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Mr. Tucker read a paper On a Group of Circles connected with
the Nine-Points Circle, considered as the Locus of the Intersections
of Orthogonal Simson Lines, and parts of a paper by Mr. R. A.
Roberts, entitled Notes on the Plane Unicarsal Quartic.

Communications were also made by the Treasurer, Mr. G. Heppel,
and the President.

The following presents were received :—

“ Royal Society—Proceedings,’”” Vol. xxxvir, No. 233.

¢¢ Nautical Almanac,” for 1888.

¢¢ Educational Times,” for December.

¢¢ A Synopsis of Elementary Results in Pure and Applied Mathematics, containing
Propositions, Formulm, and Methods of Analysis, with abridged Demonstrations,’
by G. 8. Carr, M.A., Vol. 1., Sections x., x1., and x11., 8vo; London, 1884,

¢¢ Beiblitter zu den Annalen der Physik und Chemie,” Band 8, St. 11 ; Leipzig,
1884.

¢ Bulletin de 1a Société Mathématique de France,” T. x11., No. 4; Paris, 1884,

¢ Bulletin des Sciences Mathématiques et Astronomiques,” 8. 2, T. vmr.;
Paris, Dec., 1884.

¢ Berichte iiber die Verhandlungen der Koniglich-Séchsischen Gesellschaft der
Wissenschaften zu Leiprig,—Mathematisch-physische Olasse,”” 1883, 8vo; Leipzig,
1884.

¢‘Transactions of the Connecticut Academy of Arts and Sciences,”” Vol. vr.,
Part 1; Newhaven, 1884,

¢ Jornal de Sciencias Mathematicas ¢ Astronomicas,’” Vol. v,, No. 5; Coimbra.

‘¢ Acta Mathematics,” 6 : 1; Stockholm, 1884,

¢ Crelle,”” * Journal fiir Mathematik,”” Bd. xcvi., H. 4; Berlin, 1884.

‘“Ueber die Frage des Waeber'schen Gesetzes und Periodicitastsgeselzes im
Gebiete des Zcitsinnes,”” von G. Th. Fechner, 4to ; Leipzig, 1884.

From M. Maurice d’Ocagne :—

¢“Sur la Droite Moyenne d'un Systéme de Droites quelconques situdes dans un
plan’’ (Bulletin de la Soc. Math. de France, Tom. xi1., 1884).

“ Sur les Transformations centrales des Courbes planes.”

““Sur quelques Propriétés générales des Surfaces algébriques de degré quel-
conque ”’ (Comptes Rendus, Nov., 1884).

Notes on the Plane Unicursal Quartic. By R. A. Roserts, M.A.
[Read December 11th, 1884.)

I collect in these notes a few miscellaneous properties of the plane
unicursal quartic, most of which, I believe, have not been noticed be-
fore. I do not attempt to give any systematic account of this curve,
but merely investigate such questions in connection with it as appear
most likely to lead to results of some interest.
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1. To find the parameters of the nodes of the gemeral unicursal
quartic. _

The sextic giving these parameters is arrived at in Salmon’s Higher
Plane Ourves, Art. 291 (a), but the result comes out in a rather com-
plicated form. The following method gives the equation in the form
of a single determinant, and has the advantage of being immediately
applicable to unicursal curves of any degree. ' '

Suppose the quartic to be determined by the equations

pr=fi=a,3+5,F+0,$+dd+e
Py =f = 3+ 0,8 +6, 8 +d S+ ¢ o vernene(1)y
pr = fy = 0,3+ 5, P+ ¥ +dy 3+

the quantities f;, f;, f; being written without binomial coefficients, then,
if L, M are two lines passing through a node, we must have

L=u@-a)@=a)) (@
M=o (3—a) (9—d) } @

where %, v are quadratics in 3, and a, o’ ave the two parameters corres-
ponding to the node. Hence substituting linear expressions in z, y,
z for L, M respectively in Lv—Mu = 0, we get a result which may be
written

(a¥+B83+y) 2+ (P +3+7) y+(«"F+"%+9") 2= 0...(3),

and then az+ a'y +a”z =0 '
Be+By+P2=0p cvciriiiiiiiiiniiieniae. 4)
B+yy+yz=0

represent three lines passing through the node.

