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Ch C,,,, ... may be so many of a set of £ + 1 curves which determine q
is that Ci, Cm, ... all pass through q, and that no values can be given
to the constants \,/*, ... such that the curve kCt + fJiCm+... is not
one of a set of t+ 1 curves which determine q.~]

A Method for Extending the Accuracy of certain Mathematical
Tables. By W. F. SHEPPARD, M.A., LL.M. Keccived and
read December 14th, 1899. Received, in revised form,
April 2nd, 1900.

I. Introductory.

I. As an example of the cases to which the following method
applies, we may suppose that we have a table of values of

u = tan \-rrx

to seven places of decimals, by intervals of "01 in x, from x = '00 to
a- = "50, and that we have also a table of values of u to eleven places of
decimals, but at larger intervals—say at intervals of *1. Then out-
object is to obtain a table which shall have the same intervals as the
former, but shall have (approximately) the same accuracy as the
latter. For convenience, the table in which the accuracy is less
while the intervals are those prescribed may be called the warltimj
table, while the shorter table, giving the more accurate values of u
for a few values of x, may be called the checking table.

The method consists in using the working table as the basis for the
calculation of the first or second differences in the new table. This
latter table is formed by the successive addition of the differences so
found; and the values are checked from time to time by means of the
more accurate table. The rate at which the accuracy of the table
can be extended depends partly on the nature of the function tabu-
lated and partly on the smallness of the successive increments of the
argument. Thus, in the case given above, it will be found that the
use of first differences, with a certain amount of " smoothing-," will
extend the table with tolerable accuracy to nine places, while a re-
petition of the process will extend it to eleven (or certainly to ten)
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places ; or this latter result may be achieved in one operation by the
use of second differences.

Before describing the formulm employed, some preliminary observ-
ations are necessary.

2. There are certain well-known cases in which mathematical
tables are (or might be) calculated by a formula of derivation, each
value in the table being found from the preceding value or from a
limited number of preceding values. Thus, for tabulating the function

by intervals of h in .r, we'.should obviously use the formula

/ ( « + * ) = e*/(*),

each value being found from the preceding by multiplying by a
constant factor. Similarly, to tabulate

to a larger number of places than would be given by ordinary
logarithmic tables, we should first write down the successive values of

e - * ( * + »A)

and then use the formula

f(x + h) = e-*<*•»«/(»).

Or, again, for constructing a table of

f(x) = sin^Tne,

we might use the formula

f(x + h) = 2 cos £*•/*/(a) -f(x-h),

eno.lt VMIUC! bmng thus found from the hr.o preceding values. Tables
formed in this way must be checked at intervals, by direct calculation
of particular values, in order to prevent the accumulation of small
errors.

3. In the above cases each value in the table is found from the
immediately preceding value, or from a finite number of preceding
values. This is not always possible. But a formula of derivation
can always be obtained, and, provided the interval h is small enough,
can always be used, in those cases in which the differential coefficient
of the fttnction tabulated can be expressed in terms of the function itself,
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either alone or in conjunction with the argument. For suppose the
function to be u==f{x), (1)

and that it satisfies the equation

dn/dx = <j>(fl\ u), (2)

where (j>(x,ti) is a function whose value can be calculated for any
given value of x if u is known for that value. Then, writing

where x0 is any value of x appearing in the table, we have

Also, if we write v = f(x, tt),

we have hv0 = hf (x0)

and thence hv0 = hf (x0)

A2 hv.2 = h3f" (a-0) - Vf* (x0) +

If now we eliminate between (3) and (6), we iind

(3)

(4)

(5)

+ -., (7)
the coefficients in which may be shown to be the same as those in the
expansion—

— 6 i

(i-0j1og7i-0) ~~ a
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The values of hv0, A7w_,, A27<«_2, ... are known if those of «0,
w.i, M-2, ... are known; and thus each value of u can be calculated
from those which precede it.

To illustrate this formula, let us take the example given in § 1.
We have then ,

n = tan \vx,
v = du/dx = |

00
Suppose that the values of u have been found to seven phiges of

decimals by intervals of , _,«<

up to x = '35. Then, if we calculated the values of hv, and took
their differences, we should have a table of the following form :—

.'•

•30
•31
•32
•33
•34
•85

•5095254
•525)4727
•5497547
•5703899
•5913984
•6128008

hr

•0197860
0201116
•0204554
•0208185
•0212019
•0216067

+

3256

3631
3834
Af\A U

***

+
174
182
193
203
214

+

10 |
11 1

+

1 .

the fourth difference being found from the average of three or four
successive values.

