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LXXV. On Some Aspects of the 1heory of Probability. By
Dororay WrINcH, Lecturer at University College, London,
and HaroLp Je¥r¥rEYS, M.A., D.Se., Fellow of St. John’s
College, Cambridge *.

1. The Nature of Probability.

r_l‘HE theory of probability suffers at the present time from
. the existence of several different points of view, whose
velations to one another have apparently never been adequately
discussed. On the one hand some authorities follow de Morgan
and Jevons in regarding probability as a concept compre-
hensible without any definition, and perhaps indefinable,
satisfying certain definite laws the logical basis of which is
not yet clear. On the other hand, attempts have been made
to give definitions of probability in terms of frequency of
occurrence ; of these one is due to Laplace, who was largely
followed by Boole, and another to Venn. Frequency of
occurrence being a well-understood mathematical concept,
such a definition would be important if it could be carried
out; for then the undefined notion of probability would be
expressed in terms of others that are better understood, and
its laws, if true, would become demonstrable theorems in
pure mathematics instead of postulates. Thus the subject
would acquire the certainty of any other portion of pure
mathematics and it would be unnecessary to investigate its.
foundations independently. It appears, however, as we hope
to show in the first part of the present paper, that the
definitions offered either implicity involve the very notion
they are meant to avoid, or else make assumptions which are
actually erroneons. We therefore consider it best to regard
probability as a primitive notion not requiring definition.
Laplace defines probability T as'the ratio of the number of
favourable cases to that of all possible cases, and then goes
on to say *“but that supposes the various cases equally
possible,” so that to understand this definition it is necessary
to examine what Laplace meant by equally possible. The
expression is meaningless as it stands, for a proposition
relative to a set of data is always either possible or im-
possible ; there can be no. degrees of possibility. He
indicates later that if a coin is unsymmetrical the probability
of throwing a head may be greater than that of throwing a
tail, though the difterence may be small; yet both are
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possible.  In fact it seems that by equally possible he meant
equally probable. 'Thus,as Poincaré has potnted out, it seems
useless to attempt to make this definition satisfactory; it
defines the probability of one proposition in terms of those
of a set of others and not in terms of frequency alone, so that
the notion Laplace set out to define reappears in the un-
defined concept of equally possible. The statement is, in fact,
not a definition, but a simple and important principle -of
probability inference. Nor does it appear that there is any
prospect of making any modification of it into a definition of
probability ; for there will always be the difficulty of deciding
what are to be considered as unit alternatives. It is clear
that even if it were possible to avoid introducing the notion
of equally probable alternatives, some other way of dis-
tinguishing between sets of mutually exclusive and exhaustive
alternatives would have to be found, and the immense variety
of the circumstances to which it would have to apply seems
to indicate that its scope must be at least as wide as that of
truth ; and it is very unlikely that a notion so general is
capable of definition.

The view of Venn* is much more complex. He considers
that the notion presupposes a series, the terms of which are
indefinite]ly numerous and represent the cases of an attribute
¢. Irom these one can pick out a smaller class, the members
of which possess the further attribute 4. If, then, we have
chosen » members in all and m of them belong to the smalter
class, the probability of +r given ¢ is defined as the limit
of m/n when n becomes indefinitely great. The form of this
definition restricts the field of probability very seriously.
In the first place it seems impossible to apply it to any case
where the number of members of the first series is finite;
one could attach no meaning to a statement that it is probable
that the solar system was formed by the disruptive approach
of a star larger than the sun, or that it is improbable that
the stellar universe is symmetrical, for the indefinite repetition
of entities of such large dimensions is utterly fautastic. Yet
such cases as these are the very ones where the notion of
probability is particularly valuable in science, and any
definition that will not cover them is not satisfactory.

