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On the General Linear Differential Equation of the Second Order.

By Sir JAMES COCKLE, F.R.S.

[Mead Nov. 10<A, 1887.]

The Sections and Articles of this paper are numbered consecu-
tively with those of my paper " On the Equation of Riccati " (Vol.
XVIII., pp. 180—202), to which it is a complement.

§ VIII. On Decomposable Forms and their Notation.

84. I call a form which can be expressed in two ways, viz., either
by means of synthemes alone, or by means of synthemes and of u, u',
u", u, u and u" (to the exclusion of v, v and their derivatives), a pure
decomposable,. Of such forms (1, 2, 3) of Art. 9 and (5) of Art. 73
afford examples.

85. The simplest of puro decomposable forms, which I therefore
call primary, are herein represented by the following expressions :—

(0, 0)(l, 1) - (1 , 0)(0, 1) = AD-BO = * = ult

. (0, 0)(2, 2)-(2, 0)(0, 2) = AI-EF = d = c<2,

(1, 1)(2, 2)-(2, 1)(1, 2)=DI-GI£= a = «3,

(0, 0)(2, l ) - ( 2 , 0)(0, 1) = AG-GE = -h = «4,

(0, 0)(l, 2 ) - ( l , 0)(0, 2) = AII-BF=-g = «„

(1, 0)(2, l ) - ( 2 , 0)(l, 1) = BQ-DE = / = a0,

(0, 1)(1, 2 ) - (1 , l)(0, 2) = 01I-DF= e = «7,

(1, 0)(2, 2)-(2, 0)(l, 2) = BI-EE=-c = «8J

(0, 1)(2, 2)-(2, l)(0, 2) = 01-FG = - h = «,.

80. These expressions, which exhaust the primaries of the second
degree in the synthemes and which are in fact the minors of the
determinant

A, 0, F
B, 1), 11
E, a, i
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may be easily deduced. Thus

v"v .vv = (G—u"n)(A—uu) — AG—Au'u — Guu + u'u'uu

= v"o. vv = (E—u"u)(C—ut<,') = OE—Qii'u—.

whence AG- OE = Au'u — Ou"u — Euu' + Guu,

and h or o4 is decomposable. This result I shall express by

— h = — £/«,, or at = c?a4 ;
and so in other cases.

87. More generally, pufc

then
1) 0 > 2J 'V — I ^}» O i l ? \ S i ~~~" I D« f/ I 'it It *""*™ (?*• 5 i ^^ f̂c "T* ?t •»

again, put v{v)v{>) — (p, s)— «(''WS), i)('V'" = (r, 2)— «(r)«(?),

then

and, subtracting and transposing, we get

= (p, q) «li l)«(s)-(p, s) I ' W * —(r, 3) M(''W) + (r, s) t t 0 ^

vvlicnuc tlie nine primaries of Art. 85, and no others, can be deducud.

88. If we frame the two schemes*

and

the lirat scheme may bu regarded as giving the equations of syn-

U, V

U, V

a", v"

«. v;
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u, v ;
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* It has been suggested that a change of my original notation would consider-
ably facilitate the reading of this paper and tlie detection of identities ; and that
when the synthemes of tho former paper ai-e denoted as in the first of tho above
.schemed (viz., A — uu + vv, B = n'u + v'v, &c), then the dccomposables of the
present paper are the first minors of this array. This criticism has enabled mo to
simplify, and othor criticisms to amend, tho paper. In giving an additional example,
I follow a suggcstiou that au example or two would bo useful.
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themes (Art. 8), and the other as representing the six equations

iu + Ink +/« = 0, iii' + gu + eu = 0,

gu" •+• dw' + cw = 0, W + du + &w = 0,

ew"+bu + au = 0, /w"+cw' + aw = 0.

69. Now, taking the two determinants

A,

B,
c,

o,

F
H
I

and
a,

b, d,

9>

f
h
i

or J and j , wherein a, b, and so on, are the several minors corre-
sponding to A, B and so on, respectively, we get (six, or, changing rows
into columns) twelve expressions of the type Ab + Cd+ Fh, or, say,
2,Ab, each of which vanishes. We also get (three, or, changing as
before) six of the type Aa + Cc + Ff, or, say %Aa, each of which
represents / . And J vanishes (not identically but) in virtue of tho
nine equations of syntheines given in Art. 8. This will be seen on
actually substituting for A, B, and so on, their respective values
uu+vv, u\i + vv, and so on, or may be shown as in Arts. 98, 99.

