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Introduction. .

1. The problems discussed in this paper aro the annlogues for n
planc rectangular or circular plate of the well-known investigations
of tho stability of a thin wire or shaft, due in tho first place to
Euler, and since developed by Greeunhill. I have employed the
cnergy criterion of stability, tho use of which I have already illus-
trated in this connexion in two papers published in the Praceedmgs
of the Cambridge Philosophical Socicty.* '

The caso of n plate supported on equidistant parallel ribs will be
considcred more fully, on account of the practical use of such struc-
tures in the construction of ships.

Suppose a planc elastic plate iy submitted to edgo tractions in its
own planc which produce compression of its middle surface, and let
cvery point; of that surface rcceive a displacement normal to the
plane, such displacements being chosen in accordance with the pre-
scribed boundary conditions. If this displacemcnt be everywhere of
the first order of small quantitics, the surface of the plate will
thercby become extended by small quantitics of the second order,

* Camb, Fhil. I'roc., Vol. v, pp. 109, 286.
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and the strains produced in the surface will also be thereby
diminished by quantities of the second order. Multiplying these
strain variations by the corresponding stresses, and integrating over
the surface, we find the work done by the stresses. This work is the
loss of potential energy consequent on stretching, or, more strictly,
on diminntion of the compression originally produced in the middle
surface by the given edge tractions. If this loss is greater than the
corresponding gain of potential energy dependent on the bending of
the surface, the total energy will be greater in the plane form, which
will therefore be a form of uustable equilibrinm. The plate will
then be liable to “buckle up,” and corrugations will appear on its
surface.

If equilibrinm is “ critical,” the displaced form is also in equili-
brinm, and may be investigated by the method of variation.

General Theory of the Stability of a Plane Plate.

2. Take any rectangular axcs of z and y in the plane of the plate,
and let the stresses due to the edge tractions at a point (z, y) of the
surface consist of a thrust- 7 (per unit length) parallel to z, a thrust
T, parallel toy, and a shearing stress of magnitude M. Let the plate
be displaced in such & manner that the point (x, y) receives a dis-
placement w« perpendicular to the plane of the plate. Let o), o, be
the resulting extensions parallel to the axes of 2, ¥ at the point, =
the shear of the angle between them. If ds is an element of length,
measured between any contiguous points on the deformed surface,

then evidently
s* = dat+ dy’+ dw’.

But, since w is & function of z and 7,

Ow
dw = “de+ — d
e T

whence, substituting,

o= {10 o rsE B (142 o

Also, ds' = (140,)*d2’+ 2wdady+ (1 +0,)* dy*;
therefdre, neglecting powers of w after the second,

Or
= (), e G s ()



56 Mr. G. H. Bryan on the Stubility of @ [Dec. 11,

The loss of potential energy due to extension, or the work done by
the stresses, is equal to W, whero

W= f [ (1,0, + Mo +T,0,) dedy

4 n G v GG e o

Lot 24 he the thickness of the plate, I Young's modulus, o
Poisson’s ratio, and let 3 be given by

r

l—¢

Bt oo (2).

Then, if V be the potential encrgy due to bending, we have

v=w[[ (55 + ) -2 {35 5 - ()} aes
RO ()}

The condition of stability is that V must be greater than W for
evory possible type of displacement. If for any displacement V< W,
the plane form will be unstable, and the plate will buckle up. The
number of corrugntions produced when this happens will be deter-
mined by tho form of w as a function of » and y.

Supported Bectangular Plate.

3. Consider tho case of o rectangulur plate bounded by the lines
2=0, z=4a, y=0, y =10, and supported at these edges so as to
prevent lateral motion. Suppose also that the given edge tractions
are uniform and perpendicular to the cdges, being 7', per unit length
on the edges = 0, x = a, acting parallel to the axis of », and T, on
the edges y = 0, y = b, parallel to the axis of . Then, in the ex-
pression for W, M = 0, and T,, 1 are constant over the plate, having
the values given at the edyes.

