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A NOTE ON THE CONTINUITY OR DISCONTINUITY OF
A FUNCTION DEFINED BY AN INFINITE PRODUCT

By G. H. Harpv.

{Received October 15th, 1908.—Read November 13th, 1908.]

1. Abel’s well known theorem on the coutinuity of power series
naturally suggests the question as to whether a similar theorem holds
for infinite products. Does the convergence of the product

(1) P - H (1 +a/n)

0
involve the absolute convergence of the product
(2) -Pl (£) = I?): (1+an ")

for all values of z whose modulus is less than unity, and the truth of the
equatlon Pl(ﬁ:) > P
as z—>1? The path along which z -1 is here supposed to be any
such path as is permitted in Stolz’s extension of Abel’s theorem, that
is to say, any path which lies inside the unit circle, has a tangent at
every point, and does not touch the circle. Such a path we shall deseribe
for brevity as a standard path.*

This question immediately suggests another: does the convergence
of (1) involve that of

®) Py@) = M (1+a.2)
0

for all values of x, and the truth of the equation
(4) Py(z) - P
when z —» 1 in any manner?

2. If the product (1) is absolutely convergent, that is to say, if the
series Za, is absolutely convergent, it can be shown at once that all these
questions must be answered in the affirmative.

¢ Paths which bave no tangents may be dismissed from consideration ; no interest
attaches to them, and the only result of admitting them is a little unnecessary complication
of our definitions.

The question stated above was, if I remember rightly, first suggested to me personally by
Prof. V. Ramaswami Aiyar of Gooty, India, in a letter which I received from him u year or
two ago,
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The simplest proof of this depends upon what Mr. Bromwich has called
Tannery’s theorem—viz., that, if

| g-n(m) ‘ < M,,

where M, is independent of z, and XM, is convergent, throughout any
region D of values of z, then

(5) I {14g.(x)}

is uniformly convergent throughout D. If every g,(zx) is continuous, the
product is, of course, also continuous. .

We shall denote by D, any region bounded by a standard curve
beginning and ending at the point x = 1; and by D, any region bounded
by & closed curve and including the point £ = 1. Then

|anz"| < | @l

throughout D, ; and larz| < R|aa|
n == n

throughout D,, B being the greatest distance of any point of D, from
the origin; and it follows at once that P,(r) and P,(z) are uniformly
convergent throughout D, and D, respectively, the boundaries of the
regions included.

A theorem similar to Tannery’s, rather more general, but rather less
simple and natural, was given by Arzela.* This theorem asserts that, if

(i) gn(z) tends uniformly to zero, as 2 - o, for all values of z in D;

i) = |g.(x)| < K for all values of » and xz;t
v=0_

then the uniform convergence of Xg,(z) is a sufficient condition for that

of II{14ga(@)}.1

* Mem. di Bologna, ser. 4, t. 1v. (1883), p. 427 ; Stolz und Gmeiner, Einleitung in die
Funktionentheorie, bd. 11, p. 431.

+ If Tannery’s condition |g.(z)| < M,, where 2 M, is convergent, is satisfied, it is
cvident that Arzela’s two conditions are satisfied. The converse is not true. Suppose, for
example, that

fl@)=1 O<2<}), go(x) = 0 (otherwise) ;
nE@ =% G<z<) g1 (@) =0 (otherwise) ;
gs(x) = § (%Sm )

gz (@) = 0 (otherwise);
gn(2) = 7%1 (1-2-"<a<1-2-*"1),  g.() =0 (otherwise).

Then it is elear that f |g.(x) | <1, and that g,(x) —> 0 uniformly ; but Tannery’s condition
»=0

is not satisfied, since %(1/n) is divergent. There is no difficulty in constructing a similar
cxample in which every g, is continuous.
i If & and g, (w) ave restricted to be real, the condition is also nccessary.
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It is plain that our results concerning the products II(1+a,z"),
II(14a,z) can be deduced at once from Arzela’s as well as from Tannery’s
theorem.

8. We may now pass on to consider the more interesting case in
which the product (1) is only conditionally convergent. So far as I am
aware, the only general tests of any importance that have ever been given
for the conditional convergence of a product are Cauchy’s test—viz.,

the product IL(1+a,) is convergent if Za, is convergent and Za?
absolutely convergent ;

and Pringsheim’s extension of Cauchy’s test—viz.,

the product is convergent if Za,, Zai, ..., Zat~' are convergent and
Zal absolutely convergent.*

A product which is convergent in virtue of Cauchy’s or Pringsheim’s
tests we shall call a reqularly convergent product.