To apply (7), we only require the quantities at the end of the
table, which may be written thus, A' denoting A/(l + A) :—

x

•35

u hv A'hv A"hv A*3 Aw

•6128008 -0216067 +404S +214 +11 + 1

The formula then gives, for x = '36,

n = 10"7 (6128008 + 216067 + £ of 4048 + TV of 214 + •»- of 11 + U J of 1)

= -6346193,

whence, by (a), hv = 0220342.

Taking the differences, we get the next line :—

x u hv A'hv A'2hv A'3hv A'*hv

•36 -6346193 -0220342 +4275 +227 +13 + 1
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Continuing the process, I get the following table:—

X

•85
•86
•87
•38
•39
•40

u

•6128008
•6346193
•6568772
•6795994
•7028118
•7265425

hv

•0216067
•0220342
•0224858
•0229628
•0234668

A'hv

4048
4275
4516
4770
5040

214
227
241
254
270

A's/*t>

11
13
14
13
16

1
1
1
1
1

The values of u so found are all (practically) correct within 1 in the
final figure.

4. The above method might often, I think, be found useful, pro-
vided the differences of hv diminish fairly rapidly. But, when this
is not the case, there are two objections to be met. In the first place,
a great many differences have to be taken into account; and this is
troublesome, as the coefficients by which these differences have to be
multiplied are not very convenient for calculation. In the second
place, the coefficients do not diminish at all rapidly. The effect of
this is that the necessary errors in u, due to the results being initially
only accurate to seven places, become greatly magnified, and the
values have to be checked at very short intervals.

This latter difficulty might be almost entfrely • removed, in the
majority of cases, by taking hv to a larger number of decimal places
than u. Thus, in the above example, if the initial values of u are
correct to seven places, the initial values of «2 (up to x = *50) will be
correct within 1 x 10"7, and the values of hv will therefore be correct
Avithin 7̂r x 10~n. By keeping in the two extra figures, the first
differences may be found very accurately to seven places of decimals.

There will, however, still remain the difficulty as to the number of
differences to be taken into account. And it may be added that thei'e
is a third objection, which will appeal strongly to any one who has
had practical experience in constructing tables. The series of calcu-
lations by which a value of u is found is always the wanie, but each
of these series of calculations has to be performed independently. A
great saving of labour would be effected if the calculations could be
taken in sets of similar processes, performed separately on u, Ja\
A' hv, .... This is not possible when the table is being constructed
for the first time. But when we possess a " working table " of «, of
si less degree of accuracy than that which we are seeking, it becomes
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possible to simplify the work, by using the method explained in the
following sections.

11. Method as applied to First Differences.

5. In all cases in which A\re are concerned with the successive
values of a tabulated function, the method of central differences
provides us with series which converge very rapidly, and therefore
are suitable for numerical calculation. Thus—retaining for the
moment the ordinary notation, but using the particular differences
Avhich enter into the improved formulae—our formula of derivation
(7) is replaced by

+ AV,t,_1)-.... (8)

This is obviously more convenient than (7)7 The apparent difficulty
is that Avedo not know the values of &hv0, A

2/iv_,, ..., until the values
of ux and u.2, and perhaps also those of ?is and «4, have been calculated.
.Hut the point to be noticed is that the unknown quantities all contain
h as a factor, and therefore, if h is sufficiently small, they can bo
obtained with sufficient accuracy from a shorter table of values of u.
Suppose, for instance, that the rate of change of n is less, or at any
rate not much greater, than that of ,r, and that h = 01. Then, if we
have a working table of •», correct to seven places of decimals, Ave can
deduce a table of ho, practically correct to nine places of decimals ;
and thus, calculating the successive differences of u from (8), we can
build up a new table of it to nine places of decimals. This, again,
can be used as a working table for getting a new table to eleven
places ; and so on, indefinitely. •

6. In the absence of any recognized notation for central-difference
formula?, 1 find it convenient to use* two operators 8 and /*, defined
by the following relations :—

These operators aru more fully discussed in a Hiibsequent paper (post, pp. 449-488).
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Thus, if u = fix), and if tiQ and «t denote any two successive values
of n in a table proceeding by intervals of h in a1,

(10)

Kepeating the process denoted by 8. we have

and. taking p with powers of S,

= a '' /* ?>\ = | (53«1 + B\

In this notation our formula (8) becomes*

_ Cxi

The process therefore consists in using the values of u, given by the
working table, as the basis for calculating the values of hv = hdu/d.n,
and then applying the formula (]1) to determine the successive first
differences of u in the new table. The values so found must be com-
pared from time to time with the values given in the working table,
in order to prevent an accumulation of errors.

