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VIIL. The Practical Importance of the Confluent Hypergeo-
metric Function. By H. A. WgBB, M.A., and JonN
R. ArEY, M. 4., D.Se.*

[Plate VL]
§ 1. Introduction.

lT is well-known that many physical and engineering
problems depend for solution on differential equations
of the type

dy

d*
T2 YH@) -

+ole).y=0, . . . (1)
where f(2) and ¢(x) are given functions of z. For example,
the investigation of the periods of lateral vibration of a
flexible non-uniform rope of chain{, or the periods of
vibration of a circular disk}, leads to an equation of this
type. Again, the whirling speed of a non-cylindriesl shaft,
or the period of lateral vibration of a non-cylindrical bar,
such as an air-screw blade, can be found, with two-figure
accuracy, by the solution of such an equation§; and in fact
many vibration problems in various branches of physics lead
to such equations. To take another illustration, the crippling
end-load of a tapered aeroplane strut, whatever law of taper
is adopted, could be found if we could solve equation (1);
other problems of elastic instability }ead to Oequations of this
type, and may be brought into prominence in aeronautics by
the urgency of saving weight.

In structures, such as aeroplanes or bridges, the liability
to secondary failure (i. e. elastic instability) must be foreseen
and estimated, as well as the liability to primary, or stress,
failure. In running machinery it is important that the
period of free vibrations shall be well above, or below, the
given running speed, to avoid resonance; in instruments for
producing sound, on the other hand, 11:.15 required that the
period of free vibrations shall have a given value, to secure
resonance.

In any of these cases, the problem presents itself to the
designer somewhat as follows. The main outlines of the

* Communicated by the Authors. )
t Airey, “ The Oscillations of Chains,” Phil. Mag. June 1911.
1 Airey, “ The Vibrations of Circular Plates,” Froc, Phys. Soc. April

9§1Webb, #The Whirling of Shafts,” Engineering, November 1917,
Phil. Mag. 8. 6. Vol. 36, No. 211. July 1918, K
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design, including probably the over-all dimensions, are
already settled by various considerations with which we
are not now concerned. But we are allowed some latitude
in detail design, which we are to use to avoid elastic failure,
or to avoid, or to secure, resonance, as the case may be. We
want therefore to be able to calculate, roughly but quickly,
the effect on the crippling load, or the period, of various
possible alterations. 'We want in fact to make several irials—
the more the better—and choose the one we like best. F inally,
when the design is complete, we wish to check it carefully by
a more accurate calculation.

The functions f(z) and ¢(«) in equation (1) are to be
considered, for a tentative design, to be defined by their
graphs, which must be represented, for the range of values
of # required, by empirical formule, the closeness of the
representation giving some idea of the accuracy to be
expected in the solution. These empirical formule should
be of the simplest type, e. g. polynomials, or the ratios of
linear or quadratic functions of #, otherwise time is wasted
in constructing them. What is required therefore is a list
of suitable equations of the type (1) thatare soluble in terms
of tabulated functions. The two important characteristics
are that () and ¢(«) should be of a simple type, and that
they should contain several arbitrary constants; we can then
hope to make them fit our graphs fairly well without much
trouble,

When f(x) and ¢(x) are constants, the solution in terms of
circular and exponential functions is well-known. A useful
list of equations soluble by Bessel functions, with appropriate
tables, has been given by Jahnke and Emde*. It is the
object of this paper to show the value, from this point of
view, of the confluent hypergeometric function, tables and
graphs of which are given in § 4. For quick work graphs
are more convenient than tables. A list of differential
equations likely to be useful to designers, and soluble b
means of these tables and graphs, is given in § 3. Some
properties of the functions that were used in coustructing
the tables, and would be useful in extending them, are given
in § 2.

I§t may perhaps be argued that few engineers have the
mathematical ability for such scientific methods of design.
But it should be remembered that many engineers acquire at
their technical colloge or university a high degree of mathe-
matical skill; and if they lose it afterwards, it is because

* Funktionentafeln, Teubner, 1909,
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they find mathematical works of reference rather indigestible,
and gradually cease to consult them. For example, an
excellent summary, from a purely mathematical point of
view, of the properties of the function we are going fo
consider is given in Whittaker and Watson’s ¢ Modern
Analysis’*; but it would be hard reading for engineers.

Or if it is objected that the engineer can hardly be
expected to be familiar with the function theory of linear
differential equations and may get into trouble over singu-
larities, he might reply, if sufficiently well read, that the
equation can’t have singularities in the range of # considered,
unless f(z) or ¢(z), or both, become infinite, and he would
notice that from the graphs. Or he might say that he is not
looking for a rule to which there are no exceptions. He
wants a rule that generally works guickly, and he is prepared
to risk an occasional failure, because he intends to refer the
finished design for a final check to an expert mathematician.
Divergent series have often been used by physicists in much
the same spirit, and with few, if any, failures. Finally,
many expert mathematicians have vome into contact with
engineering work recently under war conditions; they may
have opportunity and inclination to assist in design on the
lines we have indicated.