Since the edgcs are supported so that the normal displacement w
is zero round the boundary, it follows that w can be expanded by
Fourier’s theorem in the form

w= 22 A, 8in %r;c sin %Fy verernrnerseesnnnenne(4).
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Therefore

LT,I [ {22 A,,,,,m"cos—-wsmT }zdwdy
[ j {2211,,,,.”" sm—— xcds-b—y}’dwdy

m? !
= labn® 22(1‘1? +T,F)A?,,,,...........................(5).
In like manner, we find on integration

V= ,‘,@n‘ﬁEZ (’:':; + %‘,’—)’A?,,,. TN ()]

The plane form will therefore be stable, provided that, for all values
of the constants 4,,,,

WIS+ ) > SE (B 1 57) 4o

S5 (12 +n,%) 4
SS e

Supposo that the thrusts T), 7, are given, then inequality (7)
determines the limit to the value of 3, and hence, the limiting thick-
ness of the plate in order that it may just not buckle. To find this
limit, we must choose the constants 4,., so that the right-hand side
of (7) is & maximum. This will be the case when all but one of the
constants are zero, and, if d,,, be this constant, the limiting value of
B will be given by

or 3 >

N ()}

2 2
o hG+hy )
ﬂ'ﬂ —m -..-..u-.nuu.uo.o..--u( ),

v

the numbers m, n being so chosen as to mako this expression for 8
the greatest possible,

The corresponding form of the displaced surface is given by

mmx .. nmwy
w=A,,sin — gih bl
aQ

NUPRRRON (1) 8
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w vanishes along the lines

& = afm, «=2m, ©=3alm, &ec.,
and also along the lines

y=b/n, y=2b/n, y=3b/n, &o

.Hence it readily follows that, if the thickness of the plate be less
than that given by (8), the surface will buckle up, and the corruga-
tions will divide it into mn rectangles, over which the displacement
is alternately to one side and to the other.

We shall see hereafter that one of the numbers m, » must be unity,
so that the corrugations can only divide the plate into a single row
of rectangles. The methods of determining the number of corruga-
tions are, however, better shown by first considering the following
special cases.

4, Let T, = T,. Put each of thesc = T.
Equation (8) becomes
I J SRR ¢ (1))

m? ol
b

3 is greatest when m and n arve least, thatis, when m =1, n= 1.
Therefore the limit for 8 is given by
T
3
mh = I’

If the plate be too thin, its initial form on buckling will be found by
putting m=1, n =1 in (8). We see that there will be a single
corrugation, all points being displaced towards the same side.

5. Let T, =0.
Equation (8) becomes
o™
1 3
B = _Tn-,“_n,, vereessnneranssnessnnne (11).
(% + %)

The right-hand side is greatest when n =1, but the same is not
necessarily true ps'regards m. The number (m) of corrugations
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parallel to the side ¢ will depend on the length a. The greatest
length a of & plate which will buckle into m corrugations will be
that for which the limiting values of 3, corresponding to m and
m+1 corrugations, respectively, are equal. Therefore, putting
n=11in (11), wo must have for this greatest length

m? (m41)?

at ol

Er ) ET

Put a/b = k, so that a = kb. The last cquation gives

___"?‘2 = (“m+1)2 H
{m*+ K} {(m-}-l)’-}-h"}”

whence m {(m+1)*+4&} == (m+1) {m?+ K},

Since &* is positive, we must take the unpper sign to the radical.
This gives kB =m(m+1),
whence a=by{m(m+1)}.cciiinriinnnnn-(12).

Similarly, the lcast length a for which the plate, if unstable, will
buckle into m corrugations parallel to the side a, will be given by

a= b/{nb (m—l)} ceersenrrnnoneanees(18).

Hence there will be m corrugations parallel to the side a, provided
that

a lies botween the valucs b/ {m (n—1)} and by/ {m (m+1)}.
Condition (12) may also be writton

@ p=p:-2

w=rgh
which shows that, whether the corrugations divide the plate into m
or m+1 rectangles, the ratio of their length to their breadth will
be the same in both cases,” but the directions of the longer and
shorter sides of tho rectangles will be interchanged.