We now substitute f,, f;, f; for 2, y, # in (8), and equate to zero the
seven coefficients of 3% 9, &c., when we get

ag, +d'ay +a"a, =0)

ab, +a'by +a"by + Pay + BagtBas =0

ac, +a'c; +a”cy +Bb, +08b; +B"by+va +v'a;+y"a, = 0

ady +a'dy+a"dy + Be, +B8c, +B7cs + ¥bi+ ¥ b+ 97 by = 0 [ ++-(5).
ae, +a'ey +a"ey +Pd,+ B+ 5 dy+yo +y'es +v"e, =0
Bey+PBes+3"e, +vd,+ Yd+vy'dy =0

ye,+7v'e; +v'e, =0

But the parameters of the node muast satisfy the equations obtained
by substituting f,, f;, f; for @, y, z in the equations (4). Hence, taking
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the first and last of these equations, and eliminating a, a’, &o. by
means of (5), we get a determinant which we may write

ty, Uy, Uy, =0 ..cueveienen(6),
Uy ¥y, Uy
Gy, gy Ty,
by by by @y, ayy Gy
Cy Oy Gy by by by @y ay a
dydydy o0y 0y by by b
ey &y 6y dydydy 0y G
eney 6y oy dydy
8y &, 6
where th=bP+0¥+d3+e,
=a, ¥ +0,$+c3+4d,,
uy = &o.,

and the factors corresponding to 3 =0 and , respectively, havé
been divided out.

In exactly the same way we obtain a determinant with 3 (n—1)
rows to determine the parameters of the nodes of the general unicursal
curve of the #!® degree.

2. By eliminating a, o, &c., between (5), and each pair of the equa-
tions (4), we obtain, in the form of determinants, three conics passing
through the nodes of the quartic, and, by forming the Jacobian of
these conics, we have the equation of the sides of the triangle formed
by the nodes.

8. We can find the tangential equation of the nodes of the curve as
follows. Let A, u, v be the coordinates of & line passing through a
node, then, from (4), we can evidently take

a=ly +m\, o' =1y +mp, o =1l"+mv } )

B = 1«'7+m’)§, ﬁl —_ llvl+m1”’ ﬁ” — l"y"-i-m Y ’
substituting which values of a, o/, &c. in (G), we get seven equations
from which we can eliminate y, v, v*, {, m, ', m’, when the required

result comes out in the form of a determinant A’=0, where A =0
gives the three nodes each once.

4. By forming the discriminant of Af,+pfy+¥f;, we see that the
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tangential equation of the curve is of the form §* = T?. Wae can also
easily show that this is the case if the equation of the curve referred
to the nodal triangle be given.

Writing U= o"y'+y%*+ 2% +22y2 (av+ by +cz) =0 .........(8),
it is evident, by inversion, that the line Az + py + vz = 0 will touch the
curve if the two conios

V= o'+y' +2° +2ays + 2bza + 202y,
V' = Mye+ pzo+vay,

touch one another. Forming then the disoriminant of V+2kV’, we

get  2auvid— (N4 p' + 91— 2apv —2byA — 2ehu) K
+2 {(bo—a) A+ (ca—b) u+(ab—c) »} k
+142abc—a?—b' ="' =0 ..cccocvvnveririnnieennean(9),
and the discriminant of this equation with regard to k will give the
tangential equation of U.
We thus find

(8p°+27A%uv +948p3)' — (49 +3A%)* =0............(10),
where we have put
AN+ p' + ' —2apy —2bvA —2cAp = I,
(a=be) A+ (b—ca) p+(c—ab) » = p,
142abc—a'—b'—¢' = A,
and A, p, v are tangential coordinates, and a, b, ¢ parameters.

5. Now, from (10), it is evident that 4p’43A2 =0 represents a
conic touching the six inflexional tangents, and it is easy to see that
3 is the conic which touches the six tangents at the nodes. Thus we
see that these two conics have double contact with each other, the
point represented by p being the pole of the chord of contact.

6. Since the tangential equation of the curve can be written in the
form S*'—T* = 0, it follows, from a result. given in a paper “ On Tan-
geats to a Cubic forming & Pencil in Involution,” published in the
Proceedings, Vol. xu11., p. 25, that there will be a locus of the ninth
order from any point of which the tangents to the curve will form a
penoil in involution. The complete locus is of the forty-fifth degres,
but it must be divisible by this special curve of the ninth degree.
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7. To find the loous of the points from which the tangents drawn
to the curve have their points of contact on a conioc.

We know that the points of contact of the tangents from a point P
lie on a cubic passing through the nodes, viz., the polar cubic of P.
Now, if six points of intersection of a quartic and a oubic lie ot &
conio, the remaining six points of intersection must lie on another
conic. Hence, since the nodes count doubly as intersections of the
two curves, they must be the points of contact of a conic having triple
contact with the cubic. But, by a property of the cubic, when this is
the case, the points where the sides meet the curve again must lie on
a line.