It may be urged, however, that this theory gives an
adequate treatment of probability as applied to the class of
cases with which it deals. Serious difficulties nevertheless
present themselves. The existence of a probability on this
theory requires that a limit shall exist to which a certain
ratio tends in the long run; and one is led to ask what the

* ¢ Logic of Chance,’ pp. 162 ef seqq.
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evidence is for the existence of such a limit. Suppose, for
instance, that the probability of - given ¢ is . Then the
numbers of both ¥’s and not-y’s are infinite, and selections
of ¢’s may therefore be made so that the ratio of ¥’s to all
¢’s will tend to any limit whatever between 0 and 1; it may
even tend to no limit at all. If, for instance, every time a
e oceurs we write 1, and every time a not-yr occurs we write:
0, m/n will be the mean of the first n terms of the series thus
obtained. If then they occur in such an order as to give the
series

10110600011111111 .. .. o e (D

where the number of digits in any block of similar digits
after the first is equal to the total number of digits that
have occurred previously, let us consider the r-th block,
starting at the (2--2+ 1)th figure. If » is even, the number
of 1’s that have already occurred is

14248+ ... +273=4(21+1), . . . (2
go that
mfn when n=2""2is L(24+2-C¢"2). . . . (3)

The »-th block consists of 272 zeros, and at the end of it
m(n has fallen to L(1+2-¢"D). In the next block it rises
again to 1(24+2--Y). Thus, however great r may be, we
can find values of n greater than 272 such that m/n is greater
than £, and others such that m/n is less than 1 +e¢, however
small ¢ may be. Thus m/n tends to no limit whatever. The
notion that all series picked from the class of entities with
the property ¢ will give series of values of m/n tending to
the same limit is therefore incorrect, unless some further
criterion be introduced to exclude all those that do not behave
in this way, whose number is infinite ; and the task will not
be an easy one, for any criterion based on the mode of
occurrence of long runs of Y’s or not-yr's is liable to be
found invalid in instances occurring in practice.

The origin of the idea that such a limit must exist may be
considered at this stage, as it involves a theoretical point that
may be of importance in future developments of the subject.
The belief was based on a well-known theorem of James
Bernoulli, a proof of which, based on Stirling’s approximation
to n! for large values of n, is given by Laplace®. This
theorem answers the following question : If the prior pro-
bability of a 4 be 7, however many ¥’s and not-4’s have

* Loc. cit. pp. 275 et segg. A proof based on the same prineiple, but

more elegant and easily applied, is given by Bromwich, Phil. Mag.
August 1919, pp. 231-235.
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been chosen already, what is the probability that when u ¢’s
have been selected m/n will lie between r—e and r+e? It
is shown that the probability of any particular value of m is

n Y
_ — Y . . . . 4
m'(n—m)'r (L=ry, S
and when Laplace approximates according to the formula
! = pte—? 9 ) 1_4_ 1 1 + =
nl=nte~"/(Zmn ( +tosge T ) )

he shows that this is a maximum when = is 7n, which is not
necessarily an integer, and if m/n is equal to »+ £ he gives

a formula which reduces to
ng?

T wal nE? .
{omtizn s © {1+ 00E)E . (©)

The probability that £ does not lie hetween + e is then

1

2{1- Drfe(Tl—r))g}
+ 0 {n‘%e"”fz/?"(l") (eQ—i{’%{——Q)} . (0

Now, no matter how small ¢ and # may be, it is always
possible to choose n large enough to make this less than 7 ;
accordingly, by making n great enough we can make the
probability that m/a ditfers from » by more than any quantity
assigned beforehand as small as we please. This is Bernoulli’s
theorem.

This does not, however, give the probability that m/n
will tend to a hlmt as n tends to infinily. For if e be a small
quantity fixed beforehand, the necessary and sufficient con-
dition that m/n tend to a » as a limit is that a value of 7y can
always be found such that jor all values of n greater than ny,
mfn—» shall be less numerically than e. Now if « be great
-enough to make ¢~%* small, we have the relation

1-Erfo= :W{1+O( )} L ®

and the probability that m/n does not lie between + € is
iherefore, when n is great enough,

2(»—7162/%(1—»\/(2’(1 ”))5 1+ 0<2L(L:L))} (%)
€ nmw e
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The probability that any value of m/n for n>nq lies outside
these limits is therefore not greater than the sum of these
expressions for all values of n from ng+ 1 to infinity. We
see that this is less than

2 /20 =) ana 29(1—7)
_ P n6€%2r0(1—1 )
6 \/ o g~ o€ {1 + 0 (——«—noez )}

{1_}_6_52/21-(]-»7-’)_'_e—2e‘-‘/".’r(]—r)+ .. } (10)

The sum of the series is finite and independent of ngy;
hence we see that ny can always be chosen so as to make the
probability that, for all values of n greater than ny, the value
of m/n will lie between »=+e, differ from unity by as small a
quantity as we like.

