’]& L=zz§_3§’

@

162559
that is I = 2—54—{—,

whereby the four invariants I, J, K, L are rationally expressed in terms
of the three invariants £, », {, which are themselves rational in I, J, K, L.

2.
We put X=12%¢ Y =48.y,

and regard X, Y as rectangular Cartesian coordinates. The discriminans
D, of the quintic, known to be equal to J2—27K, is given by

8
D= —:_—g (O —£)—27¢%)

[X} .
= gl G —X*—5X’Y).
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The curve @Y*—X)* = §X?Y

has a cusp at the origin, one cuspidal branch lying below the asymptote
Y = §, the other cutting it, either of these being continuous at infinity
with a branch lying above the asymptote for every point of which
X<Z —1; this is the curve against which the letter D is placed in the
diagram.

The curve = = 0, easily seen to be the same as

(X—8Y424+4(Y-1)°>=0,

touches the curve D at [—2(8), 2], and cuts it at (28/11%, 8.2%/11%, and
for the present need only be drawn between these points.

Thereby the finite portion of the plane may be said to be divided into
four regions. The quintic being supposed to have real coefticients, each
of these regions corresponds to a definite number of real roots of the
quintic; these numbers are placed in the diagram.

Further, the curve D is, by the arc of @ = 0 which is drawn, divided.
we may say, into four arcs ; each of these corresponds to a definite number
of real roots of the quintic, shewn by the attached numbers; and the
points of the arc of = = 0 which is drawn correspond to one or other of
two cases, in regard to the number of real roots, according as L 2 0.

Finally, the origin, and the two points spoken of, where @ = 0 meets
the curve D, are associated with certain numbers of real roots of the
quintic. These are given in association with the diagram.

AN a
5 3
3 0
lvc'ﬂj' 3

jord:2

D3 AL d ’

T e & AEELE L TOR
1 . 3

2

At 4, 1f L > 0, there is 1 real root and two complex roots both repeated :
if L <0, there is 1 real root and two real roots both repeated,
5 in all.
At B, if L > 0, there are 8 real roots, one a double root;
if I, < 0, there are 5 real roots, one a double root.
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At 0, if D> 0, there is 1 real root ;
if DZ 0, there are 8 real roots.
Analytically,
D < 0, 8 real roots.
D>0, w <0, Y>24/49, 5 real roots.
D>0, m>0, or Y < 24/49, or both, 1 real root.
D=0, <0, Y> 24/49, 5 real roots.
D=0, >0, or Y < 24/49, or both, 3 real roots.
D=0, =w=0, Y=24/49, L >0, 1 real root; L < 0, 5 real roots.
D=0,w=0, Y=28.211%, L > 0, 3real roots; L <0, 5 real roots.
D>0, m=0, Y =0, 1real root } included in a former statement.
D0, = =0, Y =0, 8-real roots

3.

We consider the quintic with real coefficients
az’+5bzty + 10cz®y 4+ 10da’y®+ sexy* + f°,
excluding from consideration the case when three or more roots are equal.
We assume, then, that the quintic can be brought to the form
b+ sv® 4 twb,
where u, v, w are linear functions of = and y, chosen so that their sum is
zero, and 7, s, t are constants, provided that the invariant L does not

vanish; and that, if L vanishes, and no other restrictive condition is
satisfied, the quintic can be brought to the form

AuP+5Euvt+ Fob,

where «, v are real linear forms, and 4, E, F are real constants, while if
L =0, J =0, this form reduces to

AuP+45Euv?,

and that, in all other cases in which L = 0, save tkose in which the
quintic has three or more equal roots, the first form

ru’ 4 sv° + twd
is valid (Sylvester, loc. ct¢.). The invariants J, K of the form
AuP+5Euvt+ Fo°
ave J = A F? K = — 24°E°® (Salmon, Higher Algebra).
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_ L KL
W = -
© put - 57 U A -
and interpret X =12, Y = 48y

as rectangular Cartesian ccordinates. The cases L =0, or L =0,
J = 0, lead then to the single point X = 0, ¥ = 0, which we consider,
briefly, later ; for all other cases we may deal with the quintic under the
form 7w’ sv°+ twP.