See p . 480, formula (140).
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7. In the preceding section we have supposed that the values of x
in the final table are to be the same as the values in the initial or
working table. But it will be found simpler, in practice, to take the
values in the working table halfway between the values in the final
table. Thus, to tabulate u for x = "00, "01, "02, ..., we should use a
working table in which the values of x are ..., "005, "015, "025, . . . .
Using this table as the basis for calculating the values of ..., hv^, hv%,...,
we have*

The coefficients in this formula are a good deal smaller than the
coefficients in (11).

S. The principle underlying the method may be made clearer by a
geometrical explanation. Let the successive values ..., x0, xx, ... of the
.argument be represented by abscissa) ...,OM0, OMU ... measured along
a line OX, so that M^^ — MlMi = ... = h ; and at ..., Jlf0, Mu ..., let
•ordinates ..., MQQQ, KQ\>... be erected, equal to the values of u given
hy the working table. Let the true ordinates of the curve u = / (a) be
..., M0P0, MlPu ... ; and suppose that each value in the working
table is correct within ±£p. Then, if on MrQ,. we take

All that the working table shows us is that Pr lies somewhere be-
tween q'r and q,.; and similarly for P,ti. Now let «/>,.+j denote the
inclination of P,P,+i to OX, so that

K.x Pr+x = MrPr+h tan 0,+4.

Then, if we knew the exact position of Po, and also the exact values
of <f>i, <f>^y ..., we could (theoretically) determine the exact positions
of 1\, P2, . . . . All that the working table tells us directly about
tan <£,+4 is that it lies somewhere between (Mr+iQ, + , — M,. Q,—p)/k
and {M^iQr+\ — MrQr + p)/h\ *'.«., there is a possible error of ± p in
/itan<£,.+ i. But, if tan«^>,.+ican be expressed as a function of M.,1',.
and il/",.+ ,P, + i, and the ordinates immediately preceding and following
them, its value can be calculated with a certain degree of accuracy by
using ..., M,.Qn ilf,.+ iQ(-+i, ... in the place of ..., M,..Pn Mr^.P,.rU ... .
The limit of tho error so introduced will usually be comparable with
f>; and therefore the limit of the error in h tan <£,+1 will be comparable
with hp. If k is so small that this limit is appreciably less than p,

* See p. 480, formula (139).
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we can substitute the values of h tan <£.j, h tan <£.j, found in this way,
for the values as shown directly by the table; and then, starting
from a more accurate position of Po, we shall arrive at more accurate
positions of P,, P3, . . . .

Wo have supposed, in the above, that the values of x are to be the
same in both tables; the formula (11) then gives &tan<£,+4 in terms
of ..., 7i tani/f, /itani/v+), ..., where \\tr denotes the inclination to OX
of the tangent at P,. to the curve u=f(x). But the explanation
applies, with the necessary modifications, if the ordinates given in
the working table are ..., M_.i^_i, Mi Q>, M-iQ*, ... ; the value of
hta>n<f)r+\, in terms of ..., h tsnnf/r -1, hikxni[/r+i, h tan i/'r+j, ..., in then
given by (12).

Let the ordinates whose more accurate values are given by the
checking table be MOPU, M,,PU, M-lnP.ln, .... Then, starting from
the given position of Po, and proceeding by the successive steps, we
may or may not hit the given position of Pn. If we do not, one or
more of the values of h tan <p must be altered. But, even then, there
is always the possibility that our path may in the interval have
steadily diverged, and then steadily come back again. It is therefore
necessary that the limit of the error in h tan <p, as deduced from the
ordinates given by the working fyible, should be appreciably less
than p. Suppose, for • instance, that this limit is -J0-p, and that
n = 10. Then, starting with the accurate value of M0P0, the deduced
value of Ml Pl is correct within -fop. But the errors in A£o Qw Mt Q,,...,
which give rise to the errors in tan <p, are independent, and therefore
the errors in tan^j, tan<£j, ... are practically independent. We can
therefore only be sure that MsPtiti correct within \p; and, similarly,
we can only be sure that 3/6PB is correct within ~2fj, i.e., we cannot bo
sure that it is more correct than the original value in the working
table.

In practice, however, these difficulties do not arise, on account of
the tendency of independent errors to balance one another. Suppose,
for instance, that by taking h = 01, and checking at intervals of
10/t £=; '1, we can extend a seven-place table to nine places. Then, if
we took h — "001 (a seven-place table at these intervals being
supposed to exist), and only checked at intervals of 1004 = "1, the
possible error at each stop would be divided by L<>, but the number
of steps would be multiplied by 10. The possible limit of ei-ror at
the middle of the checking interval would therefore be unaltered.
But the probable error would bo about l/v/10 of what it was before,
so that, with some caro in smoothing, the table would be tolerably
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correct to ten places. It might, at any rate, be used to ten places
for the purpose of getting a new table to twelve or thirteen places.