The proposition required for the validity of Venn’s theory
is : ny can always be chosen so as to make the probability
that, for all values of n greater than n,, the value of m/n will
lie between r=e, exactly equal to unity.

These two propositions bear a close resemblance to each
other, but they are not equivalent. In fact, in consequence
of the existence of modes of selection for which m/n does not
tend to 7 as a limit, we know that the second proposition
must be false. The first, on the other hand, has just been
proved true; butitdoes not even establish a high probability
for the proposition that m/rn tends to » as a limit in any
particular case. For it has been shown only that a certain
result will have a very high probability when a single value
of ¢ has been assigned ; but there is no reason to infer from
this that the probability is high that it will hold for all values
of € whatever, which would have to be true if m/n were to
tend to a limit. The difficulty is somewhat similar to that in
the theory of infinite series, with regard to series that ¢ con-~
verge with infinite slowness.”

I1. The Mathematical Theory of Probability.

An essential assumpfion in order that analytical metlods
may be applicable to the theory of probability must now be
stated, namely, that a correspondence can be established
between positive real numbers and the propositions to which
the fundamental notion of probability is applicable (relative
in each case to the appropriate data) which shall have the
following properties.

3D2
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1. To each combination of proposition and data corresponds
one and only one number.

2. If in one combination the proposition is more probable
relative to the data than in another, the number
corresponding to the first is greater than that corre-
sponding to the second.

3. If two propositions referred to the same datu are
mutually exclusive, the number corresponding to the
proposition that one of them is true is the sum of those
corresponding to the two original propositions.

4. The greatest and least numbers correspond to those
combinations and only those in which the data imply
that the proposition is true or untrue respectively.

Several writers have defined probability as ¢ quantity of
belief,” or somewhat better, ¢ quantity of knowledge ”’; these
are somewhat vague terms, and the transition from these
expressions to the number scries has usually been carried out
without any explanation. Yet the use of numbers for the
comparison of probabilities at all was perhaps the greatest
advance ever made in the theory.

The above assumptions are independent ; they are involved
implicitly in every theory of probability yet introduced ; and
with thelr aid it is possible to make some progress with a
logical theory. In the first place, we can show that the
number corresponding to a proposition incompatible with the
data is zero. For let a datum be that @=1; then on this
datum the propositions =2 and =3 are both false, and each
corresponds to the number a, where « is the least possible
number of those involved in the correspondence. Iurther,
z=2 is incompatible with w=23; hence by axiom 3 the
probability that one of them is true is 2a. But the proposi-
tion “@=2 or #=3"" is incompatible with the datum “2=1,”
and therefore corresponds to a. Thus 2a is equal to a, and
a is therefore zero. If, then, probabilities are to be repre~
sented by numbers, zero must be the least number involved;
but adjustments could be made in our assumptions which
would allow any other number to represent the minimum on
the scale.

If we divide all numbers of the series by that corresponding
to a propoesition implied by the data, all the above axioms will
apply equally to the numbers of the new series. We shall
henceforth use the notation P (p:¢) to denote the number of
this series corresponding to the proposition p on the data ¢;
we have P(g:¢9)=1, and P(not-g:9)=0. P(p:9) may be
read “the probability of p given ¢.”’

Consider two propositions p and ¢ which are not mutually
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exclusive, referred to data f. Then the following four
propositions are mutually exclusive, namely

Pqsp~qs~p.-q;~p.~q%
Then by axiom 3

Plp:f)=P(p.q:£)+P(p.~q:f)
Plg:f) =P(p.q:f) +P(~p.q:))
P(pvq:f)=P(p.q:f)+P(p.~q:/)+P(~p.q:/)-
By addition we find

