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(ii.) The envelope of the circumecircle ABC is a Limagon having S
for a double point.

Otherwise, the circumecircle 4BC cuts a given circle J orthogonally,
and its centre moves on the circamference of another given circle
touching J.

4. The envelope of the radical axis of the circumcircles DEF and
ABC is a counic of which the centre of the orthogonal circle J is a
focus. In other words, this focus of the conic is also a focus of the
Limagon.

The conic meets the Limagon in eight points which lie on the circle
DEF and another given circle.

On the Harmonics of @ Ring. By W.D.Niven. Read February
9th, 1893. Received, in rex'{ised form, December 11th,
1893.

1. This paper may be regarded as an extension of the work con-
tained in the first memoir on * Toroidal Functions™ in the Philo-
sophical Trausactions, by Professor W. M. Hicks, an attempt being
here made to show how the problems solved by Mr. Hicks for a
single anchor ring may be dealt with when there are two rings havmg
the same rectilineal axes.

It is obvious that with two such rings, in order to satisfy the
surface conditions for each ring, it is necessary that the harmouics of
either should be capable of being expressed in terms of those of the
other. This is accomplished as follows :—

It is first shown that the harmonics of any degree, referred to a
circle 4 in dipolar coordinates, may be derived from their prede-
cessors, one degree lower, by certain differentiations with. regard to
the radius of the circle and the distance of its plane from a . fixed
point. _

The potential at any point due to a coaxal circle B of umform hne
density is next found in terms of A’s harmonics.

Finally, the zonal harmonics of B can all be dednced from this
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potential by the system of differentiations just referred to, and there~
fore they can all be expressed in terms of the harmonics of 4.

The present communication is confined to a discussion of the
quantities arising in the process indicated, and deals, for the most
part, only with zonal harmonics, although the methods employed will
also apply to the general tesseral and sectorial system.

2, I begin with the potential at any point due to a circle loaded
with matter of line density cos o¢” at the point whose longitude along
the circumference is ¢’. If the circle, of radius a, be in the plane of
@y, with its centre at the origin of coordinates, the potential at z, y, z
or p cos ¢, psin ¢, z is seen at once to be

\/ g’ cos o¢’dv’
o R s ()

or, putting ¢'—¢ = 0, adopting dip.bla,r coordinates u, v, and discard-
ing the term with sin o¢ as a factor, as being zero, we have

cos op \/ ___cosoll
2p°Jo +/coth u—cos 0

which is the same as

]
coso$+/2 (cosh w—cos v [ cos 7 dé.
P2 ( ) +/cosh ©—sinh % cos 0

3. Let now the origin be shifted to a point on therectilineal axis
at a distance b from its old position; then the relations between the
rectangular and dipolar coordinates are given by

P:l:?: (Z—b)-‘-a: eu?in
pki(z—b)—a ’
or, if a+ib=p, a—ib=yg,

P+'l”+2 u-(u P""L.Z+B —_ e;xn'n.
pt+iz—p ' p—iz—gq

If we suppose p, # to be fixed, while a, b are varied, it is clear that
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u, v must be regarded as functions of p, ¢, and it is easy to find the
following results :—

ou_ 1 p-it

— = —e¢ "“sinhu
ap 2a !
oy
—=—1(e" coshu-—l),
9p 2
g_u = ie"’ sinh %,
g 2
? = - —7, (e”cosh u—1),
q
and thence
P S
5 v/cosh u—cos v by (e coshu+1)+/cosh u—cos v,
0 2 ‘
aé ~eoshu—cosv = — (e",a cosh u+1) +/cosh u—cos v.
q
Also, if I (n, o) denote the integra.i,
. j" cos of-
o (cosh 4 —sinh % cos §)"**

-a%I(u, g)=— (n+%)2lae"" [cosh wI(n,0)—I(n+1, 0)].

4, Let X (n, ¢) denote
a4 e~ /2 (cosh u—cos v) I (n, o) cos ap;

then, remembering that 20 = p&“g, we shall have

2_3_ X (n,0) = AX (n, ) +BX (n+1,0),
w 1 =-iv
where 4 = % (n—=3)+ %n (e~ cosh u—1) + ™ (e~ coshu+1)
-1 (n+4)e*coshu =0,
2a 2

and, B= (1) 55-
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Similarly it may be shown that if ¥ (n, ¢) denote the same thing as
X (n, o), except that e** takes the place of e="*, we shall find

9 = (n+1) =% n c
a—qY(n, o) = (n+3) ‘Za*Y( +1,0).