9. Suppose that we are using (12), and that uQ and «„ are two
consecutive values in the checking table. Then, taking «0 and nn to
the same number of places as hv, and calculating 5?t|, S«,j, ... from
(12), we obtain successively

vt, == u0

If the sum of the calculated values of Su.i, $u»t ..., 5u,,_4 is not
equal to «„— u0, one ov more of them will require correction. But it
is nm always easy to decide whether the correction should be in
one of the tabulated values of

hv,
or in one of the values of

To avoid this difficulty, and the similar difficulty which arises in
using (11), it is better to convert each formula into the correspond-
ing1 formula for centi/al summation.

In the notation which we shall adopt, the successive values of any
function/(;«), for values of x proceeding by a constant difference h,
are regarded as the first differences (B) of another function, denoted

This function therefore satisfies the relation

so that :

(13)

(14)
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Replacing/ (x) by u, this gives

We may adopt (15) as the definition of the operator <r, and we then
have also

^ = ...+«_ a + ̂ w.x

(16)

The operation represented by <r involves the introduction of an
arbitrary constant. If this constant is properly chosen, we have

cr8u0 — ... + 3

and, similarly,

&c.

Comparing these with (13), we see that <r combines with powers of •$
according to the laws of algebra in the same way as if

a-— b ; (A/)

and it also combines according to these laws with powers of /i.

With this notation, the formula) (11) and (12) become respect-
ively, by successive additions,

U =z fx (o"—-f-.jO -f" ~?~-Su" '

u =

VOL. XXXI.—NO. 706. 2 v
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To apply these latter formulae, we write down the values of
hvo,hvv ..., or of /mj, Arj, ..., as the case maybe, and take their
differences. We then calculate the v.alue of a-hv^ or of <rhv0 from
the value of u0 given in the checking table, by wi'iting (18) or (19)
in the form

or

hvk = « 0 + 1 hv0

= M 0 — • . ^ hvo+-g}^ hvQ—...,

(20)

(21)

and perform a similar process for trhv,i+i, <rhvin+i1 ..., or for
(Wit;,,, <rhv>lt, ... . If we use (18), we ought then to have

= hvl -\-hvn

(22)

or cr/ttt,, —<rhv0 —

<Thv2n—(rhv,, — (23)

If these conditions are not satisfied, one or more of the values of hv
must be altered, by inspection of the differences. The necessary
alterations having been made, the intermediate values of <rhv are
found by successive addition of the values of hv, and (18) or (19) is
then applied for calculating the values of u.

If any values of hv art: altered, it will not usually be necessary to
make the corresponding alterations in the first or higher differences,
since the coefficients of 8/M>, 8sfa', ... in the formula used are so small
that the resulting terms are hardly affected by the alterations.

It should be noticed that the arbitrary constant in <rhv has the
same value in (18) as in (19). As soon, therefore, as the series of
values of vhv has been obtained, we can apply either formula in-
differently. Or we may, if we like, apply both formula;, and
thereby obtain a table in which the values of u proceed by intervals
of *h in a.

Some numerical examples, illustrating the method, will be found
in the following sections.
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10. For a simple example, let us take, as in § 3,

n = tan hirx,

BO that v = du/dx = %v (1 -Ht8).

We may suppose that we have a seven-place table of « by intervals
of "01 in x, and a nine-place table by intervals of '1 , and that we
require; M, nine-place table by intervals of '01. For x = *30 and
x = •40 our checking (nine-place) table gives

(ft)

the seven-place table, with a little smoothing of differences, 1
yet a table of h.v, of which the following is a portion :—

X

•30
•40

n

•50952 5449
•72654 2528

•30
•81
•32
•33
•34
•85
M

•38
•39
•40

•5095254
•5291727
•5497547
•5708899
•5913984
•6128008
•63461.93
•f;r.(:Q77')

•6795993
•70281.18
•7265425

+

•01978 6005
•02011 1556
•02045 5384
•02081 8465
•021.20 1855
•02160 6693
•02203 4214
•rv>'M.q r»75(i

•02296 2768
02346 6824
02399 9632

30 8176
32 5551
34 38-28
36 3081
38 3390
40 4838
42 7521
45 1542
•17 7012
50 4056
53 2808
56 3420

S- hv

+

1 7375
1 8277
1 9253
2 0309
2 1448
2 2683
2 4021
9, 5470
2 7044
2 8752
3 0612

6s hv

838
902
976
1056
1139
1235
1338
1449
L17-.L
1708
1860
2026

S'//y

+

64
74
80
83
96
103
111
125
134
152
166

(y)