P(p:)+P(g:)=P(pVve:/)+P(p.g:7) . . (1)

which is regarded by Jevons and de Morgan as axiomatic.
The second axiom yields as an obvions corollary the famous
“principle of sufficient reason”; according to this, equal
probabilities are assigned to propositions relative to data when
the data give no reason for expecting any one rather than any
other. In discussing the problers of probability  Poincaré,
after disposing of the view of Laplace and Boole, seems in-
elined to consider this principle as the only possible basis of
the theory. Substantially the same view is held by Jevons.
There is, however, an objection to basing the whole theory on
the principle of sufficient reason. For the only way of passing
from the notion of *“more probable” to the numerical esti-
mate of probability in any particular case is to discover some
set of mutually exclnsive and exhaustive alternatives, from
which we can pick out some by onr judgment as more
probable than others; the most probable on the data then
receives the greatest numerical estimate. But if we restrict
ourselves to cases where we can obtain a set of alternatives
that shall be all equally probable, we are arbitrarily limiting
the field to which the theory can be applied. We could,
indeed, only deal with those cases where some proposition
that is certain on the data can be expressed as the disjunction
of a number of equally probable and mutually exclusive
propositions; the probability of any proposition that can be
exprassed as, oris implied by, the disjunction of any sub-class
of these could then be assessed by means of the principle of
sufficient reason and axioms 3 and 4. Now there is no reason
to believe that the notion of probability is applicable to no

* ~p denotes the proposition that p is false, and p.q denotes the
proposition that p and ¢ are both true. Thus -~p.~¢ denotes the
proposition that p and ¢ are hoth false. The proposition that at least
one of p and ¢ is true is denoted by p v g, or the disjunction of p and ¢.

+ La Secience et I Hypothése, 1904, 218-245,
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propositions other than those expressible in this way ; and it
is habitually employed in scientific practice and everyday
life in cases where it seems likely that such expression is im-
possible. Most of the problems of inverse probability, for
instance, seem to introduce propositions not so decomposable.
If then we wish to retain the customary applications of the
theory (and this seems desirable at any cost), we must assnme
that axiom 2 is correct. The assumption that information
can be obtained from the notion of “equally probable ” alone
without that of “ more probable,” which seems as intelligible
a priori anyhow, demands that propositions can be decomposed
in this way in all these cases, whether there is any warrant
for assuming this possibility or not. Thus axiom 2 is prefer-
able to the principle of sufficient reason as a primitive
proposition, since it covers. as much ground and involves
fewer assumptions,

The use of the principle of sufficient reason in the cases
where it is applicable leads to a proof of another proposition
which is an axiom in Jevons’s theory. Suppose we have a
class of n propositions, of which we know that one and only
one is true, and any oue is as likely to be true as any other.
Then if any m of them are selected, the probability that one
of these m is true is m/n. Let g then denote the proposition
that one of these m is true. Consider another class of the
original propositions, and let p denote the probability that
some member of this class is true. The probability that p
and ¢ are both true is then the probability that some member
of the common part of the two sub-classes is true. Tt the
number of propositions in this common part be /.  Then if A
denote the data we have at the beginning, we have

P(p.g:k)y=l/n
_im
T m'n
=P(p:9.7).P(g:h).
We see that all cases where the probabilities of propositions
can be determined by decomposing a certain proposition into

a finite number of equally probable alternatives can be
treated in this way, so that the relation

P(p.g:0)=P(p:q.2).P(g:1) . . . (2)

is always true when the principle of sufficient reason is
applicable.

But is there any reason to suppose that this relation atill
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holds when the principle is not applicable? Some further
assumption is necessary before it can be proved in these cases,
and various suggestions could be offered that would bridge
the gap without making it necessary to suppose that the
relation is known & priori in these cases. There seems,
however, to be little or no ground for deciding between them,
and the proposition may as well be assumed to hold in general
without further discussion. From the propositions so far
assumed or proved, with judgments of greater, equal, or less
probability in particular cases, the mathematical theory of
probability can be developed.