Calculated for this form the invariants of the quintic are

I =B (—(E—n0—s), K =22 t+tr+rs), L = ris't!,
J = (st+tr4+rs)’—drst r4s+1) ;
these give, if u = 4 (r+s+1),
%(st+tr+rs =y, %-rst(r-{-t-i—s) =1¢, %12329 = £
so that the three quantities u=%st, u=2¢r, u~2rs are the roots of the cubic
equation in v, V=it 1Ey—£2 = 0;
the discriminant of this is at once found to be
— &2 (— €4+ T26n—482£%— 647,
or — &%,
so that the roots of the cubic are real when = is positive, and two of them
conjugate imaginaries when = is negative. We have found
w/L = 161°L}[(K*—JL),
so that the signs of L and = are the same; thus, as L 1s a negative
multiple of the discriminant of the canonizant

a b c d
b c d e
¢ d e 1

P —ygr oyt —a

of which %, v, w are the linear factors,
(1) When = is positive, in the canonical form

rul s+ tw® = 0,
w, v, w,r, s, tare real;

(2) When = is negative, two of the linear forms u, v, w, which we take
to be % and v, are conjugate imaginaries, and w is real, while, correspond-
ingly, » and s are conjugate imaginaries and ¢ is real. Taking account
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of the fact that the original quintic is real, these results are easily found
to hold also when ¢ = 0, in which case both L and the canonizant vanish
identically.

Conversely, when ¢ and 5 are assigned, the above cubic determines
ratios for the coefficients 7, s, £, and, when =, which is a definite function
of £, », is positive, we may take real linear functions w, v, w, while, when
= i8 negative, we may take %, v conjugate complex linear functions ; thus,
save when = = 0, to each value of £ and # belongs a class of quintic
forms. When = =0, and L =0, we may take » = s, both these being
real since they are roots of a cubic equation with real coefficients, but the
linear forms u, v may be either real or conjugate complexes.

Consider now the diseriminant, D, of the quintic; it is known that,
when it is negative, the quintic has three real roots, and, when it is posi-
tive, the quintic has either one or five real roots; its value is

D= J*—2'K
28 4 . .
= ;g_ [(’72_5)2_27’52”],

I

where, as before, (= fromm g

thus D is positive or negative according as (Ff—£)* 2 2¢%, or, sub-
stituting £ = 127X, » = 487'Y, according as

: 2
namely, (l—g-YL]X——-ﬂ?——] {x—ﬁ—* > 0.
=+ ()T U =370

The curve D = 0 is thus as in the figure

having a cusp at the origin, the line ¥ = 2 for an asymptote, cutting the
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asymptote at (8%.27°, 8.279%, or (05, 8.27%), and having a vertical tan-
gent at (—1, 2). The portion of the plane for which D is negative, and
the quintic has three real roots, is that shaded.

Consider next the function = ; putting

f = 12-3%X, y = 4871Y,
we have w = — 402+ 7260 —482£2— 6477

= — 5 [4X—8V"—6XY+ X' +4Y"]

= — [ (X—8Y+27+4 (Y—1)].