90. If 8 be a distributive operator affecting only the letters
A, B, ... I (and not u or u), and such that its effect on a single syn-
theme (say A) is to destroy the term containing v and v (so that, for
instance, BA = uu) ; and, if moreover tho effect of $ on a product be
made to resemble that of the d of differentiation (so that, for example,
§. AD = ASD + DSA), then we may represent any one of the decom-
positions of Art. 85 by o = Sa.

§ IX. On certain Identities.

91. The above formulae involve identities, which I write here.

Thus Aa-Og = Ii-Bb = Dd-Ff(= ADI-BFG),

Aa-Hh=Ii-Cc = Dd-Ee(= ADI-CEH),

Qg-Hh=Bb-Cc =Ff-Ee(=BFG-CEH),

Og-Ff•= Aa-Dd = Hh-Ee(= DEF-AOH),

Aa-Ii = Gg-Bb = Ilh-Cc (= IBO -AGII),

Dd-Ii=Ee-Cc = Ff -Bb (= IBO - DEF),
s 2
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whence we can form systems of four equations homogeneous and
linear in A, B ... and also in a, b ..., and independent: for example,

Ee-Ff+Gg-Hh = 0 = Ee-Ff+Bb-Gc,

Dd-Ee- Ii +Cc — 0 = Dd-Ee-Aa + Hh.

92. There is another class of identities, which also I write down
here, premising a fully worked out example. We have

Ab + Od + Fh=0 = Ahb + Ghd + FSh

-GI) + C$(AI-EF)+F(CE-AG).

But A2 (FG-OI) = A (Fu"tt,'+ Guu"-Ou"u"-Iuu'),

G$ (AI-EF) = G (Au"u"+Iuu-Eilu"-Fu"'u)t

Ft (CE-AG) = F (Gu'u+Euu'-Au"u'-Giiu);

therefore

Ab + Od+Fh = (AG-GE) uu"+(EF-AI) uu'+(CI-FG) uu

= — u (hu" -f du •+• bti).

Proceeding in this manner, I get the following twelve equations,
whereof the sinistcrs, being all of the type $Ab, vanish ; and if we
roject tho monomial solutions u, ti ... u, u" = 0, we are led to the
system of Art. 88.

Now, unless j (and therefore J) vanishes tho system of Art. 88 will
lead to tho rejected monomial solutions. But J (and therefore j)
docs in fact vanish when wo postulate the nine equations of syn-
themes (Art. 8). This will bo seen on substituting for J., J5, ... I
their values, or may be shown as in Arts. 98, 99.

Ba + Dc+Hf=-u (fu" + cu'+au),

Ea+Gc+If = — n" (fu" + cii + au),

Ab + Gd + Fk- - u (hu" + du + bu),

Eb+Gd + Ih - - u" (hu"+dti + bu),

Ae + Cg + Fi = — u (iu"+gu + eu),

i=z—ii' (iu"+gu
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Ga + Db + Ge = - u (e'u" + bu' + au),

Fa + Hb+Ie = - u" (eu" + bit + au),

Ac + Bd+Eg = — u (gu" + dti+cu),

Fc+Hd + Ig = - u" (gu" + dw'+cu),

Af+Bh + Ei = — « (MV' + hit'+ fit),

93. The simultaneous interchanges (J?, 0), (E,F),a,n& (G,H) have
no effect upon olf a2, ag. In other cases they change a2m into a2m + i or
a2m+1 into a2m. These interchanges would be made by a shifting of
accents in Art. 8 (say, for instance, by changing u'u into uu'). But
such shifting would have no effect upon A, 1), or I.

94. I remark that

and that a similar form for BFG—GEII may be found by sub-
traction.

§ X. Differentiations and Verifications i Simplifications.

95. The foregoing results are general and not confined to the cases
in which the accents denote differentiations. They are true when
the accents are regarded merely as marks to distinguish different
quantities. But, treating the accents as differentiations and re-
curring to § II., wo get

a" = -
a = — (p+p) a + re + rf,

hf =f+d+ph—qi,

g = e + d+pg—qi,

/ ' = — e—pf+ri,

e = —b—pe+ri,

c = (p+p) c-qf-rg + a,

h' = (p+p) b — qe—rh + a.
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96. If we differentiate the identity

which (with signs changed) is one of the identities of Art. 91, we get,
after substitutions and reductions,

(Ff-Ee-Gg+Eh)'
= -(p+p)(Ff-Ee-Gg+Hh)-Fc+Eb + (G-H)d-I(g~h)

+q(Hi+Dg + Be)-q(Gi+Gf+Dh)
+r (Fi +Gg + Ae)-r (Ei+Af+ Bh) ;

but —Fc+Eb + (G-H)d-I(g—h) vanishes identically, as will be
found on substitution, and the rest vanishes in virtue of the identities
of Arts. 91, 92. All this is right.