Now, the polar cubic of &', ', &’ with regard to U is
a2 (y'+45) +yy (B +2") +47 (2" +4) +(a2 + by +c2') ays
+(az+by+c2) (@yz +y'sm+aEy) =0 evreenen (1),
Hence, for the points where @, ¥, 2 meet the curve again, we have
=0, y( +b2) +5 (y +x)=0; y=0, o(£ +ay)+3 (& +oy’) =0;
=0, a(y'+as)+y (@' +b5)=0.
Hence, expressing that theée points lie on a line, we.get
(a—=bc) z (y*—2*) + (b—ca) y (& —&*) + (c—ab) z (z*—y*) = 0...(12).

This, then, is the equation of a cubic such that the six tangents from
any point thereof to the quartic have their points of contact on a
conic. o ’

8. I proceed to consider what this locus becomes for a few special
forms of the equation (8).. If in the foregoing equation (8) we have
¢=1, the node ay becomes a cusp, and the cubic- (12) becomes
divisible by the cuspidal tangent, the remaining factor being the
conic (a—b) (zy—2")+(1—abd) z(z—y) = 0, which is the locus of
points from which the tangents have their five points of contact on a
conic passing through the cusp.

Let @ = b = ¢ =0, then the cubic (12) vanishes identically, and
we see that the points of contact of the tangents drawn from any point

to the curve PP e (18)

lie on a conic. ‘We can find the equation of this conic as follows.
The points of contact of the tangents from ', 3, &’ evidently lie on

the curve -—-+-i,+-;=0,
2
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and, combining this with (13), we get

A=V (E-5) (3 (-2)

...... (14),
2-(2)(5-¥)
‘where 3-is iindetermina.te. ' We have then
1,1 . 1\_(z..9 .5
Watpta) =iy s,

é‘(.:;,'-f;’;+ %)= (i+%-+ st St i +;35)

(-3) -9 (-2)

Hence, eliminating $ between the two equations (15), we get the conio

W +27) P+ (2 +27) Y+ (@ +y?) P +y Ty + 2D e+ 2yey = 0.

where A

9. I give here the locus of points whence the tangents to the curve
have their points of contact on a_ conic for three special forms not
included under equation (8). For the nodo-tacnodal quartic

2' +y'%' +2'" + 20y (ayz +baw+ca’) =0
(see Sg.linon’s Higher Plane Ouryes, Art. 289), the locus is the conio
2 (1_—d’) a§!+2 (1—a*) 2o+ (c—ab) yz+ (a+ bc—2ab®) ay = 0.
For the oscnodal quartio
(yz+2°) +2czy (yz+2")+9" (2* +y'+2hay +2fyz) = 0,
we find similarly the line
(A=d~2N a+(h—ef)y = 0.
For the quartio with a triple point, the locus is found to consist of
three right lines passing through that point.

10. To find the relations connecting the parameters of four points
on the curve which lie on & line,
If the line lz+my +nz = 0 meet the curve, we have, from (1),

it mfy+ufyx g (3) =0,
where $(3) = (3=3) (3=3)(3-9,) (9-3,).

Now, let a, o’ be the parameters of a node, then we have ¢ (a) and
YOL. XVI.—No0. 236. E
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¢ (a) respectively proportional to If,+mf,+nf, and -If+mfs+nf;.

But =i fa for a node obviously.,
1 2 3 .
Hence we get

¢ (a)—kp (@) =0, ¢ (B)—ko(8) =0, ¢ (v)=ko (') =0...(16),

where 8, 3, y, v’ are the parameters of the two other nodes, and ¥,
ks, k&, are constants. These three relations are evidently not indepen-
dent, but are only equivalent to two. There is, in fact, an identical
linear relation of the form ' '

g (@) =g ()} +m {9 (B)—hap ()} +n {9 (N ~Tap &)} = 107)

By referring the curve to the triangle formed by the nodes, we find

— (a—=B) (a=F) (a—y) (a—Y) &
- 7 7 ’ 7 7 N ? = &cC.
@—B) =) (=) =77
11. In the same way, if we seek the intersection of the curve with
a conic, we get

¢ (=K (d) =0, ¢ (B)—Kke (5) =0, ¢(N—ke (¥) =0..18),

where
§ (1) = (E=9) (1=9,) (t=9,) (¢=9,) (¢—=9,) (t=3) (t—9,) (¢—=9).

In this case the three relations (18) are eviﬁently independent.
Hence, if a conic have guartic contact with the curve, the four points
of contact must satisfy the equations

¢ (a) £k («') =0, 9 (B) k9 (B) =0, ¢ (v) £k () = 0...(19),
where now ¢ () = (—9) (=39 (t—3) (t—93,).

