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L A T I T U D E  W O R K .  

By ERASMUS D. PRESTON, Coast Survey Office, Washington, D. C. 

[ Publisked by permission af the Superintendent of the &. S. Coast and Geodetic 
Survey.] 

W h e n  a n u m b e r  of s ta t ions  have been  occupied dur ing  
a season for the  de te rmina t ion  of la t i tude,  the necessary  
reduct ions  of the  stars  f rom mean  to apparen t  posi t ions  

• requi res  considerable  time. W i t h  a v iew of accompl i sh ing  
the task  sooner, as well  as mak ing  the work  much  less 
laborious,  and at the  same t ime hav ing  an accuracy  ful ly  
equal  to the r equ i remen t s  of the case, the fol lowing inves- 
t igat ion was made.  A l t h o u g h  the super ior i ty  of this 
me thod  is most  marked  when  the observa t ions  only ex tend  
over  three  or four  days, and when  several  s ta t ions  wi th  long  
star  l ists  are to be  reduced  at one time, ye t  in any ease it is 
cons iderably  shor ter  than the usual  logar i thmic  method.  
Li t t le  is ga ined  b y  observ ing  a s tar  more  than three  t imes ; 
and wi th  the  improved  mean  star  places now avai lable  and 
al lowing a probable  error of observa t ion  of oPP'5o for an 
exper ienced observer,  wi th  good weather ,  three  evenings  
work  will reduce  the uncer t a in ty  of the  la t i tude  to abou t  
ten feet. So tha t  this me thod  may  be employed  near ly  
a lways  wi th  grea t  advantage .  

The  usual  computa t ion  of the apparen t  places of s tars  
for the  dates  of observa t ion  m a y  be abr idged  in two ways  : 
first, in us ing  Crelle's tables  ins tead  of mak ing  the ord inary  
four-place logar i thmic  compu ta t i on ;  and, second, af ter  
hav ing  one date  ge t t ing  a ne ighbor ing  date  by  the applica- 
tion of differential  quant i t ies  der ived from the usual  
formulae. 

If  we consider  the  t abu la r  differences of the quant i t ies  
tha t  vary  wi th  the date  as the  differential  co&ficients of the  
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quant i t ies  wi th  respect  to the  t ime at the date  a l ready com- 
puted,  we have  the fol lowing formulae as represen t ing  the 
change  in decl inat ion b e t w e e n  the two dates  : 

- - g d  G , i n ( a  q- a) + d g e o s ( G  -~ a) 

[ - -  h d H sin ( H  + a) + dh oos ( H  -'~- a)] *fin 8 

di cos d 

The  fol lowing relat ions exist  be tween  the independen t  
s t a r  n u m b e r s  : 

G --~ tan -1 B H tan_l C 
K A  D 

- B h --~ C i .-~ Ctan ,o 
g ----- sin-G sin H 

W h e r e  the le t ters  have the signification given in the  
Amer ican  ephemeris ,  K is the  precession cons tant  
2o"'o533. 

The  grea tes t  depar tu re  from a uni form change  for a five- 
day  period in B and A, is due to te rms depending  on the 
moon 's  longi tude.  The  te rms depend ing  on the long i tude  
of the  sun, of the  moon 's  ascend ing  node, and on the  longi- 
tude  of the  sun's  and moon 's  perigees,  be ing  e i ther  qui te  
regular  for a five-day period, or else be ing  ex t remely  small. 
In 1887, G does not  change  as much  as 3°; g changes  less 
than o'"5. 

The  t angen t  of H varies inversely  as the  t angen t  of the  
sun's mean longi tude.  Hence  H varies near ly  uni formly  
t h r o u g h o u t  the  year, chang ing  abou t  I ° daily, h depends  
on the same quan t i ty  and has  its m a x i m u m  values  at the 
solst ices and its m i n i m u m  ones at the equinoxes.  For  a 
five-day period it depar ts  l i t t le from a uniform change.  
i varies also wi th  the sun's  longi tude  and has its m a x i m u m  
with  the  min imum h and vtce versa. The  grea tes t  dai ly  
change  in i is not  much  more  than o ' "m,  while tha t  of h 
is very  much  less. 