From (ft) and (y), by means of (20), we get, for a? =

<rhv = 10-9 (50952 5449-H of 1978 6 0 0 5 + ^ of 63 3727

- T H T of 1740)
= -51944 4843;

2 F 2
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and, for x = "405,
<rhv - -73858 7990.

The difference of these is '21914 3147, which is equal to the sum of
the calculated values of hv from x = 31 to a* = '40, so that no
correction is needed in these values. Finding the successive values
of <rhv by successive additions of 7M1, and applying (19), we get the
result shown below. The second and fourth differences of hv are
omitted, for convenience of printing. All the values of u, as shown
in the last column, are correct within 1 in the final figure.

irhv hr

30
32
34
36
38
40
42
45
47
50
53
56

8 hv

8176
5551
3828
3081
3390
4888
7521
1542
7012
4O.r)fi
2808
3420

5:| hv

838
902
976
1056
1139
1235
1338
1449
1574
1708
1860
2026

•295
•305
•315
•3-25
•335
•345
•355
•365
•375
•385
•395
•405

•49965
•51944
•53955
•56001
•58083
•60203
•62363
•64567
•66815
•69112
•71458
•73858

8838
4843
6399
1783
0248
2103
8796
3010
8766
1534
8858
7990

1978
'2011
2045
2081
2120
2160
2203
2248
2296
2346
2399

6005
lf»S6
5384
8465
1855
6693
4214
5756
2768
0824
9632

•49967
•51945
•53957
•56002
•58084
•60204
•62365
•64569
•66817
•69114
•71461
•73861

1676
8405
0722
6908
6219
00(58
6606
1820
7637
2531
0553
1460

If we wished the values of x in our final table to be ..., "30, '31,
"32, ..., we should have to use (18). To do this, we must calculate

(<r—r..5 + TVII^'1—«••) hv (e)

for the intermediate values ..., "295, 305, 315, ..., and then take the
arithmetic mean of each pair of consecutive values. When, of two
consecutive values given by (e), one ends with an odd integer, and
the other with an even integer, their arithmetic mean is doubtful.
The doubt might be avoided by originally calculating \hv instead of
hv, and adding consecutive values of

or, having calculated /«•, we may keep in one or two extra figures
in (e), these figures being dropped after the arithmetic means have
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been found. The following shows the process, from x = '30 to
x - -85:—

•295
•300
•305
•310
•315
•320

•325
•330
•335
•340
•345
•350
•355

•49963 3169 47

•51941 7727 6.1

•58952 7701 49

•55998 1542 38

•58079 8316 15

•60199 8385 45

•62360 3189 69

ti

•50952 5449

•52947 2745

•54975 4652

•57038 9929

•59139 8351

•61280 0788

These values, like the fonder, are correct within 1 in the final
figure.

11. One class of functions to which the method is readily applic-
iilile comprises functions of thn form

f r<i*
H = eJ ,

where ]' is some simple function of x. For we have, then,

so that hv is very easily calculated. If, for instance, we had con-
structed by means of logarithmic tables a table of values of

1
V/2TT

, - ! • • • •

approximately correct to seven places of decimals, we could easily
extend it, the formula being

hv = — hxu.

12. The method is also specially useful in dealing with the in-
version of integrals. If .»: is given in terms of u by

x = I <p («) du, (24)
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and if the values of ;c in terms of n are tabulated, we can by ordinary
methods of approximation const-mot a table of u in terms of x. The
accuracy of this latter table will be limited by the accuracy of the
former. But we have, from (24),

dx/du = <j> (u) ;

and therefore hv = hdu/dx = h/(j> (ti). (2;">)

Hence, if h is sufficiently small, we can substitute in (25) the values
already found for w, and then apply (18) or (19) to get a more
accurate table.

The example in § 10 mny be regarded as coming under this head.
For we have

and our original sevcn-tigure table of u = tan^n-ut may be supposed
to have been obtained by inversion from a table of x = 2/7r tan"1 u.

A case of special interest is that in which <f> (n) is an exponential
function of u. Suppose that.

*(n) = ef",*\ (26)

where Q is some simple function-of it. Then we have, as in § 11.

f'{u) = Qf(n). ('27)

But, by (24), dx/dn = y (tt),

whence dn/dx = l/(p («). (28)

Combining (27) and (28), we find that

d{<p(n)}/d:r - Q. (29)

Now the working table gives u in terms of x, at intervals of h.

Calculating the values of

and applying (18) or (19) to (29), we get the values of <j> («)• Then,
calculating the values of hdu/dx = h/<j>(n), and applying (18) or
(19) again, we get back to a table of w, but with more accurate values.