Thus the curve = = 0, like D = 0, is unicursal, satisfied, for instance,
by taking

4 31.Y'—7.X—24 —_ 8 8 57—4 Y= 3 25 5T+4
5 X-Y , X=8.2 (57+28)%’ (51428

=

where the parameter = is chosen for its simplicity in & subsequent applica-
tion. The curve is as in the figure

7=1

5

. T /[”lllll””ﬁ?"} ______
i

7

having a cusp at X =1, Y =1, whose tangent passes through (—2, 0),
one side of the curve cutting Y =2 in (—1'86,8.27%) and Y =0 in
(—4, 0), while the other side touches X = 0 at the origin and cuts ¥ = §
in ('11, 8.279), that is, to the right of the point in which D =10 cuts Y =23
in fact, this side of = = 0 lies, so long as Y is positive, inside the shaded
portion of D = 0 for which X is positive. Putting =1 in the formule
above, we obtain X= 9911, Y =8.9911%,

which is a point also on the curve D = 0, obtained by taking, in the
formulre X =8.27% ud(ut1), Y=28.2"%,2

which give a parametric representation of D = 0, the value p = 2*/11;
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putting, in the above formul® for = = 0, the parameter + = 0, we obtain

_ 6\3 _ 24 ay _ 17
X= 2(7)’ Y=% ax~ 3
which are also obtained by taking u = —#$ in the formule just put down

for D =0; the curve @ = 0 thus touches D = 0 at this point. Finally,
= is positive in the shaded region of the diagram between the two sides of
the curve.

There is another curve which it is useful to trace for the sake of com-
parison with Sylvester's results, though it is not necessary for our
purpose. We have '

212{-6 25
wr—r =-S5 ar-o-Sx;

12%2

the curve 2L —J°% = 0 is thus given by

%Y?:X(H%*Xs),

or by X=28%2"%2—1)"3, Y =38.2"%%(*—1)"?
l Y/8 Y?
— 92 9-%F _—_ (2 - _ _ .
c=28.2 X (4 X 1) ’

the curve has therefore such a shape as given in the figure

i
////./

/

cutting ¥ = 0 in (—%%, 0) and (0, 0), and cutting Y = 2 in, approximately,
(—1, §) and (065, §), so that for positive X the right hand branch of the
curve lies to the right of the branch X = $Y?/[14+(§Y)*] of D = 0, and
to the left of the portion of = = 0 which is on the right of the cuspidal
tangent of this. It is important to notice that the curve passes through

the point of contact of D =0 and = = 0, namely,
X=—2.6%77% Y=24.72

The portion of the plane for which (2L —J% = < 0 is that shaded in the
figure; for part of this = is positive and for part of it negative.

7

SKR. 2. voL. 6. No. 983. K
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Denoting 2L —J® by A, the relations of the three curves are shewn

in the following diagram, which is drawn, however, with only approximate
accuracy.

D

Consider now the equation
rub+s0°—t (u+4v)° = 0,

when @ = 0, so that we may take » =s. Then, beside the root given
by #+v =0, we have

wt —ubo 41 —upd 4ot
w4 440 + 610 4 duod 40t

—_t.
=

24 .4
the left side is a function of 6 = u_;l_;v_,

and the equation gives, if T =% <1+ ér?)’

— —2/T
the values expressed by . 6= WEETR

and thence, if ¢ = 1, {* = 1, the four values for u/v expressed by

_ 1+8eyT—1}

x
v 1= (ey/T—1)Y’
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n terms of 7, s, ¢, taking account of » = s, the invariants of the quintic are
J = (rz+2t7')2—'.47'2t (27'+t)7 K = )‘4t2 (7-2+2rt)’ L = ,'.8t4,
K*—JL = 4™ 2r+4-t),

from which X, Y are expressible in terms of =; the result is that para-
metric expression for @ = 0 which was given above; we can thus obtain,
as we know the values of this parameter for the various portions of this
curve, the forms of the four values of «/v for the various portions.

Thus, for the portion of = =0 for which X >0, Y <0, and the
portion for which X < — 2.6%.7-8, through which the parameter

481.Y—7.X—24
° X-Y

T=
remains negative, constantly increasing from — o to 0, we have, if w be
a real positive quantity, and tan 6 = — ew,

uo_ 1+ (etw—1)}
v 1—{(etw—1)?

