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1. For the case q¢ = 2, the continuous group leaving ¢ invariant
has been fully studied by Sophus Lie; also the discontinuous group
of linear substitutions in a Galois field leaving ¢ invariant has been
recently studied by the writer in the Proc. Lond. Math. Soc. We
suppose g>2 in the present paper.

2. For the sake of clearness, the method of investigation is first
illustrated in the simple case m = 1, ¢ = 4. The conditions imposed
upon the substitution :

4
S: f.{:Ea,'kfk ('i= 1, eeny 4‘),
k=1

in order that it leave & & & ¢, invariant, are as follows :—

e)) ayayaya; =0 (G=1,..,4),

(2) L Cy; Ay Qg +alja'.'jai:iadk+ aljarjaljﬂ2k+a2ja3jaljalk =0
Goh=1, .., 4;jF k),

3) Q309 g gy + 0150y Aoy O gr + 0 Vg o gy + €y A gr :

+ayagaay - cyaapan = 0,

(4) 2ajayaygay =0 )
Gk l=1, .., 4;jFkF]D,
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the sum extending over 12 terms given by permuting 1, 2, 3, 4.

(5) Sayapaa, =1,
the sum extending over 24 terms obtained by giving the set (2, §, k, 1)
every permutation of (1, 2, 3, 4).

Multiplying equation (3) by 2, we obtain an equnation of the
form (4) for k =1; multiplying (2) by 3, we obtain an equation
of the form (4) for l=j. Hence, if j and k be any two distinct
integers chosen from 1, 2, 3, 4, we have the set of four equations
given by 1 =1,2, 3, 4:

(et oy agp + oy g+ agiog ay) ay
+ (“Ija‘.’j"lk+a1jalja2k+a‘.’ja4ju|k) ag
+ (g ag a0, + ayag o) ay
+ (ayagau+ ayaag + aya;ay) ap = 0.

Regarding the quantities in the parentheses as the unknowns, the
determinant of the coefficients is seen to equal the determinant

l ;. I (?:, ’6—_—' 1, ooy 4)

of the substitution 8, and is therefore assumed to be not zero. Hence
the quantities in parentheses are all zero. But the above equations
hold true if j = 4. Indeed, for I = j, it is obtained by multiplying
(1) by 12; for 157, it is given by multiplying (2) by 3. We have
thevefore the result

ajagay +ajagay tayaya, =0 (, k=1, .., 4),

with three similar equations obtained from it by replacing the
index 1 by 4, or 2 by 4, or, finally, 3 by 4. It follows that the pro-
ducts oj;ay, ajay, ayaey are all zero; indeed not every determinant
of the matrix

Ap Uy On
33  Uyg QA
(g3 Qg3 py

gy Qg Oy

can be zero, since the determinant of S does not vanish.

Replacing the indices 1, 2, 3 in tarn by 4, we find that also the
products aja,;, agay, a,q; vanish, Hence three of the quantities
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ay, ag, @y, ay vanish forevery j=1, ..., 4. In order that the deter-
minant of S be not zero, the four non-vanishing coefficients must lie
in distinct columns (as well as in distinct rows). We have therefore
the result:

TrrorEM.—Every quaternary linear homogeneous substitution leaving
& 6.68, tnwariant can be generated by the substitutions (&) -together
with the following :—
E=aili (0 =,1; vy 4,

ay ugagay = 1.

The result holds for continuous groups, collineation groups, or for
groups in any Galois field.

3. We will explain for the case m =1, ¢ =4 the use of a symbol
employed for brevity in the general case. The 24 terms of the left
member of (5) are given by the expansion of the determinant

la,] (rs=1, .., 4),
if all signs be_ taken positive. We therefore write (5) thus:
ap g Qg Ay
g Qg Qg Ay

ay, (33 Qg sy

g Qg ag g

In the same notation relations (4), (3), (2), (1) become respectively

Q; @ ay ayp rﬂu ;g “1.&1
1) @y Az @y Ay 0 , @y an [ 798
2 g ] T ﬁ r= O)
Ay Qy dy Qg ay Uy Ay Ug
L Ay Qg Ay Ay g Uy Q. Qg
(a; ay @, ay (a); «a a;  ay)
j i j i i 1 1y
L 1% O Gy Ou i W "y Wy
v ) r =0, 77 r = 0.
ay  ay Ay Ay Uy Qay  dy ‘ﬂ:b-
@y @y gy A/ Qg ay Uy Uy
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4. Consider a general substitution on mgq indices,