97. Again, take the identity
Ei+Bh+Af — 0;

we get

(Ei+Bh+Af)'= Gi+Dh+Cf-(Ei+Bh + Af)p' = 0 + 0p- 0,

as is seen on turning to Art. 92, This too is right.

98. And I here add that

Aa + Bh + Ee — u" (iu" + hu +fu) 4- u (gu"+ du' + cti),

Aa + Gc+Ff - u" (iu"+gu' + eu)+u (Im'+du+bu),

lib + JDd + Ilh = u (fu" + cu + au) + u" (iu" + gu + eu),

Gc+Dd + Gg — u (eu" + bu'+au) + u" (iu"+hu' +fu),

Ee + Gg + Ii = u (hu"+du + bu) + u (fu"+cu'+au),

Ff+Hh + Ii = u (gu"+du + cu) + u (eu" + bu'+aw).

The first of these formulse is obtained from

Aa + Bb+Ee = Aha + Bhb + We,

by processes corresponding with those of Art. 92; the rest in a
similar manner.

99. Rejecting the results u, u\ u",... u" = 0, there remain in Arts.
88 and 92, six equations which show that the six forms of J given in
Art. 98 vanish. Again, subtract the second form from the first. We got

Ee-Ff+Bb-Cc = u (fu"+cu')-u (eu"+bu)t
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whereof the sinister vanishes (see Art. 91), and the dexter reduces to
u ( —a?t)—u ( — aw) or zero.

Formulas such as those given in Arts. 88 and 92 may aid in keeping
down elevation of degree arising from elimination.

100. In this paper, however, my object is not so much to consider
the actual calculations incident to the eliminations as to conform, as
nearly as may be, with the prior memoir and to ingraft upon it the
proof that the general linear differential equation of the second order
is soluble by means of an algebraical equation, the coefficients of
which, however, will not in general be algebraical.

101. It is not meant to be asserted that such equation will itself be
algebraically soluble. For, although one of its roots will be a rational
function of two other of them and of the coefficients, still, unless its
degree be prime, its solubility cannot be affirmed.

102. The sinisters of a = 5a will consist of terms of the form /5y
(using /3, y, e, &c, to represent letters of the set A, B,... I ) , and the
dexters will consist of terms of the form eŵ W**.

103. The expressions am$ttn—an$am will be linear and homogeneous
in n and u ; so that on dividing by uu we shall get equations which
the elimination of ttj, w2, ux and «2 will enable us to expi'ess in terms
of A, B, ... I. But (anticipating Art. 133) the expressions

similar in the linearity and homogeneity to the former, will be more
advantageous, being of lower dimensions in A, B, ... J. By means of
Art. 88, the w1? u2, ut and «3 of Art. 79 can be expressed rationally in
terms of the minors. But the forms (0 : 0) are useless.

104. As the d of Arts. 86, 90 does not affect w or w, so neither does
it affect p, q ... q,r, nor indeed any function X of x; so that, for
example, B. Xa = XSa.

§ XI. Introduction of the General Biordinal.

105. Let p and r be independent and arbitrary functions of a, and
let m be any constant (other than 0 or oo ). Then the general linear
and homogeneous biordinal may be represented by

\ x I t x V x I m or )
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106. Effecting the transformation indicated by

we get y'"+py"+qy + ry = 0,

wherein q=-i*i=lL+ *=*) + *£ ] .

107. The complete solution of this terordinal involves that of the
biordinal. Let y =iu,v,w denote three independent solutions of the
terordinal. Then (y = ) w = xm may be taken as one of these solu-
tions.

xm~l

108. It follows (Arts. 4 and 15; also Art. 55) that — is an in-
tegi*ating factor of the deformation.

109. The value m = 2 is that best adapted to the case of the
particular Riccatian. I retain it here, and the results of the present
are easily compared with those of my prior paper. Put, then, w=x*.

110. The terordinal will be

y'"+py"~ (E + f*0 y'+ry = 0,
\ x I

and, multiplied into x, will take the form

e"+^e'-i:ere = o,
wherein 0 = xy'—2y.