Consider, for instance, the integral

a = 2 !"%«/.«•,

Jo

where c = • --- • r e~4r\
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the values of x and z for a = '1, "2, ... were determined very accurately.
Calculating the initial and checking values of <r(—Ox) by means of
(20), the application of (19) gives a table of 2s to nine places of
decimals for a = "005, '015, . . . . Thence the values of 0/(2z) are
found (with a little smoothing) correct to eleven or ton places of
decimals: and our final table is formed by a second application of
(19). The first table on the preceding page shows the calculation
of 2z for a = "395, '405, ..., 505, x being taken initially correct to
seven places, and the first two and last two values of c(—Ox) being
adjusted so as to give 2s correct to nine places for a = '40 and
a = '50. In the second table the values of 0/(2z) are inserted as
found from the fii'st table, and aO/(2z) is adjusted for u = '40 and
a = "50. For convenience of printing, the even differences of H/(2z)
have been omitted.

VS. The last class of cases which we shall consider under this head
comprises those in which we are dealing with a definite integral, but,
for convenience of interpolation, the quantity tabulated is not the
integral itself, but is some function of the integral, or of the integral
and the argument. If, for instance, we have

it will be found that when x becomes tolerably great the higher
differences of u become (relatively) very great. It is therefore more
convenient to tabulate either

V;f-'-•
The method can then be applied for extending the table either of «,
or of t{s.

Generally, let u = I sdx,

where z — e* ,

and let us write «, = z ' n,
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Then it is easily shown that for extending a table of ux we have

hdnjckc = — (h—hPuJ ;

while for extending a table of tit we have

hdujdx = — log,0 e. hz/u,

or l°gio(—hdujdx) = log10 (log10e; hz)—ui.

The values of hP in the first case, and of log10 e. hz or log10 (logI0 e. hz)
in the second, are calculated directly from those of x, and may be
taken, at once, to any degi/ee of accuracy we require. When they
have been found, the process of extension may be repeated in-
definitely, with very little trouble.

14. The method fails whenever u is changing so rapidly that, even
though h is small, the working table does not give hdu/dx to a much
greater degree of accuracy than that of the first differences of u as
actually shown. As a general rule, we should not apply the method
to cases in which the first difference of u contains about the same
number of significant figures as n itself; but this rule is open to a
good many exceptions. In particular, we should notice whether the
greater part of the first difference depends on a function of x not
involving u; if so, it may still be possible to extend the table.

The failure of the method, however, is only a failure in its practical
utility; theoretically we could go on applying it by taking smaller
and smaller values of h.

Til. Extension to use of Second Differences.

15. The formula (19) may be written

where, as usual, D denotes differentiation. If we apply this to a
table of u for x = ...xo — h, x0, xo + h, ..., so as to get a table for
x = ... xo—^h, xo+^h, ..., and then repeat the process, the result of
the double operation may be denoted by

...)hDu.

The operators o-, B, and hD combine according to the ordinary laws
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of algebra, so that the result is equivalent to

or* -nrHW+ - (SO)

This formula is quite general, and it enables us to extend the table
of u, when n satisfies an equation of the form

dhi/dx* — \f/ (x, u), (31)

even if dn/dx cannot be expressed as a simple function of u and x.
The symbol <r3 represents the operation of a double summation, in-
troducing two arbitrary constants. Its relation to the operations
represented by <r and by powers of S is shown by the following
table:—

X

xo-h

H

••»o + *

1st diff.

«/(*«. +-J*)

2nd diff.

/(*•»-*)

/(*o)

/(•r« + A)

3rd diff.

»/(*«»-**)

5/(a,0 + |/*)

4th ditf.

«»/{ab-A>

«y(«o+A)

To apply the formula, we must first tabulate the values of

hSo = h*tr-n/dx\

by means of (31), using the values of n given in thu workinpr table.
We then, by successive additions, construct a table of values of

nnd, repeating the process, we get the values of'

cr2 h2w,
from which u is given by

(82)

Seep. 483, formula (14f>).
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The determination of the values a-hhv^, <rhhvn+l, <rhhointi, ..., by
which the table of a- hhv has to be checked, involves the knowledge of
the accurate values of u0, it,,, ..., and also of either «„ ?*„•!, ... or
(du/dx)0, (du/dx)n} .... If the values known are «,, M,, + I, ..., we must
calculate o"8fe8w>0, a^JPw,,, ..., and also o*hhov a^hho,,^, ..., by means of
(32), written in the form

. <rih*w0 = u0—&hhoQ+^h:iiv0-..., (33)

and then take ah3wk = vlhhvx — cr8fe8«'0\

o- A*io«+, = <r* fc V . + , - <ra /i ' ic I . (34)

But in most cases dujdx can be expressed in terms of u and x, so that
(du/dx)0, (du/dx)n, ... can be calculated from the checking values of
?t0, «,„ .... We have, for these cases,

9h*wk = h (

which is obtained from (20) by writing h'du/dx for u.