‘Ilence it readily follows that the number of corrugations must
alwuys be such thut the ratio of the longer to the shorter side of the
roclangles diffors as little as possible from unity, that is, their shape
must be as nearly square as possible.
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Hence it is evident that if the length of the plate become infinite,
the corrugations will divide it exactly into squares.

This may also be shown as follows :—
Supposing the strip infinitely long, or a = w, let A = a/m, so that
A is the length of & corrugation. Then (11) gives

T,
x

1 1Ty
(+ _F)
in which the right-hand side must be made a maximum by the

variation of A. By the ordinary metliods we find that this is the
case when A =),

g =

6. As the collapse is of a different nature in the two cases above
congidered, we will now investigate the limits to the ratio of T} to T},
in order that any form of the plate may buckle up in a series of
corrugations. Let the length « be infinite, and let X be the length
of a corrugation. Putting » =1, a/m = X in (8), the critical value
of 3 is found from the relation '
T, + T

i
(+ %)

by making 8 a maximum by the variation of A

B = veererernennneens (14),

Write b/A = u, T,/T, = r; then we must make the expression
!!! +,r
(W'+1)!

a maximum by the variation of p. Differentiating with respect to
u!, the condition is

1 __2@'+n)_,
(#+1)'  (W+1) 7
whence P41 =2 (pu+7r),
or ul=1-2r,
that is, BN = L=2T T, evivreeriritenenennnn. (15).
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In order that this may give a real value of A, we must have
Ty < 2Ty e eerceeeenerves e (16),

and if this is not the case, the value of 8 will be greatest when
A=w. If the inequality (16) is satisfied, equation (15) determines
the length of the corrugations produced in the case of collapse. We
notice that A diminishes as the ratio of T} to T, diminishes. If T,
becomes negative, so that the strip is acted on by lateral fension
combined with the longitudinal thrust, the length A of the wrinkles
is less than b, and it diminishes as the lateral tension increases.

The last-mentioned property may be easily illustrated by wetting
a sheet of paper in the middle, and then stretching it over two
parallel rulers. The moisture causes the surface of the paper to
expand and wrinkle, and if the rulers be pulled apart with in-
creasing force, the wrinkles will become finer and closer.

We also see (as previously stated) that a rectangular plate cannot
buckle up into a network of rectangles—i.e., that m, n cannot both be
different from unity. For this would require T,<3T, and T,<}T,,
which are incompatible.

7. If T,< 4T, and we substitute for A from (15) in (14), we find

o BT
B = G G, e (1),

which determines the least thickness of an infinite strip of breadth
b, supported at its edges in order that it may resist an end-thrust
T,, and & lateral thrust T,.

In particular, if T; = 0, we must have

8 = l’;_ ORS¢ 1)

If T,>4T,, we must put A = oo in (14), and we obtain

ST R U ¢ {:) ¥

which is independent of T,, as it evidently should be, for the corre-
sponding displaced surface is given by

w= Asin "Z!
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Here w is independent of z; hence no work is done by the thrust
T, during the displacement. '

If the length of the strip be finite, the case will be different. The
limit for 8 will always depend on the values both of T, and T,.

Wo notice that, when T, = {1}, the values of /3 given by (17) and
(19) are equul, as they should be.

Comparing (19) with (18), we see that the strip is capable of
rosisting four times as much simple longitudinal thrust as of lateral
thrust.

We also seo that, even when the lateral thrust is the greatest
which the strip can resist, it is still possible to subject it, in addition,
to any amount of longitudinal thrust on its ends, not greater than
double the lateral thrust, without diminishing the strength.

Applications to the Sides of a Ship.

8. The preceding results are applicable, without any modification
whatever, to the case of an iufinite plate supported on parallel ribs
at distances b apart. This kind of structure is met with in the sides
of ships, a fact which adds considerably to the practical interest of
problems of this class.

We see that, in order to obtain the greatest strength, the ribs
must be placed parallel with the dircction of the greatest thrust, and
that, to obtain the same strongth, they may then be placed twice as
far apart as if they were perpendicular to the thrust.

