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DIFFERENTIAL METHOD or COMPUTING
APPARENT PLACES or STARS Fror
LATITUDE WORK.

By Erasmus D. PRESTON, Coast Survey Office, Washington, D. C.

[ Published by permission of the Superintendent of the U. S. Coast and Geodetic
Survey.]

When a number of stations have been occupied during
a season for the determination of latitude, the necessary
reductions of the stars from mean to apparent positions
" requires considerable time. With a view of accomplishing
the task sooner, as well as making the work much less
laborious, and at the same time having an accuracy fully
equal to the requirements of the case, the following inves-
tigation was made. Although the superiority of this
method is most marked when the observations only extend
over three or four days, and when several stations with long
star lists are to be reduced at one time, yet in any case it is
considerably shorter than the usual logarithmic method.
Little is gained by observing a star more than three times;
and with the improved mean star places now available and
allowing a probable error of observation of o”'50 for an
experienced observer, with good weather, three evenings
work will reduce the uncertainty of the latitude to about
ten feet. So that this method may be employed nearly
always with great advantage.

The usual computation of the apparent places of stars
for the dates of observation may be abridged in two ways:
first, in using Crelle’s tables instead of making the ordinary
four-place logarithmic computation; and, second, after
having one date getting a neighboring date by the applica-
tion of differential quantities derived from the usual
formule.

If we consider the tabular differences of the quantities
that vary with the date as the differential coéfficients of the
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quantities with respect to the time at the date already com-
puted, we have the following formulae as representing the
change in declination between the two dates:

— g d Gsin (G + a) + dg cos (G + a)
[—hd Hsin (H + o) + dh cos (H -+ a)] sin 8
di cos 6

The following relations exist between the independent
star numbers:
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Where the letters have the signification given in the
American ephemeris, K is the precession constant
20"°0533.

The greatest departure from a uniform change for a five-
day period in B and 4, is due to terms depending on the
moon’s longitude. The terms depending on the longitude
of the sun, of the moon’s ascending node, and on the longi-
tude of the sun’s and moon’s perigees, being either quite
regular for a five-day period, or else being extremely small.
In 1887, G does not change as much as 3°% g changes less
than o”-5.

The tangent of H varies inversely as the tangent of the
sun’s mean longitude. Hence H varies nearly uniformly
throughout the year, changing about 1° daily. h depends
on the same quantity and has its maximum values at the
solstices and its minimum ones at the equinoxes. For a
five-day period it departs little from a uniform change.
i varies also with the sun’s longitude and has its maximum
with the minimum h and wvice versa. The greatest daily
change in ¢ is not much more than o’'10, while that of A
1s very much less.

The value of (@ is in general principally affected by
changes in terms depending on the sun’s and moon’s longi-
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tude, and on the longitude of the moon’s ascending node.
The latter has a daily motion of 3’.- The first two have a
daily motion of about 1° and 13°, respectively. tan G
varies directly as Band inversely as 4, and since the for-
mer depends on the cosines and the latter on the sines of the
above functions, they do not both change rapidly at the
same time. At 9o° cos £ changes 0'005 in five days and the
changein cos 2 £ may be neglected. When O = 45°,¢cos2 ©
has a change of 0'087. For an equal period and position cos
2 D changes about one unit. The terms in which these
quantities enter will therefore vary by o’/'05, 0’/"05 and 0”09,
respectively. Hence the greatest change in B comes from
the change in the moon’s longitude. In case of all these
changes having their maximum at the same time, and tend-
ing in the same direction, the value of B would only be
changed by about s5th the part of itself, and since

dy

dtandy —= — 9

1+

the change in @ dependent on B will not be more than
about 1°. A

The longitude of the moon’s ascending node does not
pass through go® until 18go, but its change is slow compared
with that of the others, and in its relation to B we need not
for the present consider its effect on G.

The above quantities enter 4 as a sine function
with coéfficients about 4th of those for B, but the
precession factor appearing in the denominator of tan G
makes the changes in numerator and denominator about
equal for maximum values of the function. But ¢ being
determined by its tangent, the magnitude of its changes
depends also on the absolute values of B and A—for when.
B is small a given change in A has very much more influ-
ence on the angle. In general, we may expect changes in
G of less than a degree per day.

When we have very small values for B, as in 1890, and
also very small values for 4, as in May, a combination of
these may give a change in G for five days, amounting to
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30° or more; but, as will be shown later, this does not
render the method inapplicable.

When B has its largest value, G does not change more
than, say, 5°, which reduces the product of dg by d G to a
quantity less than o’/‘10, and when d @ is very large dg is
small enough to reduce the product considerably under
o'’*10, so that, in general, we may estimate the neglected
term to be less than o’’*10. The product of any two of these
differences that actually occur together is usually only a
few hundredths of a second, so that the method will satisfy
all the requirements of latitude work.

These considerations show that the stars’ position may
be derived. with all necessary accuracy, by the application
of differential quantities, when the difference between the
two dates is not more than five days. The following two
forms show the reduction by both methods. It will be
noticed that the method by differences involves only about
half the number of figures used in the logarithmic method,
besides requiring very little mental labor.

STAR 289.—METHOD BY LOGARITHMS.
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STAR 28g.—MeTHOD BY DIFFERENCES.
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EXPLANATION OF COMPUTATION.