The  value  of G is in general  principal ly affected by  
changes  in terms depend ing  on the sun's and moon's  longi- 
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tude, and on the longi tude  of the  moon 's  ascending  node. 
The  la t ter  has  a dai ly  mot ion  of 3 ' .  The  first two have  a 
dai ly mot ion  of abou t  I ° and I3 °, respect ively,  tan G 
varies  direct ly  as B and inverse ly  as A, and since the for- 
mer  depends  on the cosines and the la t te r  on the sines of the  
above  funct ions,  t hey  do not  bo th  change  rapid ly  at the  
same time. At  90 ° cos .q changes  o'0o 5 in five days  and the 
change  in cos 2 12 may  be neglected.  W h e n  ® ~--- 45 o, oos 2 ® 

has a change  of o'o87. For  an equal  per iod and posi t ion cos 

2 :~ changes  abou t  one unit. The  te rms in which  these  
quant i t ies  enter  will therefore  vary  by  0'"o5, 0"'05 and 0"'09, 
respect ively.  Hence  the  grea tes t  change  in B comes  from 
the change  in the  moon 's  longi tude.  In case of all these  
changes  hav ing  their  m a x i m u m  at the same time, and tend- 
ing in the  same direction, the  value  of B would  only be  
changed  by  abou t  ~ t h  the  par t  of itself, and since 

d y  
d t a n - l f f  - -  1 + y2 

the  change  in G dependen t  on B will not  be  more  than  
abou t  I o. 

The  longi tude  of the  moon 's  ascending  node does not  
pass  th rough  90 ° unti l  1890, bu t  its change  is slow compared  
wi th  that  of the  others,  and in its relat ion to B we need not  
for the present  consider  i ts  effect on G. 

The  above quant i t ies  en te r  A as a sine funct ion 
wi th  coefficients abou t  ~ t h  of those for B, bu t  the  
precession factor  appear ing  in the  denomina tor  of tan G 

makes  the changes  in numera to r  and denomina to r  abou t  
equal  for m a x i m u m  values  of the  function.  But  G be ing  
de te rmined  by  its tangent ,  the  m a g n i t u d e  of its changes  
depends  also on the absolu te  values  of B and A---for w h e n  
B is small a g iven change  in A has very  much  more  influ- 
ence on the angle. In general ,  we m a y  expect  changes  in 
G of less than a degree  per  day. 

W h e n  we have very  small  va lues  for B, as in I89O , and 
also very  small va lues  for A, as in May, a combina t ion  of 
these  m a y  give a change  in G for five days, amoun t ing  to 
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3 °o or more ;  but ,  as will be shown later, this  does not  
render  the m e t h o d  inapplicable.  

W h e n  B has  its la rges t  value, G does not  change  more  
than,  say, 5 °, which  reduces  the  product  of dg by  d G to a 
quan t i t y  less than o " I o ,  and when  d G is ve ry  large dg is 
small enough  to r e d u c e  the product  cons iderably  under  
o " i o ,  so that,  in general ,  we m a y  es t ima te  the  neg lec ted  
term to be  less than o " i o .  The  product  of any two of these  
differences tha t  ac tual ly  occur  toge the r  is usua l ly  only a 
few hundred ths  of a second, so tha t  the  me thod  will sa t is fy  
all the  requ i rements  of la t i tude  work. 

These  considerat ions  show that  the  stars '  posi t ion m a y  
be derived, wi th  all necessary  accuracy,  by  the appl icat ion 
of differential  quant i t ies ,  when  the difference be t ween  the 
two dates  is not  more  than five days. The  fol lowing two 
forms show the reduc t ion  b y  bo th  methods .  It  will be  
not iced that  the me thod  by  differences involves only abou t  
half  the number  of figures used in the  logar i thmic  method ,  
bes ides  requi r ing  very  li t t le menta l  labor. 

8 o : = 

[ 

STAR 289.--E~IIITIIOD Fly LOGARITHMS. 

't ° a ~ . . . .  8f~', 8 ' 1 - - C 0 8 8  
m. $ ! i , 

k3 tE  40 47 55 9"7453 9 9x96 
33 48 

~ '  -- 8 :I .os (G + =) h eo~ ( H  + a) 

o I 

Jant~ary  2o[h. x5I 5 
9 ' 9 4 2 2  

o'875x 

-- 0"45 -- 7"5 ° 

. / anua~y  2.¢/h. 148 59 x 4 r5 

9"933 ° 9"9864 
" o'8¢99 I "o3ox 

- -  0 '34 ,-- 7"08 ~- xo'7= 

January 2oth. J a n u a . y  zStlt. 
o p o p 

(i xo 3 Io xoT 4 
H 331 14 326 20 

log [1 t 0'9329 o"9r60 
lO!l h 1'2oi 3 1"2984 
log i o'6z12,  o'6799e 

o 

19 9 

9"9753 
i'o219 

1o"52 

i co8 6 

0'5408 

-- 3"4 

0"5995 
- -  3'9 8 
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,~AR 2 ~ , - - M K T H O D  BY D I F Y F R E N C F S .  