The strength of the plate will not then be increased or altered in
any way by the addition also of a second set of ribs, perpendicular
to the first, and at distances apart equal to the natural length of the
corrugations. Thus, if there is no lateral thrast, a plate supported
on parallel longitudinal ribs will not be strengthened by the addition
of transverse ribs which divide it into squarcs. 1f the transverse
ribs are at any other distance apart, however, the system will bo
strengthcned. In this particular case, the most effective distanco
between the transverse ribs will be b/2, because [putting m =1 in
(12)] cach rectangle formed by the framework will buckle with
equal facility into oue or two corrugations, and the length of these
corrngations will then differ as much as possible from their natural
length.

. Putting Ty=0, m=a=1, a =10,/2 in (8), we find

. 1.'"’/; = -'5"/""1'] y
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and the same increase in strength could be obtained much more
economically by diminishing the distance between the ribs from b to
b/, de, /2.0,

When, however, the structure is subject to thrusts of about equal
intensity in all directions, the advantage of a nctwork of ribs will be
much greater. Moreover, tho framework itself will bo strengthencd
—a consideration not brought out in our present theoretical treat-
ment, in which the framework is supposed perfectly rigid.

9. The general problem, to determine the number of corrugations
produced in the buckling of a finite rectangular plate (sides a, b)
under tho influence of both thrusts (T}, T,, where T, >2T,), may now
be considored. In the critical case when the plate will buckle with
cqual fucility into m or m+1 rvectanglesin the direction of its length,

we have )
. 2 2
ARORY R O

W al b*

e ((_@..4.;,1_)"+_}'_§""

aty oty

‘Whence, on reduction, we find

: g};n" (m+1)+ ;‘sz {2m (m+1)+1} — 1_'%21'1 =0......(20).

Solving as a quadratic in a’/b?, we find

@ _ {2n(m4 1) +1} 1 & /{4’ (n+1) (T,—T,)* +(2m +1)* T3}

b? '1',—21',
: ceerreerer e (21),

In accordance with previous results, this will give a real value for
the ratio of a to b, provided that T,>2T),, and that the r.dical is
taken with the positive sign.

10. A few words on the mode of supporting the boundaries may
not be out of place. Iu his Theory of Sound, Vol. 1., § 225, Lord
Rayleigh gives the following suggestion as a means of realizing this
kind of support:—*“ We may considoer tho plate to be held in its
place by friction against the walls of a cylinder circumscribed closely
round it.”

T'his method is strictly applicable to the problems of the present
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paper, where the normal reaction of the cylinder is supposed to pro-
duce thrusts in the plane of the plate. But it is not applicable to
the problem considered by Lord Rayleigh, viz., the determination of
the frequencics of vibration. Obviously, the effect of the thrusts
will be generally to lower the pitch of all the vibrations, and if the
thrusts be increased till the plane form is in critical equilibrium,
one of the frequencies will then vanish.

The anuexed dingram shows a better means of support. The
boundaries, being brought to sharp edges, are made to fit in grooves
of a rather wider angle.

The sides of a ship are rivetted to the ribs, and this implies more
constraint than that afforded by mere support. This constraint
more closcly resembles  clamping.”

Application of Variational Method.—Clamped Circular Plate.

11. In applying the energy method to the rectangular plate, we
supposed w expanded by Fourier's series, and the success of our
method depended on the fact that the expression for the total energy
contained no products of the coeflicients. In other problems it may
not be easy to discover the form of the functions in which we must
expand ; we therefore use another method, more analogous to that
adopted by Greenhill in his paper on the ‘* Stability of Shafting.”*
If equilibrium in the plane form is critical, there must be another
form of equilibrium indefinitely ncar to it. To find this, we apply
the method of variation of energy, and the boundary conditions then
lead to-a relation which must be satisfied in the critical case.
This equation determines the criteria of stability.

12. The method of variation may be illustrated by its application
to the critical equilibrium of a circular plate acted on by a normal

. Z'roc. dust. Mech. Eng., 1883,
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thrust T' (per unit length) round the circumference. The slightly
displaced form being also in equilibrium, the displacement is found
by making
V—-sW=0

for all variations of w.