Next, let X (n,0) = {U(n, 0)—iV (n, 0)},
Y (2, 0) =a {U(n,0)+iV (2, 0)},
and note that

-

8,8 _o0 2,,0_,0

s o hig- =22

da ob aq

then the two following relations may be deduced, viz.,

(n+%)ar*? U(n+1, o) =a’ {é%a""* U (ny0)— %a"“’ V(n, o) }A,

4+ etV (n+1,0) =d’ {a%a"'* U(n, o)+ a%a”"’ V(n, o) }).

Here U (n, o) stands for the harmonic
cos nv+/2 (cosh u—cos v) I(n, a) cos a¢,

and V (n, o) for the same thmg, with sin w instead of cosnv.

When it is necessary to express u, v, ¢ explicitly, the notation
U, (urp), V, (uvp) will also be used.

5. These results show that the successive harmorics are derivable
from their predecessors by displacements similaf, with some modifi-
cations, to those usunally employed in the case of the sphere. There
is this difference, however, that, whereas the masses of the compound
spbere are each zero, those of the compound circles, and therefore also
of the distributions on the anchor ring which they represent, may not
be zero. They will be zero if the expressions for the comrespondmc-
potentla.ls contain the longxtudlnal factor cos o9 or sin crzp, for in that
case the undisplaced circle from which they all take their origin is of
zero mass. If, however; o= 0, the-potential (n+%) a"* U (2 +1, 0)
arises, as we found in §4, from displacements of two circles which
produce respectively the potentials a*~* U (n, 0) and @'V (n, 0),
the former by an enlargement of its radius, the latter by a movement
of its centre along its axis. The second displacement is clearly of
the same character as sphere points, and no resulting mass is
thereby obtained. But, in the first, since the mass. of the ring which
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net
produces potential a"* U (n, 0) is clearly increased to (1+§(—:i)
times the former value when its radius is increased from a to a+9da,
it follows that by the superposition of ring negative ¢ and positive

a+3a, there will be a residue of mass (n+1)2% times the mass of
a

the circle g, viz., 2ra.a""%. This residue corresponds, by the pre-
vious article, to potential

(+1) a1 T (n+1,0) %‘

Hence, the masses of the compound circles which produce the
potentials U (n, 0) and U (a+1, 0) are equal to one another, and
when we pursne the argument down to the value # =0, are each
equal to 27, the line density of the original circle being taken as
unity. ’

6. The resuit just arrived at throws some light wpon the conver-
gence which may be expected from a series expressed in terms of
harmonics of the anchor ring, and, on account of its importance, as
well as for the purpose of introducing the working quantities of the
subject, I shall prove it by finding the charge on the anchor ring
which will produce the external harmonic U (n, 0). It is first to be
observed that the integral which was denoted in §3 by I(n, 0) is in
" point of fact #P,_, (coshu), Z.e. the zonal spherical harmonic of frac-
tional degree n—3%. The printing of the fractional suffix being incon-
venient, I shall at this stage follow Mr. Hicks in representing the
integral referred to by =P,. We may therefore write

U(n,0) or U,=wcosnv NG (cosh u—cosv) P,

as the type of a zonal harmonic, with a similar specification for V,, in
which sin nv takes the place of cos nv.

The harmonic U, is-suitable to the exterior of the ring, the corre-
sponding inside form being given by

U, = = cos nv +/2 (cosh u—cos v) Q,. (%) .

=p( & _
-where Qn = P, J‘P (,‘2_1) P'_:s

u=coshu and p,=cosh u,

%, being the parameter of the ring.



1898.] ° Mr. W. D. Niven or the Harmonics of a Ring. 877

We find readily the expression for the density, viz.,

——&cosnv‘/‘m) hu Q (c:shu)(g:)"

Now it is easy to show that

Ou __ Ov _ coshu,—cosv

Os 05 a ’
Os, O’ being elements of lines normal to the surfaces u, v. Also,.

element of surface

08 = pd¢pds’ = —L’ﬂ}lu"—_'&p‘év._

(cosh u,—cos v)?

Hence J]er,,dS = 27— 1 [ i £as o dv
' n (%) Jo v/2(coshu,~cos v)

=2ra (§14).

