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ON LINEAR DIFFERENTIAL EQUATIONS OF RANK UNITY

By E . CUNNINGHAM.

[Received May 3rd, 1906.—Read May 10th, 1906.]

THE present paper is concerned with linear ordinary differential
equations with rational coefficients. If such an equation be

and pr has a pole of order rav at infinity (ra> being negative if pr is zero at
infinity), and if p is the least integer greater than the greatest of the
quantities 7&r/r (r = 1, ..., n), the equation may be written

= 0

where P r is finite and developable in powers of l[x near x = oo.
If p = —1, the integrals are regular in the neighbourhood of x = oo,-.

and the nature of their singularity is determined.
If p ^ 0, expansions of the integrals in the neighbourhood of x = oo

are possible in the form of normal and subnormal series, but these
expansions are, in general, divergent, and give little information about
their nature.

For p = 0 an explicit solution is known in the form of Laplace's
definite integral; but for p > 0 this, too, fails. An extension of this
definite integral solution is here obtained in the case of p = 1, which
appears to be capable of extension to greater values of p, though the
analysis would be cumbrous.

The form of solution suggested by the known normal series is the
following :—

Ududt

where u is a function of t and u, and an appropriate contour is to be
determined for each integration.

If this expression be substituted for y in the given equation, and the
double integral obtained as the left-hand member be transformed by
integration by parts, a partial differential equation is obtained which takes
the place of the ordinary differential equation known as the Laplace
transformation for p = 0.
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The complete integration of this equation is not required, but particular
integrals are obtained which lead to the divergent normal series already
known to exist.

The equation considered will be

P(y) = <j>K(x)y™+<l>K+i(x)y(n-l)+...+<f>K+n(x)y = 0

where the affix of each coefficient denotes its degree in x, each being
supposed a polynomial.

Let X be an even integer—(if not, the equation may be multiplied
throughout by x)—and let X+2n = 2w. Then, if

the contours being independent of x,

y> =

y" = [[etx+^{(t+ux)2-\-u\ Ududt,

In general, z/r) = \\eu+iux2 <»TU du dt

where the quantities wr are given by

o)r = —~ \-<ar-i(i)v Wĵ  ̂  t-f-ux.

It is important in the sequel to notice that

(i.) cor is a polynomial of degree r in u and t combined, and of
degree r in x alone ;

(ii.) that the two highest powers of x in a>r arise only from the
term (t-\-ux)r in <ar.

Multiply the expression P (y) by xn, and then substitute the values of

= jf

II is now a polynomial of degree X+2?i in x and of degree ?i in t and w
combined.
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If </>„ denotes the coefficient of xs in <f>r, and nrK the coefficient of xh in II,

(n—

Similarly,

and so on.

Now

te+jn* Ux'dudt = ietxdt [2

where the square brackets in the first integral on the right-hand side
denote that the difference of the values of the contained function at the
extremities of the contour is to be the subject of integration with respect
to t

In the same way a single integration with respect to t gives

^ —

By a repeated application of these two equations the expression xnP(y)
is reducible to the form

ii etx+^f(U,u,t)dudt+P

where P represents an aggregate of semi-integrated terms, and f(U, u, t)
contains derivates of U with respect to u and t. If, then, U be chosen to
be a solution of the partial differential equation f(U,u,t) = 0, and the
contours of the integrations can be assigned so that P vanishes identically,
the integral, if existent, will be a true solution of the equation P(y) = 0.

The highest power of x in II (t, u, x) being xK+2n, by integrating
vi times with respect to u, the corresponding term in f(U,u, t) is

Similarly, the term arising from the term involving a;A+2n~1 in II i&

f i \rn om-1 v ! TJ _ \



1906.] LlNEAB DIFFERENTIAL EQUATIONS OF RANK UNITY. 3 7 7

All the remaining terms may be integrated after the same manner, no
derivatives of more than the (m—l)-th order in respect to u occurring; but
there is a certain amount of arbitrariness in dealing with the later terms
which requires some explanation. The equation f(U,u, t) = 0 is, how-
ever, in any case of the form

= *a (r = 0 l m L

and the coefficients ars are polynomials in u and t. It appears, therefore,
that in the neighbourhood of any pair of values u = a, t = fi & function
can be found satisfying this equation, and developable in a double power
series in u and t, but that the region of convergence is always limited by
the points at which TrK+2n vanishes.