16. The process of checking may be performed by first tabulating
vli'w, with any necessary alterations of htw, and then making any
further alterations which are necessary to make the values of
a^KlwH, ... agree with those found from (33). But it is better to
consider the checking values of crtfw and of a* hhv- simultaneously.
We should have, if the values of h*w were exact, .

o- h*wn+1 = <r h\ok + h\ox + hswt + &*«;, + . . . + h*w,,, (36)

+ ...+h9wn.i. (37)

If these equations are satisfied by the tabulated values of 7i*w, no
correction is necessary; but, if they are not satisfied, one or more
values of h*w must be altered accordingly, it being noted that an
alteration of ± 1 in Wiv, makes a difference of ± 1 in arh*w,,.i, nnd of
± (n — r) in a8 hhoH.

To illustrate this by a simple example, let us take

w = e',

which gives w = dhildx* = n.
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Taking h = '01, and starting with x = l'OO, we have the following
table to seven places of decimals :—

X

1-00
101
102
108
104
105
106
107
1-08
1-09
1-10

a

2-7182818
2-7456010
27731948
2-8010658
2-8292170
2-8576511
2-8863710
2-9153795
2-9446796
2-9742741
3-0041660

5

270473
273192
275938
278710
281512
284341
287199
290085
293001
295945
298919
301924

+

2719
2746
2772
2802
2829
2858
2886
2916
2944
2974
3005

+
29
27
26
30
27
29
28
30
28
30
31
29

The values to eleven places for x = 1*00 and x = l"10 are

1-00
110

II

2-7182818 2846
30041660 2395

Hence, by (35), since hhu = hhi,

<rh\ok - 10-n{271828 1828 + 1359 1409+Jjof 5 4 3 6 6 5 - T ^ o f 56}

= -0273189 5889,

<rfcV,+i= '0301921 1889.

The difference of these (omitting decimal point) is 28731 6000, and
the sum of the corresponding values of h*w comes to 28731 5999 ; one
value must thex'efore be increased by 1. Again, by (33), we find

a2P/£;0 = 2-7182591 7622,

<rfc'H>,, = 30041409 8936,

the difference of the two being

2858818 1314.

If with the above value of nhho^ we calculate

10 a h\ J
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we get 2858818 1303;

so that the sum must be increased by 11. If we take this = 7 + 6—2,
so that two values of hho are increased by 1, and one is diminished
by 1, we get the result shown below. The odd differences of hhv are
omitted, and the last column starts with the figure in the sixth
decimal place of u. The altered values of h\o are indicated by
asterisks.

X

100
101
102
103
1-04
1-05
106
1-07
1-08
1-09
110

a2 hhv

27182591 7622
27455781 3511
27731716 5410
2-8010424 9257
2-8291934 3763
2-8576273 0440
2-8863469 3628
2-9153552 0526
2-9446550 1219
2-9742492 8707
3-0041409 8936

(T h-W

273189 5889
275935 1899
278708 3847
281509 4506.
284338 6677
287196 3188
290082 6898
292998 0693
295942 7488
298917 0229
301921 1889

2718 2818
2745 6010
2773 1948
2801 0659*
2829 2171*
2857 6511
2886 3710
2915 3795
2944 6795*
2974 2741
3004 1660

8- A«M«

2719
2746
2773
2801
2828
2859
2886
2915
2946
2973
3005

u

... 18 2846

...10 1501

...47 6394

... 58 3467

... 70 1432

... 11 1804

...09 8925

...9t9997

...95 5106

...40 7256

...60 2395

These values are all correct within 3 (or 3^) in the last figure.

17. This method will be found useful for constructing a table of
values of

f vdx,

when we already possess a table of values of v at the required
intervals, but not of sufficient accuracy to give us u to the number
of places we desire. If we have

dv/dx = f (a:, v),

we can apply (19) to determine a more accurate table of v; and a
second application of (19) will give u. But, if AVO have no particular
use for the more accurate table of v, we can omit the calculations
represented by the formula

and proceed at once to the calculation of u by the formula
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Suppose, for instance, that

and that we have tabulated v to seven places by intervals of #01 in x.

Then we have dv/dx = — xv,

and, by using the formula

we shall get u practically correct to eleven places, instead of merely
to nine places.