We cannot take two negative signs in (19), as then, from (16) and
(17), the points would necessarily lie on a line; but we may take two
positive and the other negative, and thus we get three distinct
systems of conics having quartic contact with the curve. By taking
three positive signs in (19), we get another system of conics, which
are evidently perfectly symmetrical with regard to the three nodes.

12. Now, if z be the line joining two of the nodes, it is evident that
the curve can be written in the form §'—:*S =0, where § and &
are conics, and then

2 +238+8 =0

will represent a conic baving quartic contact with the curve. We
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thus have three different systems of such conics .corresponding to
each pair of nodes, which are evidently the same as those we have
come upon above,

18. Again, suppose the qua.rfic to be written in the form

= ay’e*+ ba's + e’y + 2uyz (= +gy4+ hz) =0......... (20),

then it is evident that the envelope of the system of conics
AP+ Bin'y'+ Cndad + 2Fmiyz+2@nlez+2H. b iy =0...... (21),
subject to the condition - I+m+n =0 .(22),

is the curve U, where 4, B, &c. are the differentials with regard to
a, b, &c., of A = abc+2fgh—af*—bg'—ch’. The conic (21) evidently
belongs to the symmetrical system obtained by taking all the signs
positive in (19).

Since the conic (21) is transformed into a fixed conic by substi-
tuting @, y, # for lz, my, nz, it follows that any covariant of the
triangle of reference and the conic (21) will be transformed into fixed
curves by the same snbstitution. Hence, from the condition (22), it
appears that the polars of the nodes with regard to (21) pass through
fized points. Also the poles of the sides w1th regard to (21) lie on
conics cu'cumscmbmg the triangle.

14. If we suppose two of the nodes to become the circular points at
infinity I, J, the curve will become a bicircular quartic with a node,
and the conic (21) is then the result of transforming a fixed conic by
the substitution of %, v for %, ":’, resper'tlvely, where %, v are the
lines joining the node to the points I, J. Now, this transformation
is equivalent to tnrning the curve about the origin and altering the
radii vectores in a constant ratio, the dilatation and the angle throngh
which the figure is turned being connected by a certain relation
determined by (22). Hence, in this case, it appears that the axes,
asymptotes, tangents at the vertices and directrices of (21) will all
tarn about fized points, and the centre, foci, vertices, &c. will move
on fixed circles passing through the node. It is evident also that the
eccentricity of (21) is given.

15. By taking the envelope of the tangential equation of (21), viz.,

+_&+cv +_ﬂﬂ' gg_+2hkp_0
l’ nl im

subject to the condition (22), we get the tangential equation of the
quartic, and the invariants of the biquadratic in Tfn will give the
E 2
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envelopes of lines divided harmonically and equi-anharmonically by
the curve,

16. If a tangent to a conic U is homographic with a tangent to a

conic ¥, their intersection will lie on a trinodal quartic having quartic

contact with U and V. For a tangent to U, and a homographic tan-
gent to V, can be written in the forms

$P+23R+Q =0, $P+23R+Q =0,
and the result of eliminating 4 between these equations is

4(RQ'~EQ) (PE~PR)—(PQ-PQ) ='°} (23)
or (PQ+PQ—2RRy—4 (PQ—R")(PQ—R%) =0 v (28),

which evidently represent a quartié having quartic contact with
PQ—R' and P’ @ —R? of which the three points determined by the
equations = e wane(24)

are nodes. It is easy to show that the conics U, ¥V belong to the
system (21) ; for the variable conics of the same system as U, V are

evidently (P+kP) (Q+kQ)—(B+EE) =0 ............... (25).

But, if we take the nodes as triangle of referenoe, we must write,
trom (24),
P=as +fy+vyz, P =las +mPy+nys

Q=dz+ Ly+y? @ =las+mBy+nys} ..(26);
R=a"s+B"y+v"% R =l"s+mBy+ny’s
from which it appears that the conic (25) will be transformed into a

2
- for @, y, & réspec-

fixed conic by substitnting T kl' it k/m.' itin

tively.