Another point in connexion with the theory may be briefly
mentioned. All that is strietly necessary in order that the
notions of probability may be capable of logical treatment is
that combinations of propositions and data can be arranged
in a series so that whenever a combination A is not more
probable than another, B, B shall not precede A in the series.
With suitable assumptions regarding the position in the
series of a combination, such as the disjunction of two contra-
dictory propositions referred to the same data, a theory could
be constructed. There is no reason save convenience why
the number series should be the one employed for this
purpose. So long as we confine ourselves to those cases
where a proposition certain on the data can be decomposed
into a finite number of equally probable alternatives, and the
proposition whose probability is to be estimated is expressible
as or equivalent to the disjunction of a class of these, the
number series is obviously adequate ; in fact the series of all
rational proper fractions in ascending order of magnitude
would be adequate. This latter series is, however, at once
found to be insufficient when we attempt to deal with cases
where the number of equally probable alternatives required
to cover the case considered is infinite. This difficulty was
thought to be removed by using the series of all the real
numbers less than unity instead of that of the rational
numbers. DBut the question that arises now is, whether the
series of all the real numbers is itself adequate for the purpose,
and the answer seems to be in the negative, for there are
evidently cases where the use of infinitesimals is necessary to
a complete theory, and the discovery of others, necessitating
the introduction of infinitesimals of different orders, is practi-
cally certain. For instance, suppose we are given that « is
a whole number, and that all whole numbers are equally
probable values of x. What is the probability of any
particular value of «, say 10537 Clearly it is not finitely
(different from 0 ; for if it were A say, we could find a whole
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number M whose reciprocal would be less than X ; but 1/M
is the probability of M being 1053 when there are only M
possible alternatives, and the probability cannot be increased
by increasing the number of alternatives. Hence the pro-
bability that 2 is 1053 is less than any tinite number, contrary
to what was assumed. It is nevertheless different from zero,
for then there would be no means of distinguishing between
the probability of this, which is a perfectly possible pro-
position on the data, and that of a proposition known to be
impossible on the data. Hence this probability is less than
any finite number, and yet is different from zero; in other
words, itis an infinitesimal, in the original sense of the term¥.
Again, we can see that the probability of a particular real
number chosen at random being rational is infinitesimal ; so
is the probability that a function is analytic, given that all
functions are equally probable. Now a complete theory of
probability must cover all these cases; but so long as we are
confined to the series of the real numbers that is impossible ;
for if this has C members, the number of possible functions
whose values are real numbers is CC, which is greater ; hence
problems arising in connexion with the probability of func-
tions demand the use of a series for comparison whose
members are more numerous than the real numbers. Such
series are known ; and perhaps one sunitable for the purpose
may be constructed which will include among its members
the real numbers themselves.

II1. On Probability Inference.

The characteristic feature of the type of inference with
which classieal logic is primarily concerned is that given the
premises it is possible to establish the conclusions with
absolute certainty from them. In many cases, however, such
a result is unobtainable when it is nevertheless possible to

* M. E. Borel remarks (Zegons sur la Théorie des Fonctions, 1914,
p. 184) that “there is a true discontinuity between an infinitely small
probability, 7. e, a variable probability tending towards zero, and a
probability equal to zero. However small be the probability of the
favourable case, this is possible; whereas it is impossible if the pro-
bability be zero..... The same is not true of continuous probabilities ;
the probability that a number taken at random may be rational is 0;
this must not be considered as equivalent to impossibility.” This use of
zero to denote the probability of both an impossible alternative and
a possible alternative with no finite probability seems likely to lead
to confusion. The introduction of the conception of a limit does not
help matters, for in making & single trial the probability of success
is quite definite, and involves no notion of a limit.
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show that the conclusion has a certain probability relative to
the premises; an inference of this kind may be called a
““ probability inference.” The establishment by this means
of a high probability in favour of the conclusion relative to
the premises is often as useful as the inference that does not
involve the notion of probability, The course thus indicated
is always followed in empirical generalization, for in such a
generalization it is never possible to establish the certainty
of the conclusion from the data. The principles employed in
such inference are therefore of extreme importance ; but as
yet they are not well understood.

Detailed treatment is most applicable to the type of
probability inference known as sampling induction, and
numerous discussions of this have been given, but even here
various errors seem to have survived. The problems capable
of solution by this method are analegous to the following.
Suppose that a bag contains m balls, an unknown number of
which are white. Of these p+¢ have been drawn and not
replaced ; p of them have been white and ¢ not white.
‘What is the probability that the number of white balls in the
bag is n?