As in Laplace's solution, however, it is the special integrals related tc
these singular points which lead to the required result.

Let the roots of the equation ir^+u = 0 be assumed all different. Lev'
abea root of this equation, and let v = u—a. Further, if

let s = £+y//3. Then the term independent of v in 7rx+2n-i is simply (3s.
"We have then rr

P{y) = el°**-Mf» eiv*+sx Uli.' (s, v, x) dvds,

IF being the result of changing the variables in II.
A part of the last integral arising from a term xkvrsr' in II' will be

reduced to a double integral independent of x by means of r' or r'-\-l
integrations in respect to s, together with %(k—?•') or %(k—r' — l) in
respect to v, according as k—r' is an even or odd integer. This is always
possible, since, the equation having been multiplied by n, the least value
of k is n, and the greatest value of r' is m.

The result of this is that the function within the double integral
becomes of the form

-(-2r-3

where (s, v)r, n denotes a polynomial of degree r in s and n in v.
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On expansion this equation is of the form

In connection with the singular point v = 0, a particular solution of
this equation is sought in the form

Substituting in the equation, and equating to zero the coefficients of
the successive powers of v, beginning from the lowest, the following,
equations are obtained :—

(1) P p p WoP fo

+p(p-l)... (p—m+2)ajo = 0,

(2) (p + l)p ... (p-w+2)2mi8/1+09 + l ) . . . ( p - m + 8 ) 2 — ^ . s ^

= (alS
2+blS)

The first equation gives

OS I j

or / 0 = As"

where a- = 2(/> — m + l ) + -^ •

Substituting this in the right-hand side of equation (2), this equation
becomes

giving s ^ / l = ^

/ — (4+4)
The next equation gives / 2 of the form
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and, in general, fr = s~*(l, —J .
\ S / v

Thus a formal solution of the equation is obtained in the form

) + , ) + + ( , ) + }
S / l V S / 2 V SIr I

where <r = 2 ( / o -m+l ) + %.

Of this solution it will now be proved that it is absolutely convergent
within a finite circle., about v = 0 and for all values of s greater in
modulus than any given finite quantity s0.

For the proof of this we may, without loss of generality, assume that
k = 0 and p = 0. If otherwise, let U = u?s~" V ; then U' will satisfy
a precisely similar equation.

If the variable t = — be used in place of s, the equation becomes
s

j f ( l , o ) .+ f+1(l,»).J ° ^ f ^ = 0,

and the solution becomes

Consider now the equations giving the successive polynomials (1, t)r...
They are of the form

(A) -t % 2rfr = 2 i %&
OZ '* fc=0 Ot

and give fr as a polynomial of degree r in t.
Compare with these the equations obtained by making the coefficients

all positive.

(B) -td-&+2r<pr= 2 2 ^

Then >̂r will be a polynomial in ^ whose coefficients are the moduli of
those of fr, and therefore . , w ^. ^ w . .̂

for all values of *. Again, if t > 1, ^ <
Now compare with equations (B) the equations
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Then, if t is a positive quantity greater than 1, and if

the equations shew that | t~2r\f/-r | > | t~2r<j>r \,

and therefore that | \fsr I > I i>r [

But also the solution of equations (C), taking

(i 0 if 0 •/ 0 '

gives \fsr = cr^
r, cf being positive, while <f>r = (1, t)r, the coefficients being

positive. Hence, if \f/k > 0* for all values of t > 1,

so that we deduce successively that

and therefore that -~-

Now the expression V = l+v\fr1+v2\lr2-\--'-

becomes 1

and satisfies an equation of the form

where Pwt is a power series converging up to the root of 7rA+2n nearest to
the origin, say for | v \ < a.

If the variable v be replaced by w = vt, a partial differential equation
is obtained which is satisfied by a function of w alone and whose co-
efficients are developable in power series converging for |w|<ct£. Thus
V satisfies an ordinary differential equation in w whose coefficients con-
verge if |w| <at and are finite for w = <x>, and hence the series V
converges provided | w | < a £ , i.e., provided | v | < a ; and this is proved
only under the assumption that t > 1. Hence the series

converges absolutely if | v I < a and \t \ is finite and greater than unity.
Clearly, moreover, since fr(t) is a polynomial in t, the restriction thai

| i | > 1 may be removed. Hence TJ converge? for ill finite values of t,
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that is, for all non-zero values of s, including s = oo, and for | v \ < a.