17. In the same way as in § 10, we can show that, if a curve of the
n* degree meet the quartic, we must have

¢ (a)=kip (@) =0, ¢ (B)—k¢ (B)=0, ¢(MN—kp(»)=0,
where (3 =0-3)3-9) ... (3-3.,).
It may be observed that this method is also applicable to unicursal
curves of any degree, and will give all the relations connecting the

parameters of the points of intersection with a curve whose degree is
assigned.
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18. If we attempted. to find whether it were possible to inscribe an
infinite number of closed polygons in a unicursal quartic which should
also be circumscribed about the curve, we should be led to expect the
well-known relation of the second degree’connecting the sum and
products of the pa,ra,meters of the points where a tangent meets the
curve again. The curve, then, would have to be of the fourth class,
Such curves are: (1) the nodo-bicuspidal quartic, (2):the guartio
with a triple point at which the tangents coincide, (3) the quartig
with a cusp and a ramphoid cusp ; but the two latter curves have no
indeterminate constant, which must exist and be determined after-
wards by a condition depending on the nuimber of sides of the poly-
gon. Let us consider, then, the nodo-bicugpidal quartic which may

be written (zy+yr+28)'—miPzy = 0.iiiiivennnnnnaiins (27),
This equation is satisfied by assuming
2=1+$-m3, y=PA+F-m3), s=— ....(28),

and then it is easy to see that the parameters of the points where any
line meets the ourve are connected by the relations

Sid=m, 3 —3— M ceeinnenneennennns (29).
Hence, putting 3; = 3, and eliminating .9;, we g'et
(h+3)P—m (3,+%) 1+ %, 3, )+(m’—4_s) $,9,=0......(30),

which is of the form mentioned above. For the triangle the value of
m which we find is irrelevant, and therefore no snch triangles can be
described for any curve of the form (27). For the quadrilateral, we

get m' = —2, and for this curve it can be shown then that the lines join-
ing the points of contact of opposite sides intersect at the node.* The
cagse m’ == — 2 is & very interesting result; it means that the tangent

at each cusp passes througha point of contact of the double tangent.

The line in question taken twice is &
degenerate form of quadrilateral, viz.,” \/ U

AB qud line joining two coincident points co
at cusp,

B( qud tangent at cusp,

COD qud double tangent, x

and DA qud tangent at cusp— are each of
them a tangent to the curve.

* I am indebted to Professor Cayley for the following remarks on this case.
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For g, y, 7, writing 1+a, 1~g, 3y, and for m® writing —4%', we have
the Cartesian equation,’ '
(@' +y-1y-Fy (@-1) =0,

where the curve is as in figure, and of course %'=4$ is the value for
the case of the quadrilateral. -

To find the values of m corresponding to polygons of a greater
number of sides, we equate to zero certain determinants formed out
of the coefficients of the expansion of the function

N4 (8—2F) N+ (W =8k +3) A+1—k},

in powers of A, where k = }m}, in the same way as has been done by
Professor  Cayley.for polygons inscribed in one conic and circum--
scribed about another. (Philosophical Magazine, Vol. vi, p. 99.)

19. I now proceed to discuss: some properties of the unicursal
quartic with a triple point. If we suppose the quartic to be given by
the equations (1), I find the condition that the curve should have a
triple point as follows. If the curve have a triple point, it is evident

that we must have PHIQ=0 ......c..ceeervnuncivnnnnnnnnn (81),

where P and @ are some pair of lines passing through the triple
point. Hence, putting

P=qaz+By+vyz, Q@=dz+By+y7

we must have, identicaliy, from (81),

(a+3) i+ (B+I) fit (v +3Y) fa=0rreninens (82).
Equating then the coefficients of 3°, 3¢, &e., in (32), to zero, and
eliminating a, 8, v, ', 3, ¥’ linearly, we get
Gy, Qgy Gy, =O..................(33).
by Abﬂ bs, Oy Oy Oy
i Gy Cy Dy Dy by

dl’ dﬂy dSr 6‘, t’. oa

e, €y €, dy, dy, dy

€, 6 €

Also, solving for a, 8, y from five of these equations, and substituting
in of,+Bf;+vfs =0, we get the cubic which determines the three
parameters of the triple point, as the coefficient of 3 vanishes,
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20. To find the relations connecting the pa.rameters 3y 35 9y, I of

four collinear points on the carve.
If we take the lines 2, y passing through the triple point, we may
represent the curve thus

Pr =0, py=2396; pz=20, ...ccininieecn(34),

where ©,, O, are polynomials in ¢ of the third and fourth degrees,
respectively. For the points, then, where the line Az+uy+ve =0
meets the curve, we have

QA +,u~9) 0,46, = 0.
Hence, if a, 3, ¥ are the roots of ©,, we readily find

2@ _¢(B) _2() SRR ¢ 1) N
_ m n
where o () =(t— 31) (t=%) (t=3) ¢-9,),

and I, m, n are the values of 9, correspondmo' to a, 3, y respectively.