_ 14 (14 0?)? cos 304-4¢ (14 ?)? sin 36
1=+ D cos 10— (1+«)? sin 30

and this is always a complex quantity of modulus other than unity (save
for the final point cos 30 =0, = = 0). Therefore, if L be positive, in
which case u, v are real linear functions of the original variables z, y of
the quintic equation, the quintic has only one real root, given by » = —v;
while, if L be negative, in which case u, v are conjugate complex linear
functions and «/v is of modulus unity, there is still only one real root, that
given by v = —wv. Next, for the portion of = = 0 lying between the two
branches of D = 0, for which X varies from —2.63.77% to 25.117%, and +
varies from O to 1, each of the four numbers expressed by

(14 (ey/7— 1]/ [1=§ (es/7—1)}]

1s complex, but of modulus unity ; thus, when L > 0, the quintic has four
complex roots corresponding to these, and one real root given by
w=+v =0, while, when L < 0, the quintic has five real roots. Lastly,
for the portion of @ = 0 lying between the cuspidal branches of D =0
for which X > 0, Y > 0, the value of T increases constantly from 1 to = ;
thus, for € = 1, the two corresponding numerical values of u/v are real,
while those belonging to e = —1 are complex of modulus unity ; where-

fore, when L > 0, the quintic has three real roots, including that given
K 2
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by #+v =0, and the same is true when L <<0; this result only verifies
a previously obtained result, for along this portion of the curve, as we
have seen, we have D < 0. These results are summarised in the diagram

We have already remarked that to any point (X, Y) not upon = =0,
corresponds first a definite set of ratios for the coefficients », s, ¢, and
then, either three real linear forms w, v, w, or three of the form
—3%(w—10), —% (w—10), w, where w, o are real, according as = >0 or
@< 0; and it is clear that all equations of the form

f@ y) =r0z+uy’+s No+uy —t (AN 2+ @+u) y]° = 0,

in which 7, s, ¢ are given, have the same number of real roots whatever
the values of the real coefficients A, u, A/, u"; as also have all equations
of the form.

F(z,y) = r[Az+uy+i Nz+u'y)]°+s Me+uy—i Nz+u'y) P
—t[2Az4+2uy’ = 0.

But further, still supposing = = 0, and supposing also now that D =0,
this number will be unaffected by variation of X, Y, that is, of 7, s, ¢, pro-
vided the variation be sufficiently limited in extent. For, putting y =1
and ¢=1, let z be a root of one of these equations, and z-dz the root
correspondingly belonging to the values r+4dr, s+ds; we then have, in

the two cases,
5 rAut4-sA'v) Sz +6r.uP+6s.0° =0,

or 5[rA+eN) ui4s A—iN') v*] dz+6r. %’ +3Js.0° =0,

shewing that dz is real when z is real, and complex (including real) when « is
complex. The inference, however, holds equally well when 7, s, ¢ corre-
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spond to a point upon = = 0, provided that the variation of 7, s, ¢ is such
ay to preserve the forms of u, v, w, that is, such as to preserve the sign
of L.

Now, for the portions of =@ = 0 corresponding to —wo <7 <0, we
have seen that there is one real root, whether we have L > 0 or . < 0:
there is thus one real root for the regions of the plane on either side of
these portions of = =0, the limitation of these regions of the plane being
only parts of the caxrves D =0 or w = 0. There are similarly three real
roots on either side of the portion of the curve @ =0 for which 1<+< x,
a fact which we have proved independently. "For the portion of = =0
for which 0 <+ <1, we have proved that there is one or five real roots
according as L > 0 or L < 0; when therefore we pass to the side of this
portion of @ = 0 for which =, = 16I2L%/(KX®*—JL)’, is positive, and there-
fore L positive, we shall move into a region for which there is one real
root, and when we pass to the side of this portioniof = = 0 for which
w<0or L <0, there will be five real roots; this is the region, in the
figure, above = = 0 and between the branches of D = 0. We therefore
have the diagram