§ 2. Properties of the confluent hypergeometric function.

We define the function M(a, v, ) as follows :—

TS TR I e ot Y NP wleti)at2)
e L T e g+ T T BB iy + Dy 72
+..... to infinity.

The series is absolutely and uniformly convergent for all
values of a, vy, and 2, real or complex, except only when o is
zero or a mnegative integer; this case is supposed to be
excluded.

The function M(z, v, @) has been discussed under various
notations by several writersf. The following is a list of
such properties of the function as are of use for our purpose;
most of them are easily verified from the definition (2).

* Second edition, 1915, Chapter X V1.
t For a list of references see Whittaker & Watson, loc. cif.

K2
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L y=M(s v )
satisfies the differential equation
d% d
.z'd—'z‘.’; + (y—x) az —ay=0. . . . . (3)

II. The complete solution of the differential equation (3) is
y=A Mle, g, 2)+ Bl M(ea—y+1, 2—m, 2), (4)
which we shall write for brevity

y:M(a,'y,w), N €2

where A and B are arbitrary constants of integration; ewcept
only when « is a positive integer, in which case* the coefficient
of B is either infinite or identical with the coefficient of A.
In this case the complete solution of (3) may be written

y=[A+Clogz]. M(a, v, 2)

ax (1 1, a(z+1) a? (1 o1 1 1 .1
an »___1> L2 (L 14

y \a o' +ry(ry+l) 1.2\ " ar1 y v+1 1 9
afe+1)(x+2) 28 (1 1 1 1 1 1

Yo+ D) (y+2) 123\ Tarl T are Ty To¥I T yF2

+0

+....toinﬁnity], N ()]
where A and C are arbitrary constants of integration.

IIL. M(e, 9, 2)=e".M(y—a,y, —2) . . . . . (7
2" M(a—y+1, 2—q, 2)=¢" 2'"7 . M(1—a, 2—y, —2). (8)

From (7) and (8) it follows that tables will not be required
for negative values of w, if the tables cover wide enough
ranges of « and «.

1V. The asymptotic expansion of M(a, v, z) for large
values of & is

* The situation is similar to that which arises with Bessel’s equation

w%w:_z n i8 & positive integer, and & new function is required for the second
solution.
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(a+2) . M(a+1,9+1, 2)=(a—7) . Mo, y+ 1, 2)

ay . M(a+1,q,2y=g(z+2) . M(a,, x)

o .

i

Mia+1,y+1,2)=M(a+1,y, ) —M(a, vy, 2),
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M(a, v, )
= T e [l ,'_>'+_1) 1
I(y—a)® (=) {1 &
a(a+l)(a—'y+1)(a—'y+2) 1 }
1.9
y) . - (1—a)(y—a) 1
+TTZ¢7'€'& 7{1+-—*1'y ‘7
l—u)(2—u)1(ry2 a)(fy-—ac+l) 1 } (9)

Both these series diverge for all values of «, but they have
the property that the error involved in taklng the sum to n
terms to be the value of the series, is less than the nth term.

E;.M(a,fy,w)=~a—‘.M(u+l,fy+1,x). ... (10)
(1—a)jM (@, v, @) da=(1-v). M{a—1, y—1, ) + (y—1).

2o ... (1D

Hence the function can easily be differentiated or in-
tegrated.

V1. The following difference relations would be useful for
extending the tables :—

Ma+1y+1,80)=(a—y) . M(a,y+1,2) +y . M(a, v, z),

+. Ma+1,9,: '”),

- v(')"’“) . M(“) v+1, .Z'),

M(a+1,9,2)=(2+2a—7y). M(a, s &)
'7_“) M(“_l,'}’a 77)’

L& M(a,y+ 1, 2)=(x+vy—1) . M{a, v, 2)
+(1—7) . M(“,'Y"‘l, ‘Z)‘J

(12)
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VIL. If a=4y, M(a, v, ) can be expressed in terms of a
Bessel function. In fact

z 1y
M (4,5, 2)=2""". I‘(t;i).e’ et LG . (13)

2

VIIL The Error Function=¢(x)

==\ e . da
)

2

== ML ). L (1)

The Incomplete y Function=ry(n, x)

::5 ’ e—t. tn—l. dt
0
1
=-.e . M(L,e41,2). . . . (15)

Sonine’s Polynomial =T "()

m

=D cM(—n,m+1,2). . . . (16)

m! n!