-2l From (35) we can easily find the relation connectmg the para-
meters of the points where a tangent meets the curve again. Puatting
3= 3, and eliminating 3, we get

B/, _(yma)vm (@B s _,
V=306=30) " TB=5)3=90} " V=305

From this relation it is easy to show that it is impossxble to inscribe
a triangle in the quartic which shall be also circumscribed about the
curve. For, if we put

. . B—=vy) V1 . —
B= =) a-sya-syy =%

we get, for a triangle, from (36),

PV (@=3)+PV(B=3)+ P/ (7—3) =0\
P.*/(“_ss)‘*‘Pp‘/(ﬂ"' a)va._‘/(V"sn) = 0 ‘ cerens (37),
P, ~/(a—8.)+P' VB=3)+P/=%) =

which equations are mamfestly inconsistent, as ome of them, being .
cleared of radicals, gives a quadratic for 3.

22. To show that, if a triangle be inscribed in the curve, the lines
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joining the triple puint to the points where the sides ‘meéet the curve
again form a pencil in involution.

Let a, b, ¢ be the parameters of the vertices, and u,, u,, u, the three
quadratics which determine the parameters of. the. points ‘where the
sides meet the curve again, then 2, y, s being the sides of the triangle,
we may write '

3= ($=0)(3—0) w, y= ($0)(3=0) 3, #=(3—a)(3—b)4,...(38).
Now we have seen that, when the curve has.a_triple point, we must

have  (ad+4)(3-B)(3—0c) t+(B+B)(3—0)(9—a)
+(@3+7)(3-0)(3 D), =0 . (39),
identically. But, putting ¢ = @, b, ¢ successively in (89), we get

L:—a"' -E ='—-b’ ll:—c’

a 8
and then each term becomes divisible by (3-a) (8- b) (8=c). We
see thus that u,, uy, #, must be connected by a linear relatlon, and,
therefore, the corresponding parameters form a system in involution.

We can show, conversely, that if the parameters of the points where

the sides of a tnangle inscribed in & unicursal quartic meet the curve
again form & system in involution, then the curve must have a triple
point. For, if we have lu, + mu,+nu, = 0, identically in (38), we get

1o (9—a) +my ($—b)+nz ($=c) = 0,
which shows that the curve has a triple point whose coordinates are

b=c c—a a—b
1’ m’ n

Hence, if we suppose two sides of an inscribed triangle to touch the
curve, the lines joining the triple point to the points of contact and
the points where the third side meets the curve again are harmonically
connected.” Hence also, as we have geen before, it is 1mposmble to
describe a triangle which shall be simulténeously inscribed in and
circumscribed about the curve.

Again, we can deduce the following theorem ; If a quartic with a
triple point be described through the vertices of a fixed triangle, and
through fixed pairs of points on the sides, the locus of the triple pomt
is a cubic curve, of which the fixed points on the sides are pairs of
corresponding points,

23. If the pairs of points on the sides are at the extremities of the
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diagonals of a complete quadrilateral, we know that 'the lines joining
these points to an arbitrary point form a pencil in involution. Hence
it would appear that a quartioc can be described through the six points
of intersection of the sides - of a qua.dnla.teral and the vertices of the
triangle formed by the diagonals, so as to have an arbitrary point for
a triple point. We can verify this result independently as follows :
Let @, y, 2 be the diagonals, and z+y=2z = 0 the sidés of the quadri-

lateral, then the equation of the.quartic must be of the form
¢ = ayz (y* - ") + 2o (s 2") +omy (2*—y") +32yz (la+my +n2) = 0
IR ') ]

Now, if a curve have a triple poirt, the six second differentials must
vanish for this point ; ‘hence, if 2,'y, z is:the triple - point, ‘we have,
from (40), czy'— bzo+ lyz =0, -
ays—cay +maz =0, ‘baw—ays+nay =0,

d_(y’-—-z’)_-{- e +2may+2nz2 = 0

b (A —a*)+my'+ 2y +2nyz =0 .ooovviineenn (41).

c (bf;—y’)+nz’-+212w +2myz =0
All these equations are satisfied by the values "

S a=d, b=y, o=4 } cernenens (42),
l=z(y'—2"), m= y (B =), n=12("—y®

sﬁowing that the triple point can be assumed arbitrarily.

24. For a quartic with a triple point, the invariants 4 and' B
(Salmon’s Higher Plane Curves, Arts. 293, 294) vanish, and we can
verify that this is the case, when a, b, &c. .have the values (42).

- Calculating 4 and B for the quartic (40), we get

= — 12(lmn+bcl+cam+abn)} A (43)
............... )
B = (lmn + bel + cam +'abvf)’

but these vanish when we put in for a, b, &oc., from (42). It may be
observed that it is not possible to write a genera,l quartio in the form
(40) ; for, from (43), we see that the curve must satisfy the invariant
relation A°® = 144B.