Also, if the real part of sz is negative, Lt \e3Z U\ = 0 if \v\ < a.
S = co

We have now to consider the continuation of this function to values of
v outside the circle \v\ = a, in order that we may know its behaviour for
large values of v.

We may, without loss of generality, suppose that no root of the
equation TrK+n(v) = 0 is a real positive quantity. Let c be a real positive
quantity less than a, and let v = vx+c. Then the expansion of U in
powers of v, is

while that of V is +Vi(^£) +&1 ( ^ ) +•••»
and it has been shown that, for any value of t>l, the sum of the
absolute values of the terms of the power series in t which constitutes the

dh+kU
expression ~ fc-/c i8 le8S ^n a n ^ne s u m °^ ^ne absolute values of the terms

dh+kVof -> h%,k which are powers of t with positive coefficients.

Now, since V satisfies a certain ordinary differential equation, its
development in powers of vx will converge within a finite circle extending
to the nearest root of irK+n = 0, and so, too, will its differential coefficients
with respect to v and t.

It follows, therefore, that the expansion

will converge within the same circle, and likewise its differential coefficients.
Again, taking a point vx = d within this circle, V and its differential

coefficients are at this point power series in t with positive coefficients,
and the above reasoning applies again ; so that, in general, we find that XJ
is developable within a finite region containing the real axis, and that it
and its differential coefficients are at all points on the real axis less in
modulus than V or its corresponding differential coefficient.

Again, since, as remarked above, the differential equation in w (= vt)
satisfied by V has its coefficients finite for w = oo, a finite quantity \
exists such that L t | « — F > = 0;

or, if t is other than zero, . Lt \e~KvtV\ = 0.
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Under the same conditions, also,

Lt{e-k«\U\\ = O,

and therefore, if t be restricted to be less than a,finite quantity T, a finite
quantity z can always be found so that

Lt {e-^ltfl} = 0

for all values of t greater than unity.
But, since U is absolutely convergent and contains only positive powers

of t, the restriction that t < 1 may be removed, and the same is true for
all values of 11 \ < T, including zero.

Similarly, also, it is found that

Lt \e~x-2 ° U

dvhdtk

If z2 is not real and positive, the same result will be obtained if we
proceed to infinity in a direction such that the real part of vz* is negative,
provided that direction does not pass through a root of TrK+in = 0.

Reverting to the original variable s, therefore, we see that, provided
| .s | exceeds any definite finite quantity, sa (that is, T"1),

t 3 7 i + f c J 7 |
OV OS J

it being assumed in both cases that | x \ is sufficiently large and that v and
s are made infinite with such arguments that the real parts of vx* and sx
are both positive. This is always possible. Hence it is always possible
to assign contours of integration, for v and s respectively, consisting
of loops encircling the points v = 0 and s = 0 and extending to infinity

in appropriate directions, so that II e?}:+*vx*Udvds exists, and so that

•when this is substituted in the equation, and the integration by parts
indicated on p. 376 is carried out, the integrated part vanishes at the
infinite limit. The double integral is therefore an integral of the given
equation.

Recalling the form of U, the integral is

( ) J dvds.
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Consider in particular

With the contours found this is equal to

= ±xl-2h+k-2p-*T(P+h+l)T(l-k-Q

Now the coefficient of vp+h in U is s~k( 1, —) ; so that I varies from
\ s / h

0 to h.
Hence the expansion of the integral is of the form

P ( — ) being a series of ascending positive integral powers of —, which
\ x I x

will in general be divergent, but which, exactly as in Poincar6's develop-
ment of equations of rank 1, can be shewn to represent the value of
the integral asymptotically.

If the expansion is to be a valid representation of the function, it
must either converge or terminate. The latter will be the case if, and
only if, the function u terminates.

The necessary modification of the foregoing in the case of equal roots
of the equation 7rA+2w = 0 will not be carried out here. There appears
to be no essential difficulty, but the analysis is cumbrous and does not
illustrate any new fact of importance.

The extension to equations of rank p greater than 1 consists in the
adoption of a trial solution in the form

Hi ... dudt,

U being a function of t, u, ..., v; and, again, the difficulty is in the
writing rather than the reasoning.

Particular integrals of linear partial differential equations with rational
coefficients can be investigated by means of a similar analysis in the form

... etx+v»+-'+v°Udv ... dudt,

there being many points of similarity with the foregoing analysis
(v. Picard, Bend, del Circ. Mat. di Palermo, v.).