~ 7. The potential due to a circle of unit line-density with its centre
on the rectilineal axis of the ring and its plane normal to that axis,.
may be found as follows :—Let r be the distance of & point u,v,¢, on
the circle referred to from any point uv¢ on the ring; then

:; = 334, U, (vw¢)+3ZB; V,; (uvp).

The expression for the circle, since u;, v, are the same for every point
of it, may be deduced from this by multiplying by 2mp, and sup-
pressing all the terms in cos op and sin o¢p from o =1 upwards.

The coefficients to be determined in the expa.nmon of L are there-
fore only the following 4

4,0, +4, T+ 47 +....
Multiply both sides by ¢,,dS, and mtegra.te over the surface, observing-

that
.H 0%9 =U, ("fx'”x)9

and that, by § 6,

.

I J- a, U,dS = n'a ( Q,.) j cos? nv dp;

Hence A= T o) (F).
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except when n= 0, and then
=1 0y (L. .
Ao - 2”3‘1’ Uu (ulil) (-Po)“.

If Q, be substituted for P, in the espressions for U, and V,, the
resulting harmonic is finite in the neighbourhood of the dipolar circle
-of reference. We shall denote these forms of the harmonic by
T, and 7, respectively. The expansion for the potential at wrg due
1o the circle of the last article will then be written as follows :—

£ (T () Ty (u0) +23 [ T, (w) T(w0) + 7. (u) 7, (w0) ]}

Problems with Two Rings.

8. The last result, taken in cohjnnction with the results of §4,

-enables us to express the harmonics of one anchor ring in terms of
those of another which is coaxal with it. For it was shown in §4
that all the harmonics of an anchor ring could be deduced from the
potential of a circle by certain rules of differentiation. We have
therefore only to apply those rules to the expansion just found in
order to obtain similar expansions, in terms of the harmonics of the
circle a, for the series of compound circles of radius p, that is to say,
for the complete system of harmonics pertaining to the system of
anchor rings the radias of whose dipolar circle is p. '
. In order to produce a symmetrical arrangement, we may suppose
the positive directions of the rectilineal axes of the two rings to be
towards one another, so that, if .4 and B be the two rings, the dis-
fpla,ceinents'-of A are towards B, and those of B towards 4. When
this arrangement is turned round, so that 4 and B interchange planes,
‘the relative arrangement of harmonics will-then be the same as
before. -

9. Let W, W,%W,, W, s Wy, &c. represent the harmonics of B, referred
‘to its dipolar circle and expressed in térms.of its own dipolar system,
then, § 9,

W= £ {Uy(uin) T (o) +20; () T () + 0.}

_ 1
=4

(a0 U +oa1U +oﬁ|V1 5‘4 .), say,
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where ofte = % U, (uw,),
oy = % U, (wy,),

A = 2‘—? Vi (),
&e.,

and U, is put, for brevity, instead of U, (uv), &c. Allthe coefficients
which havo zero for the first suflix can be readily expressed in terms
-of the radii p and a and the distance z between the planes of the
circles. It may, in fact, be shown that

U, (wv,) +iV,, (w0)) = 20 (P’ +2'—a’+1 2a2)" J,,,

¢ L4 7]
h ¥ = ,(_l.- .
wheroe J’t jo (p“ -j-z’+(L2—2ap o8 0)"“
., 8 ki - PEEFE
For, sinco T pEi—ar
'we have & = n/r,
whore A= (p=a)+d, 7= (p+a)+s,
and o = £ P —al+i 20z,
. P —at—1 Aaz
therefore sinh u = %‘.‘3,
77
and cosny = 1 (' +2'—a* +1i2a2)" + (P +2* —a’—4 ‘Zaz)"
‘ (rn)”
Hence
. cos nv (2ap)"* [~ do
U (wm) = - sinh"u J, (p? +z’+a, —2ap cos 0)““

=a {(pg-i-z’,—af-i-z 2a2)"+ (p' + ' —u'—1 2az)" } I3
-gimilarly,
V. (uw,) = ia {(p*+2'—a’—1 2az)"— (0 +2'—a* +1 2a2)"} J,.