the only separations of regions being the curve D = 0 and the portion
of @ = 0 for which 0 <t < 1. Taking account of the behaviour of the
curve A = 0, the results may be stated analytically by saying that if
D < 0, there are three real roots, while if D > 0, there are five real roots
when both I < 0 and A > 0, but only one real root if either or both of
L >0, A<0. This is the result as stated by Salmon, correcting the
form given by Sylvester in his paper in the Plil. Trans., which, however,
does not agree with the result of his own arguments. If an analytical
statement is required, it is more natural from the present point of view to
say that, when D > 0, there are five real roots, when L (or @) < 0 and
Y > 24, but only one real root if L >0, or Y < %3, or both; the condi-
tion Y > %% is the same as 98KL* > (K*—JL)®. Our diagrams show at
once the reason for the indeterminate form which Sylvester was able to
give to one of his criteria—the curve A =0 only intervenes in the
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analytic statement in order to divide the curve = =0 into por-
tions. '

A part verification of the preceding results is worth noticing: suppose
D >0, so that the number of real roots is 5 or 1; suppose further that
= > 0. so that in the form

ru’+sv°—¢t (w+0)° =0,
all of », s, ¢, u, v arve real ; if this equation had 5 veal roots its derivative

in regard to u, or )
° ’ rut—t (u40)t =0,

would have 4 ; it has however at most 2, and this only when » and ¢ are
of the same sign. Thus-for D > 0, w > 0, the quintic has only one real
root. We have seen that it has only one real root also in some cases in
which these conditions are not satisfied.

We examine now equations for which D = 0. When the equation

ru’ s —tu+40)° =0
has the repeated root u/v = 6, this is also a root of the two derivatives
rut—t (u+v)* = 0, st—t (w40t = 0,
and the original equation may be written

(6_(19— 1) 4 W40+ " — @ty =0;

the left side of this, multiplied by 6, is
(e—v0)* (40731 + BO~ 20 v+ CO~" wv*+ Dvd),
where 4 = 464 66°+40+1,
B = 36°4+1260°+860+2,
C = 26°+86°+1260+3,
D = 63446+ 66+4,

and the discriminant of the cubic factor of this, in regard to w/v, save for
a positive numerical factor, is found to be

(6—'5—1>0(62+1)(62+26+2)(262+26+1).

Now, unless the original quintic have two pairs of equal roots which are
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conjugate imaginaries, & case which will be proved to correspond only to
the single point X = —2.6%.77% Y = 24.7% the repeated root of the
quintic will be real ; thus when L > 0, and u, v are real, 0 is real, and
when L < 0, and u, v are conjugate imaginaries, 0 is of the form e¢®. In
the latter case, if v = — $(w+10), v = — 3 (w—10), the discriminant of
the cubic in regard to the real quantities w, o will differ from that just
put down by a factor

[a(u, v) 5.3.4_ —_1—
o(w, o) T b4’

and may be taken to be the negative of that; putting, when 6 = ¢*,
cos 3 = ¢, the discriminant of the cubic in regard to the real quantities
w, o may thus be found to be, save for a positive numerical factor,

— A4+t (54+12t4-88);

the sign of this is therefore the sign of —¢, while the sign of the former
discriminant, for 0 real, is always positive.

Next, putting » = (6+1)4/6*, s = (6+1)*, ¢t = 1, and calculating the
invariants J, K, L of the quintic, and hence the values of X and Y, we find

X = 8%° (9+1)° y = 3010+ 1)'[0'+O+1)'+1]

[0+ +6'+6 6+ 1T [6+1)"+6"+6 6+1)°F °

4X _ p _40°(6+1)°

which, putting 1— 3V at1l OFOF1P
8%.2-5. ut
lead to X= —#: Y =3

which is the previously obtained parametric expression of the curve
D = 0; to each point of this curve there belong the six values of 6 given
by
1 1 _6+1 6
67 _0_) (1+9), 1+0; 0 ’ 6+1,

which correspond to the six ways in which we may permute the coefficients
r, s, t in the quintic. When 0 = ¢, the expressions for X, Y in terms
of t, = cos 3, are