It is assumed that the balls are indistinguishable before
being drawn, so that at any stage any individual hall is as
likely to be drawn as any other. Let f(n) be the prior
probability of any particular number of white balls. If n
were the true number of white balls in the bag the probability
that p white balls a‘nd g others would be picked in p+g¢
trials would be _S{;T_‘fgg . It follows that the prior

Ptq
probability of a particular pair of values of p and ¢ for a

Cp n— nC(l

given n is f(n) Hence, by the law of inverse

(.,
probability, which follows easily from the proposition

P(p.g:)y=P(p:q.2).P(q: 1),

the probabilities on the data of particular numbers of white
balls are in the raiio of the probabilities of the actual values
of p and g for these numbers of white balls; thus we find
that the probability that any particular value of n is the true
number of white balls in the bag, given the composition of
the sample, is

.f(n) "Op m_an-Z—Ey;f(n) n(_}p m—_an, . . (1)

where the summation is to be extended to all possible values
of n.
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This gives the solution of the problem in the most general
case, but in most cases more concise information, even though
it may be only approximate, is desirable. The case ex-
clusively considered in the discussions hitherto given is the
very simple one where f(n) is the same for all values of n.
The ground for this evaluation may be either complete
ignorance of the relative number of white balls among the
balls in the world, or knowledge that white and other balls
have occurred equally frequently in all the ratios possible in
this problem. On this hypothesis it can be shown that the
probability of a white ball at the (p+g¢+1)th drawing is
(p+1)/(p+q9+2); and if ¢ is 0, the probability that all the
balls in the bag ave white is (p+1)/(m++1).

It is however very rarely, if ever, possible to assume, on the
data available before the sample is taken, that f(n) is inde-
pendent of n, and cases where it has other values are much
more interesting. For instance, we know that there is a
strong tendency for similar individuals to be associated, so
that the greatest and least values of n are more probable on
the initial data than the intermediate ones. Or suppose we
are considering balls of another colour, say green. It would
be absurd to suggest that a bag is as likely to contain green
balls alone as to contain no green balls, for we know that in
fact green balls are not nearly so common as balls of all
other colours together. On the other hand in these cases it
is not usually possible to decompose the propositions, whose
probabilities we wish to assess in order to find f(n), into
equally probable alternatives, so that the principle of sufficient
reason cannot be applied; thus though we may be confident
that f(n) lies within certain limits, we cannot say that it has
any particular value. It will, however, be shown that unless
the form of this function is something very remarkable the
probabilities to be assigned to particular values of n are
practically independent of the prior probabilities, depending
almost wholly on the composition of the sample taken, pro-
vided this ig large enough. To show how this comes about
we need an approximation to "C,™"C, when p and ¢ are
fairly large. This is best obtained by a method analogous
to that adopted by Dr. Bromwich*. If » and s are both
large and r is large compared with s, formula (2) of
Dr. Bromwich’s paper yields the approximation

2
log {(r-+s)!}=(r+s+L) logr—r+Llog 27r+{;i
,

$
+ terms of order o &e. (2)

* Loc. cit.
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Put no=§7~%;n=no+o)mn e (3)

Then

log (*Cp ™= "Cy) =log { (ny + ma) !} +log { (m—ng—ma)!}
—logp! — log ¢!
—log {(ng—p+ma)!} — log {(m—np—q—ma)!}, (4)
which gives on substituting the above approximation, pro-

vided ma is not so great as to invalidate it, an expression
that simplifies to

n

_:(1 +(m—p—qg+1)log

7%

; v LI B P

(p+q)log 5 np—y les(r)
(4 q)Pm

e LTD (5

pg(m—p—q) ®)

Hence the function considered is & maximum for n=n,, and
its values for other values of » are distributed about this
according to the Gauss law.

The given sample is said to be a fair one if p/(p+q) is
equal to the ratio of the true number of white balls to the
whole number of balls in the bag. The deviation from
fairness is therefore represented by x. Substituting the
approximation (5) in the formula (1), we find by summation
that the probability that & lies between +e¢ is

—log 2w —La

wic _y (pg)tma®
2 f(n) oxp *pg(m—p—q) ©
3,92 ? . . .
3 f(n) exp —3 LT M
f(n) exp —3 o C—

where in the denominator the summation covers all values of

. P
n and in the numerator all values between m( —4— -—e) and

1
» ) \p+g
m(p_f_([ +e). Now the coefficient of 2* in the exponent
is always numerically greater than 2 (p+g¢). If then
2(p+ ¢)te is greater than A, the exponential is less than =%,
which 1s very small even when % is not remarkably small.
Outside of the range the exponential fuctor is even smaller,
and unless f(n) is so great that its greatness can counteract
the smaliness of the expounential factor, the contribution to
the denominator from: the values of & not between +e¢ is
small. Thus the numerator and denominator are nearly
equal and the probability that x lies between + e is nearly 1.
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We therefore have the theorem : if a selection of p+¢ mem-
bers from a class of m «’s consists of p B8’s and ¢ not-B’s, and
f(n) the prior probablhty of there being n B’sand m=—n not-B 8
in the class @ is such that when a is numeuca]ly greater than