10. The next step is to determine the expansions of ‘W, and " i:

If we put
oW, = 19, U,+.q, U + IJ, V +&c "

’ZU lYoU+17|Un+5V|+&°:
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then, by § 4 and §9, ,a,, ,a,, ,0, will be respectively

1 0
" (gPa; _1) P {Uo (wvy), 20, (uy), 2V, (), m}?
and ,yy, 71 ,8;, &e. respectively

—-=£ 2 {Uo (“1‘”1)1 20, (“l‘vn)s 2V, (uv), }

11, To show, howevor, how the coefficients are formed in the'
goneral case, it should be noticed that the equations of § 4 may be
thrown into the form

Cu+1) (U +iVen) = (24&82- +2%—1+i2a — ) (U,,+zV,,)

If the harmonics be those at the point p, z, ¢, referred to the circle A

it is clear that we may write — 3~ for -~ in this relation. Next,

oz  0Ob
0 0
@ z

putting © for the operator 2a - —iZ2a
operator with the sign of ¢ changed, we shall have
(Q420—3)(Q2420—15).. (Q 1)
Uut iV = - (2n—1)(2n—3)... U
= f. () 2aJ,, sappose.

Next, as regards the harmonics 1V, as the displacements of B are,

, and Q' for the same

towards 4, the sign of 3 in § 4 must be changed, and, since b may

ob

then be put equal to z, we have in like manner

IVn"'ilZU,. - fn (w) -"70’

where w is put for 2p ag- =i 2p§-', and @’ may be' taken to represent
p z '
the same operator with the sign of ¢ changed.
If now . W,=3,a, l7r+2 B, T--}-"r ’

70'. = 2 nYr I_]r+E uﬁr i;r!
we shall have

(7]
Wiy, = fu () 2 T, (),

R [y
nﬁr +i nar = fn (c) :? .Va‘ (“lvl)i
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excopt when r=0, when the 2 on the right-hand side must be
omitted.

12. The equations just written down determine the coefficients
completely. As a matter of convenience, however, it may happen
that it is easier to find, for instance, ,a, from ,q, than from a,.

The coeflicient ,q, is itself to be found from
A @+ ) LT,
6. {f (@) +£. (&) } pds

Now J, is & symmetrical function of p and a, and the operation to be
performed is precisely the same as that for finding .a,, except that
¢ and g are everywhere interchanged. Hence, if for & minute we
denote the expression for ,, found above, by F (a,p, z), that for
wag Will be F'(p, a, z). Now

nly = {fn (W) +fu (ﬁf')} % U' (ulvl)

= {fs (@) +. (O} £ {f O+ @)} ad,

== {r @+£,@)} & {fu @)+ @)} 4,

=L {1, +4.@)} aus,

13. The integral J,, which constantly appears in the coefficients, is
only a modification of P,, and both £, and @,, or their first differential
" coefficients, occurin the ¢quations expressing the boundary conditions
in any physical problem, connected with the ring, to which potential
functions are applicable, It is therefore important to be able to
ovaluato these integrals. Mr, Hicks has shown how to express them
in terms of elliptic integrals; in what follows it is shown how they
may be expressed in series, a form which seems to possess advantages
when the section’of the ring is small.

. Bvaluation of the Integrals P,, Q.

The integral I(s, o), which appeared in § 3, is one factor of o
tesseral harmonic, but it will be sufficiont at present to confine our
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attention to zonal forms. We had .

P, = f 8 renrenenmneneen (1),

o (cosh »—sginh « cos 6)"*

which is readily thrown into the form

be do :
28-("“‘)“ f ets sttt eet e 2 .
o {I—(1—e)sin? )" ™" ©

14. The corresponding form for @, will now bo found. It is to be
obsorved that wo have already defined @,, § 6, but another form can
be found for it from the cxternal zonal harmonic of a prolate ellipsoid,
and wo shall, in fact, show afterwards that the two are connected
by the relation

=p [ —dn (=2t
Qu - Rl.[» m 2"“ j (I-:;,-)T”‘ dv e, (3),
where p = coshw.