111. Its deformation will be

which, multiplied into — and integrated, yields
r

Y"lp+x^~+-) Y'-\x*Y= constantr \ r r* r /

whonco, if the constant be supposed to vanish,

x
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112. The mixed integral of Art. 16 written in the form

V { Y"- (p+ £ ) Y' ] - y"T-ryY = cr,

therefore, becomes

y t - Y'+\xrY) -y"Y'-ryY = cr,
\ x i

or (®y"—y) Y'-\-^r(xy'—2tj) Y=cr,
x

which is equivalent to

113. The results are the same in form for the dotted as for the
undotted letters. And by precisely similar steps we are led, in the
correlate system, to the mixed integral

-e'Y''+\xrQY= cxr.

114. The unsuffixed 0 of this paper is essentially different from
the suffixed G's, say the 6,,,'s. Thus, 0,,, means a function of x and
of synthemes ; while 0 is the dependent variable in the biordiual of
Art. 110, whereof 0 = 0, and 0 = $, are supposed to be independent
particular integrals. And 0 ( = xy'—2y) is the dependent variable in

whereof 0 = 6, and 0 = #, are to be taken as independent particular
solutions.

115. Except in so far as it is necessary in particular cases to sub-
stitute appropriate particular values for p and r the process is, up to
a certain point and so long as we keep to the value 2 of the exponent
m of Art. 107, the same for all biordinals. The equations of Arts.
8—12 are the same for all. The meaning of 0, &, 0, and $ is the
same for all. The quantities 0O, 0^ 03, and 08 are, when expressed
in terms of x and synthemes, the same for all. But the expressions
for 0O, 0,, 02, and 03 in terms of M and x are peculiar to the Kiccatian
discussed. So that while the relations of Art. 58 are always true
those of Art. 68 are, so far at least as M and all which follows the
" = " that precedes it are concerned, true only for the particular
Riccatian.

116. The equation of Art. 16 holds for all values of Y and y.
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Keeping to the same Y, let yt, ya, and y8 be any three distinct values
of y. Then the three equations

y[ Y"-y'{Y- (p + r- ) y[ Y'-ry, Y = o.r,

*-) y'3T-ry&Y= hr,ys * —y* •* •

always hold when proper values or ratios are given or assigned to or
among the arbitrary constants cu ca, and c3.

117. Writing this system thus—

Y", ' Y\ Y,

11 -y'i-\p+ —•) Vu -ryl = ^r,

-^ J 2/2, —ry, = c8r,

2/i

2/2

y3> 2/3 [ P i 1 y ^ t ty$==

v. r J
and dealing with the determinant on the sinister in the same way as
the determinant I was dealt with in Art. 21, we get

Y = ~ C |
S/2 , y 2

2 / " , 2/3'
— c .

2/s" 2/r, 2/11 \
2/a', 2/3 I J'

118. Putting Cj = 0 = c2, replacing Y, yx, and ?/a by W, u, and u re-
spectively, and merging — c3 in the constant of integration, we get

TF =
Iprfr U , U

v", v

and, by corresponding operations or by cyclical changes, we get the
systems of Arts. 18 and 19.

119. If in Arts. 96, 97, we put y,, y2, y8 = u, v, »3; then

uY"-u'Y'— (p+ —^ u'Y'-ruY =. ^r,

v'Y"- V"Y'-U+ f-\ v'Y'-rvY = Cir,
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and if we suppose, in conformity with Art. I l l , that the arbitrary
constant in the integrated deformation vanishes, then c8 = 0.

120. On these suppositions the formulae of Art. 112 lead to

whence, eliminating Y't reducing and recalling Art. 56,

(6V-M) Y = 2 (c1£'-c30/) = e'l'^

and Jpdx ( a y - W ) = <hE+£*?

121. The sinister is a constant, for

vanishes identically when 8" and &" are eliminated (for 6 and £ are
solutions of the biordinal of Art. 110) ; and (7,17+ GaV being substi-
tuted for Y on the dexter, we have

c, : Oj = c2: Oa = A;,

where logfc is the constant of integration in jpdx. Hence cx and c%

cannot be supposed to vanish simultaneously without leading to a
useless result. But either Cj or ca may vanish separately, and in fact
one (only) of them is supposed to vanish in deducing the systems of
Arts. 18 and 19. This evanescence enabled us to give to the systems
a shape which, though not the most general in form, is in substance
general, and the simplest which can be constructed.

122. Let Z — Uor V; then by {3} and {4} of Art. 59, we have

the positive sign (•+•) and the value 0 = £ being taken when Z = U,
and the negative sign (—) and the value 6 = 0 being taken when
Z = V. Hence

Z' = PZ±2JP<UQ" =pZ±2J'">x ( -pG' + iare) = ± JP<" xrQ,

and Q'Z' = =fc \xr. 2Jpd* G'G = \xrQZ.