83,94 (t+1)* _ 8.28(t+1)*

X= (884122 —2t—T7) (2t +1)*’ Y= 81262 —2t—=T)%"
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Now, if 6 is real and 0 < 0 < 1, we have

—o < —(1+ §) <—2<—(+0<-1<— 3y
1 6
1<s<w;

46°04+1?% _
6*+6+17°  u+41’

to obtain the points of the curve D = 0 for which 6 is real, it is sufficient
to take 0 < 0 <1, and each point of the curve will only arise for one
value of 0; then u will vary from O to 2¢/11 and (X, Y) from (0, 0) to
(28/118, 8.2%/11%; we have in fact already seen that these are the extreme
points of the arc of D = 0 which lies where = > 0. On this arc the cubic
obtained by dividing the quintic by (x—v6)® has a positive discriminant,
and only one real root; the quintic has thus three real roots and two con-
jugate imaginary roots.
We have next, if 6 = €%, cos 8 = ¢,
46%(0+1° _ 464674 __ 80+
@+06+1°  (64+674+1)°  (2t+1)*’

@t+1)? _ @4+ 1)°

and the equation = ,

t+1 t+1

thus, in the equation

gives, beside ¢ = {,,
[26+143 @4+ DI = 3@+ 1)? 2]

tyF1’

of which, when —1 < ¢, <1, the roots are imaginary; to a value ¢ such
that —1 < ¢ < 1 correspond both 6 = ¢ and 8 = ¢~% = 1/0. We shall
thus obtain every point of the curve D = 0 for which § = ¢* by supposing
B to vary continuously from O to .

The whole path of 0, in its plane, corresponding to one description of
the curve D = 0, is thus given by the open curve OABCDE

D 4
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consisting of a radius 04 and a semicircle ; as 6 varies from 0 to 4, that
18, from O to 1, the portion of D = 0 is described lying between the origin
and the point (28.117%, 8.25.11%), where D=0 is cut by = = 0; along
this arc the diseriminant of the cubic factor is positive and the quintic
has three real roots. As 6 passes along the semicircle towards 6 =<,
t, = cos B, diminishes from 1 to a value (between ‘7 and °68) for which
2t4+1)8=8(¢t+1), for which x is infinite and (X, ¥) = (0, ®); the
corresponding value of 8 is denoted by the point B of the semicircle; the
point (X, Y) of D = 0, corresponding to the arc AB of the semicircle,
passes from the intersection of D =0 and = = 0, along the left hand
cuspidal branch of D = 0 for which X > 0, to infinity; along this arc

the discriminant — 0Pt (54126488

is negative and the quintic has five real roots. As 6 passes along the
semicircle from B to C, the fraction 8 (¢+41)/(2¢+1)% or u/(u+1), con-
stantly increases from unity, being for ¢ = 0 equal to 8, and u« is negative,
passing from — e to —&; thus (X, Y) describes the branch of D = 0 for
which X < 0, from (@, @) to the point (—2.6%.77% 24.77%) at which
D = 0 is touched by = = 0; along this portion the diseriminant of the
cubic is still negative and the quintic has five real roots. As 6 passes
along the semicircle from C to D, where B = 3w, the fraction
8(t+1)/(2¢+1)® passes to infinity and u passes to —1; the point (X, ¥)
thus passes to (—a, 3); along this portion the diseriminant of the cubic
is positive and the quintic has three real roots. Finally, as 8 passes
from 27 to , the fraction u/(u+1) becomes negative, and u, which is
negative, is numerically less than unity ; thus X is positive, and (X, Y)
passes from (@, 3) to the origin, corresponding to ¢ = —1, or the point
E of the semicircle, along the portion of D=0 which is below the
asymptote ; for this branch the diseriminant of the cubic remains positive
and the quintic has three veal roots. The results are thus those repre-
sented in the diagram
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and, analytically, upon D =0, there are five real roots for = <0,
Y > %3, but three real roots in all other cases ; or otherwise, introducing
Sylvester’s ecriterion A = 2"L —J3, there are five real roots for L <0,
A > 0, and three in all other cases.