.o iJ i=1..m
S ‘ fu k-ﬁ..ma“ * (j = 1 ves q ).
lal..g

It transforms ¢ into the function

) o i1 i2 ig
4 —E'l { (k,,zll aklllfklll) ( -fz, “"alaeknla) (kfzqa"q’a gkc’q) } ’
where ky, ..., k, =1, ..., m; &, ..., &, = 1, ..., q independently.
Employing the symbol explained above, ¢’ takes the form

ai 1 i1 i1
ki Pty ot Cgly
i2 12 i 2
1 2 Ja a .oa
-3 Kyl 17 g L
I o SRS &I AR A
tae 4 i4q

a i a
kil Tkl T Thelg

summed for every combination of q pairs of integers (ky, 1), (ki L),
veey (kyy 1,), the ks being selected from the integers 1, ..., m, and the
I's from 1, ..., g, repetitions allowed. To determine the value of C
for a given combination of q pairs (k;, ), we separate them into
7 sets .
[(k‘h L) = (ky b)) = oo = (ke L),
(6) (kt,uy l:.n) =..= (kt.ﬂ,, lt,u,)a

(’A"I*[,§“_0lr_‘¢]7 ll,ﬂ,o...u'_l-ﬂ) = e = (kt.ot,o..,ﬁ,p ll.al,o...#l,))
those in different sets being distinet pairs. We readily see that

0= (httit..+8)!

ATl bbbkt =g
XN

The identity ¢' = ¢ therefore requires the following relations :—¥

i1 i i
Gy Gy e G
w |a? af? ., af? ,
(7 3 47 Jar=1 (=1, .., m),
l.-l “ee . LR
ig iq i B
af ..ol

* The numerical factor in (8) must be retained when working with linear groups
in certuin Galois fields ; indeed, the reciprocal of this factor migkt be zero, in
which case it could not be omitted.
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i1 i1

a a es
gl it bkl kalg
1°*

(8) '—q——' E .o e vee =O,

ial i
q aiq tq

Gty Yhely %l

holding for every combination of ¢ pairs (%, ), ..., (k, %), except
the combinations (&, 1), (%, 2), ..., (%, ¢), that can be formed from '
€41, . @9, oy (my 1), .., (m, ¢). The numerical factor is
determined by (6). .

5. Consider the totality of relations (8) in which (&, 1) = (Fy L)

. ! .
Multiply each by the factor %t—'—g——t——’, which will be an integer
Wt

since the pair (k,, },) is of multiplicity at least 2 Group together
the mgq relations in which k,, &y, ..., k,.15 4, by, ..., 1,.; have mbitrarily
fixed values, while %, runs from 1 to m, I, from 1 to g¢. Note that we
tacitly assume that g>2. We may expand the general one of these
mq relations into the form

i1 i 1 EE ]

a
Wby Uhgarig-1 Gty Yhgmrlgan
m 1 ‘ P 2 i1
9 5 e a
El 2 kqlq+ -+ 2 kqlq
i g-1 [ 9-1 1. g i [
a
kg-rlg=1 """ Ykg-rtyn L% 0+ “hgrlem
= O,

In these mg equations, given by %, =1, ..., m; l,=1, ..., q, themg
quantities in brackets are the same thréughout, and may be regarded
as the unknown quantities. The determinant of their coefticients

oL k,o=1, ..., m
quq) (7’ l::]_, ,!1)

is not zevo, being the determinant of the substitution S. Hence the
mgq unknowns are all zero, viz.,

i i i [
[“).-11l Uty 0 Ygaily- 1]
=0

iay-1 “i ag-1 ‘i u.,-l]

Yo, ksl T Y I

)

(S5

where a,, a, ..., @, are distinct intcgers chosen arbitrarily from
1,2 ...,q, and &, k, ky oo k=1, g, m; UL, Lo =1
independently. If g—1 =2, we have the vesult (11°) below.-
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If g—1>2, we consider the relations (9) in which 7, &, %, ..., k,.q;
Ly Uy .oy ly.2 have arbitvarily fixed values, while %, , runs from 1
to m, I,_, from 1 to q. The general one of these mq relations may be
expanded into the form

ul [ i q at ag a‘ ag
Byt Ckgonlyon bt Ykgeulgen
¢ ag-1 1 a a)
W1l +...+54 .. RO A ST
1 ag-2 i -2 i ag-1 i ag-1
L ukq_ﬂ'l_2 akxll ukq_‘_,lq_2

Consider as unknowns the g—1 quantities in brackets. The matrix
of the coefficients is composed of ¢—1 rows of the determinant of S,
Hence not every determinant of order g—1 in the matrix is zervo.
Hence the ¢—1 unknowns are all zero, viz.,

ih i S b
A kalg 0 Phg-2lg-2
(10) 3 =0,
€ bgoz 4 bg-2 i bg-2
Kyl Aoty 0 Pkgoslyoe

where b, by, ..., b,., are distinet integers chosen arbitrarily from
1,2, ., q whiled, by, legy ooy Bpa=1,2, ...,m; 4,0, .., =12
..., ¢ independently. If g—2-= 2, we have the equations (11°) below.