4. TaeorEM A.—If the product (1) is regularly convergent, all the
questions of § 1 may be answered in the affirmateve.

This result I shall deduce from the following general theorem :—
TreOREM B.—If the sertest
Zgu@), Zg2@), ..., Zgi7' (@), Z|gi@)|
are uniformly convergent throughout any region D wn the plane of z,
then the product IT {1+4-g.(@)}
15 unsformly convergent throughout D.

This theorem is very easy to prove. We can choose 7, so that, for
n>=mng |gu] <6 <1, for all values of & in question. We can then
ignore the first n, factors, so that nothing is lost by supposing |g.| < ¢

* Pringsheim, Math. dnnalen, bd. xxi1., p. 482 ; Stolz und Gmeiner, l.c., p. 436. The
latter test may be stated in the more general form ‘ the product is convergent if

: . 1 .
b (a,.—%af.+ ek at ‘)
is convergent and Xa’ absolutely convergent,” but the extension seems of but little interest.
1f a, is real, a2 can, of course, only converge absolutely or diverge to +; the product
converges or diverges to 0 accordingly. In this case Pringsheim’s extension cannot be needed.
T More generally, if = (g,.—%g';‘,«- vk k}:i gt ), gk

are uniformly convergent.
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for all values of #» and z. Then

log (1492 = gu—3g3+--.+ =2 gh ' +(— 1)+,

k k+1
_ g4
where =T k+1+""
| lgul® v 4 oy |gu|
s0 that [¢n] < 55— Aot+.) < s,

Hence Z ¢, is uniformly convergent, and so therefore is Z log (1+¢,).

5. From Theorem B the truth of Theorem A follows almost immediately.
(i) Let g, = a,«", and let D be the region D, of § 2. Then
San, Zad, ..., Takl, Tak|
are convergent, and therefore, by Stolz’s extension of Abel’s theorem,

Sa.z", Zalz?, ..., Tak g% D T ak| |2
are uniformly convergent throughout D,.

(ii.) Let ¢, = @.«, and let D be the region D, of § 2. Then
Sanx, Zaiz?, ..., Zak 'l Eaki | Lf

are uniformly convergent throughout D,.
It is easy to deduce, from Theorem B and from the known extensions
of Abel’s theorem, more general results concerning products of the types

I{14a.f.@0)};

but the cases in which f, () = «* or « seem so much the most interesting
that it is hardly worth while to set any others out at length.

6. There still remains the case in which the product (1) is convergent
but not regularly convergent, or, as we may say, trreqularly converqgent.

As regards such irregular convergence one may distinguish two
possibilities.

(@) It is possible that the product 1I(1+a.) may be convergent,
although the series Za, is not convergent, and indeed even if the series
diverges to 4. The following examples of this are interesting, and we
shall have occasion to make use of them later on.



44 Mr. G. H. Harpoy [Nov. 12,

(1) Consider the product*

F | _1— _ ; l.
(6) IOI 1(1+ Vn—{;) (1 ¢¢L+%) )’

: 1 1
for which s = =1’ g1 = — Vi

Here (14 as,)(14as,+1) = 1, so that the product is convergent, and has the
value 1, although Z(as,+ae,.1) or

e 1
s
diverges to + x .
@i
(i) The product I (1+ "W)
is convergent, unless 0 is a multiple of 7,+ since the series
e‘ﬂﬂf 6211-01' 1
v n’ ny/n
are convergent.
It follows that
ngt (2 ) . 9 1
ol e—\:II( COS 7 _)
¢)) . + v 14 — + o
. o (2cosnd | 1
. N\ ihduiidihtd —_—
is convergent. But =z ( T + n,\)

plainly diverges to + o .

The product may also converge when some of the later members of
the sequence of series S ; :
q Za,, Za:, ..., ZTa!

n

oscillate or diverge. All such cases afford illustrations of our first
possibility with respect to irregular convergence.

(6) The second possibility with respect to irregular convergence is that
it should not be possible to find a value of ¥ for which

Za.|*

is convergent. Suppose, for example, that

ngt
a, =

logn’
where 0/ is trrational. Then Zg% is convergent for all values of %, but
* This product is used Ly Pringsheim (Math. Annalen, bd. xxx1n1., p. 154) for another

purpose.
t The product diverges to infinity if ¢ is a multiple of 2r, to 0 if 6 is an odd multiple of .
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never absolutely. And, so far as the tests at our disposal at present go,
the question of the convergence of the product

(®) I (1+ lggan)

remains open.

7. 1 shall return to the second possibility in a moment. But first I
wish to show, by means of examples drawn from the first class of
irregularly convergent products, that the mere convergence of the product

(1) is not sufficient to ensure an affirmative answer to the questions
of § 1.