From the second of these we at once pass to
2" n-
v 1__ S\ ld
(=1 r gl
1.3.5... (2’)3—1) -1 \/2 (}l'—"U)

" cos nf
o de AR RN N RPN YINYY Y 4 -
j V2 (cosh u—cos 6) ° )

and then to

From (3) we also get

9-n-i - sin® ¢ B oo,
J (cosh u—(.os())"“d ’ (5)

and a still more useful exprossion for @, may be obtained by employ.
ing a transformation similar to Landen’s, v1z .

sin (\,'J B) =e" snn;p
Wo thus find, on reduction,

— g=(rthu gin®™ :
Q=0 [_——A—e--usm W (6)

This corresponds to the expression (2), § 13 for P,,, ‘and furnishes s
convenient expansion in powers of ™",

*15. I shall now find the expansion of P, in powers of ¢" and e~

#* Since this wus written, Mr. Al B. Basset, in a paper on “Toroidal Functions,”
_in the dmerican Jowrnal of Muthematics, has givon the expunsion of . ‘I'ho work
in tho text is, however, retained, as tho method is somewhat differont.
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"If y be put for Q,/r, which may be written
e—gu ((&,;6-"" + Qpss e-(r»4$2)|¢+ . ),
where @, @..s &c. ave known cocflicients, then y satisfios the differ-
éntial equation h/
+cothu —(=-3})y=0,

and, after Cnyley (Ellzptzc Functwns, §77), there exists another:
solution of the form
(log4+u)y +2,

where 2 sutisﬁes tho diffcrential equation
( e--u +(cu+e—n) l '—'(1?/ —{:)(e"——e"‘) 2

= —2 ("o d’ — (" e Y - rieivmesnianenn (L)

== (b, e"""’"+ by~ 4 ) suppose,
where b,_y, b,,1, &c. are known cocfﬁcients.
Let z=¢ [A,,e""+A,,_, ey, +.J,,_2, AL S
By 64 4 B, g e ),

- If = be even, there will be a term ,, or B,, which means the same-
thing; if # be odd, there will Le a term A4,¢" nnd o term B Tho

values of » may range from — (n even) or Z-_= (n odd) to 0, and s
from 1 to co.

Entering the value of z in the differential cqua.tion, we find

4 dr (n—r) A
A"”'j” = A G Ty @) ()
and Bu-h‘—i = Bn-?r 4:1' (n—?‘)

@r+1)(Zn—9r—1) TN ¢ ) B

"Ono or other of these equations holds from the top of tho scries A4,
down to B,_, inclusive. After that we begin to take account of the
second side of equation (1). It will be found that

_2n

g —_— bn—l L . . ..“. 4, ';
B,.,= . DT G O e (4);

b:nt aftor this point we slm.ll have equations of the form
(25—1)(2n+2s—1) B,.m a—4s (4+58) Biszs = busssmt ereeen (5),

which it will be impossible ‘to solve unless wo ‘can assume the valuo
of one B of the system to be known. To get over this difficulty, I
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‘suppose B, temporarily withdrawn, and all the coeflicients after it
determined by the equations (5). We may then restore B, in the
form of o term B,y in the expression for z, where y is the solation
referred to at the boginning of this article. All tho coefficients in z
are now found from the equations (5) solved successively, with the
exception of B,, and this may be determined by taking 4* =k = },
-calculating independently the corresponding values of P,, @, for this
value of /*, and entering these values in the equation

7"]’1- = (-Bn'l"log 41+u) Q,.+7I’Z,

where z does not now include B,. Tho term B, may, however, bd

-ensily found in the cases n=1, 2, by differentintion of F(k) with
regard to A%

When = is even, (2) gives

— 4 omanlal
4, = 4,2 (2n)! '

- 1(n—1)! _ 2"pla! 1

&nd .Bo = B,,.z 1 .3 v (211’_-3) - % (2n)! @, = 7’— ;
1 (43— !l
therefore A, = o172 Eg"‘)'l ~

The same expression holds when % is odd, the transition from the 4's
to the B's being effected by the equation

w4, = (n'—1) By,

except when n = 1. ' '

16. When = is large, the first term is the most important in the

oxpansion; the series will therefore conveniently proceed from that
term.

If we put 6" =k, and %* = 1—%], then, § 14,

xP, = 2, I, (),
F, (k) being writien for

r- do
s (1—k'gin* )"+’

— om-18!(n—=1)! __2"{ 1{211.—1) 2
and T, (k) =27 O 1+4.1(n—1)k'
1.3(2n—=1)(22—-3) ,, }
4'.1.2(n—1)(n—2) it .

4\ _(2n)! { 2n+1,, }
+ (B,.+log ¥y ) 2 ] 0l 1+ n+1 Kit o g

where B, is to be determined by the method of § 15.