18. If the values of x in the original table of u (or, in the case
considered in the last section, in the original table of v) are halfway
between the values to be adopted in the final table, we must use
the formula*

This formula, written in the form

a* h\oQ = Ui-ia ;ivJ+GA-At.-TS-foVJ+...) *•«», (39)

may also be used for calculating the checking values «ra/i.*w0,
<rs h2wtl, ..., when the values of u in the checking table are «t, wn+1, ...,
instead of t*0, «„, . . . . . . x

IV. Generalizations.

19. Suppose that u satisfies a difPurential equation

cPu/da?- (j> (x, u) du/dz-t (x, n) — 0, (40)

or, more generally,
d'u/dx* = F (x, u, du/dx), (41)

and that we have a table of u by intervals h in x. For any tabulated
value, as x0, we havef

h (du/dx)0 = 0*-\i** + -hH»-TlviiV+...) «o, (42)

and similarly for x = £Cj, a.'3, ... . If by substituting from (42) in (41)
we get tfd^/dx* to a greater degree of accuracy than is given by the
original table, we can apply (.32) to obtain a more accurate table
of u.

In a great many cases, however, the coefficient ot du/dx in the

-* See p. 484, formula (152). t See p. 465, formula; (74).
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(43)

(44)

differential equation does not involve u. It", then, we have
{Pnjth? - f (.(•) dn/dx - iff (n) = 0,

it is simpler to write

and we have, for the differential equation of U,

#V/M = «"4 f ^ ' X a , e'^/W" ET>—[if' (*)-j {/(.r)}2] 17. (45)
By tabulating Z7 iiiHtead of tt, we are able to proceed at once to the
application of the method of §§ 15 and 16.

20. Ifov example, consider Uessel's function of order 1,
n — ,l\ (;«),

which satisfies the ecpaation

xl iPn/fh* + x du/dx + (x':-1) u = 0.
Writing // = %/;« . n,
we have tPU/ihr+ (1-3/4.C2) U = 0,
or . h* (P U/dxz = - I? (1 - 3/4J.2) f/,

so that we can apply (32) for values of x exceeding v 3/8 = "612 ... .
Thus, taking h = "1, Lommel's table* of ./, (a;) gives the following

values of U:—

X

•8
•9

10
11
1-2
13
1-4
15

u

•868842
•405950
•440051
•4701)02
•498289
•522023
•541948
•557937

If

•329902
•385118
•440051
•41)3880
•545848
•595198
•641243
•683331

1-6
1-7
1-8
19
20
2 1
22

•o69896
•577765
•581517
•581157
•576725
•5682U2
•555963

U

•720868
•753314
•780187
•801070
•815612
•823534
•824627

direct calculation, I find

X

10
2-0

u

•44005 05857
•81561 20449

dU/dx

•54517 23937
•11272 63651

* E. Lomrnel, Studien iiber die BesaeVnehe Functional (Leipzig, 1868), p. 127."
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Hence, using (35), wo get

X

10
11
1-2
13
1-4
1-5
1-6
17
1-8
1-9
20

•44014242
•49404323
•54606646
•59547417
•64157131
•68370976
•72129267
•75377882
•78068680
•80159890
•81616458

+

53iK)081
5202323
4940771
4609714
4213845
3758291
3248(515
2690798
2091210
1456568

110013
187758
261552
331057
395869
455554
509676
557817
599588
(534642
662685

a

77745
73794
69505
64812
59685
54122
481-11
41771
35054
2H043

a2

3741
3951
4289
4(593
5127
5563
5981
(5370
6717
7011
7249

•>

+

210
338
404
434
436
418
389
347
•294
238

-

+ 212
128

30
+ 2
- 18

29
42
53
56

- 58

u

•44005059
•49388660
•54584832
•59519809
•64124121
•68332990
•72086769
•75331371
•78018686
•8010(5974
•815(51204

The approximation would of course be more rapid if we took .c by
intervals of "01, and calculated some of the intermediate values.
Thu process can be repeated, the multipliers of U only requiring to
bo calculated once.

21. More generally, suppose that u satisfies a differential equation

d*n/dxH = Fix, u, dujdz, d°-u/dx\ ..., d'^n/dx1'-'). (46)

Then, if n is tabulated by intervals of h in x, the values of hdti/dx,
h*tPu/dx*, ... are given by (42) and similar fonnulas. Substituting
these values, as found from the table of «, in the expression giveir
by (46), we get a series of values of h"dHn/dxn; and we have then*

.. .)" h»dHu/dx» (47)

or

the powers of <r and of 8 in the expanded series being combined in
accordance with the relation

* For the coefficients in these expansions, up to n = 8, see pp. 484-5, formula;
53)(lS(i)