If ¢—2>2, we proceed as before. TFinally, we reach the result

[t;i ] “1‘ ¢

, Kl Kyl

(11) : 14 3 } — 0,
id

d

i
Aty

Uy
where ¢, d are distinct integers chosen arbitrarily from 1,2, ..., q.
Since (%, 1,) = (ky, 1,), we have the result -

iec id _ Lwhk=1..,m
(11) a; e =0 (l, ed=1, c#d)'

6. To derive the resnlt (11°), the only use made of the hypothesis
(ky 1) = (ky, 1) was to distinguish between the relations (7) and (8).
But relations (8), and not (7), are always defined if we take k, 5= &;.

Hence, if we drop the factor § throughout, the investigatiom in § 5

leads at once to the result -

a;,i- ui_j_, <':1 ky ky=1,...,m; k 7 ks)
< .. P~ 0

(12) c,d=1, ...,q; c#d

TN Li=1,..¢

i
Gty Yty

0
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In virtue of the relations (11) and (12), the relations (8) are all
satisfied identically.

7. The coefficients of S being not all zero, we may take

"j‘r,éo

k]l]
Then, by (11) and (12) respectively,
kll ;=0 (s=1,. W 4 SFER),
s _ k=1 ..,m; k £k
¢ (l,:l,...,q )'
Hence the substitution S affects g—1 of the indices as follows :—

4 ‘]3

t{ll— 2 akllfk,l (s=1) e 45 s#jl)-

Since the determinant of S is not zero, not all of these cocfficients
are zero, for example,
"ljz: #F0 (sFh L#£L)

Then, by (11), alr =0 (=1 .0 r#j).

Hence § affects g2 of the indices as follows :—
, l=l..‘..q ‘1 r .
fflr-: hzgkz (=1, s 5 750 Jo):
Ity 1y
Not all of these coefficients are zero, for example,

“;,l ‘;: UsFEJudes L#EL L)

Proceeding in like manner, we reach, after ¢—1 steps, an index
§;,5, Which S replaces by

|Jq

Uty fkl’q
Besides, we have proven the existence of ¢ coefficients

g iijy hds iy Jy
(13) Yty Fgly Sty o Yglyd

all different from zero, in which 1, L, ..., I, ave all distinct, and
Ju» Jar +-es Jo 01l distinct, and consequently each sct a permutation of
the integers 1, 2, ..., ¢.
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The above process may therefore be repeated, starting with any
one of the set (13). We conclude that S affects ¢ of the indices as
follows :—

&= az|1:£k|lt t=1,..9.
8. Since the determinant of S is not zero, we may take

allF 0 Gy k) # (i ko).

By the argument of § 7, S affects the ¢ indices 'ffa b &‘ 2 veey fl-“ as
follows :—

gy=ail, U=1..,9.
Applying the process m times, we see that S has the form
& =a:‘f$kl G=1lm;j=1, ..,9),

where ¥ and ! are such functions of ¢ and » that, in the determinant
of the coeflicients of S, no two non-vanishing coeflicients lie in the
same column or in the same row.

9. It follows that every lncar homogeneous substitulion S leaving ¢
invariant is the product of a literal substitution L on the mq letters &;
with the systems of tmprimitivity

fll! Eﬂ) ey £lln
gu: 822) vy f‘::n

fmh £m!y ey £mq|
by a Unear substitution M of the form

&= Wt G=1,m; i=1, .., q),
where, by (7), al)dis ... al=1 (i=1,..,9)

The totality of linear substitutions M form a commutative group
which is an invariant sub-group of the total group leaving ¢ in-
variant. The quotient group is the group of substitutions L. The
iatter group has an invariant sub-group, the direct product of m
symmetric groups on g letters, the quotient group being the
symmetric group on m letters, viz., the m systems of imprimitivity.

We have therefore determined completely the structure of the
largest linear group leaving invariant the function

¢ E,-%":. f.-, é,‘g f"q:
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whether the coefficients be taken in the field of continuous quantity,
as roots of unity, or, finally, as marks in an arbitrary Galois field.

10. Note.—~While our final result enables us to give the reciprocal
of any substitution S leaving ¢ invariant, it is nevertheless interest-
ing to verify directly by means of the relations (7) a.ud (8) that
S-! has the form

&= 12 A.’jfl.-x t=1.,m;j=1,..,79),

where A} denotes the * adjoint ” of aj; in the symbol

k1 (l.k ! (l‘f !

il iz iq
kq kg kq
Wy Gy e Oy
. 3 o
“k'.'l ukl k2

il i3 ('l..q
\ X
For example, AL =
kq kg kq
A R

We verify our statement by showing that SS-'=1. Indeed, S8~
replaces the general index §; by

3 AGCS ang)= 3 {3 (3 Aya)}be
P L

But the quantity in brackets is, by (7) and (8),

k1 x KUk o
.. oo
Mo Y % Yin .q}

0 if (r,5) (i, ),
L if (r,5) = (i, j)

o
3
kel..m r ‘ X
kq kg g q q
a;] e @ @ A e G

Hence S5~ replaces &; by &