It remains now to examine the points of intersection of the curves
D=0 ==0.

At the point of contact (—2.6%.77% 24.77%, regarded as lying on
= = 0, we have seen that the values of /v are given, for T = 0, by
v _ 14+{(ey/T—1)}

T

(2

v v 1—C(ea/T— 1)’
that is, by
o w _14¢ 144 1—¢ 1—¢ _ . . . .
s T Tl TSI T TR 1 T T

regarded as lying on D = 0, we have found that the point corresponds to
0 = 4, for which the diseriminant
0-9(0+1)5 (0°+1)(0°+ 20+ 2) (26°+ 20+ 1)

vanishes; the other vanishing factors 841, 6°+20+2, 26°+2041 corre-
spond in fact to the same point, arising by transforming the root 8 = ¢ by

=61 0=—(0+1,
Thus, if L > 0, and %, v are real linear functions, there are two
imaginary roots of the quintic, each repeated, and one real root given by

u+v =0, while if L <0, and u, v are conjugate linear functions, there
are two real roots, each repeated, beside the real root given by

uw+v = 0.

Conversely, if the original quintic have the form

10 (cz, +dyy) 7145,

proper to the case of two repeated roots, z;, and y, being real or conjugate
imaginary linear functions of the original variables z, y, the canonizant is

(czy+dyy) (cz, +1 dyy) (ex, —2dyy),
and, supposing neither ¢ nor d to be zero, we have

10 (cz,+dyy) =3y}

= oz {4 (B A—0 e+ dy)P+4 3 QD em—idy)F—[— e —dyF},
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from which we calculate, save for respective factors of the forms
10 20 80
oy e, u?,

J = (16—8)*+4+4.16.7=2, K =16.16 (16—8) =2, [ = 9%
and hence X=—-2(55 Y = 24

Next, at the point (28. 11-8 8.95. 11_2), where D = 0, @ = 0 cut one
another, given on = = 0 by taking the parameter = to be unity, and on
D = 0 by taking the parameter u to be 2'/11, we have

2

—_=—1,

1
v

i=1+§(e—1)*=1 1 1+/2 1—iy/2
v 1—(e—1) T 1—e/2 140427

thus, if L > 0, there are two conjugate complex roots of the original
quintic, and three real roots, one of these repeated ; and, if L <0, and

1 = —3% (w+tio), v = — % (1w—io),

there are five real roots given by w =0, ¢ = 0 twice, and o/w = + /2.

Finally, the origin corresponds to L = 0, and a canonical form
AU+ 5Euvt+FoP,

where u, v are real linear forms, and 4, E, F are real. This cannot have
five real roots, since the derivative 4u'+Ev* can vanish only for two real
values of %/v, and that only when E/4 is negative. By examining the
signs of 44’4 5Euv'4Fv® for the values of u/v for which the derivative
vanishes, we easily prove that the condition for three real roots is

AF 4255 < 0 ;
since J=A4°F, K =—24°E",
this is the same as D=J"-2"K < 0;

when D > 0 there is only one real root. In our figures, the curve we
have denoted by D = 0 passes through the ovigin ; but the discriminans
D of the quintic does not necessarily vanish when L =0, being in fact
equal to
28{4 2 *\2 752

r L0’ =87 —2'¢%),

and the vanishing of = allows D to be positive or negative. In fact
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L=0, K+#0, gives X=0, Y=0 and 8Y*/4X = K*|(K*—JL) = 1.
The case L = 0, K = 0 gives, on examination, X = 0, Y = finite.

The numbers of real roots of the quintic at the three points are then
given by the diagram

3,D<0;1,D>0