25. To show that, if a triangle be inscribed in & quartic with a.
triple point 8o as to have its sides divided ha.rmomcally by the curve,
the points where the sides meet the curve again must be at the ex-
tremities of the diagonals of a quadrilateral.
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If the sides @, y, # of an inscribed triangle are divided harmonically
by a quartic U, we have
U =yz (byy'+c,2") +22 (a,2°+0,2") + 2y (a2’ + 3 9")
| +3zys (lz+my+nz) =0.
Caloulating then the invé.riants A and B, we find

4=12p+4g, B= (@ 5) i TTRURRRRRRN () §
where  p = Iby0y+mc, ay+nby ay—Imn, ¢ = aybye,+aybioy

Now, we have seen that, when the curve has a triple pomt A and
B vanish; hence, from (44), we get p = ¢ = 0, but p = 0 is the con-
dition that the points on the sides should be at the extremities of the
diagonals of a quadrilateral.- I now proceed to show that, if such u
triangle exist, the quartic must satisfy a special condition, and that
there are then an infinite number of these triangles inscribed in the
curve. If wetake o, 0 a3 the parameters of the double points of the
involution determmed by the points where the sides meet the curve
again, we may write the equations (38) as follows:

= ($=K) (=) (3~c), pmy = ($~F)(F—0) (-’—“)} ..(45).
pra = ($—K) (3—0) ($-1)

Baut, if # divide the .curve harmonically, we must have kj = be, and

gimilarly for y and z, K= ca, K, = ab. . ‘Now, if we determine I, m, n,
so that, whenwepntm—o, y —0 5= 0 we get y'—2' = 0, ' —2" =0,
o' —y® = 0, respectively, we find

l_ga—b!ga-c) m_gb—a!gb—c! n_gc—a! (c—=0)
= , m= , n= .,
Eliminating, then, 3 between the equatmns (45), we obtain
8 + 2 2 2
(aatBy+) (5 +4 y.) - (2+% + £) (@ b By 5. 86),

where we have put a=a*, b=p", ¢==y’. Now this equation (46)
evidently does not represent the general quartic with a triple point,
but one in which two inflexional tangents meet on the curve. If we
seek the parameters of the triple point in this case, we find

. -9‘—01)0 = Ocu R T T N YT R YT R Y ...(47),
which shows that the double lines of the involution are absolutely
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fized, and coinicide with the Hessian lines of the tangents at the
triple point. A

- It may be observed that, when the curve is written in the form (40),

. the tangents at the vertices are cy —bz = 0, az—cz = 0, ba—ay =0.
Thus we see that these lines always pass through a point.

26. I give an independent proof that the problem, to inscribe & tri-
angle in the quartic with a triple point, so that the sides may be
divided harmonically by the curve, is either indeterminate or im-
possible. ‘
~ Let the curve referred to the triangle formed by the triple point
and the points of contact of & double tangent be written

oy —s (y—az) (y—bz) (y—ca) = 0,
then we may take @ = f, y = 3, 2 = ¥, where f=(3 —a)(3—b)($—0¢),
and then, from (35), if any right line meet the curve, we have

g(a) _ ¢ (®) _9( |
20 - 2D L) i (88),

Now, if 3,, I, .9,; 3, are harmonic, we have
2 (5 %493,9) = (1 +9) (F:4+3) corvrrvenenn, (49).
Eliminating then $, and 9, between (48) and (49), we get
o' {2(8,8,+bo)—(b+e) (S48}
(a—0D) (q,—c) : (a—9%) (a9

+ b 12(31‘9:+°a)';(°+“)(‘91+83u
(b—a)(b—0) - (=) (-9

R, {2 (3,9:+ab)—(a+3) (9,49,
(6—a)(c—0) (c=3)(c—9%)

Leét us suppose now a conic defined by the equations
o ="(b—0c)?(3—a),, y=(c—a)'(3-0)°, == (a-b)'(3~-0),
i.e., Vet VYI+VE=0 il (51),

then, if z, y, z are the coordinates of the intersecticn of the tangents
at the points 3, 3;, the equation (50) will become

a'(b—c)'ys (y+2—2)+b' (c—a)'s2 (s +2—y)
| +0 (@a—b) oy @+y—2) =0 -.........(52).