€, f{n) is never so great that An) exp—2(p+g)(a®—e%) is
comparable with f{ m_p/(p +¢)}, then the probability that
n/m lies within e of p/(p+4¢) differs trom unity by a quantity
of order not greater than exp—2(p +qg)e’. Thus, unless the
distribution of prior probabllltv among various values of »
is very remarkable, its precise form doos not produce much
effect on the probability that the true value lies within a
certain range determined wholly by the constitution of the
sample 1tself.

It is worthy of note that the range within which it is
probable that n/m must lie is of length proportional to
{p+¢)~*; it does not depend on m to any great extent, but
it p and ¢ are very different the range may “be much shorter
than this. This leads to the result that there is a strong
presumption that a large sample is approximately a fair one
even 1f 1t 1s small comnaled with the whole of the class; and
that the range within which the fractional composition is as
likely as not to lie is much the same however great the
whole number of individuals may be. The fact that the error
likely to be committed in sampling is, except in extreme
cases, limited by the size of the sample itself, may be of some
importance in electoral and economic questions. It is also
easy to infer from the results obtained that the probability
of drawing a B8 at the next trial is not likely to be far from
p/{(p+q), agreeing with sufficient accuracy with the result of
the ordm’u*y theory

In a recent paper* Mr. (\. D. Broad has given a suggestive
discussion of the problem of inductive fufer ence, in which he
adopts the ordinary theory, according to which when g is 0
the probability that all the members are s is (p+1)/(m + 1).
This is not necessarily true, for the reasons given above, but
this does not affect Mr. Broad’s main point, which is that
in all ordinary cases the number of ohserved instances is so
small compared with the total number of instances that it is
impossible to arrive by this means at any noteworthy prob-
ability for a general law. General laws are, however, of
various kinds. The type to which Mr. Broad devotes most
attention is the statement that ““all crows are black,” based
on the fact that all observed crows have been black. Now a
crow is an object defined by the conjunction of a number of
properties, which may or may not include blackness. In the

* ¢Mind,” October 1918, pp. 389-404.



Aspects of the Theory of Probability. 729

former case the inference becomes tautologous, and we are
concerned only with the latter. But it has been shown above
that it 2 be the number of black crows in the world, n/m 1s
not likely to deviate from p/(p+¢) by more than a quantity
of the order of (p+¢)~%; and in this case, as p is great and
q is zero, we are justified in inferring that the number of
crows that are not black is a small fraction of the whole,
which is all that is inferred in practice ; for the possibility in
exceptional cases of sport, albinos, and so on is well known.
The other type of general law is one that is held to be true
in every instance of the entities to which it 1s held to apply.
Such a law cannot be derived by means of probability in-
ference, for it deals only with certainties. Here Mr. Broad’s
argument is valid, and no such law can derive a reasonable
probability from experience alone ; some further datum is
required. One way of arriving at such laws may be sug-
gested here.  Suppose we have an a priori belief that either
every @ has the property ¢ or every « has the propsrty .
If then a single @, say ¢, is found to satisfy ¢ but not +r, we
can infer deductively the universal proposition that all &'s
satisfy ¢.  Such cases are fairly frequent: if for instance
we consider that either Hinstein’s or Silberstein’s form of the
principle of general relativity is true, a single fact contra-
dictory to one would amount to a proof of the other in every
case.