123. It follows that

and -$'V'
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both vanish identically. Hence, dealing with the first two equations
of Art. 120, when we put Y = Z7, then we must put c% = 0, and

—& V'+\xrOTJ =cx rx\

and when we put Y = V then we must put c, = 0, and

= c%rx.

124. When c% = — cx these last results coincide, for, multiplying

both into &' ' and remembering Art. 122, each becomes

whence, since B = — r,

a result which, when — cx hK = 2, coincides with the sixth relation of
Art. 19. Here log K is supposed to be the constant in the integra-
tion

125. For the correlate system we get (since B = — r) a similar
result

and a similar condition — cjcK = 2 ; log h and log JL being the con-
stants of integration in jpdx and JPcZa? respectively.

126. Thus, when the arbitrary constants are properly adjusted, the
mixed integrals introduce no new conditions.

§ XII. On Certain Special Cases.

127. Putting rx = 2, multiplying the first mixed integral of
Art. 123 into X, and substituting for XZ7 a value given by {3} of
Art. 59, we get

0' {x(l-xi)6'+ x%d}'-d {x(l-a?)&+x*6} = 2c,X,

or
& {x(l-xi)d"+(l-2xi)fr+2xd} - 0 {* (l-a?)fl'+aj1fl} = 2c,X.

But, in the case of the Riccatian, the biordinal of Art. 114 gives

0»+ ( ! _ x ) 6T+0=0, and x (I-®2) '&'= — (1 — a;9)8«'—a: ( l -» 8 )0 ,
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and the mixed integral becomes

or^ -x'd'd'+x (l+x%)d6'-x(\-x*)b'Q-x*dQ = 2<HX.

128. Again, the corresponding mixed integral of the correlate

system becomes — 0' V'— 0 U = — 2cu

since xr = — 2. Multiplying into \ and substituting for \U a value
given by {1} of Art. 59, we get in the same way

0' {x (1+a3) 0" + ( l + 2a>2) 0'-2a;0} +0 {x (1 +xl) 0'-a>8 0} = -2ClA,

whence, eliminating 0" by means of

x

obtained from the biordinal of Art. 90, we get

0' { -x*ff-x (l-x^e) +0 {a; (1+a;3) 0'

129. The two mixed integrals coincide if 2c1X=— 2cjX. But
(Art. 54) X = — X. Hence Cj = cu and recurring to Arts. 76 and 77,
we have 2cxX = —2ciX = —c= c.

130. Unless we introduce transcendents these hybrid integrals, in-
volving both u and u (and also their diffeiential coefficients), can only
be obtained in rare cases, of which the particular Riccatian is the
most conspicuous example.

131. Suppose that the biordinal of Art 105, put under Boole's

form, is D (D-6) z+x* (B-a) z = 0,

then, proceeding as indicated in Art. 106, we have the terordinal

D (D-2)(D-6) y + xi (D-2) {B-a) y = 0,

its deformation
D» (D+6_2) y - s 1 (D+2)(D+a) Y- 0,

a correlate

B (B-2)(B-b) y'-x* (D-2) (B-a) y = 0,

and its deformation

D1 (B+b-2) t+x* (B+2) (B+a) Y= 0.
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132. Following Boole and transforming the deformation into the
correlate by the substitution

a-2.D .D—2.J-6 . _ „
o r » A n _ riV S

-2.D—b .p D.
2 TO

we see that when, and only when, a is (an) even (integer) or when
b — a is even, or when 2a and 26 are both even, then a hybrid integral
can be found without introducing transcendents. The like would
hold if we compared the given equation with the deformation of its
correlate. And the process of the prior paper admits of extension to
all cases in which a is odd and b even. But the better course would
be to transform at once to the case already discnssed.

§ XIII. On the Functions 60, 91} 02, and 08.

133. Multiplying together the two identities

we get
d, S

0; i'

e,

a n d (/<cr — KFO ^ ^

or 6063-6,6, =

134. In verification make the substitutions appropriate to the
Riccatian; then (Arts. 41, 43, and 68) this (B) becomes

MV-

whence

as we see on turning to Arts. 67 and 109.