Hence the problem becomes, to circumscribe triangles abont the conic
(51) which shall be inscribed in the cubic (52). Now I have shown,

)} —0...(50).
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in § 12 of & paper published in the Proceedings, Vol; xv., p. 4, that-
when it is possible to circumscribe an infinite number of triangles
about & conic 80 as to be inscribed in a cubic, then the points where
the sides meet the cubic again must lie on a line, and this line must
touch the conic. But this line for the cuhic .(52) is z+y+2z=0,
which cannot possibly touch the conic (51). If, however, we have

al (b—G)“}'b’ (G'-a)"}'c’ (a—-b)‘ =40.-unnn --..(;53),

the cubic (52) ‘becomes “divisible by z+y+z, ‘the remaining factor
being the conio

o (b=0)tys+b (c—a)t sz+c! (a—B)ay = 0;.

and, since this conic circumscribes. an infinite number of triangles
circumscribed about (51), the problem then becomes indeterminate.
We can verify that (53) is the condition that two inflexional tangents
should meet on the curve. Let 9, 9; be the. parameters: of the
inflexions, and ¢ the parameter of the intersection of the correspond-
ing tangents ;- then, from (48), we have

al - v J <
(a—3)'(a—=9)  (=4)'(>—¢)  (o—%) (c=9¢)
' a _ B _ !

(a—%) (a—9) ~ (3=%)(d—¢)  (c=%)*(c—9)"
whence, eliminating $,, 3;, ¢, we get (53).

27. From the theorem in § 21, itis ea.syto deduce that it is possible
to inscribe an infinite number of triangles in the curve so that the
pairs of points where the sides meet the curve again may be conjugate
with regard to a fixed pair of lines passing through the triple point.
‘When the fixed lines are the Hessian lines of the triple tangents, we
see, from (47), that the triangles are those considered in the pre-
ceding paragraph.

[It has been pointed out to me by Professor Cayley that Clebsch
(Crelle, t. 64, p. 64) has arrived at seven distinct systems of conics
which have quartic contact with the plane unicursal quartic, whereas’
I have arrived at but four systems. Three of these systems appear.
to have been obtained by considering the cases of two negative and.
one positive sign in equations (19) of the text. But,from the identical
relation (17), we see that these cases cannot exist. A few other
statements of Clebsch, in the paper referred to above, seem to require
similar modifications.]
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January 8th, 1885.
J. W. L. GLAISHER, Esq,, F.R.S., President, in the Chair.

Mr. F. R. Barrell, B.A,, late Scholar of Pembroke College, Cam-
‘bridge ; Mr. S..0. Roberts, B.A., Scholar of St. John’s College,
.Cambridge ; and Mr. M. N. Dutt, B.A., Calcutta University, Professor
of Mathematics, St. Stephen’s College, Delhi,—were elected members.
The Rev. T. C. Simmons was admitted into the Society.
The following communications were made :—
The Differential Equations of Cylindrical and Annular Vortices,
Prof. M. J. M. Hill. . '
On Cntwmds, Rev. R. Ha.rley
Multiplication of Symmetno Functions, Captain MacMahon.
Note on Symmetrical Determinants, Mr. Buchheim.
The President '(Mr. Walker taking the chair) communicated
‘Results in Elliptic Functions.”
" Mr, Tucker commaunicated a paper (sapplementary) on Limits of
Multiple Integrals; by Mr. MacColl, and read a Note by Prof. Cayley
on the Binomial Equa.tmn ‘o*—1 =0, Quinquisection (Second
Note).
The following presents were received :—
¢ Annali di Matematica,*! Serie 11., Tomo xir., Faso. 4°; Deo., 1884.
¢¢ Educational Tiimes,”” for January 1885.
. *Proceedings of the Academy of Natural Sciences of Philadelphia,” Part 1.,
May. to October, 1884, 8vo; Philadelphia, 1884,

¢ Nieuw Archief voor kaundo," Deel x1.; Amsterdam, 1884.

« Beiblitter zu den Annalen der Phyt-nk und Chemie,” B. vim., St 12.

- ¢¢ Atti della R. Accademia dei Iancel—-'.l‘mnsunt.x ” Vol. v, F. 16 ed ultimo;
Rome, 1884.

The Binomial Egquation o®—1 = 0; Quinquisection, Sacond Note.
By Prof. CaviEy.
[Read January Bth, 1886. ]"

In the paper, “ The Binomial Equation 2*—1=0; Quinquisection,”
Proo. Lond. Math. Soc., t. 12 (1880), pp. 15-16, I conmdered for an
exponent p = Sn+1, the five periods X, Y, Z, W, T connected by the
equations

XY ZW,T
X*=aqa, b o, d, e
XY=f .9 bk ¢ j
XZ=Fk. l, m 0 0