(i.) The convergence of (1) does not necessarily involve the convergence
of Il (1 +a.x) for any value of = other than =0 and z =1. We saw
above that the product

Iu:‘ (1 J;S—g) (1- ¢7z1+g) :‘

i8 convergent. DBut

IjI (1 \/:—%) (- \/of+%> ;

E -

is convergent only if II (1-{— a"i)

v=0 v—
is convergent, where a =31—@—%?3;
and this is so only if a, =0, t.e., if t=0o0r z = 1.

(ii.) The convergence of (1) does, of course, imply the absolute con-
vergence of II(1+a,z") for any value of x numerically less than unity.
But it does not vmply the truth of the equation

I (1+anz") > II (1+4a,)
as z -1, even by real values and when a, is real.

We saw in § 6 that the product

© 2 cos nd 1
® T (142727 + )

is convergent, provided 6 is not & multiple of . Let us denote its value
by w. Then I shall prove that if

__2cosn6 , 1
" Jn t
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then

8 ‘ ﬁ A+a,z™ - 2w
1
as T - 1 by real values.

noi
In order to prove this we observe that since II <1+ i/—fn> is reqularly
convergent '

i <}+%r) > n(1+ ‘i%)

as r—1. It follows that the same relation holds between the products
formed by taking the modulus of every factor, and therefore that

I (1+ 2z" cos 71,9+xﬁ> .

Vn n

Our conclusion will therefore be established if we prove that

. !1+2w cosnB_l_g_“’

. v ni _ A
1"|I { 1+ 2z cos ne‘*‘inj —_ I]I (1+B’!L)y
: A/ n
where B, = 2" (1—27)

T n+422" cos n4/n+2>"’

tends to the limit 2 as .« — 1. Now f, is positive and less than K/n, and
so the series 8} is uniformly convergent for 0 <z < 1. Hence also

the series S {log (148 —B,
is uniformly convergent, and so
logT1+8.)—28, > 0.

We therefore require only to show that

ZB,— log 2.
But, if Yo = z"(1—2z")/n,
. _a _x"(1—2z") 2z cosnfy/ntaz™
we have "B = n n+2z" cos n8 4/n+z>"’
80 that | yn—Bn| < En7L

Hence Z(y,—/3,) is absolutely and uniformly convergent, and so

Zyvn—2B,~0.
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But Syn=2 %—-E%—jn =log(liw) —log (lTlm‘*)
= log(1+x)->log 2;
and so our conelusion follows, viz., that
M(1+a.z" -2l (14an
as z -~ 1.

8. In conclusion, I wish to say something about the second possibility
mentioned in § 6. This possibility seems to me very interesting. But I
know of no example of such a product, and I am unable to construct one.
Indeed, I cannot determine whether the product (8) is ever convergent or
not ; and the considerations which follow show, I think, that the question
is not one which can be settled without considerable difficulty.

Let us consider first a simpler product, viz.,

enoi
5) 0<a<.

n

(e

Let % be the least integer such that ka > 1. The series Tat is abso-
lutely convergent, the series

2 k=1
Za., 2a, Zak

are convergent unless one of 8, 26, ..., (k—1) 8 is a multiple of 2=. Thus
the product is vegularly convergent unless 6/ has one of a limited
number of rational values; if, e.g., a = %, &k = 8, it is regularly con-
vergent unless 6/ is an integer.

Now, let us consider the product (8), for which

cey

a, = ¢"%[logn ;

and let us suppose that 8/ is a rational fraction p/g. The series
kn@i
Sk =3 &0
" (logm)*

is conditionally convergent except for such values of ¥ as make k8/r an

even integer.

First suppose p even. Then ¢ is odd, and Za* is convergent, except

for k=g, 2q, 8q, ...,

while al = (log n)~".

1
q—1

Also log(14a,) =a,—3a+...— al~ '+ —;—a,?,_(l-}-e,,),

where e, >0 with n. It follows at once that the product (8) diverges (its
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associated product of module diverging to + ) whenever 8/ is a rational
Jfraction with an even numerator.
Secondly, suppose p odd. Then Zaf is convergent, except for

k= 2q, 4q, 6q, ...;

and an argument similar to that used above shows that the product (8)
diverges to 0 whenever 8w is « rational fraction with an odd numerator.

Thus the product (8) 1s certainly never cbnvergent when 6/7 is
rational. Is it ever convergent? That, it seems to me, is a very inter-
esting question ; hut I must confess myself entirely unable to answer it.
I can only suggest the problem : to find « product 1L(14a,), such that
Zat is always convergent, but never absolutely, and whose convergence,
divergence, or oscillation vs capable of proof.

It is hardly necessary to point out that the argument given above
applies to any product 1L(1+4a.e"”), where a, is a positive function of
n which tends steadily to 0 as #n — ®, and which is such that

Sak

n

is divergent for all values of #.