135. In further verification, differentiate. Then

as will be seen on substituting for the accented letters their respective

values, viz.: 83 = - ( p +p) 63 + %xrQ% + \xr Qu

6 3 = 63 -j30j |

60 = 63 +6j .
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136. By development

0 ^ - 6 ^ = xia+2xs (b + c) + 2x% (2d+f+e) + 4<x(g + h)+4d,

and we have a decomposable form. Decomposing it, we get

60393+63360-9^92-9^6! = x^e^u'u'-ix'e^xe^u'u"

- (a;2 Ga+x Go) u"u + 2x Qxuu" + 2x G2 w"w + {aja03+x (Gi + Ga) + 60} u'u

—2 (aje8+8i) uu—2 "^lP+'>)dx

137. In verification make the appropriate substitutions (Art. 68)
and we get the mixed integral of Arts. 76 and 77 ; and, when this
hybrid (Art. 130) integral is known, all the four 0,,,'s are known.

138. Differentiation will elicit no new result from (B) nor, as
Art. 95 shows, from the formulas of Art. 85. And the last statement
is confirmed when we follow the course of my prior paper. Six
additional results are got by means of (2)', (2)", (3)', and (3)", or, in
other words, by twice differentiating (2) and (3) of Art. 9, and then
eliminating it", u", and the accented letters A', 17, ... I ' by means of
the formulae of Arts. 9, 11, and 12.

139. The relations so obtained will not, however, be in their simplest
form. Remarking that (4) is (1)', and that (5) of Art. 74 is in fact
(4)'—2 (2) + (g-rg) (1), I form the several expressions

(2)'+(i>-H))(2), or say (7);

(3) '+(p+p)(3) ,orsay(9);

and (9)'+(i?+i3)(9)-2rr (1), or say (10) ;

and thus from that prior paper I get, putting

r—pq—q=i p and r—pq—q'=z p,

i=Si, d = U, a = Sa (1,2,3),

g + h = 2g + Sh (4),

f+e+ph+pg = Sf+Be+pSh+pSg ..(5),

—b—c + qh + qg = —$b—$c + q£h + qdg (7),

— 2qe—2qf-ph-'pg = —2q$e-2qSf—P$h-pSg (8),
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rf+n = rhf+rte (9),

—re—rb-\-Trrf+irre = —rSc— rfib + irrSf+irrfie

n and re being already (Arts. 18, 41, 43) defined. If we proceed to
another differentiation we get

and inasmuch as this can be put under the form

where X, ft, v, and a aro all free from any or oithor of tho quantities
/ , e, h, and </, no now result is gained.

140. Whichever course we adopt, viz., whether wo uso the system
of Art. 85 or that of Art. 139, wo get nino equations, equivalent how-
over to five independent equations only. Denote tho six forms of J}

taken in the order in whicli they occur in (the sinisters of) Art. 98, by
(1, 2, 3, 4, 5, 6) respectively. Then, whothor tho small letters repre-
sent minors or docomposables, or whothor thoy are regarded as
arbitrary and independent, the identity

()(2)-(3)-(5) =0

subsists ; and tho relations

(1) = (2) = (3) = (4) = (5) = (G)

imply four conditions only. But they do imply four distinct con-
ditions capablo of being exhibited in various ways. For instance,
strike out (G) ; then (1) = (2), (1) = (3), (1) = (4), (1) = (5), will
givo four distinct conditions, for Ff occurs in (1) = (2) only; Hh in
(1) = (3) only; Aa in (1) = (4) only, and Ii in (1) = (5) only.
Again, recurring to Art. 91, Qgt Bb, It, and Ilk soverally occur only in
the first, socond, third, and fourth respectively of the relations given
at its close. But tho system of Art. 91 is not really different from
the ono just considered.

Thus tho nino equations which enter (explicitly) rcduco themselves
(implicitly) to (9—4, or) fivo conditions. And these conditions may
bo oxprossod in torins of A, Ji, ... I without imposing any additional
restriction. For when (and if) tlio four 0,,,'a aro properly determined
(say each in tho form 0,,, = Ar

m), thon tho equation (13) of Art. 133 is
necessarily satisfied, and tho process of Art. 103 introduces no new
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relation. And, since each of the 6)tl's is a linear function of some four
of the nine quantities A, I?, ... J, we have (5 + 4, or) nine relations,
not all homogeneous, for determining the nine quantities A, J3, ... I.

141. All this supposes.that the four 0,,/s can be finitely determined.

§ XIV. On the Solution of the General Biordinal.

142. Assume
Y=Ly"+My'+Ny\

then Y' = L, y" + M\ y'

whero Ll = —pL + L' + M, Li — -

143. Substituting those values of Y, Y\ and Y" in the biordinal of

Art. I l l , and putting for the moment K = p-\ 1 , wo got
* r x

144. This will be satisfied if

1%-KLX-\xrL =.0, M2-KM,-\xrM = 0, ' N%-KNx-&rN = 0.