+
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. 1 L dé
17. J, b = - 2 S .
y being el !'0 (l_kﬁ sind ()):.4.,1

where i =1 = /e,

is also found by this expansion. A few terms of the enrlier values
of J,, in which I, appears at an early stnge of tho scries, may bo
obtained by the method of differcntintion proviously referred to.
The scrics are arranged in powers of 7/r;, supposcd small :—

. 2 ¥
gy = 2 log-ll—"-l 1 ZT (]ng L ——1) + &e.,
7 r 2 X r

18. Tho expansion for P, enables us to justify tho assumption
made in §14. For let

Pn I° _,(Qf'____ = .A 6-("’1)"[' - ':_fi‘nz"'\p
» (1

o T s

whero A is a constant to be determined. If wo suppose » to bo so
largoe that the first term of P, noed only be considerod, and also that
2sinh « may bo put equal to ¢*, then we shall have

A=1,

thus proving the equality of the two expressions for (), assnmed
in § 14,

Sphere and Iing.

19. A similar process of solution may bo applied when, instead of
the ring B, we substitute a sphere with its centre on the rectilineal
axis of the ring 4.

Roforring to tho figure, wo supposc 0, D to be the inverted posi-
tions of A, B, tho oxtremities of the diametor of tho dipolar axis of
the ring. -Let the angle subtended by this diametor at tho centre O
be donoted by 2a, and let @ be any point inside the spheres, q its

YOL, XXIV.—No0. 474, 20
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inverted position. Then, by similar trianglca,

Cq_4Q .9 D1 _BQ.
0q = 40’ 0q ~ BO’

Cq _ 4Q

Dg~ BQ

Hence, if «/, v’ be the dipolar coordinates of ¢ referred to 0D, while
thoso of Q) are , v roferred to AB, we have

therefore

’
uw = 1.

Also, from the geometry of the figure, we readily find that, if ¢ is
below CD,

v = v—2a,

and, if above, v =2a—v.

: . _ _
Morcover, 0@ =p*+(ccota—2)' = i cosh u—cos (v—2a) .
sina  cosh u—cosv
Hence nny harmonic, say
 cos mv v/2 (cosh u—cos v) P, (cosh u),

hecomes, by the vnlo of inversion, if q is below OD,

m cos m (v, + 2a) \/2 {cosh 2%, —cos (v +2a)} P, (cosh ;)

¢ \/ cosh u,—cos v,
. ,
Rsina V cosh u,—cos (v +2a)
C

viz., i cosm (v 420) V2 (cosh 1, —cos v,) P, (cosh 1)
8 a

and, if ¢ is above CD, the same expression with 2a —v, written instead
of v' 4+ 2a.

This result will greatly simplify tho electrostatic problem for a
sphicre and ring.
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Heft 1 and 2; 1893.

¢¢ Proceedings of tho Edinburgh Mathematical Society,’”” Vol. x1.; Session
1892-3.

“Journal of the Institute of Actuaries,”” Vol. xxx., Pt. 6, July, 1893; Vol.
xxxt., Pt. 1, October, 1893.

“ Proccedings of the Royal Secicty,’’ Vol. vi1., No. 322-325; Vol. L1v., No. 326.

¢ Beiblitter zu den Annalen der Physik und Chemie,”” Band xvii., Stiicke 6-8 ;
Leipzig, 1893.

¢ Nyt Tidsskrift for Mathematik,” A. Fjerdo Aargang, No. 3; B. Fjerde
Aargang, No. 2; Copoenhagen, 1893.

¢ Berichto iiber die Verhandlungen der Koniglich Sichsischen Gescllschaft der
‘Wissonschaften zu Leipzig,’”” Mathematisch-Physische Classe, 1893, 2 and 3.

¢ Mémoires do 1a Société des Sciences Physiques et Naturelles de Bordeaux,”
4me Serie, T'omes 1. and 111., 1% cahier.

‘“Memoirs and Proceedings of tho Manchester Litecrary and Philosophical
Society,”” Vol. vir., Nos. 2 and 3; 1892-3.

“ Nicuw Archiof voor Wiskunde,” Deel xx., Stuk 2; Amsterdam, 1893.

¢ Archives Néerlandaises des Sciences Exactes ot Naturelles,”” Tome xxvir.,
Livraisons 1 and 2; Harlom, 1893.

¢ Jornal de Sciencins Mathematicas o Astronomicas,’ Vol. x1., No. 4; Coimnbra,
1893.