~kQ :7 

! i t  

3 *t 4 ° 47  55 
33 48 

. . . . . . . . . . . . . .  I . . . . .  

o i ~ o i 

J a n u a r y  2 o t h .  151 5 lq  q J a n u a r y  2 5 t h ,  
t ~ i g  ( G  + a0 k "483 " " b " t5  

cos (17 + a) -- '875 -- 7"50 ! "a7 
. i .  (. + .> ~ . , . 8  ~ .s6 
Cos ( H  ~- a )  + ' 945  * ° ' 5 '  - -  "t'2 
~n ~ 9 "556 F '24 
,~OS ~ ~ "83 '  I - -  3"47 - -  "5 I 

. . . . . . . . . . .  i . . . . . . . . . . . . . .  
- -  0"46 , ~ " t  5 

i i 

] 

G = ~o~ *0 i ¢~ G : :  - -  ' o t 6 7  

i - -  4 " t 8  4 i : + "6t 
- -  q d G ~ ~ " 3 t 4  
- -  h d H ~  ~ * 'Tt  

F X P I , A N A T I O N  O F  C O M P U T A T I O N .  

In bo th  me thods  the  quant i t ies  below the double  line are 
the same for all s tars ,varying only wi th  the  date, and are there- 
fore wr i t ten  bu t  once for each station. The  first computa-  
tion is the usual  logar i thmic  one, and needs  no explanation.  
The  second is by  Crelle's tables  and differences. In the  first 
column are the  natura l  t r igonometr ic  functions.  In the  
second are the quant i t ies  g cos (G + a), h cos ( H +  a) s/n ~ and 
i eo.~ ~, the  sum of which is the  reduct ion to apparent  place 
for J anua ry  2oth. The  proper  mot ion of the  s tar  is not con- 
s idered in compar ing  the two methods .  The  third co lumn 
contains the products  of the  cons tant  mult ipl iers  b y  the 
corresponding sines and cosines to obta in  the fol lowing 
quant i t ies  of the differential  equa t ions  : 

- - g  d G sin (G + ,4 + dg ,~, (G + ,~) 

[ - - h  d Hsin ( H L a) + d h  cos ( H +  a)] x/n 3 

d i  co+ 

It  should be  s ta ted  tha t  d G and d H a r e  first reduced to 
linear quantities. The sum of this last column omitt ing 
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the two middle  values, gives the quan t i ty  to be applied to 
the reduct ion for J anua ry  2oth to obtain tha t  for J anua ry  
25th, and will in most  cases be found to be correct wi th in  
one or two hundred ths  of a second. 

The  method  by differences is considered i:o be a saving 
of about  one-half the usual  time, besides being very much  
easier, as m a n y  as th i r ty  pairs be ing computed  for two 
dates, in about  seven hours, by a person famil iar  wi th  the 
method.  Af ter  the computa t ion  of the first date, the cor- 
rections to be applied to these to get  those for the second 
date were found in two hours. But in order to work 
advantageous ly  each step is taken up sys temat ica l ly  and 
carried th rough  the entire number  of pairs, and often two 
steps may  be carried along s imul taneous ly  where  the multi-  
pliers are single or when the tables may  be kept open two 
places at  once. Care should be exercised to avoid us ing 
more places than  are necessary. For  example, in the direct 
computa t ion  for the first date, three figures are sufficient, 
except where h enters. I t  is not  considered essential  to 
secure exactly the fourth  place here, bu t  it m a y  be done 
with Crelle's tables mental ly ,  and with  very l i t t le labor, by 
taking the nearest  uni t  in the th i rd  place and applying to 
the product  the algebraic sum of the unit 's  place by the 
thousandths ,  one or two places at  most  only being con- 
sidered. In forming the products  for the differences two 
places general ly  need only be retained.  

The  difference of o"'o 3 be tween tha t  calculated rigor- 
ously for J anua ry  25th and tha t  derived by the formulae is 
due to the fact tha t  the differences have been t reated as 
differentials and not as finite differences. The  neglected 
product, dh, d 1t, sin (H -', a), does not amoun t  to more than  
o"oo 3 and need not be regarded when sin ~ is as much  as 
o'9o , for, as a rule, stars are not observed above 65 ° declina- 
tion. 