In both methods the quantities below the double line are
the same for all stars,varying only with the date,and are there-
fore written but once for each station. The first computa-
tion is the usual logarithmic one, and needs no explanation.
The second is by Crelle’s tables and differences. In the first
column are the natural trigonometric functions. In the
second are the quantities g cos (G -+ a), h cos (H + a) sin é and
i cos 4, the sum of which is the reduction to apparent place
for January 2oth. The proper motion of the star is not con-
sidered in comparing the two methods. The third column
contains the products of the constant multipliers by the
corresponding sines and cosines to obtain the following
quantities of the differential equations: '

—gd G sin (G 4+ a) + dg cos (G + a)
[—h d Hsin (H - a) + dh cos (H + a)) #sin 8
di cos ¢

It should be stated that d G and d H are first reduced to
linear quantities. The sum of this last column omitting
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the two middle values, gives the quantity to be applied to
the reduction for January 2oth to obtain that for January
25th, and will in most cases be found to be correct within
one or two hundredths of a second. _

The method by differences is considered to be a saving
of about one-half the usual time, besides being very much
easier, as many as thirty pairs being computed for two
dates, in about seven hours, by a person familiar with the
method. After the computation of the first date, the cor-
rections to be applied to these to get those for the second
date were found in two hours. But in order to work
advantageously each step is taken up systematically and
carried through the entire number of pairs, and often two
steps may be carried along simultaneously where the multi-
pliers are single or when the tables may be kept open two
places at once. Care should be exercised to avoid using
more places than are necessary. For example, in the direct
computation for the first date, three figures are sufficient,
except where h enters. It is not considered essential to
secure exactly the fourth place here, but it may be done
with Crelle’s tables mentally, and with very little labor, by
taking the nearest unit in the third place and applying to
the product the algebraic sum of the unit’s place by the
thousandths, one or two places at most only being con-
sidered. In forming the products for the differences two
places generally need only be retained.

The difference of 0”03 between that calculated rigor.
ously for January 25th and that derived by the formula is
due to the fact that the differences have been treated as
differentials and not as finite differences. The neglected
product, dk, d H, sin (H -- «), does not amount to more than
0’003 and need not be regarded when gin é is as much as
0'go, for, as a rule, stars are not observed above 65° declina-
tion.

If we had treated the difference in the cosine of (H + «)
as a finite difference, using the formula,

— 2sin (7 + 4 d7)sin § 4y

instead of — sin j d y, the agreement would, of course, have
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been perfect; the essential points in the method being that
the differences are considered as differentials, and the
term involving the product of the differences is neglected.

It might be supposed that if we have a difference of
0"*03 in the position of a star for a difference in H of, say, 5°,
that this discrepancy would amount to a quantitv entirely
inadmissible in the case of @, in May, 1890, where the dif-
ference is upwards of 30°; but, since, when these excessjve
changes in G occur, B is necessarily quite small, because
the longitude of the moon’s ascending node is near go°, the
discrepancy between the values of g cos (G -+ «), calculated
by the differential formulz, and those by actual multiplica-
tion, does not much exceed that in the present case; in
fact, they only differ by 0”'05. Indeed, the large discrep-
ancy in the present case is due to the fact that the error
committed in neglecting the formula for finite differences
must be multiplied by A, which increases it twenty-fold. ¢
in the extreme case of 1890 is 0''8, hence only Jth of & for
this case. But the discrepancy for the values of May,
1890, comes from another source, viz: From the product of
the two differentials dg and d @, and even then will only
occur for-a few pairs where (G + ) is near go°, and where
the sine is large. It will be noticed that, assuming a value
for (G + «), which gives the most rapid change in the
cosine, also gives a large value for the sine, and hence
increases the value of the term dg sin (G + «) d G, there is
a combination of circumstances tending to increase the dis-
crepancy to 0’°08. This must be regarded, therefore, as a
very exceptional case. When we consider that the proba-
ble errors of the declinations of the individual stars are
several times as large, this may be neglected.

In general, the errors introduced by this method are
quite insignificant, even admitting the declinations to be
absolutely true, for errors of observation will much exceed
these. Besides, for the extreme case of 1890, we have
assumed a value for (¢ + «), which would give the greatest
possible change in the cosine for the change in G under
consideration; that is, a value extending from about 85° to
105°. Moreover, since this term depends on the star’s right
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ascension, for any station this extreme case would only
apply to a few pairs which involved values of (( 4+ «) passing
through the points go® or 270°; no night's work ever last-
ing long enough to pass through or even near them both.

When the observations do not extend beyond five days,
the last date is derived from the first by differences. For
work extending over a period from five to fifteen days, the
middle date is actually computed, and the first and last
obtained by differences. Where on account of bad weather
observations are very much scattered, it is better to make
separate computations for each date. Under ordinary cir-
cumstances, three successive nights are all that are
required, which involves differences in the star numbers for
only two days. In this case, the result by differences will
be found to be identical with that of a rigorous calculation.
For where d G and d H are about 2°, and d ¢ and d h one or
two-tenths, their product does not affect the hundredths
place; and the change in the cosine of an arc, whether
computed as a differential or a finite difference, is practi-
cally the same for differences of arc of 2°, the discrepancy
never amounting to a unit in the hundredths place.

Assuming the probable error of observation to be 0’*50,
which is about the usual experience, and the probable error
of one declination to be 0”30, we find the following relations
between the number of nights, number of pairs, and the
probable error of the mean result.
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