¢ Bulletin de 1o Société Mathématique do France,” Tome xx1., Nos. 4, 6, G.
‘“Bulletin of the New York Mathematical Society,’” Vol. 11., Nos. 9 and 10;
1893. ’

¢¢ Bulletin des Scionces Mathématiques,’’ Tome xvir., Avril, Mai, Juin, et Juillet ;
Paris, 1893,

¢ Mathematical Questions, with their Solutions,” edited by W. J. C. Miller, Vol.
v1X. ; London, 1893.

¢ Trentisc on the Kinetic Theory of Gases,” by H. W. Watson, 2nd edition, 8vo;
Oxford, 1893.

¢ Treatiso on tho Mathematical Theory of Elasticity,”” by A. E. 1I. Love, Vol. 11.,
R. 8vo; Cambridge, 1892,

“ Ueber cinigo Bigenschaften der Bessel’schen Function erster Art, insbesondero
fiir ein grosses Argument,’” von Dr. J. H. Graf. (Offprint from ¢¢ Zcitschrift fiir
Mathematik und Physik,’’ aus dem 2 Hefte des 38 Jahrgangs.)

 “Ubober die Addition und Subtraction der Argumente hei Bessel’schon Functionen,
nebst einer Anwendung,”’ von Dr. J, H. Graf. (Offprint from ¢ Math. Annalen,’’
Vol. xumi., pp. 136-44.)

“ Wiskundigo Opgaven met de Oplossingen,’’ Zesde Deel, Stuk 1; Amsterdam,
1893.

““Revue Semestricllo des Publications Mathématiques,”” Tome 1., 2¢me partie ;
Amsterdam, 1893.

¢¢ Qbservations Pluviométriques et Thermométriques dans lo Département de la
Girondo, do Juin, 1891, ) Mai, 1892,” par Mons. G. Rayot ; Bordecaux, 1892.

“Prace Matematyczno-Fizyczne,” Tom. 1v.; Warsaw, 1893.
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¢¢ Sphiirischo Trigonometric, orthogonalo Substitutionon, und elliptische Funo-
tionen,” von E. Study ; T.eipzig, 1893.

Mons. M. d'Ocagno.—*Sur ln détermination géométrique du point lo plus
probable donné par un systdme de droitcs non convergontes.’”’ (Extrait du ‘¢ Journal
do I’Eeolo Polytechnique,” 1xnre cahior, 1893.)

¢ Jahrbuch iiber dio Iortschritto der Mathematik,'’ Bd. xxir., Heft 3; Berlin,
1893.

* Journal of tho Japan College of Scmnco,"VoI v., Part 4; Vol. vi., Part 2;
Tokyo, 1893.

“ Sitzungsberichte der Koniglich-Preussischen Akademie der Wissenschaften zu
Borlin,”’ Parts 1-38, 1893,

¢ Atti della Realo Accademin dei Lincei,”” 6° Serio, Rondiconti, Vol. 1., Fasc. 1,
2, 4,6, 6, 8,9, 10, 11, 12; Roma, 1893.

¢ Atti della Realo Accademin dei Lincei,” Anno cexc., IRendiconti ; Roma, 1893.

¢ Journal fiir die reine und angewandto Mathematik,”” Bd. ox1r., Hefto 1-4.

¢ Annals of Mathematics,”’ Vol. vir., No. 4; May, 1893 ; University of Virginia.

‘“ Annales de Ia Faculté des Scicncos do Toulouse,”” Tome vir,, Année 1893,
2me Tase.

¢ Annali di Matematica,” Tomo xx1., Fasc. 2, 3; Milano, 1893.

* Iidneational Times,”” July to Octoher, 1893,

“Indian Engincering,” Vol. xnr., Nos. 20-25, and Vol. xtv., Nos. 1-12.

“Rendiconti dell’ Accademia dello Scienzo Fisicho o Matomaticho di Napoli,”
Serio 2, Vol. vi1., Fase. 5-7; Napoli.

¢ Atti della Realo Aceademia dello Scicnze Fisiche o Matomatiche di anoll,"
Serie 2, Vol. v., 1893.

¢ Tlectrical Enginccr,” No. 24, Vol. x1.; June, 1893,

¢ Annuaire do I’Académie Royalo do Bolgiquo,” 1892-3, Bruxclles.

““Bulletin do I’Académie Royale de DBelgique,’”” 1891-2, Tarts 1, 2, 1893,
Bruxelles.