If we had  t reated the difference in the cosine of (H  + a.) 
as a finite difference, us ing the formula,  

2 sin ('~. + ½ J r )  s/n ½ d r 

instead of - -  ,~',~ ~- d r, the agreement  would, of course, have 
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been per fec t ;  the essent ial  points  in the me thod  be ing  that  
the  differences are considered as differentials,  and the 
term involving the product  of the differences is neglected.  

It  migh t  be  supposed  tha t  if we have  a difference of 
0"'03 in the posi t ion of a s tar  for a difference in H of, say, 5 °, 
tha t  this d iscrepancy would  a m o u n t  to a quan t i ty  ent i re ly  
inadmiss ib le  in the  case of G, in May, 1890, where  the dif- 
ference is upwards  of 3 °0 ; but,  since, when  these  excess ive 
changes  in G occur, B is necessar i ly  qui te  small, because  
the longi tude  of the  moon 's  ascend ing  node is near  9o% the 
d iscrepancy be tween  the values  of g cos (G  -~- ~J.), ca lcula ted 
by  the differential  formula~, and those  by  actual  mult ipl ica- 
tion, does not much  exceed tha t  in the  present  case;  in 
fact, they  only differ by  o"'o5. Indeed,  the large dis~'.rep- 
ancy in the  present  case is due to the fact  tha t  the error  
com'mitted in neglec t ing  the formula  for finite differences 
mus t  be mul t ip l ied  b y  h, which increases  it twenty-fold,  g 
in the  ex t reme case of I89O is o"'8, hence onl~ ~.~th of h for  
this case. But  the  d iscrepancy for the  values of May, 
I89o, comes from another  source, viz:  F rom the p roduc t  of 
the  two differentials  dg and d G, and even then will only 
occur for a few pairs where  (G q- a) is near  9 o°, and where  
the  sine is large. It  will be  not iced that,  a s suming  a va lue  
for (G q-a), which gives the mos t  rapid change  in the  
cosine, also gives a large value  for the  sine, and hence  
increases the value  of the term dg sin (G -[- a) d G, there  is 
a combina t ion  of c i rcumstances  t end ing  to increase the dis- 
c repancy to o"'od; This  m u s t  be regarded,  therefore,  as a 
very  except ional  case. W h e n  we consider  tha t  the  proba- 
ble errors of the decl inat ions  of the  individual  stars are 
several  t imes  as large, this may  be neglected.  

In general ,  the  errors in t roduced  b y  this me thod  are 
qui te  insignificant,  even admi t t ing  the decl inat ions  to be  
absolu te ly  true, for errors of observat ion  will much  exceed 
these. Besides,  for the ex t reme case of 189O, we have  
a s sumed  a value  for (G -{- a), which  would  give the  g rea tes t  
possible  change in the  cosine for the  change  i~ G under  
considera t ion;  tha t  is, a va lue  ex tend ing  from abou t  85 ° to 
m5 °. Moreover,  since this  te rm depends  on the star'k r ight  
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ascension, for any  stat ion this  extreme case would only 
apply to a few pairs which involvedvalues  of ((3 + a) passing 
th rough  the points 9 °0 or 27 o° ; no n ight ' s  work ever last- 
ing long enough to pass th rough  or even near  them both. 

W h e n  the observations do not extend beyond five days, 
the last  date  is derived from the first by differences. For  
work ex tending  over a period from five to fifteen days, the 
middle date is actual ly  computed,  and the first and last  
obtained by differences. Where  on account  of bad wea ther  
observations are very much  scattered,  it is be t te r  to make 
separate computa t ions  for each date. Under  ordinary cir- 
cumstances,  three successive n ights  are ail tha t  are 
required, which involves differences in the star  numbers  for 
only two days. In this case, the  resul t  by differences will 
be found to be ident ical  wi th  tha t  of a r igorous calculation. 
For where d G and d H are about  2 °, and d # and d h one or 
two-tenths,  their  product  does not  affect the hundred ths  
place;  and the change in the cosine of an arc, whe ther  
computed as a differential  or a finite difference, is practi- 
cally the same for differences of arc of 2 °, the discrepancy 
never amoun t ing  to a uni t  in the hund red th s  place. 

Assuming  the probable error of observat ion to be o"5o ,  
which is about  the usual  experience, and the probable error 
of one decl inat ion to be o"3o,  we find the fol lowing relat ions 
between the number  of nights ,  number  of pairs, and the 
probable error of the mean  result. 

NUMBER OF P A I l ,  S. 

~ 0 .  
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