145. An absolutely general solution of this systom is not essential ;
bat L = 0 will afford one of sufficient generality. I shall, however,
for the present, defer the introduction of this condition (L = 0).

146. We see at once that

but inasmuch as y = x* is a solution of tho terordinal of Art. 90, and
y = a?8 of its correlate, therefore

p + xq -f \x*r = 6 = p + xq + £a9r,

and, in virtue of tho last relation,

147. So
Lt+

VOL. XIX., NO. 3 2 2 .
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148. In the simplified mixed integral of Art. 112 substitute for
G and 9' (see Art. 110) and for Y and T (see Art. 142). We get

l) y"y'—xM^y'y"—xrLy'y —

N = cxr.

149. In the last relation of Art. 136 replace u and u by y and y

respectively ; and for shortness represent e* "** by 0. The result
will be identical with that of Art. 148 if

;
cr <p c <p cr

cxr 0 <p cr

c cay >̂ 0 0

150. All the conditions are satisfied if

e0; if, =

I have ofteu, perhaps unnecessarily, retained arbitrary constants
which might in strictness have been suppressed or merged. But the
retention is, I think, convenient for purposes of inference.

151. We now get

L + xM+ ias'JV = 0; Lx+xMl + ^N, - 0,

and (see Art. 147) consequently,

152. Eliminating Lit Lu and L, we get

M" + w, 21Z' + JJJ., il/+ «, JV'+wa N = 0,
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and here it will be convenient to introduce a symbol h defined by

/ 1
+ +

K having the same signification as in Art. 143.
153. This being so, we have

ml = 2xq—JET, pt = 2rcr,

mi = (xq)'-kq-\-x(r—±r), /xs = (»r)'-2:er,

wherein it may be noticed that we have

v\ — — 2fc>

• • » x
2 V " ^

154. Multiply the first equation of Art. 152 into M, and the second

into N, and subtract the last from the first result. Then e"-' will
be an integrating factor of the difference; and the integral may
be written

155. To verify this, substitute for N' and M' their values
(N' = ^ + r i , M'=Mi + qL-N) obtained from Art. 142. The
integral becomes, in virtue of Art. 153,

-qN) L + xrlP-ixq-^'r) MN-i**qN%

= JkHx= J,
as appears from Art. 151. But from the formulro of Art. 150, we get

as follows from (B) of Art. 133, and from bringing xr under the
exponential integral. Merging the arbitrai'y constant 4c2c1c1, weget

T 2
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for MNy—NBfj the same value as before. This verifies not only the
particular calculations but also the relations, assigned in Art 150,
between the 0,,,'s and L, Mt and N.

156. In further verification, we have

+ 20:9,-

which vanishes, as it ought, in virtue of Art. 135. Another easy test
is obtained from Nx = — r

157. A strong verification, is had by applying the foregoing
formula! to the particular Riccatian discussed in my prior paper, for
which we have

L=x*-x*', M = x-2x*; N=2x3-, Lx-x
h-,

Mx = -2x*-2x*', Nx = 2a8+2a;.

These values, being substituted in oach of the three equations

-pLx + L[ + M, - KLX - \xrL = 0 = - qLx + M[+NX- EMX - \xrM

= - rLx+N[-pN- \xrN

(which aro obtained by a combination of results given in Arts.
143—7, 151), satisfy all three of them.

158. I now introduce a symbol X defined by

JKdxle'lK"xite = A, or by \ ' = 2TA+1,

and which will thereforo be in general a transcendent. And I give
to the coefficients of the correlate the following values, viz.,

values which satisfy the condition of Art. 14G. This being done,
I say that

£ = 0, M = -iajX, N-\

will fulfil all the conditions.

159. Put then
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it follows that

Y"-~\ {K'\+K(K\+i)} e-

160. Hence

'-$\(±xre-Pef)t [Art.114]

-p) e'} - e '

therefore Y"-KT- %xrY=0=Y'-(p+ —+ —)T- \xrY,
\ r x I

and the equation of Art. I l l is satisfied.