Before leaving the important question of induction, we
propose to consider it in relation to the Venn view. If
Venn’s definition of probability be adopted the existence of a
numerical estimate of probability depends on the possibility
(at least imagined) of indefinite repetition of the data, the
truth or falsehood of the proposition whose probability
relative to the data is to be estimated being recorded at each
repetition. The probability is then the limit of the ratio of
the number of favourable cases to the number of all cases.
Now on this basis it is never possible, by what has been said
already, to prove that in any given case such a limit will
exist. All the axioms of the ““ undefined coneept” theory are
therefore indemonstrable, and must be assumed a prior in
the same way. Kven in the simple case of picking indis-
tinguishable balls out of a bag the probability of picking
any particular individual cannot be assessed without some
hypothesis about the limnit of the results obtained by making
an indefinite number of selections, each ball being replaced
after being drawn. In the problem of sampling induction
we can therefore by making enough assumptions of this
character, which there seems little or no reason to believe,
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obtain a proof of a proposition superficially the same as the
chief theorem of this section ; but let us consider what this
result means on the Venn view. It would mean that if we
had a large number of classes, each of m members, and from
each we had picked out p-+g¢ members, of which p were 8’s
and ¢ not-8’s, then when the number of such classes is in-
definitely increased the fraction of them in which the actual
namber of B’s does not lie within certain limits would tend
to zero as a limit. Thus the already hopeless task of pro-
ceeding to the limit of an infinite number of observations
becomes in this case the still more complex one of repeating
similar classes indefinitely.

Such indefinite repetition of injinite classes Is called by
Veun the construction of “eross-series” and forms an
essential part of his theory of inference. It is necessary, for
instance, in giving a meaning to the proposition connecting
the probabilities of a proposition referred to different data
Pp.g:h)=P(p:q.Lk).P(g:h). For an infinite series is
needed to give an account of P(p:¢.4L), which is the limit
derived from the frequency of the truth of p among entities
for which g and A are true.  Such entities, however, are only a
part of those for which % holds. Thus to establish a meaning
for the number P(p.g¢:4) we must consider all entities
satislying %, whether they satisfy ¢ or not. Thus further
series must be coustructed which will show how often ¢ is
actually true, and this requires, according to Venn, an infinite
number of series of entities all satisfying 4, so that we can
examine in one direction to find the frequency of p given ¢
and % and in the other to find that of ¢ given . Thus the
difficulty of obtaining enough terms, acute in the simple case,
is here intensified ; further, there is no more reason to believe
in the existence of limits in this case than there was in the
other. The difficulties are merely complicated and not re-
moved by the use of cross-series,

There is no evidence that Venn ever attempted to meet
these difficulties, Indeed, we may conclude from some
passages of his work that they had never suggested them-
selves. The following passage, for example, occurs in the
third edition of his ¢Logic of Chance,’” page 208. ¢ The
opinion according to which certain inductive formulzx are
regarded as composing a portion of probability cannot, I
think, be maintained. It would be more correct to say . . . .
that induction is quite distinct from probability, yet co-
operates in almost all its inferences. By induction we
determine for example whether and how far we can safely
generalise the proposition that 4 men in 10 live to be 56 :
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supposing such a proposition to be safely generalised we hand
it over to Probability to say what sort of inferences can be
deduced from it.”

The ‘“undefined concept” view of probability can be
developed so as to yield a theory of induction adequate for
scientific purposes. There are difficulties in the way of
obtaining such a theory from the frequency view, and we
conclude that the balance is in favour of the “undefined
concept ” view.

Summary.

It is shown that the attempt to give a definition of
probability in terms of frequency is unsuccessful. Laplace’s
definition, apparently in these terms, really involves im-
plicitly the concept of probability and is therefore circular
in character. Venn’s definition in terms of the limit of a
geries is unsatisfactory because there is no reason to believe
that his series do in fact usually tend to a limit ; it is shown
that there are many cases where they do not; and as his
process 1s incapable of being carried out, the existence of
such a limit can in any case only be known a priori if at all,
so that his method offers no advantage over that of regarding
probability as an entity known to exist independently of
definition, intelligible without such definition, and perhaps
indefinable.

A set of axioms on which a mathematical theory of
probability can be based is then given, which seems to offer
certain advantages over the current ones. In particular it is
capable of covering cases where the principle of sufficient
reason cannot be apphed to assess probability. It is also
shown that a complete theory of probability must allow for
the use of infinitesimals.

A discussion of sampling induction is given, in which it
is shown that when the sample is large enough the prior
probabilities of different constitutions of the whole do not
usually affect appreciably the probabilities inferred after the
samples have been taken. Also the range within which
the fractional constitution is as likely as not to lie includes
the fractional constitution of the sample, and its extent is
inversely proportional to the number of the sample itself,
whatever be the number of the whole.