~ We take as our example the simplest case, in which the boundary
of the plate is clamped so as to allow of ho variation of position or
direction. Let the radius of the plate be a.

Putting
TN=T,=T and M=0

in (1), we have

e () o

therefore
Ow Odw , Ow Odw
3W=T” Ow 0w  Ow Bl gy
_{az % 3y ay} @dy
=T !310 %ﬂ ds—T ” dwViwdady.
r
Also,

V=g ” dwV*wdzdy + (line integrals taken round the boundary).

Bince the plate is clamped, we have, round the boundary,

Qo _
or

thus, the line integrals all vanish, and the differential equation for w

w =0,

e (22)

is BViw+TVw = 0.
Whriting x" = T/B, this becomes
VI(VH)w=0..cccrtvecrrnennnee...(28).

If this be transferred to polar coordinates, a solution which is not
infinite at the centre is

w=cosnb {Ar"+BJ, (x7)} eoovirrvininnin (24).
YOL. XXi.—No. 403. P
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The boundary conditions (22) give, when r = q,
4a® + BJ,(xa) =0
nda" 14« BJ, (xa) = 0 }

cerrerennnennns (28).

Eliminating the ratio 4 : B, we have
0 = nJ, (ka) —xalJ;, (xa)
= K“J;H»l (xa),

by the well-known relations between Bessel's Functions. Therefore,
for critical equilibrium corresponding to the displacement of the form
(24), we must have

Jusr (k@) = 0 v et .0l (26),

and we must choose » 8o that the value of « given by this equation is
the least possible.
If the plate be free at 4he centre, we may take

n =0,
and the least solution of the equation
Jy (ka) =0
is known to be
va = 3:832....
Therefore ' T = 14684 ... x B/a’.
1f the plate be supported at the centre, the solution (24) corre-
sponding to n=0
cannot make w vanish, both when
r =0,
and when r=a.
We must therefore take n=1,
and we have J, (xa) =0,
whence ka = 9'135...,
and T =26'368 ... x B/a’.

1f the boundary be supported or free, the solution of the differential
equation for w is still of the form given by (24), but the boundary
conditions will lead to a fur more complicated equation for «.
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A very good illustration of the buckling of & circular plate is
frequently afforded by the lid of a circular canister, in which the
thrust is due to the tension of the rim. The “dint” in such a lid
can be readily pushed from one side to the other, but it is impossible
to keep the surface flat, as that position is unstable.

The same principle is also illustrated in the * castanets,” in which
a “clicking "’ sound is produced by pushing a disc of metal from one
side to the other of the unstable plane form.

13. In all the cases discussed in this paper, the stresses in the sur-
face are proportional to 8; and, therefore, to the cube of the thickness
of the plate. Since these stresses are distributed over the thickness
of the plate, the strains they produce are proportional to the square
of the thickness. - If, therefore, the plate be thin, these strains will
be small, and there will be no rupture of the material accompanying
the buckling. This accords with the general results obtained in my
paper “ On the Stability of Elastic Systems.”*

In a future paper, I hope to deal with further applications of the
variational method, with special reference to the stability of a rect-
angular plate or strip in certain cases when the shear M does not
vanish, and when the boundary conditions are different to those
assumed in the present communication.

On the Application to Matrices of any Order of the Quaternion
Symbols 8 and V. DBy Henry Taner, Docent in Clark
University, Worcester, Mass, U.S.A.

[Rtead Dec. 11¢h, 1890.]

1. Properties of the Symbols S and V.

The conception of scalar and vector parts of a quaternion, or matrix
of the second order, may be extended to matrices of any order.t
Regarded as a matrix, the scalar of any quaternion is one half the
sum of its latent roots; following this analogy, I shall define the
scalar of any matrix m of order w as the o™ part of the sum of

¢ Camd, Phil. Proe., Vol, v1., p. 204.
+ 8eo paper by author on the ‘¢ Theory of Matrices,” Amer. Journ. Math., Vol xu,
2F