J161. By way of example: in the biordinal of Art. 105 put p = 0,

m = 2, r = 05", and it becomes z"H z'—ho'"1 z = 0, which is trans-
x

formed into £"—\nn*x%=. 0, by the substitution xz = .̂ The
terordinal (Art. 110) is

2/'"+O.2/"-ia!
n+17/'+a;»y = O,

the deformation is

Y"-^Y"+ [n(n^l)-1
2x

n*^ Y'-xnY = 0, [Art. 111.]

and the correlate is

,f'+ i=5 f_ ( | + Kf ( | + K ) jj' + ( 2

for

and, by Art. 158,

162. Hence Y = - — ly- •£ if) ;
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or, multiplying, as we may do, into — 2w, and then replacing —2nY

by T, we get Y - a?y'-2xy> T = x*y"-2y,
and

= !t±l (xy- 2y) + faT1 (»»/- 2xy) = 2±
a; cc

163. And this is right; for if, as in Art. I l l , we integrate"the
deformation and suppose the arbitrary constant to vanish, we are led

to Y " - .5L±1 r-**w + 1 Y = 0,

and so to a verification of preceding results. In dealing with this
example no transcendent has been introduced.

Thursday, April 12th, 1888.

Sir JAMES COCKLE, F.R.S., President, in the Chair.

Mr. A. R. Johnson, M.A., Fellow of St. John's College, Cambridge,
was elected a Member.

The folio-wing communications were made :—

Continuation of Former Paper on Simplicissima: W. J. C.
Sharp, M.A.

Synthetical Solutions in the Conduction of Heat: E. W.
Hobson, M.A.

Continuation of paper on Symmetric Functions: R. Lachlan, M.A.
On a Law of Attraction which might include both Gravitation

and Cohesion: G. S. Carr, M.A.

The following presents were received:—
"Proceedings of the Royal Society," Vol. XLIII., NO. 263.
" Educational Times," for April.
"Proceedings of the Manchester Literary and Philosophical Society," Vols.

xxv., 1885—86, and xxvi., 1886—87.
" Memoirs of the Manchester Literary and Philosophical Society," Third Series,

Tenth Volume.
"Annals of Mathematics," Vol. in., No. 6 (University of Virginia); Dec, 1887.
"Bulletin des Sciences Mathematiques," Tome xn. ; March and April, 1888.
" Bulletin de In Society Mathe"matique de France," Tome xvi., No. 1.
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" Journal de r$cole Polytechnique," 67e cahier ; Paris, 1887.
" Annales de l'fecole Polytechnique de Delft," Tome in., 4me Livraison; 1888.
"Beiblatter zu den Annalen der Physik und Chemie," Band xu., Stiick 3;

Leipzig, 1888.
" Jahrbuch iiber die Fortschritte der Mathematik," Bandxvn., Heft 2, Jahr-

gang 1885 ; Berlin, 1888.
" Berichte iiber die Verhandlungen derJKoniglich-Sachsischen Gesellschaft der

Wissenschaften zu Leipzig," Math.-Phys. Classe, 1887, i., n . ; Leipzig, 1888.
" Mitthcilungen der Mathematischen Gesellschaft in Hamburg," No. 8; Marz,

1888.
" Atti della Reale Accademia dei Lincei—Rendiconti," Vol. in., Fasc. 10—13,

Nov. 20—Die. 18, 1887.
" Bollettino delle Pubblicazioni Italiane, ricevute per Diritto di^Stampa," Nos.

62—64 ; Febb. 29— Marzo 31, 1888.
" Sitzung8berichte der Koniglich Preussischen Akademie der Wissenschaften zu

Berlin," XL.—LIV., Oct. 20—Dec. 22, 1887, with Title, Index, &c.
" Memorias de la Sociedad Cicntifica—'Antonio Alzate,'" Tomo i., No. 8;

Mexico, 1888.
"Calendar, for the year 1887—88, of the Imperial University of Japan," 8vo ;

Tokio, 1888.
" Sur la d6termination d'une Courbe algebrique par des Points donnds," par

H. G. Zeuthen. (Excerpt from " Mathematische Annalen," Bd. xxxi.)
" Die Rationalen ebenen Kurven 4. Ordnung und die binare Form 6ter Ordnung,"

von Ernst Meyer, 8vo pamphlet. (Inaugural Dissertation zu Konigsberg i. Pr.,
Marz 3, 1888.)

" On Systems of Circles and Spheres," by R. Lachlan, B.A. (" Philosophical
Transactions," Vol. 177, Pt. n., 1886); from the Author.

Synthetical Solutions in the Conduction of Heat.

By E. W. HOBSON, M.A.

[Read April 12th, 1888.]

The object of the present communication is to give the solutions
expressed as definite integrals of certain problems in the variable
motion of heat in two and three dimensions, in which the boundaries
of the conducting body are straight edges or planes. The solutions
are obtained by a method which has been applied by Sir W. Thomson,*
to some cases of conduction; this method consists in superimposing

* See " Collected Works," Vol. n.