The Function of the Parabolic Cylinder

= (if n is even)

2 12 a
(—\/22 .I‘(Z‘,‘;l Lot M(— g, i, 1o ), (17 a)
™
and = (if n is odd)

n=1 2
(—2) 2_p(g).e-**.1zx.M(1;”, 3, éaﬂ) .. (170)
v
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We will also, following Jalnke und Emde *, define Z (x)
as

AJ () +BN (z),

where A and B are arbitrary constants, and}J, (2), N (2)
are Bessel functions, in the usual notation. So that

y=Z,(x) . . . . . . (18)
is the complete solution of the differential equation
diy , 1 d
L=y (1— ?i)y 0.. . . (19)

Reference should be made to Jahnke und Emde’s tables
and graphs of these functions f, which are presented in a
form convenient for engineers.

§ 3. Soluble differential equations.

The following differential equations are soluble by means
of Bessel functions or M functions, a, b, ¢, «, v, I, m, n, p,
¢, 7, s, t being any numerical constants whatever.

d
(A) dl/+pi‘l/+h/ 0.

Py | q dg/
a2 d n

(©) —dxy?—}- ZJ’+ (z+72)y=o.
d* d -

D) FH+L.2 4+ L a4 myy =o0.

@ L+ Qate) L matmy=0.
dy q)dJ )
(F) %2+(p+x G +(z+ y=0.
2
@) Y4+ (pr+g) G + (a4 ma-4n)y=0.

m s ( q) 2 +( g)}/=0-

* Loc. cit. p. 165,
t Loc. cit. pp. 106-168.
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d: dy
X) 5+ (}m+q+ )d‘ zq(l&2+m+n+ )./ 0.

dy 1, . d .
(L) ;Zjbyg'l' ‘;(pd, +g)£+‘;‘:(1xz +ma +m)y=0.

The solutions are as follows :—

d? dy
@) L 4pGE+ (e dpty=0

y=e""(A cos nz+ B sin n).
d?y p+1ldy
® e+t gt v=o
y=2"P.7 (2 mz).

1—2 dy 2_ p
© +152 Uy (pe 2 Ym0

z da
y=a*. Z(yz).
d* 1—2a dy 1 o
) (_lzyz_i_ . a a£+ (721’2.?:2"+u2—p"l“2)y=0

y=a*. L,(yz").
dy dy 2__ 9.2
(E) T +2(p+ qx)(E-i-g/ [4aq+p°—@*m*+292(p+ gm) ] =0
y=e~®toms Mla, 4, —g(z—m)?].
Py {, dy sy 1
(F) dx2+( 2p+ )dm +y[p =+ o (yp +yt—2at)]=0
y:e—(?"“)r M(a Y, 2t .Z‘)
d2y
) 2+2(79+9@d +ylg+e(1—42)
+(p+ga)*—ci(z—m)*]=0

y=e F-i@=icle=m? M(a 4 c(z— m)?].

) 2+(2 +9)

1
+ylp—tt ] 5 (P +vt—=2at)+ 7 (y—q) (2—g—v)1=0

=4

y=ewHT g 2 m“a v, 2tx).
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&y | [2y—1 Tdy
K Th+ [+ 2at 2000 |

Dy —
+y a(Zy—1) + (@ + 2by —4dac) + 2a(b—c)o + b(b—2c)2* | =0

&

y=e 7 M(a, vy, ca?).

y 1., ., Y
(L) aa? + 5(2}7&:‘ +gr—rz +1)€l_;u

+ 7, [(P = t)a> + 1(pg -+ ot — 2at)a”
+Hy—(2—g—v)]=0

D r Teln — 2t
y=e * TR A u,ry,?..z”).

§ 4. Tables and Graphs of M(a, v, ).

The following tables of M(«, ¢, ) were calculated, for
small values of #, from the series in ascending powers of
this argument, and for large values, from the asymptotic
expansions. When a and vy are positive integers, two or
three values of M, for a particular value of 2, are required
to give the other resnlts by means of suitable recurrence
formulee. The last tweo formule of (12) were employed to
find further values of M along vertical columns and hori-
zontal rows; the first four, to *“ turn the corners” and fill
in the results in the rectangle of values thus obtained.
When « is a negative integer, the M function is a poly-
nomijal which is easily evalvated. A similar procedure
was adopted in the case of « equal to half an odd positive
or negative integer, only two preliminary calculations of M
being required to give the remaining 47 for each value of
the argument 2.

Four significant figures are given in the tables. The
numbers, however, must be multiplied by the power of
ten indicated by the figure after the comma. Thus,

M4, 1, 4) =2603; M(3, 2, 10)=132200;
and M(—4%,4,10)=—3419.
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